On formation of singularity of spherically
symmetric nonbarotropic flows

Xiangdi Huang

Abstract Westudy an initial boundary value problem on a ball for the heat-conductive
system of compressible Navier—Stokes—Fourier equations, in particular, a criterion for
the breakdown of the classical solution. For smooth initial data away from vacuum, we
prove that the classical solution which is spherically symmetric loses its regularity in a
finite time if and only if the density concentrates or vanishes or the velocity becomes
unbounded around the center. One possible situation is that a vacuum ball appears
around the center and the density may concentrate on the boundary of the vacuum ball
simultaneously.

1. Introduction and main results

We are concerned with the heat-conductive system of compressible Navier—
Stokes—Fourier equations, which reads as

pe+V-(pU) =0,
(1.1) (PU)e +V - (pU @U) + VP =pAU + (n+ AN)V(V - U),
ev((p8) + V- (pU)) + PV - U = kA0 + U[VU],

where

VU4 VU

-— 2

t>0, € QCRY (N =2,3), and where p=p(t,z), U="U(t,x), and 6 = 6(t, )
are the density, fluid velocity, and temperature, respectively. Additionally, P =
P(p,0) is the pressure given by a state equation

(1.3) P(p) = Rpf.

(1.2) U[VU] =2u(DU))* + AV -U)?, D)

The shear viscosity p, the bulk one A, and the heat conductivity x are con-
stants satisfying the physical hypothesis

N
(1.4) >0, pt A0,
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The domain €2 is a bounded ball with a radius b, namely,

(1.5) Q=B,={zeR";jz[<b< oo}
We study an initial boundary value problem for (1.1) with the initial condi-
tion
(1.6) (p,U,0)(0,2) = (po, Vo, b0) (), x €,
and the boundary condition
(1.7) U =0, g—z =0, x € 01, i is an outnormal vector.

We are looking for the smooth spherically symmetric solution (p,U) of the prob-
lem (1.1), (1.5), and (1.6), which takes the form

(18 plta)=plel), U2 =u(blal) D 0 =0(t]al).

Then, for the initial data to be consistent with the form (1.7), we assume that
the initial data (pg,Up) also takes the form

x
(1.9) po = po(lz|), U0:U0(|$|)m7 b0 = 6o (|])-

In this paper, we further assume that the initial density is uniformly positive,
that is,

(1.10) po=po(lz]) =p>0, z€Q,

for a positive constant p.
Here, it is noted that, since the assumption (1.7) implies that

(1.11) Ut,x) +U(t,—x)=0, z€q,

we necessarily have U(t,0) =0 (also Up(0) = 0) as long as classical solutions are
concerned.

There are many results about the existence of local and global strong solu-
tions in time of the isentropic system of compressible Navier—Stokes equations
when the initial density is uniformly positive (see [1], [13], [24], [14], [19]-[21],
[25], [26] and their generalization in [15]-[17], [23] to the full system including the
law of conservation of energy). On the other hand, for the initial density allowing
vacuum, the local well-posedness of strong solutions of the isentropic and heat-
conductive system was established by Cho and Kim [3], [4]. For strong solutions
with spatial symmetries, the authors in [5] proved the global existence of radially
symmetric strong solutions of the isentropic system in an annular domain, even
allowing vacuum initially.

However, it still remains open whether there exist global strong solutions
which are spherically symmetric in a ball. The main difficulties lie on the lack of
estimates of the density and velocity near the center. In the case in which a vac-
uum appears, it is worth noting that Xin [27] established a blow-up result which
shows that if the initial density has a compact support, then any smooth solution
to the Cauchy problem of the full system of compressible Navier—Stokes equa-
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tions without heat conduction blows up in a finite time (see more generalizations
n [2], [28]).The same blow-up phenomenon occurs also for the isentropic system.
Indeed, Zhang and Fang [29, Theorem 1.8] showed that if (p,U) € C*([0,T]; H*)
(k > 3) is a spherically symmetric solution to the Cauchy problem with the com-
pact supported initial density, then the upper limit of T" must be finite. To deal
with large discontinuous data, Hoff and Jenssen [7] established global weak solu-
tions of the symmetric compressible heat-conductive flows. On the other hand, it
is unclear whether the strong (classical) solutions lose their regularity in a finite
time when the initial density is uniformly away from vacuum. Therefore, it is
important to study the mechanism of the possible blowup of smooth solutions,
which is a main issue in this paper.

In the spherical coordinates, the original system (1.1) under the assumption
(1.8) takes the form

Pt + (PU)£ = 07
(1.12) 4 (pu)e + (pu?)¢ + Pr = vugr,
ov ((p0): + (pu)e) + Pug = kbye + v(ue)? — 2020 (rV=2u2),.
where
g 0 L N -1
de  Or ro
Without loss of generality, we assume that ¢,y =1 and N = 3.
Now, we consider the following Lagrangian transformation:

(1.14) t=t, hz/ p(t,s)s®ds, n=(pr*)~L.
0

Then, it follows from (1.12) that

(1.13) v=2u+ A,

(1.15) hy =——, e =1, rR=1,

and the system (1.12) can be further reduced to

(r*n)e = (rPu)n (<= =up),

up = r%—R% +v( + 2u)p)
(1.16) < (us + Rr2(:55)n = wz((fT“n)")h),

2 .
0, = —ROHE - vrin( + 22— dp(rad), + k()

Th

2 2
— —RO% + NP (R 2u)? + 2;17”217(1;—’5: 2y 4 K(Z0n Y,

Th

The initial boundary value problem for system (1.16) is
(u,n,0)(0,h) = (ug,no,00) (10 > 0,00 >0),
u(t,0) =u(t, 1) =0, 0r,(t,0) =05 (t,1) =0,
where ¢ >0, h € [0,1], and

b b
(1.18) 1= / po(r)r?dr = / p(t,r)r*dr,
0 0

(1.17)
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according to the conservation of mass. Note that

(1.19) r(t,0) =0, r(t,1) =b.
We denote Ej as the initial energy
12
(1.20) Ey z/ {70 + R(rgno —lograng — 1) + (6 — log 6o — 1)} dh.
0

Our main result is stated as follows.

THEOREM 1.1
Assume that the initial data (po,Uo,6o) satisfy (1.8), (1.9), (1.10), and
(1.21) (po, U, o) € H? ().

Let (p,U,0) be a classical spherically symmetric solution to the initial boundary
value problem (1.1), (1.5), (1.6), and (1.7) in [0,T] x Q, and let T* be the upper
limit of T, that is, the mazximal time of existence of the classical solution. If
T* < oo, then we have

1

(1.22) lim sup (p(t, lz]) + = (¢, ]z|) + |U| (¢, |£L'|)) = 0.
(t,]z[)—=(T,0) P

REMARK 1.1

The local existence of a smooth solution with initial data as in Theorem 1.1 is

classical and can be found, for example, in [4] and references therein. So the
maximal time T* is well defined.

REMARK 1.2

There are several results on the blow-up criterion for strong and classical solutions
to the isentropic and heat-conductive system (1.1) (see [9], [10], [12], [8], [22], [6]
and references therein). Especially, the authors in [8] established the following
Serrin-type blow-up criterion:

(1.23) limsup (|||l 0,725y + [|U]| 170, 7:15)) = o0,
T T+
for any r € [2,00] and s € (3, c0] satisfying
2
(1.24) 2340
ros

Theorem 1.1 asserts that the formation of a singularity is only due to the
concentration or cavitation of the density and velocity around the center. More
precisely, the density anywhere away from the center is bounded up to the max-
imal time. Also recall that

(1.25) U(t,0)=0, forallt<T™,

as far as the classical solution is concerned. It indicates the possible loss of reg-
ularity of velocity at the center.
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REMARK 1.3

Theorem 1.1 may be viewed as an extension of recent work in [11] where the
authors established a blow-up criterion for barotropic spherically symmetric
Navier—Stokes equations.

2. Proof of Theorem 1.1

We only prove the case when N = 3 since the case N = 2 is even simpler. Through-
out this section, we assume that (p, U, 0) is a classical spherically symmetric solu-
tion with the form (1.8) to the initial boundary value problem (1.1), (1.5), (1.6),
and (1.7) in [0,7] x 2, and the maximal time T™*, the upper limit of T, is finite.
We denote by C' generic positive constants only depending on the initial data
and the maximal time T™.

By simple calculations, we have the following estimates.

LEMMA 2.1
We have

1 1
(2.1) / ndh:/ 1o dh,
0 0

1 1
(2.2) /rQUdh:/ (r*n)odh =
0 0
1

(2.3) /01(;UQ+9) dh:/o (%ugwo) dh.

Also, we have the following basic energy equality.

b3
3’

LEMMA 2.2
We have

(2.4) () + / Vi) dr = £(0),

where
E(t) = /0 1{

1 2 2 2 202
B Aren rup 2 \2 uren (v 2u 405
(2.5) V() _/0 { 0 (rh * ’/‘u> 2 0 (r% + 72 >+KT}L92}dh

[0y 2y e

or equivalently,

t 2
(2.6) /dex—i—/ /(E\IJ[VU]—HﬁNe' )ddeZ/poSodx,
Q 0 Ja\0 62 Q

l\Dlzw

+ R(r*n —logr*n —1) + (6 — logh — 1)} dh,
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where
1
(2.7) S:R<I>(p_1)+<1>(9)+§|U\2, ®(s)=s—logs—1.

In order to prove Theorem 1.1, we can show the following stronger characteriza-
tion of the blow-up criterion, that is,

. 1
(28) lim sup (p(ta h) + _(t7 h) + HU||L2(t7T*;L°°(Bh))) = 0.
(t,h)—(T*—,0) P

We argue by contradiction. For the original system (1.1), assume that there exist
a small 71, € >0 and a constant C such that

(2.9) p(t,r)+ %(t,r) +|U|(t,r) <C, for (t,r)e (T* —e, T*) x [0,r1].

Through the Lagrangian transformation (1.14), one immediately concludes that,
for system (1.16), there exists a small constant hy > 0 such that

(210)  p(t.h)+ %(t,h) IR <C, for (t,h) € (T* — &, T) % [0, ).
Denote

(2.11) ho = %hl.

Recall blow-up criterion (1.23) by taking r = co and s = 2; it amounts to proving

the following proposition.

PROPOSITION 2.3
For hy = %hl, there exists a constant C depending on hg such that

(212) p(T. 1)+ Ul 2005y < Clho),  for (T,h) € (T —&,T*) x [ho, 1].

To do that, we prepare the next lemma, which gives a relationship between r
and y.

LEMMA 2.4

There exist a positive constant C independent of T and two strict increasing
functions ©;:[0,1] — [0,00) such that

(2.13) r(t,h) > CO,(h)
and
(2.14) b —r(t,h)® > COy(h),

forall0<t<T*.

Proof
For s >0, set

(2.15) G(s) =slogs —s+1.
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Obviously, G is a convex function in (0,00). By Jensen’s inequality, one has that

[ pdxy  [5 G(p)dz Cohy _ Ci [o,G(p)da
(M) <, G(Gr) ==

(2.16)

Consequently, the uniform estimates for r(t, h) follow immediately from entropy
inequality (2.6) and (2.16). That is, given h > 0 there is a strict increasing func-
tion ©1(h) such that

(2.17) r(t,h) > O1(h), 01(0) =0, and ©1(h) >0 for h>0.

By a similar step, one can obtain (2.14) by the following Jensen’s inequality:

(2.18)

. pdx .G(p)dx
G(fBTP ) < fB,,, (p) . -
| By | Bt

We are now in a position to establish the pointwise estimates of the density away
from the center. To do that, we first write the density in the following form. One
may refer to [18] for a similar representation in the one-dimensional case.

LEMMA 2.5
We have
(2.19)  rn(t,h) = ;((ﬂn) (h) + / B e V(e ) ) ar)
| T B mEm T R AR A
Here
B 1 L 1y, 1 , 1
B(t,h)—exp;{/ho 7 ; s (/hr ndh)
1 h 1 h
(2.20) X (/ (r2n)0/ 9 dg dh — (7«277)/ = dedh
ho ho T0 ho ho T
1 1
+V/ (r277)dh—1// (rgn)odh)}
ho ho
and

=l [ [ S ([ )

0

1 h 2
2u
(2.21) X {/h <u2+R9+r2n/h ng) dh
0

0

([ anan) ([ otshoras)Jar),

where

4 (r*n)e



8 Xiangdi Huang

Proof
In view of (1.16), we have

1 0 ()i &
(2.23) e (R%Jr m ), 2 (ot ),

Thus, for h > hg > 0, integrating (2.23) over (hg,h), we deduce that
h h 2
2
(2.24) (/ ° dg) / U de = o(t, h) — o (t, ho).
ho h

2 3
r o T

Multiplying by r%n/v on both sides of (2.24) yields

(2.25) 7%”{(/}: = d§) /h: 27%2 dé + U(t,ho)} = —%0 + (r*n)s,

which is
(2200 (%) —1{(/h—d§) /h%d& (t.10) b r2n) = 29
. 7°N)¢ > o 72 o 73 o(t, ho 7’77—V.
Denote

2

(2.27) A(t,h)z—%{(/hh—df) /hhiigdﬁ—i—o(t,ho)}.

0 0

In view of (2.26) and (2.27), one has

t t T R
2.28) (rn)(t,h) =exp —/ Adr) - {(r*n)o(h —l—/ exp / Ads) - —0dr ;.
(228) (o)t =esp(= [ Adr) {Pno() + | exp( [ Ads) - Toar)
On the other hand, recalling (2.23) and (2.24) gives

(2.29) a(t,ho)z—(/hhﬂdg)t—/h 2%d§ Ri+y( 2”)3

2
o T ’I"T]

Multiplying by 727 on both sides of (2.29) gives the first term as

—(7"277)(/:72‘15) {(ﬁn)/hh%d&}t—k(r?n)t/hh%df

(2.30) 0 . )
= (o [ Gach ot [ Gac -t

Integrating (2.29) on [hg,1] x [0,t] and taking into account the boundary
conditions (1.17) yield

//rnaThO dhdr
ho
(2.31) // 7’7]/ 2 de dthJr// ru/ —d{} dhdr
ho ho hO hO
‘ 2 2 " 2u? 2
- {u + RO+ (r*n) —Bdg}dth—&-u (r w)n dhdr.
0 Jho ho T 0 Jho



Singularity of symmetric nonbarotropic flows 9

Therefore,
t 1 1 h 1 h
r2no(r, h dth:/ P2 / el dh—/ 2 / Y de) dn
[ et ko (o | ag)an— [ (o) [ ae)
t 1 h 2
(2.32) —/ / {u2+R0+(r277)/ %dg}dhch
0 ho hO r
1 1
-|—V/ (r%n) dh—z// (r2n)o dh.
ho hO

In view of the boundary conditions and the first part of (1.16), the left-hand
side of (2.32) can be written as

/;(/hlﬂndh) (/OTU(S,hO)dS>’dT

0

= (/h(l) 7“277dh) (/OtO'(T, ho)dT)
(2.33) - /Ot (/hl (r2n)s dh) (/OT (s, ho) ds) dr

0

_ (/hl r2ndh) (/OtU(T, ho)d7->

0

+ /Ot (/Oh (r2u)hdh) (/OTJ(S,hO)ds) dr.

Collecting (2.28)—(2.33), we complete the proof of Lemma 2.5. O
We immediately have the following corollary.

COROLLARY 2.6

Given 0 < hg <1, for hg < h <1, there exists a constant C depending on hy such
that

(2.34) C~Y(ho) < B(t,h),Y(t,h) < C(hg)
and
-1 -1 7 y(t7 h)
< C(ho)exp{C(ho)(t — 7')}, 0<rt<t.
Proof
First,

! 1 b b3 — r(ha)?
(2.36) / r277dh:/ Zdh= / r2dr — 7(ho) )
ho ho P r(ho) 3
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In view of (2.14), one gets
1

(2.37) 0 < COy(hg) < / r?ndh < b3
ho
Similarly,
1,2 b 2,.2
(2.38) 0< / ey :/ PE dr < Cr(ho) ™ < CO1 (ho) >,
ho T r(ho) T

1
’/ dh’ < min r(th)7? [ fuldh
ho hO
(2.39) : .
< 091(h0)*2(/ u? dh) (1— ho)/2 < €Oy (ho) 2.
0

Also, one can verify that

(2.40) /horn/ho—dgdh

is bounded.
Observe that

[ [ =[G [, -5

63 L oy?
— —d —dh
3 /ho ,,,3 g ho 3

(2.41)

is bounded from below and above by a constant C'(hy).
To finish the proof, it suffices to bound

(2.42) /0 o(r,ho)dr.

Recalling that the right-hand side of (2.32) is bounded by some constant C(hg)
and (2.33), one has

t
‘/0 o(r, ho)dT’

gC(h0)+C(h0)/0t< 0 (TQu)hth (‘/OTa(s,ho)dsD dr.

On the other hand, with the help of (2.10), we obtain

h() h()
/ (r2u)hdh=/ (7’33) dh
ho ho
= [ 3rqudh 3(YY an
/0 TN —|—/0 r (r)h
ho 1/2 , fho 1/2
< 1/2 2
<, o [ ) ([ )

(2.43) e
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(2.44) +( /O ()i) ( / r2n9dh)1/2
) +cm ([ 55(4)0)"
(G-

< C(ho) + C(ho)V(t)'/2,

C(ho)+C ho

where we used energy inequality, (2.1), (2.3), and (2.46) in Lemma 2.7.
Consequently, the desired bound for o (7, hg) follows immediately from Gron-
wall’s inequality, (2.43), and (2.44).
Thus finishes the proof of Corollary 2.6. ]

Hence, substituting (2.20) and (2.21) into (2.19), we finally arrive at the following.

LEMMA 2.7
We have
(2.45) C~(ho) < p(t,h) < C(hg), 0<hg<h,
1

(2.46) c! g/ 0dh < C,

0
and

t

2.47 h)dr < C(h
>4 o wlfoy R < Cl)
REMARK 2.1

Theorem 1.1 follows immediately from Lemma 2.7.

Proof
The right-hand side of (2.45) is a direct consequence of the fact that 6 > 0, (2.19),
and (2.34). It remains to show that the upper bound of 72 is 1/p.

Step 1. Multiplying by 1/6 on both sides of the third part of (1.16) yields

_ 2 2 NPy un 2 N2ty un w2

vy ~Rog(rn), + (A 31) 5 (G 7)) + 5 (= 7)
. N (1 r29h) 9_}1.7“2911
o T e

Integrating (2.48) over [0, 1] x [0,¢] and recalling (1.4) and (1.17) lead to

1 1 1 1
(2.49) {/O 1og9dh—/0 1og90dh}g—R{/0 log(r2n) dh—/o log(r2n)0dh}.
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Applying Jensen’s inequality to (2.49) and (2.2) gives

1 1
log/ 9dh2/ logfdh
0 0

1 1 1
> / log 6y dh — R/ log(r?n) dh + R/ log(r?n)o dh
(2.50) 0 0 0

1 1

z/ {log90+Rlog(r2n)0}dh7Rlog/ r2ndh
0 0

:Cla

which gives the desired bound for fol Odh.
Step 2. Apply the mean value theorem to the continuous function 6(¢,h) to
get
[ 6(t,h) dh
(2.51) Vt>0, 3h(t) € [ho,1], such that 6O(¢,h(t)) = 017}1
—ho

Therefore, for h > hg

h
0
0(t, )2 = 0(t, h(t 1/2+/ S —
(t,h) (t:h(0) nty 20(t,6)1/2

Sc(l_ho)—l(/olgdh)l/2+(/hlgd§>1/2</hl %52(15)1/2

dg

(2.52)

<ch th)/lidg}l/2

{1 max o) |
< 2 ) 1/2.

C(ho){1+hé1f[1lla())fl]r n(t,h) - V(t)}
Consequently,
(2.53) 0(t,h) < C(ho){1+ pmax v n(t,h)-V(t)}, ho<h<1.

Step 3. Observe that
r2n(t,h) = ;(( n)o / —B(r,h)Y(1,h)8(7,h) dr)
’ B(t, h)Y(t, h)
1
2.54 <— (72
Y B(r,h)
L. 1 .

+C'/O Bl h) i { + g[lax]r n(t,h)-V(t)}

Hence,
t
t,h)<C+C (t— 1 h) - d
ot n(t, h) + / exp{—a(t—7)}{1+ JTa Zn(r, (1)} dr

(2.55)

t
< — .
< C’—&-C’/0 exp{—a(t—7 }hgll?xllr n(r,h)-V(r)dr
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Write
t
(2.56) E(t)= / exp{—a(t—7)} max r*n(r,h) - V(r)dr.
0 he[ho,l]
One immediately has that

E; < hrr[l}?xl} rn(t,h) - V() < (C+ CE)V(t) — aE,
€lho,

(2.57)
Ei+ (a—CV(t))E < CV(t).

Applying Gronwall’s inequality to (2.57) yields

T

(2.58) E< Cexp{—/ota —CV(r) dT} X C/Ot exp{/0 a— CV(s)ds}V(T) dr.

The upper bound of 727 follows from (2.55) and (2.58).
Step 4. It suffices to establish a bound for the velocity. Indeed,
b4

uN 2 by 2 r U 2 h g
() <h><{/,m\(;>h’} </hoﬁ(;)hdh'/hoi—fdh

17"217 up w2
<C(h /— — — —) dh.
(ho) hy 0 ( )

Th r
That is,

un 2
2.60 =) (h) < C(ho)V(t) € L'(0,T).
(2:60) Jmax () (h) < Clho)V(1) € L}(0.7)
To conclude, (2.47) is a direct consequence of (2.60).

This finishes the proof of Lemma 2.7. ([
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