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Abstract We give a global, intrinsic, and coordinate-free quantization formalism for
Gromov—Witten invariants and their B-model counterparts, which simultaneously gen-
eralizes the quantization formalisms described by Witten, Givental, and Aganagic—
Bouchard-Klemm. Descendant potentials live in a Fock sheaf, consisting of local
functions on Givental’s Lagrangian cone that satisfy the (3g — 2)-jet condition of Eguchi—
Xiong; they also satisfy a certain anomaly equation, which generalizes the holomorphic
anomaly equation of Bershadsky—Cecotti-Ooguri-Vafa. We interpret Givental’s
formula for the higher-genus potentials associated to a semisimple Frobenius manifold
in this setting, showing that, in the semisimple case, there is a canonical global section
of the Fock sheaf. This canonical section automatically has certain modularity proper-
ties. When X is a variety with semisimple quantum cohomology, a theorem of Teleman
implies that the canonical section coincides with the geometric descendant potential
defined by Gromov—Witten invariants of X. We use our formalism to prove a higher-
genus version of Ruan’s crepant transformation conjecture for compact toric orbifolds.
When combined with our earlier joint work with Jiang, this shows that the total descen-
dant potential for a compact toric orbifold X is a modular function for a certain group
of autoequivalences of the derived category of X.
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1. Introduction

Givental’s [61], [64] quantization formalism has been an essential ingredient in
many recent advances in Gromov—Witten theory. These include the quantum
Lefschetz theorem (see [33], [110], [31]), the Abelian/non-Abelian correspon-
dence (see [13], [30]), connections to integrable systems (see [63], [92], [53])
and birational geometry (see [38|, [40], [36], [72], [71], [17], [16]), the Landau—
Ginzburg/Calabi—Yau correspondence (see [26], [94], [84]), the study of relations
in the tautological ring (see [85], [86], [98]), and the theory of quasimaps (see [27],
[29], [28], [24]). The quantization formalism suggests, roughly speaking, that the
Gromov—Witten theory of a target space X is controlled by linear symplectic

geometry in a certain symplectic vector space’

HY =H*(X;C)@C(z"),

which can be thought of as the localized S!-equivariant Floer cohomology of
the loop space of X (see [59], [96], [70]). Genus-zero Gromov—Witten invariants
of X determine and are determined by a Lagrangian cone Lx C HX with very
special geometric properties. Natural operations in Gromov-Witten theory cor-
respond to symplectic linear transformations U of HX: their effect on genus-zero
Gromov—Witten invariants is recorded by the effect of U on Lx, and their effect
on higher-genus Gromov—Witten invariants is (or is expected to be) recorded by
the action of the quantized symplectic transformation U on the total descendant
potential Zx for X, which is a generating function for all Gromov—Witten invari-
ants of X. That is, the total descendant potential Zx, which is the mathematical
counterpart of the partition function in type IIA string theory, should be thought
of as an element of the Fock space arising from the geometric quantization of the
Givental space HX.

The symplectic transformation U is visible at the level of genus-zero Gromov—
Witten invariants, and so the quantization formalism is a powerful “genus zero
controls higher genus” principle. One of the most striking instances of this is
Givental’s [61] formula for the total descendant potential of a target space with
generically semisimple quantum cohomology:

(1.1) Zy = S IUR, (Z8Y).

Here Z, is the total descendant potential for a point (the Kontsevich-Witten
7-function; see [111], [79]); N is the rank of H*(X;C); S;, ¥, and R; are linear
symplectomorphisms defined in terms of genus-zero Gromov—Witten invariants
of X; and F(t) is the genus-one nondescendant Gromov—Witten potential. The
formula (1.1) gives a closed-form expression for higher-genus Gromov—Witten
invariants of X in terms of genus-zero Gromov—Witten invariants of X and
higher-genus Gromov—Witten invariants of a point. It was conjectured by Given-
tal [62] and proven by him in the toric case; it was proven for arbitrary generically

"n the main body of the article, we use the space of L2-functions on S! (see Section 3.1) or a
certain nuclear space (see (4.32)) instead of C((z71)).



A Fock sheaf for Givental quantization 697

semisimple Frobenius manifolds by Teleman [109], using the classification of two-
dimensional semisimple family topological field theories.

Since we have this powerful genus-zero controls higher genus principle, and
since genus-zero Gromov—-Witten theory is in many cases reasonably well under-
stood (for instance via mirror symmetry), it is surprising that this has not, to
date, led to a better understanding of higher-genus Gromov—Witten theory. One
reason for this is that Givental’s quantization formalism is rather difficult to use
in practice: the quantized operators involved are defined as infinite sums over
Feynman diagrams, and there are delicate questions of convergence. In particu-
lar, there is not a “Fock space” on which Givental’s quantized operators act: the
well-definedness of UZ is proven on a case-by-case basis, using properties both
of the particular transformation U and the particular generating function Z.

The idea that the partition function should be regarded as a state in a Fock
space arising from geometric quantization was originally proposed by Witten
[112] in the context of the B-model for a Calabi—Yau 3-fold. Witten used this idea
to give an interpretation of the holomorphic anomaly of Bershadsky—Cecotti—
Ooguri—Vafa [11], [12]. It has had a number of important consequences, including
the discovery that the higher-genus Gromov—Witten potentials of local Calabi—
Yau 3-folds should be quasimodular forms (see [2], [18], [4]). Building on the
works [11], [12], and [112], Aganagic-Bouchard—Klemm [2] (see also [3]) described
a concrete quantization procedure, in the context of the Calabi—Yau B-model,
which is free of many of the technical complexities of Givental’s quantization.
We refer to this as Witten quantization. In their setting, the relevant symplectic
vector space is a finite-dimensional space given by the middle cohomology group
of the Calabi—Yau 3-fold. The quantized operators involved are defined as finite
sums over Feynman diagrams, and so convergence and the well-definedness of
the results are manifest.

This article grew out of an attempt to understand and unify Givental quan-
tization and Witten quantization. We give a global, intrinsic, and coordinate-free
quantization formalism, which reduces to Givental quantization whenever they
both make sense and which reduces to Witten quantization in the Calabi—Yau
3-fold case. We now give a brief summary of this article.

Construction of a Fock sheaf. Let M be a complex manifold. We start with a
locally free O pq[z]-module F of finite rank equipped with a flat connection
V:F=Qy®2'F
and a V-flat, symmetric, nondegenerate, and “z-sesquilinear” pairing
(5 )F: (5)"F @04 F = Omlz],

where (—)*F means F on which z acts by —z. We call the triple (F, V, (-,-)g) a ¢TP
structure, extending the terminology of Hertling [66] (see Definition 4.4).” A ¢TP

2¢TP stands for complete, twistor, pairing.
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structure arises from geometry as the Dubrovin connection associated to quantum
cohomology or as the Gauss—Manin connection associated to a deformation of
complex manifolds or singularities. We need to assume that our ¢TP structure
satisfies a certain miniversality condition (see Assumption 4.9). We regard F as
an infinite-dimensional vector bundle over M and write L for the total space
of the vector bundle zF — M. The total space L is an analogue of Givental’s
Lagrangian cone Lx. As a polarization for geometric quantization, we consider
an O q-submodule P of F[z71] such that

e P is opposite to F, that is, F® P =F[z71];

e P is isotropic with respect to the symplectic form © on F[z~!] defined by
O(s1,82) :=Res,—o((—)*s1, $2)F dz;

e P is parallel (VP C Q}, ® P) and closed under z=! (27'P C P).

We call P an opposite module.” This serves as a splitting of the (semi-infinite)
Hodge filtration and has been used to construct a Frobenius manifold structure
(or flat structure) in the context of singularity theory (see [104], [105]). In terms
of Givental’s symplectic space, P corresponds to a Lagrangian subspace P C HX
which is transversal to £x . The opposite module P defines an affine flat structure
on the total space L: we write V for the corresponding flat connection on T'L.
Given an open set U C M and an opposite module P over U, the Fock space
Foct(U; P) consists of collections

%:{Cfﬂl)_”#n :g>0,n>0,29g—2+n>0}

of meromorphic symmetric tensors C,Sgl) un € (T*L)®™ over L|y, called the genus-
g, n-point correlation functions. We require that these tensors satisfy (see Defi-
nition 4.56):

e the jetness condition C’,(ﬂ)mﬂn = VMC’ﬁgz)..,Mn;

e the Eguchi-Xiong (3g — 2)-jet condition (see (4.44) below or [52], [57],
[51]);

e the dilaton equation (this is a homogeneity condition);

e a certain pole order condition along a discriminant divisor in L|y.

The genus-zero correlation functions are given by the Yukawa coupling and its
derivatives, which are determined by the ¢cTP structure itself. We glue these Fock
spaces to give a sheaf of sets on M via a transformation rule

T(P,P): Fock(U; P) — Fock(U;P)

defined for two opposite modules P,P over U. The element {C’\fj})um} €

Fock(U;P) corresponding to the element {Cp(fi)_“,m} € Fock(U;P) is given by a
Feynman rule: each ,(ff) um 18 expressed as a finite sum over connected stable

graphs, with vertex terms given by C,S}f?,__,un, h < g, and propagator defined geo-

3We also consider the P’s which do not satisfy the third condition: in this case P is called a
pseudo-opposite module.
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metrically in terms of the two opposite modules P, P. The construction of a Fock
sheaf will be given in Section 4. We also refer the reader to Section 3 for a more
informal account.

Comparison to Givental and Witten quantizations. Our transformation rule is
given as a finite sum over Feynman graphs and is a direct generalization of
Witten quantization to infinite dimensions. A key point is the use of a certain
algebraic coordinate system on the total space L. Every ingredient in the Feynman
rule has a polynomial or rational expression in the algebraic coordinate system,
and this fact makes evident that the Feynman rule is well defined in infinite
dimensions. On the other hand, when we restrict correlation functions to the
formal neighborhood L of the fiber L, of L at a point ¢ € M and write the
Feynman rule in a flat coordinate system on i:, our transformation rule coincides
exactly with the action of Givental’s quantized operator on tame functions.

THEOREM 1.1 (see Theorem 5.14 for a more precise formulation)

The transformation rule T(P,P’) matches with the action of Givental’s upper-
triangular loop group over the formal neighborhood L of the fiber at each point
on the base space.

In Section 5.3, we will adapt the transformation rule to an L?-setting. There we
work with the L?-subspace L?(L) C L, which is an infinite-dimensional Hilbert
manifold, and describe a transformation rule for holomorphic correlation func-
tions on L?(L). We see that one can define the quantized operator U for any
linear symplectic transformation U that satisfies a certain “trace class” condi-
tion (see Definitions 5.19, 5.26). This gives a uniform definition of quantization
without insisting that U be upper triangular or lower triangular. We also show in
Remark 5.30 that this U coincides with Givental’s quantized operator whenever
U is sufficiently close to the identity.

A global section of the Fock sheaf in the semisimple case. There is a simple and
attractive interpretation of Givental’s formula (1.1) in our setting. Suppose that
the flat connection V of the ¢TP structure is extended in the z-direction with
poles of order 2 along z =0 such that the pairing (-, ) is flat in the z-direction:
this is called a c¢TEP structure (see Definition 4.4)." ¢TP structures that come
from geometry, such as quantum cohomology, are often cTEP structures, not just
c¢TP structures. We say that a ¢cTEP structure is tame semisimple if the residue
U € End(F/zF) of Vs, is semisimple with distinct eigenvalues. We prove the
following.

THEOREM 1.2 (Definition 7.9, Theorem 7.14)
There exists a canonical global section of the Fock sheaf associated to a tame

4¢TEP stands for complete, twistor, extension, pairing.



700 Tom Coates and Hiroshi Iritani

semisimple ¢ TEP structure, which coincides with the potential given by Givental’s
formula (1.1) in the formal neighborhood of each point of the base space. We call
this global section the Givental wave function.

We observe, via the Levelt-Turrittin formal decomposition of V,s_, that any
tame semisimple cTEP structure of rank N + 1 is locally isomorphic to the
cTEP structure associated with the quantum cohomology of N + 1 points; more-
over, the isomorphism is unique up to (signed) permutation of N + 1 points
(Proposition 7.2). This shows that a tame semisimple ¢cTEP structure admits a
canonical semisimple opposite module Py (Definition 7.3). Then the Gromov—
Witten potential ZS%N of N points defines an element of Foct(M, Pgs): this is
the Givental wave function above. Teleman’s theorem (see [109, Theorem 1]) can
be rephrased in our language as follows.

THEOREM 1.3 (see Theorem 7.15)

When the quantum cohomology of X is generically semisimple, the total descen-
dant Gromov—Witten potential of X, when viewed as a section of the Fock sheaf,
coincides with the Givental wave function.

This is just a rephrasing of Givental’s formula (1.1) that says that Zx and ZﬁN
are related by a quantized symplectic operator; in our formalism, this quantized
operator arises as the “transition function” T'(Pss, Psta) of the Fock sheaf between
the semisimple opposite module Py and the standard opposite module Pgiq (see
Example 4.16) of the quantum cohomology of X.

Since the Givental wave function is canonically associated to a semisimple
cTEP structure, it is automatically “modular” in the following sense. Opposite
modules P arising from geometry are typically not monodromy invariant, and
therefore, the presentation ép of the Givental wave function with respect to the
polarization P is not single-valued in general. Regarding it as a function on the
universal cover of M, we have the following transformation property with respect
to a deck transformation y € w1 (M):

(1.2) V%o =T (P,~*P)%p.

Since M typically arises as a moduli space of complex structures, the universal
cover of M should be regarded as an analogue of a Hermitian symmetric space.
Thus, we refer to the property (1.2) as modularity (see also Remark 7.16).

The crepant transformation conjecture in the toric case. Combining our global
quantization formalism with mirror symmetry, we deduce in Section 8.1 a higher-
genus version of Ruan’s celebrated crepant transformation conjecture for compact
toric orbifolds. We fix a convex lattice polytope A in Z™ containing the origin in
its interior and consider the set €rep(A) of weak-Fano toric orbifolds having A as
the fan polytope (see Section 8.1.1 for the precise conditions that we impose on
A). Toric orbifolds from €rep(A) are K-equivalent to each other; moreover, they
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are derived equivalent. These toric orbifolds have the same Landau—Ginzburg
models as mirrors (see [58], [69]), each of them corresponding to a different limit
point of the B-model moduli space. The Landau—Ginzburg mirror produces a
generically semisimple ¢TEP structure over the B-model moduli space (see [101],
[46], [47], [7], [38], [71], [100]). Therefore, the Fock sheaf Foctg associated to the
B-model admits a global section given by the Givental wave function. Mirror
symmetry for toric orbifolds (see [32], [71]) and Teleman’s theorem (see [109,
Theorem 1]) immediately imply the following result.

THEOREM 1.4 (see Theorem 8.1)

There exists a global section of the B-model Fock sheaf §octy which restricts
to the total descendant Gromov—Witten potential Zx of X € Crep(A) (viewed
as a section of Fockg) in a neighborhood of the large-radius limit point of X. In
other words, the Gromov—Witten potentials Zx with X € Crep(A) are analytically
continued to each other as sections of the B-model Fock sheaf.

This establishes the higher-genus crepant transformation conjecture for toric orb-
ifolds in €rep(A). Using the L2-formalism in Section 5.3, we recover an earlier
formulation of the higher-genus crepant transformation conjecture (see [19], [38],
[40]) as follows.”

THEOREM 1.5 (see Corollary 8.2)

Let X1, X3 be compact weak-Fano toric orbifolds from Crep(A). There exists
a linear symplectic transformation U, : HX1 — HX2 depending on a path v on
the B-model moduli space connecting the two large-radius limit points such that,
under analytic continuation along -y, we have

Zg X 6731,

where Z; is the total descendant Gromov-Witten potential of X;.

In our recent joint work with Jiang [36], we computed the symplectic trans-
formation U, explicitly for a certain path v and showed that it arises from a
composition of Fourier-Mukai transformations FM: D®(X;) = D%(X5) via the
[-integral structure in quantum cohomology (see [71]. [75]). This means that we
have the following commutative diagram:

DV(X1) — s DP(Xa)

Lo

R T2

5Note that we do not require any hard Lefschetz hypothesis here (see [19]).
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where the vertical arrow is the map defining the f—integral structure and HXi is a
multivalued variant of Givental’s symplectic space (see [36]). Note that an auto-
equivalence of D’(X) induces a symplectic transformation of the Givental space
HX via the f—integral structure, and we expect that the total descendant poten-
tial Zx of X should be modular with respect to the group of autoequivalences.
Our joint work with Jiang [36] implies the following result.

THEOREM 1.6 (see Corollary 8.7)

The total descendant potential Zx for a compact weak-Fano toric orbifold X is
modular with respect to a certain nontrivial subgroup of the group of autoequiva-
lences of the bounded derived category of coherent sheaves on X.

REMARK 1.7

We remark on the analyticity of the genus-zero data with respect to z and its
role in the above Theorems 1.4-1.6. The B-model ¢TEP structure above can be
in fact analytified in the z-direction and lifted to a TEP structure (see Defini-
tion 4.1) globally over the B-model moduli space (see [101], [46], [47], [7], [38],
[71], [100]).° Mirror symmetry implies that this global TEP structure restricts
to the quantum cohomology TEP structure of each X € Crep(A) on a neighbor-
hood of the large-radius limit point of X: this is the content of the genus-zero
crepant transformation conjecture (see [38], [72], [40]; this was proved in [36] for
the most general setup for toric stacks). In Theorem 1.4, we do not need this lift
to a TEP structure, since the analytic structure of the Fock sheaf depends only
on the underlying cTEP structure. On the other hand, in order to define a semi-
infinite period map (see Sections 3.3 and 9.3) of the genus-zero data, we need
its analyticity in z. This analyticity enables us to compare Givental’s symplec-
tic spaces HX1,HX2 via analytic continuation along the path . The symplectic
transformation U, : HX1 — H*2 in Theorem 1.5 arises in this way and matches
up the Lagrangian cones encoding the information of the genus-zero theory:

Lx,=U,Ly,.

Anomaly equation. In our global quantization formalism, we also allow polariza-
tions P which are not parallel along M (see footnote 3 on page (698). In this case,
the connection V on the tangent bundle TL is not flat, and correlation func-
tions Cﬁ%,,,un fail to satisfy the jetness condition. We have instead the following
anomaly equation.

THEOREM 1.8 (Theorem 4.86)
Correlation functions under a monparallel polarization P satisfy the anomaly
equation

8 TEP stands for twistor, extension, pairing.
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1 K oo L Ae-D) e
Cl(tgl)#n = Vl‘lcl(tgg»-#n + 5 Z C( ) A ﬂCMJﬂ +5C ., BA J

Hr,a” "y 9 M2 MmO p1?
{2,....n}=IUJ
k+l=g

where Afjﬁ is a tensor which measures the deviation of P from being parallel.

In Section 9, we consider a ¢TP structure equipped with a real structure, which
we call a TRP structure.” We impose the condition that the TRP structure is
pure (see Definition 9.6). Quantum cohomology or its B-model counterpart are
often equipped with a natural real structure and give examples of pure TRP
structures (see [103], [66], [74]). For a pure TRP structure, we can consider a
polarization which is obtained as the complex conjugate of F. Such a polarization
is called the Kdhler polarization or holomorphic polarization in the context of
geometric quantization. This complex-conjugate polarization is intrinsic to the
TRP structure, and therefore, if we have a single-valued section of the Fock sheaf
(such as the Givental wave function), then its presentation with respect to this
gives a single-valued function. This should be a useful and important property.
A drawback of this polarization is that the corresponding correlation functions
are not holomorphic. The antiholomorphic dependence is described precisely by
the holomorphic anomaly equation.

THEOREM 1.9 (Proposition 9.34)
Correlation functions under the complez-conjugate polarization satisfy the fol-
lowing holomorphic anomaly equation:

1 1 (g—
0= %10(9) 4= Z k) Agﬁq(j;,ﬁ +-clo=h)  paB

H2.pn T 9 173 ey 721 9 hzepnafRL
{2,...,n}=IUJ
k+l=g

where A%B is a tensor associated to the TRP structure.

This is analogous to the holomorphic anomaly equation of Bershadsky—Cecotti—
Ooguri—Vafa [11], [12]. Given a parallel polarization P of the TRP structure, we
introduce a positive scalar function on the base M, called the half-density metric.
This can be thought of heuristically as a Hermitian metric on the half-density
line bundle “det(T*L)'/2” of L (see Definition 9.41). The genus-one potential
can be viewed as a holomorphic section of det(7*L)"/2
anomaly equation at genus one is a formula for the curvature of det(7*L)Y/? (see
(9.15) and [11]). The singularities and global properties of this metric will be the
subject of a future study.

, and the holomorphic

Relation to other work

In this article we focus on the construction of a Fock sheaf and its fundamen-
tal properties, but we only discuss how to construct a canonical section of the

TTRP stands for twistor, real, pairing.
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Fock sheaf in the semisimple case (where we use Givental’s formula). To give a
section of the Fock sheaf in general, we certainly need more data from geome-
try. An approach based on Calabi-Yau categories and topological quantum field
theory has been proposed by Costello [41], [42], Kontsevich-Soibelman [82], and
Katzarkov—Kontsevich-Pantev [76]. Another approach based on renormalization
and Bershadsky—Cecotti-Ooguri—Vafa (BCOV) theory has been developed by
Costello-Li [43], [89], [90]; using a chain-level version of Givental’s symplectic
space, they construct a mathematical version of the higher-genus B-model. These
works should give a canonical global section of the Fock sheaf. We also remark
that the approach based on Givental’s formula (as in this article) has been taken
by several authors (see [94], [84], [95], [87]); in particular, Milanov—Ruan [94]
showed that the Gromov-Witten potential of an elliptic orbifold P! is a quasi-
modular form using Givental’s formula.

Plan of the article

We begin by fixing notation for various objects in Gromov—Witten theory (Sec-
tion 2). We give an informal sketch of our quantization framework in Section 3
and give the rigorous construction in Section 4. In Section 5 we explain the pre-
cise connection between our quantization formalism and Givental’s. Section 6
describes how the Gromov—Witten potential fits into our framework. Section 7
treats the semisimple case; in particular, we explain how Givental’s formula (1.1)
gives rise to a global section of the Fock sheaf. In Section 8 we give two appli-
cations of our formalism to mirror symmetry, proving the higher-genus crepant
transformation conjecture for toric orbifolds in Section 8.1 and discussing mir-
ror symmetry for Calabi-Yau manifolds in Section 8.2. In Section 9 we describe
how the holomorphic anomaly equation of Bershadsky, Cecotti, Ooguri, and Vafa
arises from the anomaly equation for curved polarizations given in Section 4.13.

2. Notation in Gromov-Witten theory

We use the same notation as [34]. Let X be a smooth projective variety, and let
Hx be the even part of H*(X;Q).

2.1. Gromov-Witten invariants
Let Xg .4 denote the moduli space of n-pointed genus-g stable maps to X of
degree d € Ho(X;Z). Write

n

1 n _ l;
(2.1) (a1, ... a,l >§fmd_/ . Hev;‘(ai)uwi ,
[Xgn,alvit i)
where ay,...,a, € Hx; ev;: X4, g — X is the evaluation map at the ith marked
point; 1,...,¢%, € H*(Xy,,4;Q) are the universal cotangent line classes;
l1,...,l, are nonnegative integers; and the integral denotes the cap product with

the virtual fundamental class (see [10], [88]). The right-hand side of (2.1) is a
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rational number, called a Gromov-Witten invariant of X (if I; =0 for all i) or a
gravitational descendant (if any of the I;’s are nonzero).

2.2. Bases for cohomology and Novikov rings

Fix bases ¢g,...,¢n and ¢, ..., ¢~ for Hyx such that

¢o is the identity element 1 € Hy;

é1,...,¢, is a nef Z-basis for the free part of H?(X;Z) C Hx;
each ¢; is homogeneOUS'

(¢:)i=l and ((bj) 0 are dual with respect to the Poincaré pairing.

Note that r is the rank of Hy(X). Define the Novikov ring A = Q[Q1,...,Q],
and for d € Hy(X;Z), write Q% = Q% --- Q9% where d; = d - ¢;.

(2.2)

2.3. Quantum cohomology

Let t°,...,tY be the coordinates of ¢t € Hx defined by the basis ¢y, ..., PN, so
that t = t%¢g +- -+ +tN ¢n. Define the genus-zero Gromov—Witten potential F% €
A[t, ..., tN] by

d
0 Q X
FX = Z Z O n,d»
deNE(X)n=0 !
where the first sum is over the set NE(X) of degrees of effective curves in X. This
is a generating function for genus-zero Gromov—Witten invariants. The quantum

product * is defined in terms of the third partial derivatives of F$:

N 3R

(23) 055 = 3 Gy g
The product * is bilinear over A and defines a formal family of algebras on
Hyx ® A parameterized by t°,...,tN. This is the quantum cohomology or big
quantum cohomology of X.

We have defined big quantum cohomology as a formal family of algebras,
that is, in terms of the ring of formal power series Q[Q1,...,Q,][t°,...,t"].
In many cases, however, including the examples discussed in [34], the genus-zero
Gromov—Witten potential Fy converges to an analytic function. By this we mean

the following. The divisor equation (see [80, Section 2.2.4]) implies that
FO cQt°, Qe ,...,Quel #rH1 #7+2 N,

and one can often show, for example by using mirror symmetry, that F$ is the
power series expansion of an analytic function

FO e Q{t%, Qe , ..., Qe 17t 72 . N},
We can then set Q1 =--- =@, =1, obtaining an analytic function

0 o t! t" 1 2 N
FLeQ{tY el ... et ¢t ¢ t2 )
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of the variables t°,...,t" defined in a region

2.0 {|ti|<ei, i=0orr<i<N,

Rt' <0, 1<i<r.
We refer to the limit point

=0, t=0orr<i<N,
Rt! = —00, 1<i<r

as the large-radius limit point. When F$ converges to an analytic function in
the sense just described, the quantum product * then defines a family of alge-
bra structures on Hx that depends analytically on parameters t°,...,¢" in the
neighborhood (2.4) of the large-radius limit point.

2.4. The Dubrovin connection
Consider Hx ® A as a scheme over A, and let M be a formal neighborhood of
the origin in Hy ® A. The Euler vector field E on M is

2.5 _p 0 (1- —d )

( ) ato +Z 6tl +l;1 eg(b, tz’
where ¢;(X) = pt¢1 + -+ p"¢,. The grading operator u: Hx — Hx is defined
by

(2.6) (61) = deg; — 3 dime X.

Let m: M x A' — M denote projection to the first factor. The extended Dubrovin
connection is a meromorphic flat connection V on 7*TM = Hx x (M x Al),
defined by

g 1
V.o = 2o+ —(Ex) +p, where z is the coordinate on A®.
= 2z

Together with the pairing on 7'M induced by the Poincaré pairing, the Dubrovin
connection equips M with the structure of a formal Frobenius manifold with
extended structure connection (see [91]).

The Dubrovin connection admits a canonical fundamental solution (see, e.g.,
[97, Proposition 2], [71, Proposition 2.4]) L € End(Hx) ® A[t][z~!], defined by

@7 Litau=o+ Y ZZN,<

deNE(X)n=0¢e=0

X

)

€
0,n+2,d

where v € Hx. The expression v/(z — ) in the correlator should be expanded as
the series >0 vyp"z~"~1. This satisfies Vasori (L(t,z)v) =0foralli=0,...,N.
The fundamental solution also satisfies the unitarity property

(L(t, —z)v,L(t,z)w)HX = (v,w)pgy, forallv, we Hx,
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where (+,-)mg, denotes the Poincaré pairing on Hx. Hence, the inverse funda-
mental solution M (t,2):= L(t,z)~" is identified with the adjoint of L(t, —z):

(2.8) Mt zp=v+ > Zzn'< t..,t,v>X .

0,n+2,d
dENE(X) n=0 =0 s

The divisor equation (see [1, Theorem 8.3.1]) for descendant invariants shows
that

M(t,z)v

Y N d st o / X
D ) S !
dENE(X) n=0 e=0
where t = +t', 6 € H*(X), and t' € @,,, H*"(X). This form will be helpful
when we specialize the Novikov variables @; to 1 in the fundamental solutions.
If the genus-zero Gromov-Witten potential F'$ converges to an analytic func-
tion, as discussed in Section 2.3 above, then the extended Dubrovin connection
with @1 =--- =@, =1 depends analytically on ¢ in a neighborhood (2.4) of the
large-radius limit point and defines an analytic Frobenius manifold with extended
structure connection. The fundamental solution with Q1 =:-- =@, =1 then
depends analytically on both ¢ and z, where ¢ lies in the neighborhood (2.4) and
z is any point of C*.

(2.9)

2.5. Gromov-Witten potentials
We introduce various generating functions for Gromov-Witten invariants. They
belong to certain rings of formal power series (in infinitely many variables), for
which we refer the reader to [34, Section 2.5].

Let (to,t1,t2,...) be an infinite sequence of elements of Hx, and write ¢, =
t0p + -+ tNon. The genus-g descendant potential

(210) .Fg(: Z ZZZ% tl1 17 tl 1/) >gnd

dENE(X)n=01,=0 1,=0

is a generating function for genus-g gravitational descendants of X. The total
descendant potential

o0
(2.11) Zx = eXp(Zﬁg_l]:g(>
g=0
is a generating function for all gravitational descendants of X.

Consider now the morphism p,, : Xg min,a — Mg,m that forgets the map and
the last n marked points and then stabilizes the resulting prestable curve. Write
Ym)i € HQ(ngn_%Wd; Q) for the pullback along p,, of the ith universal cotangent
line class on M ,,, and write



708 Tom Coates and Hiroshi Iritani

7k Hkm . l
<a1’(/]11’"'7a’m¢m 'blwrrll+17"' n¢m+n>g m+n,d
(2.12) m n
:/ _ H(ev a; U’(/Jm‘ H mﬂ meﬂ)
[Xg m+n,d]v" =1 j=1
where a1,...,a,m € Hx; b1,...,b, € Hx;and ky, ..., km, 11, ..., 1, are nonnegative

integers.
As above, consider t € Hx with t =ty 4+ --- + tN¢n and a sequence
(Y0,Y1,Y2,--.) of elements in Hx with y, = y0¢o + --- + yN¢n. The genus-g
ancestor potential is
o0 o0 o0
(2.13)

o
Qd 7l X
Z nlm! <yl1’¢)1 . 7ylm¢n’$ :ta"'7t>g,m+n,d’

lm=0

and the total ancestor potential is
(2.14) Ax = oXp(Z hg*lfé?)-
g=0

We will often want to emphasize the dependence of the ancestor potentials on the
variable ¢, writing F7 for .7-_";‘7{ and A; for Ax. Note that the ancestor potentials
(2.13) do not contain terms with g =0 and m <3 or with g =1 and m =0, as
in these cases the space Mg,m is empty and so the map py,: Xgmin,ad— ngm
is not defined.

Let (to,t1,t2,...) and (yo,y1,Y2,...) be infinite sequences of elements of Hx
with ¢, =t0¢g + - +tNén and y,, = y2¢o + -+ - + yNon. Define the genus-g jet
potential

-y Yy ZZZ

deENE(X)m=0k;=0 m=0n=01,=0
§Oo Qd Tk Tk l
1 . 1
n'm' <yk1 1 9 7ykm¢mm . tll Q/Jm+1, . tl wm+n>g m+n,d*
1, =0

We write Wx = Z;ozo R9=IWY. The total jet potential is

(2.15) exp(Wx) :exp(i hgflwg().

g=0
The coordinates (tg,t1,%2,...) are used for the descendant potentials and the
coordinates (yo,%1,¥2,...) are used for the ancestor potentials. We sometimes
also use the coordinates (qo,q1,q2,---) with g, = q%¢o + --- + ¢N ¢ related to
(to,t1,t2,...) or (Yo,y1,Y2,-..,) by the identification
@y = —0n16i0 + 1, @ = —0n16i0 + Y-
This identification is called the dilaton shift (see also Section 3.2 below).
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2.6. The orbifold case

The discussion in this article applies to the case where X is a smooth algebraic
orbifold or Deligne-Mumford stack, rather than a smooth algebraic variety. The
discussion above goes through in this situation with minimal changes, as follows.

e We take Hx to be the even part® of the Chen—Ruan orbifold cohomology
Hp (X;Q) rather than the even part of the ordinary cohomology H*(X;Q).

e We replace

— the usual grading on H*(X) by the age-shifted grading on Hgy (X);

— the Poincaré pairing on H®(X) by the orbifold Poincaré pairing on
Heg (X).

Note that H?(X) C HZg(X), and so definition (2.2) makes sense in the orbifold
context.

e We define correlators (2.1) and (2.12) using orbifold Gromov—Witten
invariants [1] rather than usual Gromov—Witten invariants. There are two small
differences:

— a subtlety in the definition of ev}, discussed in [1] and [39, Section 2.2.2];

— the degree d of an orbifold stable map f:3 — X lies in Ha(|X|;Z), where
| X| is the coarse moduli space of X.

Having made these changes, the discussion in Sections 2.1-2.5 applies to orbifolds
as well. In this context, the family of algebras (Hx ® A,x*) is called orbifold
quantum cohomology (see [23]).

3. Global quantization: Motivation

In this section, as an introduction to global quantization, we review Givental’s
symplectic formalism (see [61], [33], [64]) from the viewpoint of geometric quan-
tization. This section is not logically necessary and can safely be skipped by the
impatient reader, but provides motivation and context for the rest of the article.
Roughly speaking one can think of our Fock space as obtained from the quantiza-
tion of Givental’s infinite-dimensional symplectic space H and think of the total
descendant potential Zx as an element of the Fock space. The aim of this sec-
tion is to give an informal account of the ideas behind the rigorous construction,
which is given in Sections 4 and 5.3.

3.1. Givental’s symplectic vector space
Givental’s quantization is based on the Hilbert space

H = Hy ®g L2(S,C)

equipped with the symplectic form

8Here we mean the even part of the rational cohomology of the inertia stack IX with respect
to the usual grading on H®(IX), not the age-shifted grading (cf. [36, Section 2.2]).
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Q(f.9) L/S1 (f(=2),9(2)) y, d=.

- 2mi

Here L?(S',C) denotes the space of complex-valued L2-functions on S! and
(o, )y = [y @U B is the Poincaré pairing. The coordinate z on S coincides
with the variable that appeared in the Dubrovin connection (see Section 2.4).
We call (H,Q) the Givental space for X. Each element f(z) € H has a Fourier
expansion

F@)=> 2"+ pa(—2)""""
n=0 n=0

with ¢, p, € Hx ® C. We have the decomposition H =H; & H_, where

(3.1) H+={q=§:qn2”€7-[}, ”H,z{pzipn(—z)_"_le"ﬂ}.

n=0

These are maximally isotropic subspaces. We set
N N

(32) qn = Z q;ﬂﬁiv Pn = an,i(ybz
i=0 i=0

and regard {qfl,pn,i :0<n<o00,0<i< N} as a complex coordinate system
on H. These are holomorphic Darboux coordinates in the sense that

oo N
n=0 =0

3.2. Dilaton shift
Let us denote by F9 the genus-g descendant Gromov—Witten potential (2.10)

with Novikov variables specialized” to 1 (i.e., Q1 =---=Q, = 1). We can regard
F9 as a holomorphic function on an open subset U of H

FI:U—=C
via the dilaton shift

q=t—21,

where 1 € Hy is the identity element, and we set

co N ‘ co N ‘
t:ZZt;qSiz", q:ZZq;@z”.

n=0 {=0 n=0{=0
The open subset U contains a point —z1 4+ ¢ with ¢ in a neighborhood (2.4)
of the large-radius limit point and F9|_,14; gives the nondescendant genus-g
Gromov-Witten potential F9(t) with the Novikov variables specialized to 1.

9n order to make sense of this specialization, we need a certain convergence assumption for
F9 (see [34, Section 8.1]). This technical point will be explained in Definition 6.7 below.
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3.3. Lagrangian submanifold and TP structure

Here we introduce the Givental cone for X, a submanifold £ of H which encodes
all information about the genus-zero Gromov—Witten theory of X. Define L to
be the following submanifold of H:

ﬁZ{Q-FP‘Pn,i: (q)},

aq;,
where we set p=> >, Z?LO Pn.i¢'(—2)7"~1. This is Lagrangian, since it is the
graph of the differential dF°. Moreover, it has the following special geometric
properties (see [33], [64]):

e [ is a cone, that is, it is preserved by scalar multiplication;
e T}, the tangent space of £ at f € L, is tangent to £ exactly along z7%.
This means that

(i) 2Ty C L;
(ii) for g € 2Ty, we have T, =TY;
(lll) Tf NL= ZTf.

The Lagrangian submanifold £ is a submanifold-germ around the unique family
of points on L of the form

t— J(t,—2)=—214+t+p;, pt€H_,

with t € HS in a neighborhood (2.4) of the large-radius limit point, and the above
properties should be understood in the sense of germs. The set of all tangent
spaces to £ forms a finite-dimensional family: every tangent space coincides with
Ty = Ty,—)L for a unique t € H$. The point J(t,—z) on L is called the .J-
function. Moreover, we can recover the Lagrangian submanifold £ as the union

of tangent spaces:
L= U 2Ty = U 2T;.
fecL teHS

The special geometric properties of £ can be rephrased as Griffiths transversality
for the family {T}} of semi-infinite subspaces; {13} is an example of Barannikov’s
[6] variation of semi-infinite Hodge structure.

We saw that £ is ruled by infinite-dimensional spaces zT;. The ruling struc-
ture can be understood via the identification of £ with the total space of a
certain infinite-dimensional vector bundle, as follows. Consider the vector bun-
dle H x H; — HS endowed with the (nonextended) Dubrovin connection V =
d—1 ij\io(gbi*)dti (see Section 2.4). The inverse M (t,z) = L(t,z)~! of the fun-
damental solution (see (2.8)) defines an isomorphism of flat bundles

M: (HxHS - HSG, V) = (Hx HS — HS, d).

Here Novikov variables have (again) been specialized to 1 in V, L(¢,z) and
M(t,z). We have

M(t,2)(—21) = J(t, —2), M(t,z)zHy = 2T;.
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pry, oM

\
ZH+ —z1 ZH+

—21+ HS

Figure 1. The subbundle zH, x HY — HS (left) and the ruled Lagrangian submanifold £ (right). By
identifying all the fibers H by V-parallel transport in the left picture, we get the picture on the right. The
zero section collapses to the origin and the section —z1 goes to the J-function J(t, —z).

Therefore, the Lagrangian submanifold £ is obtained as the projection to the
fiber H of the image of the subbundle zH, x HS under the map M:

£ = (pry oM)(=H,y x HY),

and the bundle structure zH x HS — H% gives the ruling on £ (see Figure 1).
Using this identification, we can introduce two different coordinate systems

on L.

Flat coordinates (qo,q1,q2,--- )+ (q,dF°(q)). These are the coordinates given
by the projection to H; here ¢, = Zij\io ¢ ;€ HS.

Algebraic coordinates (t,x1,Ta,...)— M(t,2)(x12 + 2922 + w323 + --+). These
are the coordinates coming from the standard coordinates on 2H, x HS;
here t,z,, € H}C(.

We saw that the Lagrangian submanifold £ can be identified with the total

space of the infinite-dimensional vector bundle 2 x HG — HS. This infinite-

dimensional vector bundle arises from the finite-dimensional vector bundle

F=H$ x (H$ xC,)—» HS xC,

as its pushforward 7,(zO(F)) along the projection 7: H% x C, — HS; here C,
denotes the complex plane with coordinate z. The finite-dimensional vector bun-
dle F over H§ x C, is endowed with a flat connection V and a V-flat pairing
(+,-)r. The structure (F,V,(-,-)r) here is given the name TP structure in Def-
inition 4.1 below;'" this terminology is borrowed from Hertling [66]. The global
quantization formalism in Section 4 is based on a closely related structure called
a cTP structure, for “complete TP” structure: we replace the Lagrangian sub-
manifold £ above with the total space of a ¢TP structure. The use of algebraic
coordinates will be important there.

107p stands for twistor, pairing.
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REMARK 3.1

Both TP structures and variations of semi-infinite Hodge structure are general-
izations of the notion of variation of Hodge structure (VHS) and, in fact, reduce to
it when we deal with the small quantum cohomology of a 3-dimensional Calabi—
Yau manifold. These structures originate from K. Saito’s [104] theory of primitive
forms and have been rediscovered in the context of integrable systems, string the-
ory, and mirror symmetry (see [49], [6], [75]).

3.4. Geometric quantization

The quantization of a real symplectic manifold H is given by a Hilbert space
Foct(H) called the Fock space and an assignment of an operator F acting on the
Fock space Foct(H) to a smooth function F': H — R such that

[Fy, Fy] = ih{Fy, F,} + O(h?),

where {-,-} is the Poisson bracket and £ is a formal variable. In geometric quanti-
zation, the construction of the Fock space depends on the choice of a polarization
P, that is, an integrable Lagrangian subbundle of TH ® C. To emphasize the
dependence on P, we denote by Foct(H; P) the Fock space associated to P. We
illustrate this in the following example.

EXAMPLE 3.2 (see [78], [113])

Take H to be the symplectic vector space R?" with coordinates (p,,q"), p=
1,...,n. Let w= 22:1 dp,, N dg" be the symplectic form on H. The prequantum
line bundle is a Hermitian line bundle L — H endowed with a Hermitian con-
nection V such that the curvature V2 equals —iw/h, where h is a positive real
parameter in this example. We take the following prequantum line bundle:

n

L=HxC, V=d- % (Pudg” — q"dp,,).
p=1

The connection V here is Sp(H)-invariant. For F' € C*°(H,R), we define
F:=ihVy, +F,

where Xz is the Hamiltonian vector field of F' (i.e., tx,.w = dF’). This operator
acts on the space C°(H, L) of sections of L, and we have [F,G] = 1h{ﬁ6} This
is called prequantization. However, C*°(H, L) is too big, and we need to take a
smaller subspace. Let P C H ® C be a Lagrangian subspace. We can view P as a
subbundle of TH ® C which is invariant under translation. The space of polarized
sections of L is defined to be

Ip(H,L)={s€C®(H,L):Vys=0 for all V € P}.

Note that [Vy,,Vy,] =0 for Vi,Vs € P, because P is Lagrangian and V? =
—iw/h. There are two important special cases.
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e When P C H, it is called the real polarization. In this case, I'p(H,L) is
the space of sections of L which are covariantly constant along each leaf v + P,
veH.

e When P& P =H ®C, it is called a Kdhler or holomorphic polariza-
tion. This corresponds to the choice of a complex structure Ip on H such that
w(vy,v2) =w(Ipvy, Ipvy) and P = (H ®C)%!. In this case, ['p(H, L) is the space
of holomorphic sections of L (with respect to Ip).

Suppose that P is nonnegative, that is, that iw(v,7) > 0 for all v € P. Then one
can introduce a certain L2-metric on the space of polarized sections (see [78])
and define the Fock space Foct(H; P) to be the Hilbert space of L2-polarized sec-
tions. If the flow generated by X preserves the polarization P as a subbundle
of TH ® C, then the operator a preserves the subspace I'p(H, L) and acts on
the Fock space (possibly as an unbounded operator). In particular, the quanti-
zations of the linear functions p,,¢" act on Foct(H, P) and satisfy the canonical
commutation relation [, p,] = ihd#. Thus, Foct(H, P) becomes an irreducible
unitary representation of the Heisenberg algebra. Because an irreducible unitary
representation of the Heisenberg algebra is unique up to isomorphism (the Stone—
von Neumann theorem), Schur’s lemma shows that there exists an isomorphism

TP,P’ : SOCE(H, P) L) SUCE(H, Pl)

of representations of the Heisenberg algebra. This isomorphism T’p p/ is unique
up to scalar multiplication. For example, when P is the subbundle spanned by
0/0p,, and P’ is spanned by 9/0¢", the isomorphism T'p p is given by the Fourier
transformation

(3.3) $(g) — () = =

—ipq/h
W/Rne pa/ zb(q)dq,

where we identify elements of Foct(H,P) (resp., of Foct(H,P’)) as functions
of the ¢"’s (resp., of the p,’s) by restriction to p, =0 (resp., to ¢* =0). The
transformation Tp pr defines the so-called Segal-Shale~Weil representation; it is
also known as a Bogoliubov transformation.

We regard the Givental space H as a complexification of a real symplectic
vector space Hgr and try to apply the above scheme to it. However, since H
is infinite-dimensional, the quantization has many difficulties. For example, it
is known that there are uncountably many irreducible representations of the
infinite-dimensional Heisenberg algebra (see [54], [55]), and so the argument in
Example 3.2 fails in our situation. The following heuristic discussion will be only
used as a motivation.'! Consider the prequantum line bundle

oo N
1 7 7
L=HxC, V=d- ﬁZZ(pn,idqn_qndpn,i)'

n=0 =0

Hpor example, we do not construct the Fock space as a representation of the Heisenberg
algebra. Our Fock space is not even a vector space.
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Here we dropped the imaginary unit, since we will ignore the metric. As the
standard polarization of H, we take P =H_, which is spanned by 9/0py ;. In
this case, a polarized section s of L should take the form

1 co N ]
s=e><p<—ﬁq-p)f(q)7 Q- P=»_> ¢Dni
n=0i=0
for some holomorphic function f on H.. Following Givental’s [61] convention,
we define the quantized operator of a linear function F': H — C as
~ 1
F:=—(-hVx.+F).
5 (hVx +F)
Then it is easy to check that the actions of p, ;, ¢’, on polarized sections are
given by
0
dq

P (e7H P f(q) = €T (Vs f(q) ),

7
n

i, (7P f(q)) = eﬁq‘p(%f(q))

These give the Schrodinger representation. By dilaton shift we regard the total
descendant potential Z = eXP(Z;io RI~LFI9) of X (see (2.11)) as a function on
‘H . (Here again all Novikov variables @1, ...,Q, have been specialized to 1.) We
regard the total descendant potential as a polarized section of L by the extension

(3.4) Z(q,p) = eXp(—Q—lhq : p) Z(q).

Let us consider the restriction of Z to the Lagrangian submanifold £. Note that
FY is homogeneous of degree two in q since £ is a cone. Therefore,

Z'(q) = Z2(a,p)|(q,p)ec = eXp(—2—1hq : dfO)Z(q) = eXp(—%f(J)Z(q)

=exp(F'(q) + hF*(q) + B> F(q) + ),

where the genus-zero potential cancelled in the second line. Therefore, we can
forget about the genus-zero potential after restricting to L. Moreover, the origi-
nal polarized section can be reconstructed from this restriction if we know the
submanifold £. Therefore, we shall define the Fock space to be the set of certain
functions Z’: L — C over L of the form (without genus-zero term)

oo

Z'=exp (Z hg—lfg) .

g=1
Different choices of polarization give different ways of extending functions Z’ on
L to H.

REMARK 3.3

Givental [61] defined the quantized operator U on the Fock space for a linear
symplectic transformation U € Sp(H). In particular, if U(z) is an element of the
loop group LGL(HS) satisfying U(—2)"U(z) = 1, then it defines a symplectic
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transformation U of H and its quantization U. (Here U(—2)' is the adjoint with
respect to the Poincaré pairing on Hx.) This is called the Givental group action
on the Fock space. The above interpretation in geometric quantization imme-
diately explains the lower-triangular part of the Givental group action. If the
Fourier expansion of U(z) contains only nonpositive powers in z, then U="TU(z)
preserves the standard polarization H_. In this case, we can make it act on
polarized sections s via the “coordinate change” s — Us :=s o U(2)~L. For the
polarized section Z in (3.4), we have

(02)(p. @) = exp(—5-p-a) exp (55 W(a. @) 2([U() "a(2)],),

where [U(z)7'q(z)]; € Hy denotes the nonnegative part as a z-series and
W(q,q) is the quadratic form defined by

(3.5) W(a,q)=Q([U(z)"ta(2)] ., [U(z)""a(2)] ).

This coincides with Givental’s [61, Proposition 5.3] formula for U.

3.5. Ancestor-descendant relation

We have seen that the total descendant potential Z gives rise to a polarized
section Z which restricts over £ to the potential Z’ which does not contain the
genus-zero term. A result of Kontsevich-Manin [81, Theorem 2.1], reformulated'”
by Givental [61, Section 5], tells us that Z’ coincides with the total ancestor
potential (2.14) with the zeroth variable yq set to be zero:

/ _ F(t
z (Q) =e ( )At|yo:0,y1:$1+1,y2:z2,y3:z3,...7

where (t,z1,29,...) are the algebraic coordinates from page 712. Set x =
>0 @nz", and note that q and (f,x) are related by q = [M(¢,2)x]+. In other
words, for g > 1, we have

]:g(q) = 69’1F1(t) + ]t—tg|Z~10:0’y1:$1+1,y2:$2’y3213,m‘

Strictly speaking, this relation is an equality of formal power series over the
Novikov ring. We shall explain how to make sense of it as an equality of analytic
functions in Theorem 6.8 below, where we discuss the specialization to Q1 = --- =

Qrzl-

3.6. Transformation rule and the Fock sheaf

We have so far discussed only local situations, since the Lagrangian submanifold
L is given a priori as a germ. Assume that £ is analytically continued to a certain
global submanifold. We would like to construct a Fock sheaf over £ by gluing local
Fock spaces. The essential point here is that a transversal polarization may not
exist globally. Take an open covering {U,} of L. If each U, is sufficiently small,
then we can choose a polarization P, C ‘H which is transversal to £ over Uy,

125¢e Coates—Givental [33, Appendix 2] for a proof.
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Py
Figure 2. We need to take a different polarization on each chart.

that is, P, h T, L for 2 € U,. We take a Lagrangian subspace S C H transversal
to P,. By the identification H =5 & P, = T*S, we can express U, C L as the
graph of the differential dF° of a quadratic function:

FO: 8 —C.

This defines the genus-zero potential over U,,. (Here we identify U, with a subset
of S via the projection 7 — S along P,.) The third derivatives C\%), = 8,0, 0,F°
in linear coordinates {z*} on S define a well-defined cubic tensor on £, indepen-
dent of the choice of (S, P,). The tensor ZC,S?,)pdz” ® dz” ® dz? is called the
Yukawa coupling.

We define the local Fock space Foct(U,;P,) to be the set of functions
2": Uy — C of the form 2" =exp(}>_ 2, h9~1F9) without the genus-zero term.
When U, NUg # &, we shall define a transformation rule’® (gluing map)

Taﬁl SOCE(UQ N Ug;Pa) — SOCE(UQ N Ug;Pg)

induced by the change of polarizations. This defines a sheaf of Fock spaces—the
Fock sheaf—over L. Moreover, if there exists a linear symplectic transformation
U € Sp(H) which leaves the global Lagrangian submanifold invariant (U(£) = £),
then U acts on sections of the Fock sheaf by pullback along U followed by the
transformation rule induced from the difference of polarizations. (In the context
of mirror symmetry, such an automorphism U of £ arises from the monodromy
of the mirror family.) For the Fock sheaf so constructed, we can ask the following
questions.

QUESTION 3.4
Does the total descendant potential extend to a global section of the Fock sheaf?

If so, then we ask the following question.

130ur transformation rule T,p is defined up to a scalar multiple, due to the ambiguity at
genus one, and TyaTg,Tag = cqp~id for some constant c,g.. Later we ignore the constant
ambiguity and work with the genus-one one-form dF! rather than the potential function F!
(see Definition 4.56 and Proposition 4.70).
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QUESTION 3.5

Let U € Sp(#) be a symplectic transformation preserving L. Is the global section
invariant under U? (This should imply that the Gromov—Witten potential is
“modular” in an appropriate sense.)

The transformation rule T,z is described as follows. Let T, denote the tangent
space of £ at x € L. For each x € U, NUpg, we have T,, & P, =T, ® Pg =H. Since
Ty, P, Pg are Lagrangian subspaces, we can identify P,, Ps with the dual space
of T, via the symplectic form Q. Take ¢ € T, and let v, (p) € Pa, vg(p) € P3
be the corresponding vectors. Then vg(y) —vq(p) is symplectic-orthogonal to T,
and, thus, belongs to T,.. Thus, we have a map

A(x) T;—>TLE; (,0'—>’Uﬁ(<,0)—1}a(§0)-

We can regard A(z) as an element of T,, ® T,. Then A defines a symmetric bivec-
tor field on U, N Ug. The polarization P, defines an affine flat structure on U,,
via the open embedding to the vector space U, < H/P,. Let {z*} be a flat coor-
dinate system on U,. Write A = A0y ® 0,0 For Z[, = exp(3_,2 ) h9~ 1F9) e
Soct(Uy NUg; Py), we define

v I
(36) (TapZ{)(x) = o3 GO LT axp(CAM ()00 ) Z ()|
where

2 (asy) = 2/, (34 y)er F @) —F @)@ F @)y 3 0.0, F) @) v"),

REMARK 3.6

Take Lagrangian subspaces S, S3 C ‘H transversal to P,, Pg, respectively. These
define genus-zero potentials F, ]-"g as above, and we set Z, = exp(FL/h)Z!,
Z3 = eXp(]:g/h)Zf’j for Z}, € Foct(Ua; Po), 25 € Soct(Up; Pg). The definition
(3.6) originates from the asymptotic expansion as i — 0 of the Fourier-type
transformation (cf. (3.3))

Zg(m):/ e~ CGesl@a)/hz (3')da,
s

which would make rigorous sense if H were finite-dimensional. In the finite-
dimensional case, this integral representation and its asymptotic expansion were
used by Aganagic-Bouchard-Klemm [2, (2.8)] to describe the transformation of
topological string partition functions. Here Gop(z,2’) is a quadratic function
(the so-called generating function) defined by

dGag x, :v Zyudl‘ Zy;tdfluv

where (z#,y,) and (2'" ,¥,,) are Darboux coordinate systems on H compatible
with the decompositions H = S, ® P, and ‘H = Sg ® Pg, respectively.

REMARK 3.7
The discussion here is far from being rigorous. For instance, in the previous
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remark we assumed that (z#,2'") form a coordinate system on H, which would
hardly be true in our infinite-dimensional setting. In Sections 4.10-4.12, we set up
a correct function space for the Fock space and show that the transformation rule
is indeed well defined. We will give another formulation based on L2-topology in
Section 5.3, which is more similar to the exposition here.

4. Global quantization: General theory

We now construct a rigorous version of the structure sketched out in Section 3.
Let M be a complex manifold, and let O denote the analytic structure sheaf.
The space M will be the base space of a (¢)TP structure. Examples include the
cohomology of a smooth projective variety (A-model TP structure) and the base
space of an unfolding of singularities (B-model TP structure). The discussion
in this section also applies to the case where M is replaced with the formal
neighborhood of a point on it and, in particular, applies to formal Frobenius
manifolds (such as those associated to the A-model or B-model).

4.1. TP and TEP structure

A TP structure is a certain coherent sheaf with extra structure over M x C. Fix
a coordinate z on the complex line C. Let (—): M x C — M x C be the map
sending (¢,2) to (t,—z), and let 7: M x C — M be the projection.

DEFINITION 4.1
(1) A TP structure (F,V,(-,-)7) with base M consists of a locally free
Opnxc-module F of rank N + 1 and a flat connection V with pole along z =0

V: F =1 Qy @0 F(M x{0}),

so that for f € Onpxe, s € F, and tangent vector fields vy, v € O g

V(fs)=df @ s+ Vs, [Vu,, V] =V )
together with a nondegenerate pairing

()F: (=)' F @0 e F = Ormxc,

which satisfies

((=)7s1,82) 2 = ()" ((=)"s2,51) 5,

d((—)*sl, 32)}. = ((—)*Vsl, 82)]_. + ((—)*81, Vsz)]_.

for s1,s2 € F. Here F(M x {0}) denotes the sheaf of sections of F with poles of
order at most 1 along the divisor M x {0} c M x C.

(2) A TEP structure is a TP structure such that the connection V is
extended in the z-direction with a pole of order 2 along z = 0. More precisely, it
is a TP structure (F,V,(-,-)7) equipped with a 7~*O-module map

V.o.: F = F(Mx {0})
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such that for f € Onxc, S, S1, S2 €F, and v € O
vz@z(fs)zz(aZf)s+fvzazS7 [vazaz] =0,
20.((=)"s1,82) » = ((=)"Vs.o.51,82) 2+ ((=)*51, V. 82) 1

Combining the M-direction with the z-direction, we can view V as a map

Vi F = (1" Qy @ Opixcr 'dz) @0, F(M x {0}).

REMARK 4.2
These notions are due to Hertling [66]. TEP here stands for twistor, extension,

and pairing. Definitions similar to the one above were given in [38, Definition 2.6]
and [74, Definition 2.1].

EXAMPLE 4.3

An important class of examples of TEP structure is provided by the quantum
cohomology of a projective algebraic variety X . If the genus-zero Gromov—-Witten
potential F$ converges in the sense of Section 2.3, then as discussed there, we
can specialize Novikov variables, setting Q1 =---=Q, = 1, and regard F% as an
analytic function on an open subset (2.4) of Hx ® C. Denote this open set by Ma.
Then the Dubrovin connection (see Section 2.4) for the quantum cohomology of
X defines a TEP structure over the analytic space M = M4, which we call the
A-model TEP structure for X, by setting

o F=Hx ®qOmxc;
(41) o V=d= LY (0)dt + (L (Bx) + L) dz;

o (a(=2),8(2)) = [x al=2) UB(2);
where F is the Euler vector field (2.5) and p is the grading operator (2.6). In the
case where the genus-zero Gromov—Witten potential is not known to converge,

the same procedure defines a TEP structure over the formal neighborhood of the
origin in Hyxy ® A, viewed as a formal scheme over A.

4.2. TP and cTEP structure

A cTP structure is a certain coherent sheaf with extra structure over M x 1&1,
where A! = Spf C[#] denotes the formal neighborhood of zero in C. A sheaf
of modules over M x Al is the same thing as a sheaf of Oxq[z]-modules. Let
(=): M x Al = M x Al be the map sending (£, z) to (t,—z) as before. For an
Om[z]-module F, the structure of an Op[z]-module on the pullback (—)*F is
defined by f(z)(=)*a=(=)*f(—2)a for f(z) € Om[z] and a € F.

DEFINITION 4.4
(1) A ¢TP structure (F,V,(-,-)g) with base M consists of a locally free
Om[z]-module F of rank N 4 1 and a flat connection V with pole along z =0

V: F—>Q}M R0 27 LF,
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so that for f € Opm[z], s € F, and tangent vector fields vy, vs € © pq
V(fS) :df®5+fVS, [V'U17VU2] :v[’ul,vz]7
together with a pairing
(.7 ')F: (—)*F ®OM[[Z]] F— OMHZ]],
which satisfies
((=)"s1,82)p = (=) ((—)"s2,81) s
d((_)*slaSQ)F = ((_)*VS1782)F + ((_)*SI)VSQ)F

for s1,s2 € F. The pairing (-, -)¢ is assumed to be nondegenerate in the sense that
the induced pairing on Fg:=F/zF

('a ')Fo: Fo RO Fo — Onm

is nondegenerate. We regard z~'F as a subsheaf of F[z7!] :=F ®0,, -] Om((2)-

(2) A ¢TEP structure is a cTP structure such that the connection V is
extended in the z-direction with a pole of order 2 along z = 0. More precisely, it
is a ¢TP structure (F,V, (-, -)r) equipped with an Os-module map

Vs, F— 27 1F
such that for f € Opm[z], s, 51, s2 €F, and v € O
V.o, (fs)=2(0.f)s+ fV.a.5, [V, V.5.]=0,
zaz((—)*sl,SQ)F = ((—)*Vzazsth)F + ((_)*Sl,vzazSQ)F.

Combining the M-direction with the z-direction, we can view V as a map

V:F— (Qy®Omzd2) ®0,, 2 'F.

REMARK 4.5

A TP structure (resp., a TEP structure) in Definition 4.1 gives rise to a ¢TP
structure (resp., a ¢TEP structure) by restriction to the formal neighborhood
of z=0 in M x C. In particular, the A-model TEP structure in Example 4.3
defines the A-model ¢TEP structure over the formal neighborhood of z=0. On
the other hand, we do not know if every ¢TP structure admits an extension to
M x C. The first letter ¢ of ¢TP stands for complete.

REMARK 4.6

In the remainder of this section we work with ¢TP structures, without extending
the connection to the z-direction. Consequently, the framework that we construct
applies to cases, such as equivariant quantum cohomology, where the flat con-
nection cannot be extended to the z-direction. An extension to the z-direction
will play an important role when we construct a semisimple opposite module in
Section 7.1 and in certain Virasoro symmetries of the Fock space.
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4.3. Total space of a cTP structure

We begin by studying the geometry of the total space of a ¢TP structure. The
total space of a ¢TP structure is an algebraic analogue of the Givental cone £
discussed in Section 3.3.

Let (F,V,(-,-)F) be a ¢TP structure. Set F[z7'] :=F ®o,,[.] Om((2)). This
is a locally free Opq((2))-module. The pairing (-,-)r induces a symplectic pairing
Q: F[Z_l] RO pq F[Z_l] — Opm

defined by
(4.2) Q(s1,82) :Reszzo((_)*31,82)FdZ.
Note that this is antisymmetric: Q(s1, s2) = —§2(s2, s1). We define the dual mod-
ules (2"F)Y, n € Z, and F[z7!]V as
(2"F)Y := lig%”omoM (z"F/2'F,On),
1

(4'3) —171Vv . . — l
Flz7"] :z@@%omoM(z "F/Z'F,Om).
n 1

There is a sequence of natural projections
Flz7lY = = (27 2F)Y = (7)Y = FY = (2F)Y = -,

The dual (2"F)Y has the structure of an Oxq[z]-module such that the action of
2 is nilpotent. It is locally isomorphic to (O ((2))/Om[2])2N Y as an Oy [2]-
module, where N + 1 is the rank of F. Also F[z71]" is a locally free Opq((2))-
module. The dual flat connection VV is defined by

(4.4) VYR 2 FY @0y Qv (Ve s) i=d{p,s) — (¢, Vs).
The symplectic pairing gives an isomorphism

Flz7' = F[z 1Y, s 1sQ=9Q(s, ),
which in turn induces the dual symplectic pairing Q¥ on F[z—1]V

(4.5) QV:Flz7 'Y ®@o,, Flz71Y = Opm.

DEFINITION 4.7

The total space L of a ¢TP structure (F,V, (-,-)g) is the total space of the infinite-
dimensional vector bundle associated to zF. As a set, L consists of all pairs (¢,x)
such that t € M and x € zF;. Let pr: L - M denote the natural projection.
We endow L with the structure of a ringed space so that we can regard it as a
“fiberwise algebraic variety” over M. For a connected open set U C M such that
Flu is a free Op[z]-module, the ring of regular functions on pr=1(U) is defined
to be the polynomial ring over O(U):

(4.6) O(pr~1(U)) := Symg ) I'(U, (zF)).

A basis of open sets of L is given by the complements in pr=*(U) of the zero-loci
of regular functions in O(pr=*(U)) for all such open sets U C M. For a general
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open set V C L in this topology, O (V) is the ring'* of C-valued functions which
can be written locally as quotients f/g of some polynomials f,g € O(pr=1(U)).

Let U C M be a connected open set such that F|y is a free Oy [z]-module.
Then by (4.6), O(pr=*(U)) is graded by the degree of polynomials:

O™ (pr'(U)) = Symgo, ) I'(U, (zF)Y).

The Op-module (2F)Y has the increasing filtration (2F)) = #omo,, (2F/2'2F,
Op). This induces the exhaustive increasing filtration on O (pr=1(U)):

Oi(pr () =0W)+> . > T(UF)(F) - (zF)), 1>0,

O_1(pr 1 (U)) :={0}
such that
{0} C Op(pr~'(U)) C O1(pr~ 1 (U)) C Oz(pr~1(U)) C -+~
and O, (pr= (1)) O, (pr~ (1)) € Oy, 11, (pr~(U1).

Let U C M be a connected open set such that F|y is a free Oy [[z]-module. Take
a trivialization F|y & CN*1 @ Oy[z]. This induces a trivialization F[z71]|y =
CN*T1® Oy ((2)) and defines a dual frame xi, € F[z7!]Y, n€Z, 0<i< N, by

N
(A7) P =C T e 0u() — 0u, DY dhes" —al,
meZ j=0

Here e;, 0 <i < N, denotes the standard basis of CN*t!, By restricting xﬁl to
zF, we obtain fiber coordinates ¢, n>1, 0<i < N, on L|y. Assume that

no

dim M = N + 1 =rankF, and let t°,...,tY be a local coordinate system on U.
We call {tﬁx}; :0<i< N,n>1} an algebraic local coordinate system on L. This
corresponds to the algebraic coordinate system on the Lagrangian submanifold
L discussed on page 712. In Section 4.7 below, we will introduce a flat coordinate

MywWhen V = pr=1(U) for a connected open set U such that F|y can be trivialized, one can
check that O(V') coincides with the original definition (4.6). More generally, for the complement
D(h) of the zero-locus of h € O(pr~1(U)), O(D(h)) is the localization of the polynomial ring
O(pr~1(U)) by h:

O(D(h) = O(pr (1)),

Proof

Each element r € @(D(h)) can be locally written as r = f/g for some f,g € O(pr—1(U’)) with
U’ C U. Then by the standard argument using Hilbert’s Nullstellensatz, we can see that, for
each t € U’, there exists m € N such that h™(f/g) restricted to the fiber zF; is a polynomial on
zF¢. (Here, m can depend on t.) On the other hand, it is clear that we can take m to be deg(g).
Then rhde8(®) is a polynomial in fiber variables with coefficients in holomorphic functions on
the base U. O
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system on the formal neighborhood (or an L2- or nuclear neighborhood) of the
fiber L, = pr~!(¢). We have
O(pr'(U)) =0U)[z}, :0<i< N,n>1].

The grading is given by the degree as polynomials in the variables x?. The
filtration is given by

O (pr(U))

- {Z Z Z lllll xlh—l xz 41t lell,’...,ln()eo( )}-

n=0 l1,...,0n,>0 i1,...,ip, >0
AL <l

Under this trivialization, we present the flat connection V as
1
(4.9) Vs=ds— —C(t, z)s,

where C(t,2) = 2N Ci(t, z)dt' € End(CN+1) @ QL [2] and s € CNH! @ Op [2] =
Flu. The residual part C(t,0) = (—2V)|.—¢ defines a section of End(Fo) ® Qf,
which is independent of the choice of trivialization. In the case of the A-model
TEP structure in Example 4.3, we have C(t,z) = C(t,0) = Zio(@*)dti with
respect to the standard trivialization.

DEFINITION 4.8 (The open subset L° C L)
Define the following open subsets:

Fo.o = {:cl €Fo: TiM — Fo i, v —Cp(t,0)zq is an isomorphism}7
L°:={(t,x) eL:t e M,x € 2F¢,(x/2)|.=0 € F§ , }.

We set Fg = J; e FG,¢- This is an open subset of the total space of Fo.

Henceforth, we assume that our ¢TP structure (F,V, (-,-)g) is miniversal, which
means the following.

ASSUMPTION 4.9
At every point ¢ € M, Fg, is a nonempty Zariski-open subset of F ;.

This assumption implies, in particular, that dim M = rank F. Miniversality holds
for the ¢TP structure defined by quantum cohomology, because ¢y = 1 is a section
of F§. Using an algebraic local coordinate system {t!,z%} on L, we can write L°
as the complement of the zero-locus of the degree N + 1 polynomial P(t,z1)

defined by
P(t,l‘l) = (*1)N+1 det (CQ(f,O)Il,Cl (t, 0)5617 .o ,CN(t,O).Z‘l)
(4.10)
€ O( )[.1‘1, : ’xi\/]’

where C;(t,z) = Cy)a4i(t,2). We call P the discriminant. More invariantly, we
can think of P(t,z1)dt° A--- Adt"N as a section of the line bundle pr*(det(Fo) ®
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Kn) over L. In the case of the A-model TEP structure in Example 4.3, we
have P(t,x1) = det(—x1%;) under the standard trivialization. The ring of regular
functions over pr=!(U)° :=pr~1(U) NL° is

O(pr 1 (U)°) = O(U) [{z} }n>1,0<i<n. P(t,z1) 7]

Since P(t,z1) is homogeneous in x; and lies in the zeroth filter, O(pr=1(U)°)
inherits the grading and the filtration. Since we will almost always deal with
open sets of the form pr=!(U) or pr=1(U)°, we will omit the domain pr=!(U)
or pr=1(U)° from the notation, writing for example O", O, for O" (pr~1(U)),
O,(pr1(U)) (or for O™(pr=1(U)°), Oi(pr=1(U)°)). We also write O] :
O"NO;.

The sheaf Q' of one-forms on L is defined on a local coordinate chart as

@Odtz@@@(?dx

n=1 :=0

and then glued in the obvious way. The grading and the filtration on Q' are
determined by

(4.11) deg(dt’) =0,  deg(dz’)=1,  filt(dt")=—1,  filt(dz’)=n—1.

Here filt(y) denotes the least number m such that y belongs to the mth filter.
We have

N N
@)y =oi.dte P Po; td,,,.

i=0 Li412<1 i=0

More generally, we set
(@)= S Y @)e-e@)n
L4+ <lni+-+nnm=n
The sheaf © of tangent vector fields on L is the dual of Q!
0 := Homo(R',0) Hoa x HHoam,

locall
(Oca )i n=1i=0

where 8; := 0/0t", 9,,.; := 9/0x",. Note that Q' is the direct sum, whereas © is
the direct product.

4.4. Yukawa coupling and Kodaira-Spencer map

Recall from Section 3.6 that the Yukawa coupling is the third derivative of the
genus-zero potential. In terms of an algebraic local coordinate system, this has
the following simple definition. We start by noting that the flatness of V implies

[Ci(¢,0),C;(¢,0)] =0 for all 4, j.
Also the flatness of the pairing implies
(Cz (t, 0)81, 82) Fo = (81 s Cl (t, 0)82) Fo
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Hence, the operators C;(¢,0) together yield a structure similar to a Frobenius
algebra. (In order to define a Frobenius algebra structure on Fp, one needs to
choose an identity element from Fg.)

DEFINITION 4.10
The Yukawa coupling is a symmetric cubic tensor

0 i . oy 2
Y =Y c0dtt @ dtl @ dt" € (1)),
i,5,h
on L defined in local coordinates by
Cim(t,x) = (Ci(t,0)a1,C;(£,0)Ch(t,0)21) ., 71 = (%/2)] 0.

The tensor Y is the pullback of a cubic tensor on Fg.

Let pr: L — M denote the natural projection. We define the pullbacks of the
sheaves z"F, F[z~ 1], (2"F)Y, F[z71]V to L as follows:"”

pr*(z"F) := &ilinpr*(Z”F/le) = (pr~" 2"F) @pe-1 0] Ol

pr* F[z_l] := lim pr* (F[z_l]/le) &~ (pr_1 F[z_l]) Ppr—1 0 ((2) O((2)),

~T5

(4.12)
pr(2"F)Y := (pr ' (2"F)") @p-10,, © (the standard definition),

pr(27'F)Y 2 (o [ TYY) @pr1 0,2 O(2)-

-8

pr* F[z_l]v :

These are locally free modules over, respectively, O[z], O((z)), O, and O((z)).
The pullback pr* F admits a flat connection V= pr*Vv

(4.13) v: pr*F = Q'@ pr*(z71F),

where & is the completed tensor product Q' ® pr*(z~'F) = lim (Q' @pr(z~'F/
z"F)). A local trivialization F|y = CN*! @ Op[z] induces a trivialization
pr* Flpe—1r) 2 CV T @ O[z]). Under this trivialization, we can write, using nota-
tion as in (4.9),

~ ~ 1 ~ ~
Vl' = ng/ati = 02 - ;Ci(t, Z), Vn,i = Va/aza = &Li,n Z 1.

The trivialization also induces a trivialization pr* F[z 71| ,,-1(p) 2 CV T 0 O((2)).
We denote by'® {p? :n €7Z,0<i< N} the local frame of pr* F[z~!]V defined by
(cf. (4.7))

I5Note that the standard pullback pr=1(2"F) Opr—1 0, O of z"F is different from the definition

of pr*(2"F) that we use here. We take the completion with respect to the z-adic topology.
16We denote the frame of F[z=1]V by {z% } and the frame of pr* F[z=!]V by {¢%} so that the
—1v

coordinates on L and the frame of pr* F[z are not confused.
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@i prrFlz ) 2 CVH 0 O((2) = O,

N
J ,..m 7
E E €52 = Q.

meZ j=0

(4.14)

The tautological section x of pr*(zF) is defined by
x(t,x) =x,

where (t,x) denotes the point x € zF; on L.

DEFINITION 4.11
The Kodaira—Spencer map KS: ® — pr* F is defined by

KS(v) =V,x, ve®.
The dual Kodaira-Spencer map KS*: pr* F¥ — Q' is defined by
KS™(¢) = (Vx), peprF.
The maps KS and KS* are isomorphisms over L° C L.
In terms of the Lagrangian submanifold £ in Section 3.3, the Kodaira—Spencer

map corresponds to the differential dv of the embedding ¢: £ < H (see also
Sections 5.3 and 9.3).

NOTATION 4.12

For CN*1-valued power series f =3 ., Eij\io ale;z" in z, we write [f]} = af,.
Here e, ...,en is the standard basis of CV+1.

REMARK 4.13

In algebraic local coordinates {t*,z%} on L, we have
KS(9;) = —Ci(t, 2)(x/2),
(4.15) KS(0n,i) =e€i2", n>1,
KS*(¢h) = [dx — Z*IC(t,z)x];, n > 0.

Here x = 0% 2,2" and @, = Y % e;. (Note that KS*(gh) = —[C(t,0)z1]".)

n=1
These formulae make clear that KS and KS* are isomorphisms over L°.

LEMMA 4.14
The Yukawa coupling Y can be written as (id @(KS*)®?)pr* Y for the following
section T € U @ FY @ FV:

T (X, v,w) = ([v],Cx(t,0)[w]) X €O, v,weF.

Fo’

Proof
Note that KS*(p§) = — PIAE (t,0)z1]'dt? by (4.15). Therefore,
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N N N
Y= Z Z Z (C;(t,0)x1,C;(t,0)Ch(t, o)xl)FOdti ®dt’ @ dt"
i=0 j=0 h=0
N N N N N
_ f
=3 33D (e Gt 0)ey) g, [C (1 0)d]
(416) 1=0 j=0 h=0 f=0g=0
x [Ch(t,0)z1]%dt! @ dt? @ dt"
N N N .
:ZZZ e, Ci(t O)eg) 0dtl®KS*(@£)®KS*(gp8).
i=0 f=0g=0
The conclusion follows. O

4.5. Opposite modules and Frobenius manifolds

We now introduce the notion of an opposite module. In the construction of the
Fock space, an opposite module plays the role of a polarization (see Section 3.4).
The content in this section is an adaptation of [38, Section 2.2.2] to the setting
of miniversal ¢TP structures (F,V, (-, )g). Opposite modules were first used in
singularity theory by M. Saito [105] in order to construct K. Saito’s [104] flat
structure or Dubrovin’s [49] Frobenius manifold structure on the base space of
miniversal unfolding of a singularity. A closely related discussion can be found
in Sabbah [102, VI, Section 2] and Hertling [66, Section 5.2].

DEFINITION 4.15
A pseudo-opposite module P for a ¢TP structure (F,V,(:,")r) is an On-
submodule P of F[27!] satisfying the following two conditions:

(Oppl) (Opposedness) F[z~!] =F @ P; and

(Opp2) (Isotropy) Q(P,P)=0.

A pseudo-opposite module P is said to be parallel if it satisfies

(Opp3) V preserves P, that is, VP C Q}, ® P

If P satisfies (Oppl)—(Opp3) and

(Opp4) (z~!-linearity) z='P C P,

then it is called an opposite module. When a pseudo-opposite module fails to
satisfy the parallel condition (Opp3), it is said to be curved.

Suppose that (F,V,(-,-)r) is a ¢TEP structure. An opposite module P for
the underlying cTP structure is said to be homogeneous if it satisfies

(Opp5) (Homogeneity) V.. P C P.

The notion of a (pseudo-)opposite module is local. For an open set U C M, P is
called a (pseudo-)opposite module over U if it is a (pseudo-)opposite module of
the restriction (F,V, (-, )r)|u-

EXAMPLE 4.16
The A-model ¢TEP structure (see Example 4.3 and Remark 4.5) associated to a
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smooth projective variety X admits a standard opposite module Pgq defined by
Psta = Hx ®@g 2 Op,[271).

Moreover, this opposite module is homogeneous (see Remark 4.22 below for the
relationship between a homogeneous opposite module and a Frobenius manifold
structure).

A pseudo-opposite module P is necessarily a locally free Oaq-module with a
countable basis, because P 22 F[z~1]/F by opposedness (Oppl). We observe that
an opposite module exists at least in the formal neighborhood of any point ¢

in M.

LEMMA 4.17
There exists an opposite module P in the formal neighborhood M of every point
t € M. Here an opposite module in the formal neighborhood means an O g-

—

submodule P of Flz=1] = lim Flz=1)/miF[271] satisfying the conditions (Oppl)-

(Opp4) in Definition /.15 with F[z~'] and M there replaced by Ii'—\l] and M,
where my is the mazimal ideal of the local ring Opqt.

Proof
The fiber F; at ¢ is a free C[[z]-module of rank N + 1. We claim that there exists
a basis ey, ..., en of F; over C[z] such that (e;, e;)r is independent of z. Take any

basis e, ..., €y of F;. By transforming the basis by an element in GL(N + 1,C),
one can assume that (e, €}) = ¢;0;; +O(z) for some nonzero element c; € C. After
a further change of basis [ef,...,eN] = [eo,...,en]A(z) with A(z) =1+ A1z +
Asz% + ... we can assume that (ei,€j)F = ¢;i0;5. Once we have such a basis, we
can define a free C[z~1]-submodule P; of F;[z71] by P, = @1‘1\;0 Clz7 Y27 te;. This
is opposite to F;, z~'-linear, and isotropic with respect to 2. Next we extend
it to the formal neighborhood of t. Let sg,...,sy € my be a regular system of
parameters of the local ring O +. We extend the basis e, ..., ey of F; to a frame
€o,...,en of F over an open neighborhood of ¢. This trivializes F in the formal
neighborhood: F\ﬁ = @fV:O(C[[mso,...,sN]]éi. In this frame, we can solve for
a flat section fi(s) € I%*\l] = @i\;OC((z_l)) [so,---,sn]é; such that f;(0) =e,.
Then P = @Y, Clz"[s0,...,sn]z"1fi is parallel with respect to V and gives
an opposite module over the formal neighborhood M. O

PROPOSITION 4.18 (cf. [38, Section 2.2.2], [72, Lemma 3.8])
For an open set U C M and an opposite module P over U, the following hold.

(i) The natural maps Fo =F/zF < FNzP — 2P /P are isomorphisms of Oy -
modules.
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(ii) We have F=(FNzP)®C[z] = (2P/P) ® C[z], which we call a flat triv-
ialization. Note that 2P /P is a locally free coherent Oy -module with a flat con-
nection, and let V°: 2P /P — Q}, ®o,, (2P/P) denote the flat connection induced
by V.

(iii) Under the flat trivialization, the connection V takes the form

v=v’- %C(t),

where C(t) is a z-independent End(zP/P)-valued one-form.
(iv) Under the flat trivialization, the pairing (-,-)r induces and can be recov-
ered from a z-independent symmetric pairing

(-s)zp/p: (2P/P)® (2P/P) — Oy,

which is flat with respect to V°.

(v) Assume that there exists a section ¢ of FNzP over U which is flat with
respect to V° in the flat trivialization and whose image under F — Fo = F/zF
lies in F§. (This assumption implies the miniversality of (F,V,(-,-)g).) We call
such a section ¢ a primitive section associated to P. Then the base U carries the
structure of a Frobenius manifold without Euler vector field. It consists of

— a flat symmetric Oy -bilinear metric g : Oy ®p,, Ouv — Ov, defined by

9(v1,v2) = (2V, (, 2V, Q)F;
— a commutative and associative product x: Oy ®o, Ou — Oy, defined by
2V, 2V, ¢ = =2V, 40,
— a flat identity vector field e € Oy for the product *, defined by
—zVe(=(

such that the connection V) = VEC — X(vx) on the tangent sheaf Oy is a flat pen-
cil of connections with parameter \. Here VC denotes the Levi-Civita connection
for the metric g.

The same statements (i)—(v) here hold, with U replaced by M\, for P an opposite
module over the formal neighborhood M of t € M (in the sense of Lemma /.17).

Proof

The proof is similar to that in [38, Section 2.2.2]. For (i), the injectivity of the
maps FN 2P — F/zF, FN 2P — 2P/P follows from opposedness F[z~!|=F®P =
zF @ zP. For a local section s € F/zF, take a local lift § € F. By opposedness,
one can write § = + s” with s’ € 2F and s” € 2P. Now " =5 —s' € FN2zP
and the image of s” in F/zF equals s. A similar argument shows the surjectiv-
ity of FN 2P — 2P/P. For (ii), we need to show that any local section s € F
has a unique expression s = ZZO:O s, 2" with s, € FN 2P. The zeroth term sg
is given as the unique lift of [s] € F/zF to FN 2P (which exists by (i)). Then
s — sp € zF. The first term s;z is given as the unique lift of [s — sg] € 2F/2%F
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to zF N 22P. Then s — so — 512 € z?F. Repeating this, we get the desired expres-
sion. For (iii), take a section s € FNzP. Then Vs=Q}, ® (z7'F N 2P) because
V(F) C Q} @ 27'F and V(zP) C Q}; ® 2P. By opposedness F[z"1'] =F & P, we
have z7'F N 2P = (z7'F N P) @ (F N zP). With respect to this decomposition,
we can write Vs = z"1C(t)s @ V%s. For (iv), it suffices to show that (si,s2)r
is independent of z for si,s2 € F N 2P. Because P is isotropic and z~!-linear,
we have (P,P)r C 2720, [271]. Therefore, (s1,s2)F € (2P, 2P)F C Opq[271]. On
the other hand (s1,s2)F € Opm[2]. The VO-flatness of (-,-).p/p follows from the
V-flatness of (-,-)r and (iii). For (v), one needs to show that the isomorphism
Oy v —2zV,( =C,(t)¢ € FN zP translates the given structures on F into the
Frobenius manifold structure. The details here are left to the reader. O

EXAMPLE 4.19
The standard trivialization (4.1) of the A-model TEP structure is the flat trivi-
alization associated to the standard opposite module Pgq in Example 4.16.

REMARK 4.20

The product * in Proposition 4.18(v) does not depend on the choice of opposite
module P. In fact, the tangent sheaf © 4 of the base space M of a miniversal
c¢TP structure carries a natural product * such that the embedding

Orm — Endo,, (Fo), v+ 2V,

becomes a homomorphism of O -algebras. The product * endows M with the
structure of an F-manifold (see [67]), since it arises from a Frobenius manifold
structure at least infinitesimally by Lemma 4.17 (cf. [38, Section 2.2], [72, Sec-
tion 3.2]).

REMARK 4.21

Let m: M x P! — M denote the projection. An opposite module P gives rise to
an extension of F (regarded as a sheaf on M x 1&1) to a locally free sheaf F(>)
over M x P! such that 7, F(>) = FNzP. The sheaf F() gives a free Opi1-module
when restricted to each fiber {t} x P!.

REMARK 4.22

Let (F,V,(-,-)r) be a c¢TEP structure. Under the miniversality assumption
(Assumption 4.9), there is an Euler vector field E on the base which is uniquely
characterized by the condition that V.5, + Vg has no poles along z =0 (cf. [72,
Section 3.2]), that is, that

(Vzaz + VE)F cC F.

Assume that we have a homogeneous opposite module P over U and also
that there exists a primitive section ( associated to P, in the sense of Propo-
sition 4.18(v), which satisfies

(Voo + VE) = —C
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for some ¢ € C. Then the structures (g, *,e) in Proposition 4.18(v) together with
the Euler vector field E define a Frobenius manifold structure (see [19, Defini-
tion 1.2]) on U with conformal dimension ¢ (cf. [38, Proposition 2.12]). They
satisfy the following additional properties:

(VFO)’E =0,
(417) Eg(”l)”?) = g([E7 U1]7U2) +g(1}1, [EvUQD + (2 - é)g(UhU?)a
[E,v1 % v3] = [E,v1] % va +v1 % [E,v2] + v1 * va.

Conversely, any conformal Frobenius manifold determines a TEP structure (see
Definition 7.6). For the A-model ¢cTEP structure, in the convergent case, the stan-
dard opposite module P44 in Example 4.16 gives rise to the standard Frobenius
manifold structure on the set M defined in (2.4).

4.6. Connection on the total space L°
Recall from Section 3.6 that a polarization P which is transversal to £ defines an
affine flat structure on £ via the projection £ — H /P along P. In a similar man-
ner, we construct a flat structure on L associated to a parallel pseudo-opposite
module P. The choice of P also defines the genus-zero potential in Section 4.7.
The connection V on pr*F in (4.13) extends z~!-linearly to the flat con-
nection V: pr*F[z71] — Q' & pr*F[z1], where Q' & pr*F[z71] := l'gll(ﬂl ®
pr*(F[z71]/2!F)). Define the dual flat connection VV: pr*F[z71]¥ — Q! &
pr* F[z=1]Y by

(4.18) (VVe,s) :=d(p,s)— (¢, Vs), sepr*Flz7Y,pepr*Flz"1]",

where Q' ® pr* F[z~ 1]V : @l(ﬂl ® pr*(z~'F)Y). Under a local trivialization of
F and the associated frame :n€Z,0<i< N} of pr*F[z71]V, we can write

(see Notation 4.12)

(419) <pn ZZ t z e] +1<)0{7

I€Z =0

where the summand on the right-hand side vanishes for [ > n + 2. This induces
the flat connection VY: pr*(2"F)Y — Q' @ pr*(2"*1F)V for each n € Z such that
the following diagram commutes:

vY .
pr*Flz71]Y ——— Q' ® pr FV[z71]

w ]

Vv

v
pI‘*(ZnF)V Ql ®pr*(zn+1|:)\/

DEFINITION 4.23
Let P be a pseudo-opposite module for a ¢TP structure (F,V,(-,-)g). Let
II: F[z='] = F® P — F denote the projection along P. Set Q! := Q'|o and
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©, = O|o. Consider the maps

v id ®I1

pr*F Q' @ pr*(z~'F)

pr*FY pr*(z71F)V Q' @ prFV.

~

Via the (dual) Kodaira-Spencer isomorphisms KS: @, = pr*F and
KS*: pr*FY = Qi over L°, these maps induce, respectively, the connections

V:0, —Q 30, vl —saleal
on the tangent and the cotangent sheaves on L°. These induced connections

are dual to each other. Here Q! @ ©, = l&nn(ﬂi ® (0,/0,,)) with 0., :=

KS™! (pr*(2"F)) C ©,. The connection on Q induces a connection on n-tensors:
Vi ()" = 2, ® (2,)%", n>0.

For n =0, this denotes the exterior derivative. When we want to emphasize the
dependence on the choice of P, we will write IIp, V¥ for II, V.

PROPOSITION 4.24

The connection V.=V': ©, — Q(l) ® O, associated to a pseudo-opposite module
P is torsion-free. If P is parallel, then V is flat. If P is parallel, then the dual
connection V: QL — QL @ QL is also flat.

Proof
For vy,v9 € ®, and the tautological section x, we have

V02 = Vi1 = KSTHI(V,, VX — Vi, Vi X) = KS T IV, 1001%) = Vi, ]

by the definition of the Kodaira—Spencer map and the flatness of V. This shows
that V is torsion-free.

Suppose that P is parallel. To prove the flatness of V, it suffices to show
that the connection (id ®II) o v: pr*F — Q' @ pr* F on pr*F is flat. Therefore,
it suffices to prove that the connection (id®II)oV:F— Q) ®F on F is flat.
Under the decomposition F[z~!] =F @ P, we can write

A 0
-0 3)
with A € Home(F,Q}, ® F), B € Hom¢(P, Q4 ® P), and C € Homp,, (F, Q4 ®

P), because P is parallel. Here A = (id ®II) o V. The flatness of V implies that A
and B are flat connections. ]

LEMMA 4.25
The connection V: QL — Q! @ Q! associated to a pseudo-opposite module P
raises the pole order along the discriminant P =0 (see (4.10)) by at most 1.
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Proof

The connection V arises from the connection VY o IT* : pr* FY = Q' ®@pr*FY via
the isomorphism KS*: pr*FY|.s = QL. Both the connection VY o II* and KS*
are regular along P = 0, but the inverse KS*~! has a pole of order 1 along P = 0.
The conclusion follows (see also the formula in Example 4.26). |

EXAMPLE 4.26

Assume that P is an opposite module and that we have a trivialization F &
CN*1® O[2] such that P is identified in this trivialization as CV ! ® 2=10[z1].
(The trivialization here is the flat trivialization associated to P in Proposi-
tion 4.18.) In this case, C(¢,2) in the presentation (4.9) of V is independent
of z. We write C = C(t) =C(t, z) below. Let {t',z} be the associated algebraic
local coordinate system on L. The flat connection V: Q! — Q! @ Q! is given in
these coordinates as

Vit = —[K (1) 'Cie; )" (dt' ® da] + da) @ dt’)
+ [K (1) (CiCjaa — (0,C;)mr )] "t @ at?,
V! = = [K (2, 11) K (21) " "Cie;]" (dt' ® da] + da) @ dt’)
+ [K(zp41) K (21) 7 (CiClz — (9,C;)an)
— (CiCin1a — (0,C;)wns1)]"dt @ dt/
+ [Coes)"(dt' @ dal | +dal, @dt), n>1,

where K(z,) € End(CN*1) ® O is defined by K(x,)e; := C;(t)x, and we used
the Einstein summation convention for the repeated indices i, j, h.

REMARK 4.27

When P is an opposite module, we have two different flat structures on the
total space L°. Recall that the tangent bundle ®, is identified with pr*F via
the Kodaira—Spencer map and the flat connection VP is induced from the flat
connection IIp o V on pr* F. Another flat structure on L° is given by the flat
trivialization F = (F N zP)[z] = (2P/P)[#] that we discussed in Proposition 4.18.
This arises from the restriction of the flat connection Ilp o V to the flat subbundle
pr*(F N zP) and its z-linear extension. Note that V¥ is not z-linear (under the
identification @, = pr* F), whereas the latter flat structure is z-linear.

4.7. Flat coordinates and genus-zero potential

We construct a flat coordinate system for V = VP for a parallel pseudo-opposite
module P and see that the Yukawa coupling is the third derivative of a certain
function, called the genus-zero potential. A flat coordinate system and the genus-
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zero potential may only be defined in the formal'” neighborhood L of the fiber
L; =pr1(t)NL° at t € M.

Let sg,...,sn be a regular system of parameters in the local ring Ox, at
t € M. The formal neighborhood M of t is then given by

M =SptC[so, ..., sn].-

Take a local trivialization F = @fv:OO[[z]]ei in a neighborhood of ¢, and let
{s?,2¢} be the corresponding algebraic local coordinate system on L as in Sec-
tion 4.3. The formal neighborhood L of L; = pr—1(¢) in L (resp., the formal
neighborhood L of L; in L°) is then given by

L= SpfC [{x%}nZLogigN] [s°,..., SN]]v

L = SpfC[{a }nz1.0ci<n, Pt 1) 1[0, ., V],

where P(t,z) is the discriminant (4.10).

Let P be a parallel pseudo-opposite module over the formal neighborhood M
of t (see Lemma 4.17). The above local trivialization of F induces a trivialization
Flg = @ij\io Cl#][s0,- - - sn]e; on the formal neighborhood M. We can solve for
a unique flat section

N
fi(s) € Flz= 1] :=limF[z '] /m!'F[z "] = @ C((2))[50, - - -, sw]e
n =0

such that
Vfi(s) =0, fi(0) =e;.

This defines a parallel transportation map

PT: Iizi\l]il:t[zil][[s(),"wsN]]a fl’*—>eia
which is an isomorphism of C((2))[so, - .., sn]-modules. Since the symplectic form

Q, identifies P, with F), there exist unique elements &, € P,, m>0,0<j < N,
such that
Q& ei2™) = 67 6n,m.

Then we have a Darboux basis {e;2", &7, }o<n,m<oo,0<i,j<n Of Ft[z71]. A general
element of F¢[27!] can be written as a linear combination

co N co N

i n j
> > ghe + YD P&
n=0 i=0 m=0j=0

and the coefficients {g’, pm,;} form a Darboux coordinate system on F[z7!].
Pulling back the Darboux coordinates via

emb: (zF) %li—\l]gFt[z_l][[so,...,sNﬂ,

|5t

17Or, rather than formal neighborhood, in an L2- or nuclear neighborhood (see Remarks 4.39
and 4.40).
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we get regular functions ¢, p,, ; on the total space L of (2F)
q; :=emb” (Qib)v Pm,j = emb” (pm,j)-

DEFINITION 4.28

We call {¢},}n>00<i<n the flat coordinate system on the formal neighborhood L
of L;. It depends only on the choice of a trivialization F; = CN*+1[2] at the point
t and on the isotropic subspace P; C F;[z71] which is complementary to F;. One
can view this flat coordinate system as a “projection” to the tangent space

co N . R
qzzz%eiz”: L—F

n=0 i=0

such that it is the identity on L; = zF; and its derivative at any point x in L,
Dq: ©, — F,

coincides with the Kodaira—Spencer map. (This will be verified in (4.28) below.)

The flatness of the coordinates ¢!, will be shown momentarily. We write e; =
Z;V:o fi(s)M (s,2) with M7 € C((2))[s°,...,sV]. Let M(s,2) be the (N + 1) x
(N +1) matrix with matrix elements M (s, z). By definition, M (s, z) is a matrix
representatlon of the parallel transportation map PT, that is, PT(e;) =
Zj _o M (s,2)e;. By the definition of the functions ¢}, p,, ; on L, we have

(4.21) q+p=M(s2)x,

where

co N ) oo N ) oo N )
4= 2 g’ =)D puabn x=) ) med
n=1 =0

n=0i=0 n=0i=0
Here M(s,z) acts on the column vector x in the basis eq,...,en. Let V=d —

271C(s,2) be the presentation of the connection in the trivialization given by the
frame ey, ...,exn. The matrix M(s,z) is a solution to the differential equation

(4.22) dM (s, 2) = —2"*M(s,2)C(s, 2)

with the initial condition M (0,z) = I; that is, M is an inverse fundamental
solution (cf. (2.8)). Therefore, M(s,z) =1—2z"*>",C;(0,2)s’+h.o.t., where h.o.t.
means terms of order 2 or more in s°,...,s". Thus, we have by (4.21)

—) 'Ci(0,0)z; +hoot.,

(4.23) |

Gn = T, — Z s"[Ci(0, z)x]nJr1 +h.ot., n>1,
where ¢, = Z?LO qie; and [--], denotes the coefficient of z". The lowest-order
term of the first equation gives an invertible change of variables between {q¢}¥,
and {s*}, when the matrix formed by the column vectors {C;(0,0)z1}Y, is
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invertible, that is, when P(t,1) is invertible. Therefore, {¢} :n >0,0<i < N}
gives a coordinate system on L in the sense that

C[{I%}HZLOSZ‘SN, P(t, 561)71] [[50, ceey SN]]

= C[{Q:L}nzl,ogigN,P(t,(J1)_1] laS.. .. 4’

We elaborate on this in Lemma 4.30 below.

REMARK 4.29

Note a small difference between M in Gromov—Witten theory (see (2.8)) and M
in the above construction (see (4.21)). In the construction above, M is normalized
so that it is the identity at the base point. In Gromov—Witten theory, however,
it is normalized by the asymptotic behavior M ~ e~%/% at the large-radius limit
(see (2.9)). The Gromov—Witten case will be discussed in Example 4.42.

LEMMA 4.30
When we invert the coordinate change (/.23) and express s*,x
tions of qi, n >0, we find

si S Ptc[ql7q2aPtq37Pt2Q47 .. '][[Pt72qoﬂ7

x; S 51'7,,1q§ + PtQ_nC[qlquaPtQ3aPt2q47 .. '][[Pt_2qo]]a n Z 1a

i
n’

n>1, as func-

where Py = P(t,q1). Moreover, we have

N

> 5'Ci(0,0)q1 € PPCN g1, g2, Pigs, PRau, .. J[P 2 qo].
i=0

Proof
Because M (s, z) is a solution to the differential equation (4.22) with M (0, z) =id,
we can expand it in the form

(4.24) M (s, z) :id""z Z Z SIMI,mZ—n—i-m

>0 I=(iy,...in) m>0
with sf = s% ... 5% Let II;: Fy[27!] — F; denote the projection along P;. We set
I (v2=%) =300 ym®(v)2" for a > 0, where 7, ® € End(CN*1). From (4.21), we
have

Qu =Ty + Z ZSIMI,mxl + Z ZSIWJHJFerlMI,mxl

1>0,n>0,m>0 I [>0,n>0,m>0 I
—n+m-tl=u —n+m+1<0

for uw > 0. Here I = (i1,...,i,), and we set xg = 0. Setting

q,=P}7"q, (n#1), s'=PRs, 1l =0,1q + P73 (n>1),

n

we can rewrite this in the following form:
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N N
Go=P"> 8 Moq + Y 8 M oin

=0 =0
N 1 .
+ > Y P M (014 P + )
1>0,m>0 I
n=m-+l1>2

=l I,_— l -1 ~
+ Z Zptn g M My (G2 Py + ),
1>0,n>0,m>0 I

m4l<n
O=d1+ Y. > P& M6 P o+ i)
1>0,n>0,m>0 I
(4.25) >m+l>:n+1

+ > Y R M (0 P+ ),

1>0,n>0,m>0 I
m-+i<n

o N N 1 N
Qu:xu+ Z Zptms MI,m(él,IPt q1 +xl)
1>0,n>0m>0 I
m-+tl=n+u

+ Z Z Ptu+(n_l)‘§[7T1:n+m+lMI,M(5l,1Pt_1Q1 + 1)

1>0,n>0,m>0 I
m4l<n

(u=2),

where again I = (i1,...,i,). Note that the powers of P(t,q1) appearing on the
right-hand side are nonnegative except for the leading term P; ! Zi]io §'M,; oq1
in go. From these equations, we can solve for §¢, #¢, as functions of ¢!, n # 1, and
qi. To do this, we need to invert the leading-term operator

N N
§ P(t,q) 'Y 8 Mioqr =—P(t,q1))" Y _4Ci(0,0)q:.
i=0 i=0
Because P(t,q;) = (—1)V 1 det(Co(0,0)qi, . ..,Cn(0,0)q1), the inverse operator is
polynomial in ¢Y,...,¢Y. (The inverse is the transpose of the cofactor matrix of
—(Cp(0,0)q1,...,Cn(0,0)q1).) Therefore, we have
(4.26) 8,21, € Clq1, G2, ds. - - - [Go]-

The first statement in the lemma follows by substituting ¢, = P(t,q1)" 2qn,
n#1. In turn, (4.25) and (4.26) show that P71 SN (5 M, g lies in Clgr, G,
Gs, - -][go]- The second statement follows. O

PROPOSITION 4.31 (Flatness)
We have that VFdg!, = 0.

Proof
We regard q + p as an F;[z~!]-valued function on L. By (4.21) and (4.22), we
have
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dq+dp = (dM(s,z))x + M(s,z)dx
(4.27) _
=M(s,2)(—2"'C(s, 2)x + dx) = M(s,z)Vx.
This is an equality in F;[z7] ® Q' = lim Fe[z71] @ (' /mrQb); Vx is a section
of pr* F ® Q'; and M(s,z) acts on the pr*F factor (via the trivialization). By
(4.15), we have

(4.28) KS*~!(dq+dp) = ZZM 5,2)e;2" @ ¢t .
n=0 =0

This is an equality in F,[z~!] & pr*FY. For the map IT*: pr*FY — pr*(z—'F)V,
we have

¢n+ZHej n‘p 1

Hence, for the map VV: pr*(z~!F)Y — Q' @ pr* FY, we have from (4.19)

co N N

VVH* ZZ (s, 2 e] n+1(pl +ZZZ Iejz~ (s,z)enz ]OQPZ
1=0j=0 1=0 j=0 h=0
oo N ) N 4
ZZ (s,2)ejz ];gof + Z[HC(S,O)@hz_l};gpg_
1=0j=0 h=0

Therefore, from (4.28) and (4.22),
VVIT* KS* ! (dq + dp)

_ZZMszelz ®(ZZ C(s,z)ejz l]iap{

n=0 =0 =0 =0

N .
+ Z[HC(S,O)ehzfl];gog)
h=0

oo N
3N M(s,2)27 (s, 2)eis" ©

n=0 i=0

N
:ZM(s,z)H(C(S,O)ehz ® ph — ZM 5,2)C(s,0)e; 271 @ o)

= —ZM(S,Z) [C(S,O)eiz_l]P ® @

Here [C(s,0)enz"1]p denotes the P-component of the section C(s,0)epz=! of
Q@ F[z7!] under the decomposition F[z~!] =F @ P. Applying id @ KS* to the
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above equality and using (4.15), we obtain
N
(4.29) V(dq+dp) = Z Z(M(s, 2)[27'Ci(5,0)C;(s,0)x1] P)dsi ® ds?,

where V = V" is the connection on Q! associated to P. Since P is parallel and

M (s, z) represents the parallel transportation map to the fiber F;[2~!], the right-
~0

hand side is a P;-valued quadratic differential on L . O

LEMMA 4.32
The tensor T := Qu(dp @ dq) = > ", Zi\io dpn; ® dg, on L is symmetric. In
particular, (Opn,i/0¢,) is symmetric in (n,i) and (m,j).

Proof
Since pr* F C pr* F[z71] is isotropic with respect to €, we have
Q(Vx® Vx) =0,

where we regard Vx as a section of pr* F@ Q' and Q contracts the pr* F compo-
nent. Since the parallel transportation map M (s, z) to the fiber F; preserves the
symplectic form, by (4.27) we have'®

Q; ((dq +dp) ® (dg+ dP)) =0,
where Q; denotes the symplectic form on F;[z~!]. This implies that

Q(dq® dp) + Q:(dp ® dq) =0,

which completes the proof. (|

DEFINITION 4.33
The genus-zero potential is a function on L defined by

oo N
0. L i
(4.30) CO =23 > puith:

n=0i=0
This depends on a choice of a parallel pseudo-opposite module P over the formal
neighborhood M.

LEMMA 4.34
We have that

o000
T oq,

Proof
By Lemma 4.32, we have

I8Note that this is not a trivial equality.
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oc® 1 aml o
aqu :gpl] ZZ P 4, = plg+ ZZ napqln] =DpLj-

nOzO nOzO

Here we used the fact that the function p;; is homogeneous of degree one
with respect to the dilation vector field >, Zi]\io ¢ (0/0qk) =

S N a(0/0a). O

PROPOSITION 4.35 (Potentiality)

The Yukawa coupling Y is the third covariant deriwative of C©), that is,
V3CO) =VT =Y. Here V = VP is the flat connection associated to the parallel
pseudo-opposite module P.

Proof
Using Vdg', =0, we have

oo N co N
V2O =9 (3 puidal) =D Y dpui @ da, =T
n=0 =0 n=0 =0
Using Vdq =0, we have
VT =VQ(dp®dq) =Q((Vdp) ® dq) =Q(V(dq+ dp) ® (dq + dp)).

Using (4.29), (4.27), and the fact that M (s, z) preserves the symplectic form, we
have

VT = ZZQ [271Ci(5,0)C; (s, O)xl] ds' ®ds? ® (dx — 2 'C(s,2)x))

=0 j=0
=Q(27'Ci(5,0)C;(s,0)z1ds' ® ds? ® (dx — 27 'C(s,2)x)).
This equals Y. O

LEMMA 4.36 (Genus-zero pole structure)
The genus-zero potential C©) is an element of PPC[q1,qo, Pigs, PP qa, ... |[P7 % o],
where Py = P(t,q1).

Proof

Set S := Clq1,q2, Pigs, P?qu,... [P %q]. Note that we have C(O)|q0:0 =
CO)|,—o = 0. Thus, it suffices to show that py; = 9C® /dq¢i € P?S. We set
Q(ejz7",€;) = hynyj € C. Using (4.21) and the expansion (4.24) of M(s, z), we
have

Po,i = Qt(q + P, ei) = Q(M(S7 Z)X7 e’i)

- Z Z sTQ (M 2" Ty )

n>0,m>0,I>1I=(i1,...,in)
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N
= Z Z Zslhnfmfl;ij [Ml,mml]j'

n>0,m>0,1>1I=(i1,...,in) j=0
n>m+l
By Lemma 4.30, we have that s’ € P.S and z; € o11q1 + Pt27lS. From this we
find that all the terms on the right-hand side belong to P?S except perhaps for
the following one, which arises from (n,m,l) = (2,0,1):
N N N

Z Z Zsilsiz ha,i5[Mi iz 001) -

i1=01i5=0 j=0
But the differential equation (4.22) for M(s,z) shows that M, 0 =
Ci,(0,0)C;,(0,0). The second part of Lemma 4.30 now shows that the above sum
lies in P2S as well. g

REMARK 4.37
The genus-zero potential C(®) may only be defined on the formal neighborhood
L , whereas the Yukawa coupling V3C(© =Y is globally defined. The data C'(?)

and V depend on the choice of a parallel pseudo-opposite module P, whereas
Y = V3C© does not.

REMARK 4.38
The genus-zero potential is homogeneous of degree 2 with respect to the dilation
vector field.

REMARK 4.39 (I.2-neighborhood)

Let U C M be an open set with coordinates s°,...,s
U, and let P be an opposite module on U. Then P defines a flat trivialization
Flu = (2P/P) ® C[z] (Proposition 4.18). Suppose that we can trivialize zP/P
by a VY-flat frame over U. This defines a trivialization F|y = CV*t! @ Oy[z].
Using the local coordinate system {s’, z%} associated to this trivialization, we
can define the L?-subspace L%(L) of L as

LA(L) = {(s,x) elly ‘ s€ U,iikvflﬁ < oo}.

n=1 =0

N centered at a point in

This has the structure of a complex Hilbert manifold. In this case, p is a strictly
negative power series in z with respect to the trivialization (since it belongs to P).
Because the inverse fundamental solution M(s,z) in (4.22) is holomorphic over
U x C*, q and p given by (4.21) belong to L?(S*, C¥*1) when (s,x) € L?(L). The
genus-zero potential C'(®) defined in (4.30) therefore converges to a holomorphic
function on L?(L). Moreover, the inverse function theorem for Hilbert spaces
implies that the map (s,x) — q defines a local isomorphism between L?(L°)
and CN*! @ L2(S1,C). This means that {¢’} is a coordinate system on an L2-
neighborhood of each point in L?(L°).
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REMARK 4.40 (Nuclear neighborhood)
Following [34, Section 8.4], we define the space C{{z,27'}} of formal Laurent
series in z to be

C{z 2" ={aeC[z,z7"]:all, < oo for all n>> 0},

where ||+ ||n, n=0,1,2,..., is a family of Hilbert norms defined by

2 1/2
llall. = (Z II‘(;%)Q@Q”Z) for a= Zalzl.

lez leZ
We set

C{{z}} =C{z.27'PnCl],  C{{z"'P=C{{z.z" BnCl7"].

Then C{{z}} is a nuclear Frechet space'” whose topology is given by the countable
collection of norms™ || - ||,; C{{z7'}} is the inductive limit of the Hilbert space
completions of C[z7!] with respect to || - ||, and is a nuclear (DF) space. We
also know that C{{z,271}} is a topological ring (see [34, Lemma 8.5]). Let us
consider the same situation as in the previous Remark 4.39. We introduce a
nuclear subspace of L which is an infinite-dimensional complex manifold modelled
on C{{z}}:
N(L):={(s,x) €Ly |se€U, sup (e"|z]|/lI!) < oo,for all n>0}.
0<i<N,I>0

This contains L2(L) as a proper subspace. The genus-zero potential C©) in this
section defines an analytic function on this nuclear subspace. This follows from
the method of [34], as follows. Because now C(s,z) is independent of z, the

inverse fundamental solution M (s, z) satisfying (4.22) and the initial condition
M(0,z) =id can be written as M(s,z) =id+Y .~ M,(s)z~" with

M= [ () ()

where $1,...,s, are on the line segment [0, s] C U. Therefore, after shrinking U
if necessary, we obtain the estimate

1
HMTL(S)HSCn;v S€U7

for some C > 0. Using the results in [34, Section 8.4], one finds easily that, for
(s,x) € N(L), (q,p) defined by (4.21) belongs to CN*! @ C{{z,2~*}}. Thus,
C® = 1Q(p,q) converges to a holomorphic function on A/(L), since C{{z, 271}}
is a ring. Moreover, one can use the Nash—Moser inverse function theorem to
show that the map (s,x) — q defines a local isomorphism between A(L°) and
CN*tL @ C{{z}} by the same method as [34, Section 8.5], that is, {¢} gives a
coordinate system on a nuclear neighborhood of each point in N'(L°).

19This space is Laplace-dual to the space of entire functions on C (see [34, Remark 8.6]).
20A1l of the norms | - || are well defined on C{{z}}.
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REMARK 4.41

When the ¢TP structure (F,V,(-,-)r) is the completion of a TP structure
(F,V,(-,-)F) (see Remark 4.5), the total space L has standard L2- and nuclear
subspaces induced from the TP structure F.

EXAMPLE 4.42 (Genus-zero Gromov-Witten potential [34])
Recall from Section 3.2 that the genus-zero descendant Gromov—Witten potential
F% of X can be viewed as a function on H. via the dilaton shift. Here we explain
that the construction in this section starting from the A-model TEP structure
of X (Example 4.3) gives rise to the genus-zero descendant Gromov—Witten
potential F% under an identification of certain flat coordinates on L° with the
linear coordinates {g’,} on H in Section 3.1.

As in Example 4.3, we assume that the nondescendant genus-zero potential
F{ (Section 2.3) is convergent and defines an analytic function over an open
subset M C Hx ® C (after the specialization Q1 =--- =@, = 1); then we have
the A-model ¢TP structure (F,V, (-, )g) over M. We use the standard opposite
module Pgq described in Example 4.16. The associated standard trivialization of
the A-model ¢TP structure F (given by the basis in (2.2)) together with the linear
coordinates {t'} on Hx gives an algebraic local coordinate system {t',z} on
the total space L of F. The standard trivialization also defines subspaces L?(L) C
N (L) CL as in Remarks 4.39 and 4.40. Let M (t,z) be the inverse fundamental
solution (2.8) in Gromov—Witten theory. This is analytic on M x C* after

specialization of Novikov variables @1 = --- = @, = 1. The flat coordinate system
{¢},} on N(L) is given by the formula (cf. (4.21))

(4.31) qa+p=M(t2)x[g==q,=1,

where

0o 0o co N
a=>Y ¢,6iz",  p=Y pnid'(—2) """, ZZ

n=0 n=0 n=1i=0
By [34, Lemmas 8.5, 8.8], we know that (q,p) here belongs to a nuclear version
HNE of the Givental space for X (see [34, Definition 8.7)):

HNE = Hy @ C{{z, 271} = HIF @ 1T,
(4.32)
where HY 1= Hy @ C{z}}, HYF := Hx ® 27 'C{{z"'}},

whenever (t,x) € N(L). Then the map (¢,x) — q defines a local isomorphism
between N(L°) and HY" (see [34, Section 8.5]). The genus-zero potential is
defined by (cf. (4.30))

N oo
o_1 i
(4.33) CO=2>"D pniy

=0 n=0

This is a holomorphic function on A/(L). In this setting, we have the following,.



A Fock sheaf for Givental quantization 745

e The genus zero descendant potential F% is NF-convergent (see [34, The-
orem 7.8]);”! that is, the power series (2.10) converges absolutely and uniformly
on a polydisk of the form [t} < e(I!)/C!, |Q;| < € for some € >0 and C > 0.

e As F% is NF-convergent, the specialization F% ., of F§ to Q1 =---=
Q. =1 makes sense as a holomorphic function on a domain U C HIEF (see [34,
Section 8.1]) via the dilaton shift from Section 3.2 (see Definition 6.7 below).

e When ¢ is sufficiently close to the large-radius limit (2.4) and x € zHY¥
is sufficiently close to —z1, the flat coordinate q = [M(¢,2)x]|+|Q,=.=@Q,=1 of
the point (¢,x) € N(L) belongs to U. Then we have C(®) = FRan(@) (see [34,
Theorem 8.12]).

Although the normalization for the inverse fundamental solution M (¢, z) in
Gromov—Witten theory is different from the one that we used in the general con-
struction (see Remark 4.29), the same argument as in this section (Section 4.7)
proves that the coordinates ¢¢ on A/(L°) defined by (4.31) are flat with respect
to VP4 and that the third derivative of C(®) in (4.33) with respect to W =
coincides with the Yukawa coupling over N (LO). In particular, we have

O

(4.34) vy — Z ZZ Z Xa; g ® - @dg"

=0 1,=0i1=0 i, =0 qll'" In

with V = VPsta,

4.8. Propagator

Given two pseudo-opposite modules Py, Py for a ¢TP structure F, we now define
a bivector field on the space L°, called the propagator A. Let II;: F[z71] — F,
i € {1,2}, be the projection along P; given by the decomposition F[z71] =P, & F.

DEFINITION 4.43

The propagator A = A(Py,P3) associated to pseudo-opposite modules Py, Py is
the section of Zome (R ® QL, O) defined by

Awr,wa) == QYT KS* L wy I KS* ws), wi,ws € QL.

Here KS*: pr*FY — Q! is the dual Kodaira-Spencer map (Definition 4.11) and
QV: Flz7 Y ®@F[z71]Y — Oay is the dual symplectic form (4.5). One can identify
A with the pushforward of the Poisson bivector on F[z71] along IT; ® Il,.

PROPOSITION 4.44

Let A = A(Py,P2) be the propagator associated to pseudo-opposite modules Py,
P,.

(1) The propagator A is symmetric: A(wy,ws) = Awa,wi).

21Here, NF stands for nuclear Fréchet.
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(2) If Py, Py are parallel, then
dA(wl,CUQ) == A(Vplwl,wg) + A(wl, VP2WQ).

(See Proposition /.85 below for the nonparallel case.)

Proof
Write ¢; := KS* 'w; € pr*FY for i = 1,2. Because ImII} = P} and Im(IT} —
IT5) C F+, these subspaces are isotropic with respect to 2. Hence, we have

0= QY ((IT] — I3 )1, (1] — I13)ip2) = — QY (I 1, [M302) — QY (301, T 02)
= —QY (I 1,15 02) + Q¥ (]2, [501).
This shows that A is symmetric. For part (2), we have

dA (w1, ws) = dQY (I} o1, 5¢05)

(4.35) = QY (VT 1, TTn) + 2V (ITpy, TV T 0)
4.35 - ~
= QY (VI r, (15 — IO} )g2) + QY (I — 1131, VVII3e2)

+ QY (VVIE 01, I 02) + QY (M1, VY ).

Note that ImIT} = P} is preserved by VY because P; is parallel. Therefore, the
two terms in the last line vanish. Because both II5(VVII{p1|e) — VVII 1 and
(IT; — 113 ) o lie in FL, we have

QY (VVITier, (15 — 115 )pa) = QY (T} (VY IT 1), (IT5 — 1T} )¢po)
= QY (I KS* ' VPiwy, (I — IT7) 2)
= QYT KS* ' VPrw, Tp0) = A(VP Wi, wo).

Similarly we have QV((II} — IT})p1, VVII502) = A(wr, VP2ws). The conclusion
follows. O

We introduce tensor notation. Let {x*} denote an arbitrary local coordinate
system on L (or on the formal neighborhood L of L;). For example, this could be
an algebraic local coordinate system {t‘,x%} (Section 4.3) associated to a local
trivialization of F or a flat coordinate system (Section 4.7) on L associated to a
parallel pseudo-opposite module. In this coordinate system, we write the Yukawa
coupling and the propagator as

0 0
— (0) g n v P — AMV - -
Y =C)),d<" @dx” ®@dx", A=A"9,®0,, whered,= 3xl“8” = o
Here we adopt Einstein’s summation convention for repeated indices. The
Christoffel symbol of the connection V = V" on L° (for a pseudo-opposite P) is

defined by
(4.36) V,dxt = =T dx’, V.0,=T%,0,,

vp
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where V,, =V 5,.. Note that '), =I'", because V is torsion-free; also A" =
AY* by the previous proposition. The propagator has the following key properties.

PROPOSITION 4.45
Let P; be pseudo-opposite modules, and let I‘(i)ﬁp denote the Christoffel symbols
of Vi, i=1,2. Let A= A(P1,P3) be the associated propagator.
(1) (VP2 = VP)w = 1(1,A)Y for we QL. In tensor notation,
(V2 = Vindx = (W) 1@ yixe = Av7C0) dxe.

(2) If P, Py are parallel, we have (VP A) (w1 ® wa) = t(tw, A @ 1, A)Y for
w1,ws € Qi, that is,

VAP (= 9,A" + T AP+ TP A7) = A7 CO) AT
(See Proposition /.85 below for the nonparallel case.)
Proof

Set p = KS**w € pr* FY. Note that ¢, A is a section of @,. For 3 € pr*F[z~!],
we have

Q(KS(1), 8) = (KS(10A), ~152) = (KS(1A), (1) e )
— (A KS" (15D o1 ) )
= A (w0 KS" (159 pe-))
= -0V (I, I3 ((1592) |pe<r))  (by the definition of A)
= —QY (I} — II3), I3 ((£592) [pr F) )
(since ImIT} = (pr* P2)™ is isotropic)
= —QY((I} ~113)¢, 1592).

The last line follows from the fact that both (II§ —IT5)¢ and ¢ —II5 ((¢8€2) |pr+ F)
lie in the isotropic subspace (pr* F)+. Thus,

(4.37) Q(KS(wA), B) = (115 — 11}, B).
For X,Y € ©, and the tautological section x of pr* F, we have
(VP2 VP, X @ Y) = ((([doKS")VY(IL; - 1I})p, X ®Y)
= (VY(IT; — IT})p, X @ Vyx)
= (VX (I ~ ), Vyx)
= X((I13 ~ I}, Vyx) = (115 ~ IT})p, Vx Vyx).

Because (II5 — 17 ) vanishes on pr* F, the first term vanishes. By (4.37), we now
have

(VP = VP, X @ V) = —Q(KS(t,A), Vx Vyx) = Y (1,4, X, Y).
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This proves part (1). For part (2), using Proposition 4.44(2), we have

dA (w1, w2) — A(VP wi,we) — Awr, VPws) = A(wy, (VP2 — VPI)WQ)-
This equals ¢(ty, A ® 1y, A)Y by part (1). O
PROPOSITION 4.46

Let P1,P2,Ps be pseudo-opposite modules, and let A;; = A(P;,P;) denote the
corresponding propagators. We have

Az = Aqg + Ags.

In particular, A(P1,P3) = —A(P2,P1).

Proof

Putting ¢; = KS* ' w; € pr* FY, we have

Aqg(wr,wa) = QY (I} —113) 01, IT502)

=Y (( —113) 80171_13902) + QV( H§)9017H§<P2)
= QY (I} = I13)e1, IM3ep0 ) + QV(H;SOMH;‘PZ)
= Ajp(wi,wa) + Agz(wi,wa).

We used the fact that ImIT} = P} is isotropic and that Im(II; —II%) is contained

in the isotropic subspace F'. The last statement follows from the case P; =
Ps. |

4.8.1. Givental’s propagator
Suppose that we have two opposite modules P, P5 over U and that we have the
corresponding two trivializations

®;: CV" M o Op[2] = Fly, i=1,2,
such that

o Pi=0,(CY @210 [ 1), i= 1,2

o the values g;; = (®1(e;), P1(ej))r and g;; = (Pa(e;), Pa(ej))F are constant.
Here ey, ...,en is the standard basis of CN*1. Such a trivialization arises from
the flat trivialization (see Proposition 4.18) associated to P; and a V°-flat frame
of 2P;/P;. Let R(z) = &5 ' o®y = Ry+ Ry 2+ Ra2?+--- € GL(N +1,0[z]) denote
the gauge transformation between the two trivializations

R(z): C¥ 1 @ Oy [2] 25 F 225 eV 4 @ Oy [2].

Let g, g: CN*1 @ CN+1 — C denote the pairings with the Gram matrices (g;;),
(gi5)- Then the gauge transformation intertwines these pairings:

(4.38) §(R(—2)v, R(z)w) = g(v,w), v,weCNt!
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DEFINITION 4.47 (see [61])
Givental’s propagator is a collection of elements V(™9):(mi) € Oy 0 < n,m < 0o,
0<1i,j <N, defined by the formula

0o oo .
; ; - R(w)TR(z) —id
_1\n+mys(n,5),(mi),, n m — j i
(4.39) ,;:O mgzo( 1) v w"z g(e T arw e ),

where R(w)" = R(—w)~! denotes the adjoint of R(w) with respect to g and §

(see (1.38)) and e’ =37, g”e; with (g*) the matrix inverse to (gi;).

Let ¢!, be the frame of pr* F[z~!]V defined by the trivialization ®; (cf. (4.14)):
Cm: PUFET =0, o (s) = [@1 8],

where ®;: CN 1 ® O((2)) = pr* F[z!] and we followed Notation 4.12.

LEMMA 4.48

We have that V9-0m) = —[R(2)~ [R(z) ()" el], i, = 0¥ (i), Tz,
where [---]+ denotes the nonnegative part as a z-series.

Proof

The first equality follows from the calculation
, R(2)'R(w) —id , _1(R(w)=R(-2) N\ ;
4309) = o 2N/ 2T T i) — _ W) T IRTA) ) i
(4.39) g( z4w e,e) g(R( 2 ( z+w e),e)

el

} ,ei) when |w| < |z|
z+wl+

=— Z(fl)"g(R(fz)*l [R(—2)z"""1e] +,ei)w"

== > (U [RE) T RE) (=) ] e

In the second line, we expanded €’ /(z + w) in power series in z~! (i.e., around
z =00). Under the trivialization ®;, the projection IIy can be presented as

> (epz") = R(z) "' [R(z)enz"] 4+ nEL
Therefore, for m >0,
2(pm ZZ ehz ]Jrjlin(pi}b
nezZ h
=yl + Z 2enz nﬂh}jﬂ(p@n_l.

n=0 h



750 Tom Coates and Hiroshi Iritani

~

Consequently, under the isomorphism F[z7!] = F[z7!]Y, v+ 1,9, the section
15! € F[z71]Y corresponds to

vl =el(—2)7m ! 4 Z Z [R(z)_1 [R(Z)ehz_n_l} +];(_Z)neh'

n=0 h

Hence, we have QY (IT{¢],, 113},) = (I{ @), vin) = (), [v],]) = V)00 O
PROPOSITION 4.49

For t € M, let {q}}n>00<i<n be the flat coordinate system (Definition /.28)
on the formal neighborhood L of L} associated to the trivialization ®1 and the
opposite module Py. The propagator A = A(P1,P3) restricted to the fiber L; can
be written in terms of the flat coordinates as

co oo N N

A=, > > > V! ’)@@’aqgn’

n=0m=0 ¢=0 j=0

where V(3):(m:0) s Givental’s propagator in Definition /./7.

Proof

Restricting (4.28) to the fiber L; (i.e., s =0), we have

(4.40) KS*tdgl =7 over L.

Hence, A(dgl, dg?,)|, = QY (i@l 5l ) = V) (i) by Lemma 4.48. O
REMARK 4.50

In terms of the algebraic coordinates (ti)xiz)nZLOSiSN on L associated to the
trivialization ®1, the propagator A = A(P1,P3) can be written as

A(dt* @ dt’) = [K (1) ei] * [K (1) Le;] VO 09
A(dt* @ dah) = — [ K (21) " e; ] VO (m0)
+ [K (1) ] [K (g ) K (1) L] V000
A(dzl, @ dal) = V0 _ (K (g, 00K (11) e, VO (00
- [K(xnﬂ)K(m)_lej]bV(mva)v(O’j)
+ (K (@) K (1) Yed] " [K (@041 K (21) " Ley] VOO,
where K(z,) is as in Example 4.26.

4.8.2. Difference one-form

DEFINITION 4.51
For two pseudo-opposite modules P and Q, we define a one-form on L° by
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(4.41) wp Z C©) AY(P,Q)dx" —% S e atP,Qt,

nvp ijh
u v.p 0<i,j,h<N
where in the second expression the indices i, j, h are labels of the t-variables of an
algebraic local coordinate system {ti,x;}nZLOSiSN. We call wpq the difference
one-form, because it appears as the difference of genus-one one-point functions
(4.51). By Proposition 4.46, we have wpq + wqr = wpr for any three pseudo-
opposite modules P, Q,R.

LEMMA 4.52
The difference one-form wpq is pulled back from the base M; we have

N

1 )
wpQ = Z 5 TI‘FD ((Hp — HQ)Vz‘)dtz.
=0

Proof
One can easily check that the operator (Ilp — IIq)V; defines an O q-linear endo-
morphism of Fyg = F/zF. By Proposition 4.45(1), we have

(VR —W)(9/0t7) = —C) A" (P,Q)(9/0x").

?

Here x* can be either t* or . The minus sign here is because we are working
with connections on the tangent bundle ®. On the other hand, by the definition
of VP and V9, we have VQ — VP = KS™!(Ilq — I1p)V; KS. Hence, VS — V¥
induces a map ©/KS™*(pr*(zF)) — ©/KS™*(pr*(zF)) which is conjugate to
(Ilq — Ip)V; € End(Fy). Because {8/0t'} is a basis of ®/KS™! (pr*(zF)) = F,
the conclusion follows. O

4.9. Grading and filtration

Recall that we introduced a grading and an increasing filtration on @ and Q' in
Section 4.3. The grading and the filtration on pr* F[z=1]" are defined as follows.
For a pullback pr* o € pr ! F[z71] of p € F[z71], we set deg(pr* ¢) =0. The
grading on pr* F[z!]V is determined by this and the grading on ©. To define
the filtration, recall that F[z=1]" is the projective limit of the sequence:

— (272F)Y = (27'F)Y = FY — (2F)V

Let F[z71]Y C F[z71]Y be the kernel of F[z7!]Y — (2"T2F)V. This defines an
increasing filtration of F[z7!]Y by subsheaves. The filtration on pr* F[z71]V is
induced from this and the filtration on O:
(pr Flz Z O, -pr 1 z_l]]v).
i+j<n
Note that the filtration on O is bounded from below: {0} =O_; C Oy C O; C
-, whereas the filtration on F[z~!]V is unbounded in both directions. The grad-
ing and the filtration on pr* F¥ are induced from those on pr* F[z71]V by the
surjection pr* F[z71]Y — pr* FV.
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Take a local trivialization F|y 2 CV*! @ Oy [2]. This defines a local frame
{eiz"}nezo<i<ny for pr*F[z7!] and the dual local frame {¢% },ezo<i<n for
pr* F[z71]Y (see (4.14)). The image of ¢, under pr* F[z=1]¥Y — pr* FV is denoted
by the same symbol. Note that we have

deg i =0, filt !, =n — 1.

Here as before filt(y) denotes the least number m such that y belongs to the mth
filter.

LEMMA 4.53

(1) The dual Kodaira—Spencer map KS*: pr*FY — Q' (resp., its inverse
KS*_I) raises (resp., lowers) the degree by one and preserves the filtration.

(2) The connection V: pr*F[z=1]Y — pr* F[z1]Y @ Q! preserves both the
grading and the filtration.

(3) Let II: pr*F[z~!] — pr* F denote the projection along a pseudo-opposite
module P. The dual map 11*: pr*FY — pr* F[2 1]V preserves the grading and the
filtration.

(4) The pairing Q¥: pr*F[z7!Y @ pr* F[z7!]Y — O preserves the grading
and raises the filtration by three.

Proof

Part (1) follows easily from (4.15). Note that d: @ — Q' preserves the degree
and the filtration. Part (2) follows from this and (4.19). Part (3) is obvious from
the definition. For part (4), note that QV (¢!, ,¢7) is in Oy and of degree zero.

Hence, QY preserves the grading. Also, for f,g € O,

filt (2 (f¢hn, g0)) <HI(S) +filt(g) + (m +n + 1) = filt(fe),) + filt(ge],) + 3.
The first inequality follows from the fact that QV (¢!, ,¢7 ) vanishes unless m +
n+1>0. O

PROPOSITION 4.54
The connection V: QL — Q> @ Q! associated to a pseudo-opposite module P
preserves the grading and the filtration.

Proof
This follows from Vw = KS*((%VH; KS* ' w)|pr+ F) and Lemma 4.53. O

PROPOSITION 4.55
Let Py, Py be pseudo-opposite modules. The propagator
A(P1,P): QL2 Q) - O

lowers the degree by two and raises the filtration by two, that is, deg A = —2,
filt A <2.
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Proof
Recall that the propagator A = A(P1,P3) is defined by

A(wl,wz) = QV(HT KS*_l wl,HS I(S*_1 (AJQ).

By Lemma 4.53, it follows that A lowers the degree by two and raises the filtration
by three. One can improve the estimate on the filtration. Note that

Awr,wa) = QY (I KS*wy, (IT5 — ) KS* ™ ws).

We claim that QY (-, (Il — I0})-): pr* F[z7!]Y @ pr* FY — O raises the filtration
only by two. Let | > 0. Because (IT} —H*{)g@{ vanishes on pr* F, one can write (IT5 —
)] =3 1 Cmalt)pl. Thus, QV(ph, (IT5 — I1})¢]) € Oy can be nonzero
only if n > 0, so in particular only if n + 1 > 0. Therefore, for f,g€ O,

filt(QY (fol, (I3 —117) (g])) ) < filt(f) +filt(g) +n+1 = Alt(f?) +filt(g¢] ) + 2.

The conclusion follows. O

4.10. Local Fock space

We work with a local coordinate system {t*,x% } on L associated to a local trivi-
alization of F (Section 4.3). This local coordinate system is also denoted by {x*}.
We use the notation and summation convention which appeared in and above
Proposition 4.45. For any n-tensor Cy,, .. dx*1 @--- @ dxt» € (QL)®", we write

V(Cuy, @1 @ @dxH) = (V,Cpy . )AX @ dAXFY @ -+ @ dxH
with
n
(4.42) VG = al’cﬂlw--aﬂn - ZCM1a<~-7€7---aMnFZ,5U’
i=1 ‘

where T'f, , is the Christoffel symbol (4.36) of V. Similarly, for a “contravariant”
tensor Cﬂlv-“:l’fna#l ® e ® 8 " c @;@n, we Write Vucﬂlw-'vll/n o 8UCM1,-~-’HV,L +

DEFINITION 4.56 (Local Fock space)

Let P be a parallel pseudo-opposite module over an open set U C M. Let V be
the associated flat connection on the total space L°. Let {ti, xi}nzl,OSiSN be an
algebraic local coordinate system on pr—!(U), and let P = P(t,z1) denote the
discriminant (4.10). The Fock space Foct(U;P) over U associated with P consists
of collections

¢ ={Vv"CYW c(Q"HY*" (pr~ (U)°):g>0,n>0,2g—2+n>0}

of completely symmetric tensors such that the following conditions are satisfied:
(Yukawa) V3C(© is the Yukawa coupling Y (see Section 4.4);

(Jetness) V(V"C9)=v"C),

(Grading and filtration) V"C) ¢ ((Ql)@’"(pr_l(U)o))g;Eg;



754 Tom Coates and Hiroshi Iritani

(Pole) PVC(™ extends to a regular one-form on pr=*(U), and for g > 2,
C(g) S P_(5g_5)O(U)[{,C1,£U27 Pxs, P2£C4, ey P3g_4x3972].
Using local coordinates {x*} = {t*, %}, we write

no(@) = 9) - Hn
vreWw =i L dxt @ @ dxt
where once again we use Einstein’s summation convention for the indices p;. We

call V"C9) or C,(ﬁ)u the genus-g, n-point correlation functions of €.

REMARK 4.57

(1) We do not define V"C) in the unstable range (g,n) = (0,0), (0,1),
(0,2), (1,0). The genus-zero data are given by the cubic tensor Y, and the genus-
one data are given by a one-form VC®).

(2) The fact that C,Sly) = VHCI(,l) is symmetric implies that VC(1) = iV axv
is a closed one-form. By (Grading and filtration) and (Pole), one can write it in
local coordinates as

N N
1 , .
4.43 veW = Fi(t,z1)dt' +Y  Gy(t, x1)da
(443) O (ZO: (bt + 3Gt ) )
for some homogeneous polynomials F;, G; € O(U)[2?,..., 2] of degree N + 1

and N, respectively. The condition (Grading and filtration) does not prevent F;
from containing x2, but the closedness of VC'!) implies that F; does not depend
on 5. The primitive C(1) = Ik VvCW is a multivalued function defined up to a
constant. The symmetry of V"C'() is automatic for g > 2 because V is flat; the
symmetry of V"C(©) =V"73Y  n >3, follows from the existence of C(? in the
formal neighborhood L (Proposition 4.35).

(3) Because V"CW € ((2')®")3, 3, we have

(9)
Cil i € O3g-3— |y = —|n] 7>

where we set

Il = n o if xt =al,
M=o itwe =1

so that dx* € (2')|,/—1. In particular, the following (3g — 2)-jet condition holds:

(4.44) O o =0 i (] 4+ || > 39 —3+n.

For t € U, let {q¢}},>00<i<n be the flat coordinate system (Definition 4.28) on
the formal neighborhood L of L; associated to P. Then we have (see (4.23))

9
oq,

a linear combination of %h_g and %hf, m>1 ifn=0,
L

% Lo otherwise.

Therefore, the (3g — 2)-jet condition implies the following tameness (cf. [63]):
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onc'(9)
(4.45) _— =0 ifly+---+1,>39g—3+n.
dq} -+ 0gq;" lao=0
Note that we need the restriction to gg = 0 here.

(4) The discriminant depends on the choice of local coordinates {t'} on U,
and making a different choice changes it as P — f(¢t)P for some function f(t)
on U. Note, however, that the condition (Pole) does not depend on the choice of
coordinates.

(5) Recall that V preserves the grading and the filtration (Proposition 4.54).
Therefore, (Grading and filtration) for genus g > 1 is equivalent to the condition
that VO € O(pr~1(U)°)] and C) ¢ O(pr‘l(U)°)§;_2§ for g > 2. Note that
(Grading and filtration) at genus zero follows from Y € ((2')%3)2 .

(6) The condition (Pole) for g > 2 is equivalent to the fact that C'9) has the
expansion

L it .
(9) — = g,L, I\t L1 i1 in
¢ Z > Z nl P(t, 2y )29t 2n—(at—+) Ty ey

n=0 L=(l1,...,ln) I=(41,..., in)
l>2foralla

for some polynomials f, 1 7(¢,21) in 1. This can be further rephrased as

orc(9)

P5g—5+2n—(l1+~~+ln) - i
1 in
Oxyy - Oy

extends regularly to pr—!(U) for Iy,...,1, > 1.

Since C9) € O(pr~(U)°)3,4_3, the exponent 5g — 5+ 2n — (Iy +---+1,) > 29 —
2 +n here is always positive unless the derivative is zero. Note that 0/9x! raises
the pole order by at most 1 and that §/dx% does not raise the pole order.

4.11. Pole order along the discriminant
We next study the pole order of tensors V"C9) in algebraic local coordinates
and also in flat coordinates on L .

LEMMA 4.58
Let V = V¥ be the connection associated to a pseudo-opposite module P over U.

(1) The 4-tensor VY is completely symmetric’ and is reqular on pr=1(U).
(2) We have

VY = (id®? @ KS*)=
for some regular section Z of (Q')®3 @ pr* FY over pr—'(U) (cf. Lemma 4.1/).
(3) Forn>5, the n-tensor P"°V"3Y is regular on pr—(U).

Proof
Using (4.16), we calculate (writing C; = C;(¢,0))

22This is obvious if P is parallel, but we do not assume here that P is parallel.
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VY =) (d(Cieg,eq)r,) @ dt' @ KS*(p}) @ KS™(f)

+> (Ciegreq)rdx” @ Vo dt' @ KS* (o)) @ KS* ()
(4.46) .
+ 3 (Cieg.eg)r,dx” @ dt' @ V, KS* () @ KS* (9)

+ Y (Ciegeq)r,dx” @ dt' @ KS™ (p]) @ V, KS™ ().
The first term is regular and is in the image of id®® @ KS*. So are the third and

the fourth terms, because V KS*(¢f) = KS*((%VH*goé)br* F). Using KS*(¢f) =
=2 [Cjz1]7dt? (see (4.15)), we can rewrite the second term as

D (CiCja1,e)r, (Vdt') @ dt? @ KS* ()
=Y (Cies.eq)r [Cian) (V') @ dt? @ KS™ ().
Using KS* () = — >[Cixq)/ dt? again, we have
> Gl (Vdt') = =V (KS*(¢})) = > _(d[Ciz1)) @ dt'.
The right-hand side is regular on pr=!(U) for the same reason as before. Thus, the
second term of (4.46) is regular and is in the image of id®® ® KS*. This establishes
the regularity of VY and part (2). Next we show that VY is symmetric. Take

an opposite module Q in the formal neighborhood of t € M (see Lemma 4.17).
We have by Proposition 4.45(1)

vheW) =9,00 —cO P, —c TP~

vpo vpo TPOT  uv vTOo vpT

*VQC 0) C(O) ATKO(O) 70(0) AT/{C(O C(O) AT/{C(O)

vpo Tpo KV vTOo KL Ko
where FP;V denotes the Christoffel symbol (see (4.36)) of V¥ and A = A(P,Q)
is the propagator. Because the propagator is symmetric (Proposition 4.44) and

the tensor VSCﬁ% associated to a parallel Q is symmetric, we find that vPy
is also symmetric. Finally we prove part (3). We can write

VYZZ“a@))\a@,U'a@Va

with kg, Mg, e, Va € ! regular and v, the image under KS* of a regular section
of pr* FV. Then we have

(4'47) VY = Z [(V’Qa) ® Ao ® o ® Va) +ee (“a XA ® g @ VVa)} .

a

Note that Vv, is regular by the definition of V. We claim that the difference
Z(Vﬂa) ® A @ flqg @ Vg — Z(Vlja) ® Xa ® Ha ® Kq

a a

is regular. Since VY is symmetric, the image of

Zlia®C>\a®(€,ua®(cya_Zya®c)\a®(:ﬂa®(c’ia691 ®(Cﬂl ®(Cﬂl ®(CQl
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in Q' ®o 2! ®o 90! e N is zero. Therefore, it is generated by elements of
the form

fd1 ®c ¢2 ®c ¢3 ®c ¢4 — ¢1 V¢ fo2 B¢ ¢3 Rc @4,
1 ®c fo2 @c ¢3 Ac P4 — ¢1 ®c P2 ®c fP3 @c Pa,
1 ®c P2 Ac fP3 ¢ ¢4 — ¢1 D¢ 2 Ac ¢3 D¢ fP4

with f € O regular and regular sections ¢; € Q. If one applies V ®@id®? to any
of these generators and maps it to Q' ®e Q' 96 Q! 2o Q! ®o 2, we always
get a regular 5-tensor. This proves the claim. Because Vv, is regular, it follows
that every term in (4.47) is regular. Part (3) is proved. Part (4) follows from part
(1), part (3), and Lemma 4.25. O

PROPOSITION 4.59
For € = {V”C(g)}gg_2+n>o € Foct(U;P), Ppmax(59—=5+n.00 7" (9) extends to a

regular n-tensor on pr—1(U).

Proof

At genus zero, this was shown in the previous lemma. At higher genera, it fol-
lows from Lemma 4.25 and the fact that C'9) has poles of order 5g — 5 along
P(t, 1'1) =0. 0

PROPOSITION 4.60 (Pole structure in flat coordinates)
Let P be a parallel pseudo-opposite module over an open set U C M, and let
teU. Let {qi}nZO,OSiSN be a flat coordinate system on the formal neighborhood

L of LY associated to P (see Definition /.28). For any element € = {V"C9)} €
Foct(U;P), we have

onc) (5954 2n— (I 4+ _
(448) W S Pt (5g=5+2 (et H"))(C[QLQ% Ptq?n Pt2Q4a s ][[Pt 2(]0]]
i 0g)
whenever 2g —2+n >0, where P, = P(t,q1).

Proof

At genus zero, this follows from Lemma 4.36. For g > 2, it suffices to show
that C9) lies in Pt_(E’g_mS7 where S := Clq1, q2, Pigs, P2qu, .. .][P; %qo0]. Let s =
(s,...,s™) be a local coordinate on M centered at t € M as in Section 4.7, and
write t + s for the corresponding point in a neighborhood of t. The condition
(Pole) implies that

C(q) 6P_(5g_5)O(U)[1'1,(E2,P(E3,P2.’E4,...,P3g—41’3g,2}7

where P = P(t 4 s,21). By Lemma 4.30, we have % € ¢} + P,S, z € P?™"S,
n>2, and s € P.S. Thus, we have

P/P; :P(t—i—s,xl)/P(t,ql) eSs.
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We also have P,/P € S, because (P/P,)|q,=0 =1 so that P/P, is invertible in S.
Therefore,

p=09=5) ¢ prGs=ig  pn-2p 5 (n>2).

Hence, C(9) € Pt7(5975)8 for g > 2. For g =1, it suffices to show (4.48) for n=1.
Using the expression (4.43), we have

(1) i i
oc PZ( (t+s,x1) 2SJ+Gi(t+s,m1)gxl.).

aq q ‘Ilj
Because P~! e P{lS7 Fi(t+ s,21),Gi(t + s,z1) € S, and (“)si/aqf,axi/@qu S
Ptl_lS, the right-hand side here belongs to Ptl_2S. |
REMARK 4.61
The previous proposition implies and is implied by
orcl) B for.0(q1,q2,-..)

W g0=0  P(t,qy)59-5+2n= (it tln)

for some polynomial fg 7.17.(¢1,q2,...). By tameness (4.45), the exponent 5g — 5+
2n — (I +--- +1,) is positive unless the derivative vanishes.

4.12. Transformation rule and Fock sheaf

As outlined in Section 3.6, we now define a Fock sheaf by gluing local Fock spaces
using a transformation rule. Let {y*} denote the fiber coordinates of the tangent
bundle ©® dual to {x*}. A general point on the total space of ® can be written

as
27 (), <O

Much as we did for L, one can give a coordinate-free definition of the total space
of the tangent bundle ® as a certain ringed space. To avoid excessive formalism,
however, we will work in terms of local coordinates {x*,y*} on ©, regarding any
polynomial (or formal power series) expression in x*, y# as a regular (or formal)
function on the total space of ©.

DEFINITION 4.62 (Jet potential)
An element € = {V"CW},,, of Foct(U;P) is encoded by the following formal
function W on the total space of ©|,—1(gyo:

W(x,y) = Z RITIWI (x,y),

9=0

where
> 1
Wolboy) = D O L Gy ey,

n=max(3—2g,0)
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We call WY the genus-g jet potential and exp(W) the total jet potential associated
to €.

REMARK 4.63

(1) For a fixed x € L°, W9(x,y) should be viewed as a packaging of the
multilinear tensors {V"C(@)}, on the tangent space ®,. This can be identified
with the Taylor expansion at x of the potential C9) in flat coordinates. Namely,
the linear coordinates y* on ©y play the role of flat coordinates on L centered
at x such that dy*|x = dx*|«. Note, however, that the constant term at genus one
and the quadratic term at genus zero are ignored.

(2) Let 3% be the fiber coordinate dual to 9/9x!, for n > 1, and let y} be the
fiber coordinate dual to @/0t'. Then the jet potential W(x,y) is an element of

KrOWU) [{ah Y nz1.0<i<n, Pt a1) ™ {yh nz2.0<i<n | 100, - w90, - wn DIAD-

Moreover, the A~ 1-coefficient of W (i.e., W°) vanishes along yJ =--- =y}’ =0,
and thus, exp(W(x,y)) is a well-defined formal Laurent series in % (infinite in
both directions).

To describe the transformation rule (or Feynman rule), we use the following
terminology for graphs. A graph I' is given by four finite sets V(I'), E(I"), L(T'),
F(T) called (the sets of) wertices, edges, legs, and flags, respectively, together
with incidence maps

mv: F(D) = V(),  7p: F(D)— E(T)UL(T)

such that |7 (e)| =2 for each e € E(T') and |75'(I)| =1 for each I € L(T). We
assign to an edge e a closed interval I, 2 [0,1], to a leg [ a half-open interval
H;210,1), and to a vertex v a point p,, and we fix identifications wgl(e) ~9l,,
75" (1) =2 0H,. By identifying I., H;, p, via the map 7y : F(T') 2| |01, U| |OH, —
V() = {py}, we get a topological realization |I'| of the graph I". We say that T’
is connected if |T'| is connected; we also write x(I") = x(|T'|) = [V(T')| — | E(T)| for
the topological Euler characteristic of |T'|.

DEFINITION 4.64 (Transformation rule)

Let Py, Py be parallel pseudo-opposite modules over U C M, and let A =
A(P1,P2) be the propagator. The transformation rule T(P1,P2): Foct(U;P1) —
Foct(U;Ps) is a map which assigns, to the jet potential exp(WW) for an element

—

of Foct(U;Py), the jet potential exp(W) for an element of Foct(U;P2) given by

(4.49) exp (W\(x, y)) =exp (gA““&w 8yu> exp(W(x,y)).

..........
—~

sponding, respectively, to W, W. The above formula is equivalent to the following
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Feynman rule:
~ 1
(9) = E _— t A .
Cﬂ1,--<7un - |Aut(F)\ Contr (¢, )/"17--~7an

Here the summation is over all connected decorated graphs I' such that

e to each vertex v € V(I') is assigned a nonnegative integer g, > 0, called
the genus;

e I has n labelled legs: an isomorphism L(I") = {1,2,...,n} is given;

e [ is stable, that is, 2g, —2+n, > 0 for every vertex v, where n, = |7r;1(v)|
denotes the number of edges or legs incident to v;

L4 g:ngv +1 _X(F)~

We put the index p; at the ith leg, the correlation function V"*C'9+) on the ver-
tex v, and the propagator A on every edge. Then Contr(€,A),, ..., is defined
to be the contraction of all these tensors with the indices pq,...,u, on the legs
fixed. Here Aut(I") denotes the automorphism group of the decorated graph T'.

EXAMPLE 4.65
(1) The Feynman rule for genus-zero three-point correlation functions is triv-
ial:
A1) _ (0
(4.50) Civp=Clp

since there is only one genus-zero stable graph with three legs. This is compatible
with the fact that the Yukawa coupling was defined independently of the choice
of pseudo-opposite module.

(2) The Feynman rule for genus-one one-point functions is given by

~ 1 v
(4.51) ch=cl+ §Cg2>pA P =CM + (wpypy ) -

Here wp, p, is the difference one-form defined in (4.41) and comes from the graph

u—0.
(3) The Feynman rule for genus-two potentials is given by (cf. [2, Figure 1])

~ 1 1 1
CP =03 4 50;;>A#" + 505%#”05” + 50;1>AW0,9;2,AP0

+ éc(O) AHYAPT %AWCF(L(IJ/)F)AWC((T(;)WAW

nvpo

1 ’ ’ /
Eaigl (V) (0
+ 12CWPA““ AP APPC L
REMARK 4.66
We can use the flat coordinate system {¢’,}n>0,0<i<n associated to the paral-
lel pseudo-opposite P; (see Definition 4.28) to expand the m-point correlation
functions as follows:
onC(9) ) .
vieW = Y —————dg' @ ®dg".
3 [ et ) In
Lyeln >0 I, ---0q
0<ir,...,in<N
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Written in flat coordinates, the transformation rule above matches with the
action of Givental’s quantized operators on tame potentials. This will be
explained in Section 5.2 below.

We show in Lemmas 4.67-4.69 below that the transformation rule is well defined,
that is, that € = {éf;{)#n} in Definition 4.64 satisfies the conditions in Defini-
tion 4.56. Observe first that the tensor éﬁgl)un defined by the Feynman rule is
automatically completely symmetric. We already saw in (4.50) that C’Wp is the
Yukawa coupling. Let V, V denote the flat connections on L° associated with
P1, P2, respectively.

LEMMA 4.67 (Jetness)

~ ~m ~n+l ~ ~ o~ A
We have that V(VHC(-")) — V" CW, that is, VVCl(L‘[{),UWH =CY m, (€€
(4.42) for this notation).

Proof
We have
(4.52) VO =VCE L+ (V=VLEE

By the Feynman rule for C,(L‘[i), . in» We can write the first term as
VDC/S!{)v--nU‘n = Cyert 1 Cprop;

where Cley and Ch,op arise from the vertex and the propagator differentiations,
respectively. The term Cl¢ is the sum over stable graphs with one extra leg v
attached to a vertex v; note that the vertex v satisfies 2¢g,, —2+n, > 1. The term
Cprop is the sum over stable graphs with the differentiated propagator V, A on
one of the edges. By Proposition 4.45(2), we can replace the edge V,A by the
genus-zero trivalent vertex with the leg v:

9=0

V.,A I _— v
A

By Proposition 4.45(1), the second term of (4.52) is

(V-W),C¥ ZZAt Contr (€, A) iy LATPCl)

Namely, we add to the leg u; the genus-zero trivalent vertex:

g=0

On the other hand, by the Feynman rule, 6'5792“7___7“” can be written as a sum-

mation over genus-g stable graphs with legs v, ji1, ..., iyn; if v denotes the vertex
incident to the leg v, we have the following three cases:
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o n,+2g,—2>1;
e g,=0, n, =3, and v has only one leg v;
e g,=0, n, =3, and v has two legs v, u;.

These three cases correspond to Cyert, Cprop, and (% — V)DCAZ',(L?MM, respectively.
|

LEMMA 4.68 (Grading and filtration)
<" A 2-2
We have that V' C9) € (Q')®")3 7.

Proof

Let T' be a decorated graph contributing to the Feynman rule of 6,(;‘{)“ We
estimate the grading and the filtration of the contribution from I'. Recall that
deg A = —2, filt A <2 by Proposition 4.55 and deg V =0, filt V < 0 by Proposi-
tion 4.54. The degree can be calculated as

> 2-20)+ > (-2)=2-2.
veV (I) ccE(T)
The filtration is estimated as
> (Bgu—3)+ Y 2=3g-3—|E(I)|<3g-3.
veV () ccB(T)

The conclusion follows. O

LEMMA 4.69 (Pole)

Let P = P(t, 1) be the discriminant (4.10). Then PVC®) extends to a regular
one-form on pr=*(U) and C@ belongs to P~CI=5O(U)[xy, 2o, Prs, P2zy,...]
for g>2.

Proof
By the Feynman rule (4.51) at genus one, vCW® differs from VOO by a regular
one-form wp,p, on U (see (4.41)). Thus, PVCWY is regular.

For g > 2, we apply the Feynman rule to correlation functions written in flat
coordinates. Take a point ¢ € U and flat coordinates {¢/, },>0,0<i<n on the formal
neighborhood L of i:: associated to P;. Take a graph I' (without legs) which
contributes to the Feynman rule for cw, By Proposition 4.60, the vertex term
for v e V(T'),

onc(9)
_ ,  with g =g,,n =n,,
dg;! -+ 0g;" lao=0
belongs to Pt_(5g“_5+2"“_(ll+m+lm))(C[q17q2,Ptqg,Pt2q4,...] with P, = P(t,q1).
The propagator

A(dgl,,dg),)|go—0 = ¥ (I}, 1500,
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is constant (see (4.40)) along the fiber L, = {go = 0}. Using the formulae

Z (gv—l):g—l—|E(1—‘), Z nv:2’E(F)|7

veV(T) veV ()

we bound the pole order of Contp (%, A)|g,=0 along P, =0 from above as
> (5gy —5+2n,) =59 —5— |E(I')| <5g — 5.
veV ()

Thus,
a(g)|L§ € Pt_(Sg_s)C[QM(]%PtQ3,Pt2(J4, s

Since ¢} |, =% (n>1) and this holds for every point ¢, the conclusion follows.
|

PROPOSITION 4.70 (Cocycle condition)

Let P1,Po, Py be parallel pseudo-opposite modules over an open set U. The trans-
formation rules T;; = T'(P;,P;): Foct(U;P;) — Fock(U;P;) satisfy the cocycle
condition

T3 ="Tp30Ts.

Proof
This is immediate from the definition (4.49) and Proposition 4.46. O

We define the Fock sheaf over M under the following assumption. (The Fock
sheaf without this assumption will be considered in Section 4.13.)

ASSUMPTION 4.71 (Covering assumption)
There exists an open covering {U, }aca of M such that we can find a parallel
pseudo-opposite module P, over U, for each a € A.

DEFINITION 4.72 (Fock sheaf)
The Fock sheaf is a sheaf of sets over M which is obtained by gluing the local
Fock spaces Foct(U,; P,,) over U, by the transformation rule

Taﬁ = T(Pa, Pg) : S"OCE(UQQ; Pa) — 30CE(U0¢; Pg),

where Uyg = U, N Ug. More precisely, we define the set Foct(U) for an open set
U as the equalizer of the sequence

™1

I Soct(UnUs;Pa) —= Il  Soct(UnUas:Pa),
a:UNU,#2 T2 (0,B):UNUp#2

where 1 ({Ua}a) = {talvnvas ta,s and T2({ta}a) = {Tsa(uslunv.s) s, that
is,

Foct(U) = {{%u € Foct(UNUa;Pa)} 4 | TasCalvnv.nv, = Calunv.nu, }-
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REMARK 4.73

Note that Foct(U) is not a C-vector space but is just a set. This is because
the transformation rule is not C-linear. A natural C-linear structure should be
considered on the space of exzponentiated potentials exp(C!) + hC 3 + R2CG) +
--+). In fact, we can construct a Fock sheaf of C-vector spaces by choosing certain
“orientation data” and regard these exponentiated potentials as sections of the
sheaf. We hope to discuss this issue elsewhere.

4.13. Anomaly equation for curved polarizations
In this section we introduce a Fock space for possibly curved pseudo-opposite
modules. Correlation functions associated with a curved pseudo-opposite module
satisfy, instead of the jetness condition, a certain anomaly equation. As we explain
in Section 9 below, when the curved pseudo-opposite module is the so-called
complex-conjugate polarization, the anomaly equation becomes the celebrated
holomorphic anomaly equation of Bershadsky—Cecotti-Ooguri—Vafa [11], [12].

Recall that a pseudo-opposite module for a ¢TP structure is said to be curved
if it is not preserved by V (Definition 4.15). For a curved pseudo-opposite module
Q, (V)"C is not necessarily symmetric, because V< is not flat. The com-
pletely symmetric correlation functions associated to a curved pseudo-opposite
module Q are defined in a different way, as follows. Suppose that we are given
F(,f’fmw} € Joct(U;P) for a parallel pseudo-opposite module P.
For each t € M, there is a unique parallel pseudo-opposite module CT)(t) in the
formal neighborhood of ¢ such that Q(t); = Q;. (This is the parallel translation
of Q; (see the proof of Lemma 4.17).) From the transformation rule, we obtain
correlation functions

{Cég(i)Wl,mwn} = T(P’ Q(t)) ({Cé?/—)lflyﬂn})

over the formal neighborhood of L. Restricting these to the fiber L} and varying
the point ¢, we obtain the correlation functions Céi)m__.7 i
that

an element {C

associated to Q such

Lo =CY Lo

(9)
CQ%Hl"' Q(t)#Ll)-HyNn t

S Hn

for every t. Because the propagator A(P,Q(t)) coincides with A(P,Q) along the

fiber L;, the new correlation functions Cég;fm__.7 4., can be described using the
same Feynman rule as before.

DEFINITION 4.74

Let 6p = {Cé?2¢17~~-vﬂm }g,m be an element of the local Fock space Foct(U; P) asso-
ciated to a parallel pseudo-opposite module P over U, and let exp(Wp(x,y))
denote the corresponding jet potential (Definition 4.62). Let Q be a (not neces-
sarily parallel) pseudo-opposite module over U. We define a set

%Q — {C(g)

Qpr i :9>0,mn>0,29—2+n>0}
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of completely symmetric tensors by the same Feynman rule as appears in Defi-
nition 4.64:

C(!J)

1
Qi et XF: TAne (D)) Comer (4P, AP, Q)

Hseeesfbn

We write
¢ =T(P,Q)%

and call 6q the correlation functions under Q corresponding to €p. The jet poten-
tial associated to Q

ho—t (9)
(4.54) Walxy)= > Cipor g ()YFT ooy

n!
g,n>0,2g—24+n>0

is related to the jet potential Wp associated to ép by the same formula (4.49) as
before:

exp(Wq(x,y)) = exp(%A‘“’(P, Q)oyn 8yu> exp(We(x,y))-

PROPOSITION 4.75

The correlation functions under a curved pseudo-opposite module Q correspond-
ing to a Fock space element satisfy the conditions (Yukawa), (Grading and filtra-
tion), and (Pole) but not necessarily the condition (Jetness) in Definition 4.56.

Proof
The proofs of Lemmas 4.68 and 4.69 work for curved pseudo-opposite modules
too. (]

We will shortly (in Theorem 4.86 below) describe an anomaly equation that gives
a substitute for the jetness condition for correlation functions under a curved
pseudo-opposite module. The simplest case of this anomaly equation is the cur-
vature condition for the genus-one one-point function: the one-form C&de“ is

not necessarily closed, but its derivative d(C’g_de“) equals a certain two-form
Jq associated to Q.

LEMMA 4.76

Let P be a parallel pseudo-opposite module, and let Q be a (not necessarily par-
allel) pseudo-opposite module. Let wpq denote the difference one-form (4.41)
between P and Q. The two-form 9q = dwpq does not depend on the choice of
a parallel P and vanishes if Q is parallel.

Proof

When both P and Q are parallel, wpq arises as the difference (4.51) of the genus-
one one-forms C’L(Ll)dx“, which are closed. More directly, by Proposition 4.45(2),
we have

2(VPwpQ) = (VECOAPT + C0) (WhAPT) =0 AP 4 CO AP7 %) AP,

vpT
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where A = A(P,Q). This 2-tensor is symmetric with respect to x4 and v; thus,
wpq is closed. Because wpq — wprq = wppr, it follows that dwpq does not depend
on the choice of parallel P. O

DEFINITION 4.77

The two-form ¥q := dwpq € pr* Q3 in the above lemma is called the curvature
two-form of Q. This is the pullback of a two-form on M. We will give an explicit
and intrinsic formula in (4.56) below.

PROPOSITION 4.78 (Curvature condition)
For a genus-one one-point function C’&de“ under Q corresponding to a Fock
space element in Fock(U; P) with P a parallel pseudo-opposite module, we have

d(CH ) dx") = vq.

Proof
This follows from the Feynman rule at genus zero, namely, C&de“ = C’Sidx“ +
wpq (see (4.51)), and the definition of Jq. O

Let P be a parallel pseudo-opposite module, and let Q be a possibly curved
pseudo-opposite module. An element of Foct(U;P) induces correlation functions
under Q. Conversely, an element of Foct(U; P) can be uniquely reconstructed from
a genus-one one-point function and higher-genus zero-point functions under Q.

PROPOSITION 4.79

Let Q be a pseudo-opposite module over U. Assume that we have a one-form
C’&de" e Q' and functions C’ég) € O for g>2 over pr-Y(U)° satisfying the
following conditions:

e (Grading and filtration) C&de” e (QhHYY, Cég) € O?,;_Qg;

e (Curvature) d(Cg;de“) =1q, where ¥q is the curvature two-form in Def-
inition 4.77;

e (Pole) P(C&de”) extends to a regular one-form on pr=*(U); for g >2,
C’ég) € P~09790(U)[x1, z9, Pr3, P22y, ..., P39 23, 5], where P = P(t,x) is
the discriminant (4.10).

For a parallel pseudo-opposite module P over U, there exists a unique Fock space
element €p = {C(g) tgn € Fock(U; P) such that

Pipa,eeespin

° CSL s the genus-one one-point correlation function under Q correspond-
ing to 6p;

o forg>2, Cég) is the genus-g zero-point correlation function under Q cor-
responding to 6p.
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The formula
b =T(P,Q)%p

.....

satisfy the conditions (Yukawa), (Grading and filtration), and (Pole) in Defini-
tion 4.50. The multipoint correlation functions Cég;il,m,un are independent of the
choice of P.

Proof

We solve for the Fock space element 6p = {C(h)

Pin ... Jhom Satisfying the Feyn-
man rule (see (4.51))

C((;de“ = C,g?idx“ + wpQ,

(9) _ 1
cy) = EF: D) Contr (%p, A(P,Q))

inductively on the genus and the number of insertions. Imposing the jetness

(V)" G = Gy X @ @ e

(VP>nCé9) _ C(Q)

P;m,---wndxm ®--@dx (g22),

= (VP)"3Y | we can uniquely determine the sym-
(1)

Pip1,...,p

and the condition C,(,?Lhum

metric tensors C) .- The genus-one tensors C

Pipa,. . p
symmetric by the curvature condition d(Cngx“) = 9Yq = dwpq. It remains to

3

, become completely

check that the reconstructed correlation functions C,g?; satisfy the condi-

1yeesMn
tions (Grading and filtration) and (Pole) in Definition 4.56. At genus one, C&;dx“
satisfies (Grading and filtration) and (Pole), because C&de“ does as well. Note
that the conditions (Grading and filtration) are stable under VP by Proposi-
tion 4.54. Suppose that (Grading and filtration) and (Pole) are satisfied up to
genus g — 1. We can write C,gg ) as the sum of C’ég) and the Feynman graph contri-

butions from lower-genus n-point functions Céh,il o Therefore, the argument
of Lemmas 4.68 and 4.69 applies here too.

Finally we check that 4q is independent of the choice of parallel P. Sup-
pose we have two parallel pseudo-opposite modules P1,Ps. The above proce-
dure gives two Fock space elements 6p, € Foct(U;P1), Gp, € Foct(U;P2). Then
T(P1,Q)%p, and T'(P2,Q)%p, have the same genus-one one-point functions and
higher-genus zero-point functions. On the other hand we can write T'(P2, Q)%p, =
T(P1,Q)T(P2,P1)%p, by the cocycle condition for the transformation rule
(Proposition 4.70). The above reconstruction procedure implies that %p, =
T(P27 Pl)cng Therefore, T(Pl, Q)Cgpl = T(P27 Q)%PZ. O

REMARK 4.80
Since an opposite module exists in the formal neighborhood of every point t € M
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(Lemma 4.17), the reconstruction of multipoint correlation functions satisfy-
ing (Curvature), (Pole), and (Grading and filtration) from the data {C’(l) C((QQ)7

Q;p?

C(g) . } is always possible, even without Assumption 4.71.

In view of the above proposition, we make the following definition for the local
Fock space with respect to a possibly curved opposite module (cf. Definition 4.56).
This definition does not rely on Assumption 4.71.

DEFINITION 4.81 (Local Fock space and transformation rule: General case)
Let Q be a (not necessarily parallel) pseudo-opposite module over an open set
U C M. The local Fock space Foct(U;Q) consists of collections {CQ1L,0(2

Cg’),...} satisfying the conditions (Curvature), (Grading and filtration), and
(Pole) in Proposition 4.79, where

C’&de“ cQ! (prfl(U)o) and C((Qg) € @(prfl(U)o), g>2.

Proposition 4.79 allows us to reconstruct multipoint correlation functions
C((QQ;LIV_. ., from the data {C’QlL,C'(2 C ...} and they define the associated
jet potential Wq(x,y) as in (4.54). For two pseudo—opp051te modules Qq, Q2 over
U, the transformation rule T(Q1,Qz): Foct(U;Q1) — Foct(U;Q2) is defined in

terms of jet potentials (reconstructed thus) in the same way as in Definition 4.64:

h
exp(Wa, (x,y)) = exp (§A“”(Q1, Q2)0yu 8yu) exp(Wa, (x,))-

This can also be described by the Feynman rule in Definition 4.64.

REMARK 4.82

For parallel Q, the above definition reduces to the original definitions of local
Fock spaces and the transformation rule. Multipoint correlation functions under
a parallel Q can be obtained by the covariant derivative vQ from zero-point cor-
relation functions. The transformation rule for general pseudo-opposite modules
satisfies the cocycle condition: the same proof as Proposition 4.70 works.

Let Q be a possibly curved pseudo-opposite module over U. The reconstruction of
multipoint correlation functions Cé“fllw ., from the data {C’lel,C'(2 C ,}
in Proposition 4.79 was implicit. We can describe it in a more explicit and 1ntr1nsic
way, without reference to a parallel pseudo-opposite module. For this purpose,

we introduce the following “background torsion” Aq associated to Q.

DEFINITION 4.83

Let Q be a pseudo-opposite module. The (background) torsion of Q is an operator
Aq: O x Q! — Q! defined by

Aq(wi,wa) = QV(VVIT oy, I py),
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where ¢; = (KS*)~! wi, i € {1,2}, and II: prF[z~ 11— pr*F is the projection
along Q. Recall that V¥: pr* F[z=1]Y — Q! @ pr* F[z1]" is the connection dual
to V (see Section 4.6).

LEMMA 4.84

(1) The operator Aq(w1,w2) is symmetric, is O-bilinear, and takes values in
pr* Q}Vl .

(2) A pseudo-opposite module Q is parallel if and only if Aq =0

Proof
Write ¢; := (KS*)~tw;. Because QY (II*¢y, I*p2) = 0, we have

0= dQ (I, T ps) = QV(VVIT* 1, IT o) + QY (IT* 1, VVIT* ).
The right-hand side equals Aq(wi,ws) — Aq(we,w1). By definition, Aq is O-
linear in wy. Thus, it is also O-linear in w;. Note that, for a local coordinate
system {t', z },>1 0<i<y on L, we have V ;(pr* Q)+ C (pr* Q)+ for n > 1, where
we write 6%1 = %g/axi . This is because pr*Q is “constant” along the fiber of
pr: L— M. Thus, '

(Aq(w1,w2),0n,i) = Qv(ﬁx,iﬂ*@hn*@z) =0, n>1,

since IT*¢; € (pr* Q)* C pr* F[z71]V. This proves part (1). Note that Q is parallel
if and only if VV preserves Q* = II*FV. This happens if and only if VY (II*FV)
is perpendicular to IT*FY with respect to QV, since IT*FV is maximally isotropic.
Part (2) follows. O

We use the following coordinate expression:
Aq(dx!,dx") = AQh¥dx" = Aq Wt

where {x*} = {t!,2%} is a local coordinate system on L and {t}}¥ is a local
coordinate system on M. We need to generalize Propositions 4.44 and 4.45 to
curved pseudo-opposite modules.

PROPOSITION 4.85 (cf. Propositions 4.44, 4.45)

Let Q1, Qo be possibly curved pseudo-opposite modules, and let A = A(Q1,Q2)
be the propagator.

(1) We have
dA(wl,ng) = A(VQlwl,wg) + A(wl, VQQOJQ) + AQ1 (wl,w2) — AQ2 (wl,wg).
(2) We have

VAP (=0, A"" + TW ] AP 4 TWT Ay = N, "7 — Ao, + AYCL) A7,

ouT

where F(l)up are Christoffel coefficients of V' (see (/.36)).
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Proof
Part (1) is essentially shown in the proof of Proposition 4.44. In fact, this formula
appears in (4.35). The last two terms of (4.35), which vanish there, correspond
to Aq, (w1,w2) — Aq, (w1,w2).

Part (2) is also similar to the proof of Proposition 4.45(2). Using Part (1),
we have

(VOA) (wi,w2) = dA (w1, ws) — A(VEwy,ws) — Alwr, VI w,)
= Aq, (w1,ws) — Aq, (w1,ws2) + A(wl, (VQ2 — VQl)wg).

The conclusion follows from Proposition 4.45(1). O

Let Q be a possibly curved pseudo-opposite module, and let P be a parallel

pseudo-opposite module, both defined over U. Let %q = {C((QQ‘ZM ..... ..} be the
correlation functions under Q corresponding to an element €p = {C’,g? p)u unt €
Foct(U; P) (see Definition 4.74). By differentiating the Feynman rule expressing

C(ﬁ/)tlv-”:ﬂn in terms Of Olg};llzlwuyl’m

equation.

and A(P,Q), we obtain the following anomaly

THEOREM 4.86 (Anomaly equation)

Multipoint correlation functions under a possibly curved pseudo-opposite module
Q satisfy the following anomaly equation (see (4.42) for the notation for covariant
derivatives):

(9) _vQ () 1 (k) aB 1)
CQ;mm/tn - VMCQ;uamun + 9 Z CQ;uz,aAQ;tl CQ;M,ﬁ
{2,...n}=IUJ
(4.55) k+i=g
L -1 B
+ §CQ§IL2~»-ILTLO¢,3AQM1 )
where iy stands for i, ..., pwi, if I ="{i1,...,ip} and py is similar.

Proof
The argument is very similar to the proof of (Jetness) in Lemma 4.67. We have
(cf. (4.52))

+ (VQ - VP)yc(g)

= VEC(Q) Qi1 seeesptn

Q5t15eeesfin

VQO(g)

Qjp1seeestim
The second term here corresponds to the modification of legs depicted in (4.53)
by Proposition 4.45(1), and the first term is the sum of the vertex derivative
Cyert and the propagator derivative Cprop. The vertex derivative Cley is the
same as in Lemma 4.67, but the propagator derivative Cpop has extra contribu-
tions from —Aq, because VﬁA(P,Q)”p =—Aq,’ + A(P,Q)”"C’g%)TA(P,Q)TP by
Proposition 4.85(2). Hence, the difference from the computation in Lemma 4.67
arises from the insertion of —Aq at internal edges. The second and third terms on
the right-hand side of (4.55) correspond, respectively, to the cases where (i) the
chosen edge separates the graph or (ii) the chosen edge does not separate the
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graph. The factor 1/2 comes from automorphisms exchanging the two branches
of the edge. O

REMARK 4.87

The anomaly equation gives a substitute for (Jetness) for correlation functions
under a curved pseudo-opposite module. Note that the parallel pseudo-opposite
module P does not appear explicitly in the anomaly equation. Therefore, we can
define the local Fock space for Q as the set of symmetric tensors {C(SQL1 -
g>0,n>0,29g —2+n >0} satisfying the conditions (Yukawa), (Grading and
filtration), and (Pole) in Definition 4.56 and the anomaly equation (4.55). The
condition (Curvature) is contained in the anomaly equation (see Remark 4.90).

EXAMPLE 4.88

The anomaly equation allows us to calculate C((QQ_ZL iteratively in terms of

1---Hn
C’éh), h<g, C’&ldx”, C’g%, and their V®-derivatives. We also need Aq and its
derivatives in the iteration process. For example,

0 0
C£25)34 = V1C£2?),,

0 0 0 «@ 0
C§22’,45 = V1V2C§43s + [0532%\1 5Ci5)ﬁ +(24)+(25)],
0 0
0522’,456 = V1V2V3C£523
1 0 0 0 e 0
+3 ST (VioHASP ) + ) (vias”) )
(3,4,5,6)=IU1T
0 « 0 0 « 0
+ O (V1 C)) + > crlatiely,
(2,3,4,5,6} =107, 1|=3,J| =2

O =V, 05 + SO0,

O =ViVa0l 4 L(ViC)A" + SO0 (1A5)
+COATPCR), + %(Vgcggg)zx?ﬁ ,

CfY =v,0® + %c,gUA;‘ﬁcg”,

where we omit the super/subscript Q on V, A, and C’,(fl)u (Here we used
the numbers 1,2,3,4,5,6 in place of small Greek letters; Vlngégé denotes
the dx' ® dx*> ® dx® @ dx* @ dx>-component of V2Y".) It is not obvious that these

formulas give symmetric tensors C, (9)

Qupttorpin? but this is ensured by general theory.

We now calculate the curvature of the connection V® and relate it to the curva-
ture two-form Jq (Definition 4.77) which appears in the condition (Curvature)
in Proposition 4.79.
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PROPOSITION 4.89 (Curvature)

Let Q be a pseudo-opposite module, and let A = Aq be the torsion of Q. Let (VQ)2
denote the curvature of VR on QL, which is an End(Q})-valued two-form on L°.
(Note that it is the negative of the transpose of the curvature on the tangent
bundle.) We also use a local coordinate system {t'}N , on M which has Roman
letters as indices.

(1) The curvature of vQ s given by
(V)2dx” = CQO) ATV (dx A dxt?) @ dx? = C)AR (dt' A dt') @ di.

H1PT™ "2

(2) The curvature two-form 9q is half of the trace of (VQ)?:
1
Vg == Tr((VQ) ) = —Cff,zAJkdtz A di!
(4.56) N N
=20 e, (IQVallQVs — gV, IIQ V) dt® A dt’.
a=0 b=0

The trace here makes sense, since (VQ)de" above lies in the finite-rank subbun-
dle pr* Q?\/t ® pr* Q}Vl

Proof
By Proposition 4.45(1), for a reference parallel pseudo-opposite module P, we
have

V3dx” = Vhdx” + ) A7 dx?,

wpo

where A = A(P,Q). Because V¥ is flat, one can calculate the curvature of V¢
by regarding the tensor C’ﬁ%A"” as the Christoffel symbol:

Q Q
[Vulavpg]
P ov P ov
= (Vi (Cliho A™) = Vi (CRle A7)
+0O ATTCO) AT O ATCD ATV dxe.

This formula can be easily shown when the x*’s are flat coordinates with respect
to V7. Then observe that the right-hand side is tensorial with respect to w1, te,
p, v. By Proposition 4.85, we have VEA”” —AJP + A”TC'( 1o A% Using this
we arrive at

VS,V Jdx" = (C2 ATy — CQ) ATY)dx".

H1? H1pT "2 H2pT "1

This proves part (1). Because VP is torsion-free, ¥q = dwpq is the antisym-
metrization of VPwpq € (Q1)®2, that is (see (4.41)),

1
dwpq = ivg(Cﬁ)pA”p)dx" A dxt.

The first line of (4.56) follows from this and VZA”” = —AZ” + A”TCE;J)UAUP. To
see the second line of (4.56), note that the trace of (V®)2 on ! is the negative
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of the trace of (VQ)2 on O, and, therefore, is the negative of the trace of the
curvature of the connection H@% on pr*F. On the other hand, the operator
oV, gV, — IqV,IIqV, vanishes on zF (since V,V, = V;,V,) and defines
an Opq-linear endomorphism of Fy = F/zF; this means that the trace of the
curvature operator [IqV,1IqV, —IqVlIQV, on F is well defined and coincides
with the trace of the induced operator on Fg. (I

REMARK 4.90
Proposition 4.89(2) says, heuristically, that one can think of ¥q as the curvature
of a line bundle “det(2})'/2.” The anomaly equation in Theorem 4.86 at genus
one gives
1
1) — () 4 20 A _aB

C. =V, 0+ 2CaBuAQu .
The fact that C,(ﬁ,) is symmetric now implies the curvature condition in Proposi-
tion 4.78. In fact, we have

1

1) g vy Q (1 v__ (0) AaB v _

d(CMdx") = (VICM)dx" A dx” = 5 Capu A dx N dx” =g

by Proposition 4.89(2). Therefore, the curvature condition is a special case of the

anomaly equation.

4.14. Logarithmic case

We have hitherto studied the case where the connection V of the underlying
c¢TP structure is smooth. In this section we allow logarithmic singularities for
the connection—in other words, we consider log-cTP structures rather than ¢TP
structures—and generalize the construction of a Fock sheaf to this case. This
extra generality is important in applications to mirror symmetry: genus-zero
Gromov—Witten theory (or quantum cohomology) naturally defines a log-cTEP
structure near the large-radius limit point. Almost all the discussions in this
section are parallel to the previous ones.

4.14.1. log-c¢TP and log-cTEP structures

We introduce the notions of log-cTP and log-cTEP structures (cf. Definition 4.4).
As before, we write M for the base complex manifold and A* = Spf C[[2] for the
formal neighborhood of the origin in C. Let (—): M x Al = M x A! denote the
map sending (t,z) to (¢t,—z). For a normal crossing divisor D C M, we write
Q4 (log D) for the sheaf of one-forms on M with logarithmic poles along D.
This is a locally free sheaf; its dual, the logarithmic tangent sheaf, is denoted by
@M (log D) .

DEFINITION 4.91 (cf. Definition 4.4)
Let D be a normal crossing divisor in M.
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(1) A log-cTP structure (F,V,(-,-)r) with base (M, D) consists of a locally
free Opq[z]-module F of rank N + 1 and a meromorphic flat connection

V:F—Ql(logD)®o,, 2 'F
together with a nondegenerate pairing
('7 ')F: (_)*F ®OM[[Z]] F— OM[[ZH
which satisfy the properties listed in Definition 4.4(1).

(2) A log-cTEP structure with base (M, D) is a log-cTP structure with base
(M, D) such that the connection V is extended in the z-direction with a pole
of order 2 along z = 0. More precisely, it is a log-¢TP structure (F,V, (-, )g)
equipped with an Ox-module map V., : F — 27 !F satisfying the properties

listed in Definition 4.4(2). Combining the M-direction and the z-direction, we
have a meromorphic flat connection

V:F— (Qy(logD)® Opmz"'dz) ®0,, 2~ 'F.

We sometimes refer to D as the singularity divisor.

REMARK 4.92

A closely related notion of log-trTLEP structure has been introduced by
Reichelt [99].%7

REMARK 4.93

log-cTP and log-cTEP structures should be viewed as sheaves on M x Al. The
letter “c” for log-cTP and log-cTEP means the completion with respect to the
z-adic topology. One can similarly define the corresponding analytic structures
over M x C: these are log-TP or log-TEP structures (cf. Section 4.1).

EXAMPLE 4.94

A key example is the A-model log-cTEP structure given by the quantum coho-
mology of a smooth projective variety X. Roughly speaking, this is obtained
from the A-model ¢TEP structure (Example 4.3, Remark 4.5) by taking the
quotient of the base by H?(X;27iZ) and partially compactifying it by adding a
normal crossing divisor. We use the notation from Section 2. Let H?(X;27iZ)
act on the vector space Hx ® C by translation. By the divisor equation, the
(extended) Dubrovin connection (see Section 2.4) is invariant under this action
and descends to the quotient space Hx ® C/H?(X;2miZ). The quotient space is
partially compactified to CN*! via the map

Hx ® C/H?*(X;2miZ) — CN*1,

N
[t:Ztl(]Sl] — (toaqh'"7QT'7tr+17"'7tN)7
=0

234y TLEP stands for trivial, twistor, logarithmic, extension, pairing.
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where ¢; = et for 1 <1 <r. The complement of the open embedding is the normal
crossing divisor ¢q1qs - - - g = 0. The partial compactification here depends on the
choice of a nef basis ¢1,...,¢, of H?(X;Z). Suppose that F% is convergent in
the sense of Section 2.3. Then the A-model log-cTEP structure is defined over
the base (Mu, D),
My = {(to,ql,...,qr,trﬂ,...,tN) eCN Lt <€, |@i| <€},
D={qq2---q- =0},
with € > 0 sufficiently small, by the following data (cf. (4.1)):
e F=Hx (12400 OMA“:Z]];
o V= d—L((goR)di0+ T (604 + 0N L (654)d9) + (L (o) + Lpn)dzs
o (=), B)r=[xa(-2)UB(2).

RECALL 4.95
The following objects associated to a log-cTP structure (F,V, (-, )r) are defined
exactly as in the nonlogarithmic case (we do not repeat their definitions):

the dual sheaves (2"F)Y, F[z71]V (see (4.3));

the symplectic pairing Q: F[z71] ®0,, F[z71] = O (see (4.2));

the dual symplectic pairing QV: F[z71]Y ®0,, F[z71]Y = O (see (4.5));

the dual flat connection VV: (z7'F)Y — Q} ,(log D) ®0,, FV (see (1.4));
e the dual frame z¢,: F[z71]|y — Oy, n€Z, 0 <i < N, associated to a triv-

ialization F|y = CNT! @ Oy 2] over U (see (4.7)).

4.14.2. The total space of a log-cTP structure
Let (F,V,(-,-)r) be a log-cTP structure with base (M, D).

DEFINITION 4.96 (cf. Definition 4.7)

The total space L of a log-cTP structure (F,V,(-,-)f) is the total space of the
infinite-dimensional vector bundle associated to zF. As a set, L consists of pairs
(t,x) such that ¢t € M and x € zF,. We write pr: L - M for the natural projec-
tion. We equip L with the structure of a ringed space as in Definition 4.7; we
denote by O the structure sheaf of L.

An algebraic local coordinate system on L is given similarly to the nonlogarith-
mic case; for the sake of exposition we shall always use local coordinates of the
following type, which are compatible with logarithmic singularities.

DEFINITION 4.97

Let U C M be a coordinate neighborhood with coordinates {t°,qi,...,q.,
tr+1 .. tM} such that DN U is given by {qig2---¢. = 0}. Choose a trivial-
ization of F|y 2 CN*1 @ Oy [2] over U, and define the corresponding dual frame
xi € F[z71V. We call the set
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{to,ql,...,qr,t”Jrl,...,tM}U{x;:O§i§N,n21}

an algebraic local coordinate system on L. We also write g; = et for 1 <i<r,so
that we have

dg; 0 0 .
= dt* and i— =— (1<i<r).
g € dq; Ot (Isisr)
Abusing notation, we write f(t) = f(t°,¢',...,t",#"+1, ... tM) to denote a func-

tion f: U — C on U, where the identification t' = logg; with 1 <i <r is under-
stood.

Using algebraic local coordinates on L, one has (as before)
O(pr_l(U)) =0zt :n>1,0<i< NJ.

The ring O(pr~1(U)) is equipped with a grading and filtration as in Defini-
tion 4.7.

4.14.8. Miniversality

Let (F,V,(-,+)r) be a log-cTP structure with base (M, D). Here and hereafter we
restrict to the case where M = N, that is, dim M = rank F. Choose a trivialization
Fly 2 CN*1 ® Op[z] over U. We can write the connection V in the form

1
(4.57) Vs=ds— ;C(t, z)s
with
(4.58) C(t,2) Zcm (tzdt0+ZCtz +ZCtzdtJ
=1 Jj=r+1

where s € CN*1 @ Oy [[2] 2 F|y and C;(t, 2) € End(CN+1) ® Oy [2]. The residual
part C(t,0) = (—2V)|,—o determines a section of End(Fo) ® Q;(log D), indepen-
dently of the choice of trivialization.

EXAMPLE 4.98
In the case of the A-model log-cTEP structure (Example 4.94), we have C(t, z) =
(Gox)dt® + 320 (6i) 28 + S (@)t

DEFINITION 4.99 (cf. Definition 4.8)
For a log-cTP structure (F,V,(-,-)F), we define

F87,5 = {xl €Fot:Opm(log D)y — Fo i, v 1,C(¢,0)z is an isomorphism},
L°:={(t,x) eL:t e M,x € zF¢, (x/2)| =0 € F§ ; },

Fo:= | Fo.

teM
These are Zariski-open subsets of, respectively, Fo, L, and Fg. If, for every point
t € M, Fg , is nonempty, then we say that (F,V, (-,-)g) is miniversal. A miniversal
log-cTP structure necessarily satisfies dim M =rankF.
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Henceforth, all log-cTP structures are assumed to be miniversal unless otherwise
stated. Choose a trivialization of F|y, and present the connection V in terms of
the trivialization as in (4.57) and (4.58). The discriminant in the logarithmic
situation is defined to be (cf. (4.10))

(459) P(t, 1'1) = (—1)N+1 det(Co(t, 0)1‘1761 (t,O)ml, cee ,CN(t, 0).%‘1)

This is a polynomial in z; of degree N + 1 and belongs to O(U)[),...,z].
The set L° is the complement of the zero-locus of P(t,x1). More invariantly,
P(t,z1)dt® A --- A dt"V should be thought of as a section of the line bundle
pr*(det(Fo) ® Q3" (log D)) over L, and L° is the complement of the zero-locus.
The ring of regular functions over pr=(U)° :=pr=}(U) NL® is

O(pr~'(U)°) = O(U) [{a}, }nz1.0<i<n, Pt 1) ']
As before, the grading and filtration on O(pr~!(U)) descends to O(pr=(U)°).

4.14.4. Logarithmic one-forms and vector fields on L

We need to consider the sheaves of logarithmic one-forms and vector fields on
the total space L. In terms of algebraic local coordinates {t*,q; = etj,xfb}, they
are defined by

Y(log D) EB Odt’ @ @ QD Odz’,

n=1 i=0

©(log D) = s om (9 (log D), Hoa x HHO&”,

7=0 n=1:i=0

where we set 9; = 9/0t/ and 0,,; = 9/0x!,. Recall that dt' = dg;/q; and 9; =
qi(0/0¢;) for i=1,...,7. The grading and filtration on Q'(log D) are given by
(4.11).

4.14.5. The Yukawa coupling and the Kodaira—Spencer map

The Yukawa coupling and Kodaira—Spencer map can also be adapted to the
logarithmic setting. Let {t,q; = etj,xfl} be an algebraic local coordinate sys-
tem on the total space L, and write the connection endomorphism as C(t,z) =

Zij\io Ci(t,2)dt" (see (4.58)).

DEFINITION 4.100 (cf. Definition 4.10)
The Yukawa coupling is a cubic tensor

N N N

Yy =335 cOat’ @ at’ @ at* e (2" (log D)) ¥,

i=0 j=0 k=0

where
CiN (%) = (Ci(t, 0)a1, C; (1, 0)Ck(t, 0)axn )

with 21 = (x/2)|,=0. Recall again that dt' = dq;/q; for i=1,...,r.
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The pulled-back sheaves pr*(z"F), pr* F[z71], pr*(2"F)Y, pr*F[z~!]Y on L are
defined as in (4.12). The connection V induces a flat connection V :=pr*V on
pr* F[z71] (cf. (4.13) and Section 4.6)
V: pr*Flz~ 1] —= Q' (log D) & pr* (F=71)
such that V pr*(z"F) c Q*(log D) ® pr*(z"~'F). The dual connection
VY: pr* Flz71Y = Q(log D) & pr* F[z~1]Y

is defined by (VVe, s) := d(p, s) — (¢, Vs). The explicit presentation (4.19) of V¥
holds also in the logarithmic case; we also have a commutative diagram similar
to (4.20).

DEFINITION 4.101 (cf. Definition 4.11)
Define the tautological section x of pr*(zF) by

x(t,x) =x,
where (t,x) denotes the point x € 2F; on L. The Kodaira—Spencer map

KS: ©(logD) — pr*F and the dual Kodaira—Spencer map KS*: pr*FY —
Q(log D) are defined by

KS(v) =V,x,  KS*(¢)=¢(Vx).

The maps KS and KS* are isomorphisms over L° C L.

NOTATION 4.102
As before we denote by @, (log D) the restriction of @(log D) to L° C L, and we
denote by Q. (log D) the restriction of Q' (log D) to L° C L.

4.14.6. Opposite modules and logarithmic Frobenius manifolds
We extend the notion of (pseudo-)opposite modules to the setting of log-cTP
structures.

DEFINITION 4.103 (cf. Definition 4.15)
A pseudo-opposite module P for a log-cTP structure (F,V,(-,-)g) is an Onq-
submodule P of F[27!] satisfying the conditions

(Oppl) (Opposedness) F[z~!]=F @ P and

(Opp2) (Isotropy) Q(P,P)=0.

A pseudo-opposite module P is said to be parallel if it satisfies
(Opp3) VP C Q},(log D) @ P.

If P satisfies (Oppl)—-(Opp3) and

(Opp4) (2~ !-linearity) z='P C P,

then it is called an opposite module.
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Suppose that (F,V,(:,-)g) is a log-cTEP structure. An opposite module P
for the underlying log-cTP structure is said to be homogeneous if it satisfies

(Opp5) (Homogeneity) V.5, P C P.

EXAMPLE 4.104 (cf. Example 4.16)
The A-model log-cTEP structure (Example 4.94) is equipped with a standard
homogeneous opposite module Pgg = Hx ®g Z*IOHA [z71].

An opposite module always exists in a formal neighborhood of a point outside the
singularity divisor D by virtue of Lemma 4.17. However, it is not clear whether
Lemma 4.17 can be generalized to a point on the divisor D. In practice, in a
geometric example such as the A-model log-cTEP structure, one can often find
an opposite module that extends across D.

Similarly to Section 4.5, by choosing an opposite module P and a primitive
section ¢ for a miniversal log-cTP (or log-cTEP) structure, one can equip the
base with a logarithmic Frobenius manifold structure (with or without Euler
vector field) in the sense of Reichelt [99]. The argument is completely parallel to
Proposition 4.18 and Remark 4.22, and we give only the statement.

PROPOSITION 4.105 (cf. Proposition 4.18, Remark 4.22, [99, Propositions 1.10, 1.11])
Consider alog-cTP structure (F,V, (-,-)r) with base (M, D). Let P be an opposite
module for (F,V,(-,-)g) over U.

(i) The natural maps Fo =F/zF < FNzP — 2P /P are isomorphisms of Oy -
modules.

(ii) We have F = (FNzP)®C[z] = (2P/P) ® C[z], which we call o flat trivi-
alization. Note that zP/P is a locally free coherent Oy -module with a logarithmic
flat connection, and let V°: 2P /P — Ql,(log D) ®0,, (2P/P) denote the flat con-
nection induced by V.

(iii) Under the flat trivialization, the connection V takes the form

vV=v’- %C(t),

where C(t) € Q} (log D) ®o,, End(2P/P) is independent of .
(iv) Under the flat trivialization, the pairing (-, ) induces and can be recov-
ered from a z-independent symmetric pairing

(', ')zp/pl (ZP/P) ® (ZP/P) — OU,

which is flat with respect to V°.

(v) Assume that there exists a section ¢ of F over U which is flat with respect
to VO in the flat trivialization and whose image under F — Fo = F/zF lies in F.
(This assumption implies the miniversality of (F,V,(-,-)).) We call such a sec-
tion  a primitive section associated to P. Then the base U carries the structure
of a logarithmic Frobenius manifold without Euler vector field. It consists of
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— a flat symmetric Oy -bilinear metric g: Oy (log D) ®o,, Ou(log D) — Oy,
defined by

g(vla UQ) - (vaCa ZV'UQC)F;

— a commutative and associative product *: Oy (log D) ®p,, Ou(log D) —
Oy (log D), defined by

2V, 2V C = =2V 4, 40, (;
— a flat identity vector field e € Oy (log D) for the product *, defined by
—2Ve(=¢

such that the connection Vi) = VEC — \(vx) on the logarithmic tangent sheaf
Oy (log D) is a flat pencil of connections with parameter \. Here V' denotes
the Levi-Civita connection for the metric g.

(vi) Suppose now that (F,V,(-,-)g) is a miniversal log-cTEP structure with
base (M, D). Miniversality implies that there exists a unique logarithmic vector
field E € © pq(log D) such that

(Vzaz + VE)F CcF.

This is called the Fuler vector field. Suppose that we have a homogeneous opposite
module P for (F,V,(-,-)r) over U. This defines a flat trivialization of F as above.
Suppose also that there exists a section ¢ of F over U such that ¢ is flat with
respect to VO in the flat trivialization, satisfies the homogeneity condition

(Voo + V) = —C

for some ¢ € C, and is such that the image of ¢ under F — Fq=F/zF lies in F§.
Then U carries the structure of a logarithmic Frobenius manifold. It is given by
the structures (g,*,e) from part (v) and the Euler vector field E, which satisfy
the additional properties listed in (4.17).

EXAMPLE 4.106

The A-model log-cTEP structure (Example 4.94) equipped with the standard
homogeneous opposite module Pgq (Example 4.104) yields the standard loga-
rithmic Frobenius manifold structure on the base M.

4.14.7. Flat connection on the total space
A pseudo-opposite module P determines flat connections on the logarithmic tan-
gent sheaf and logarithmic cotangent sheaf of L°, as follows.

DEFINITION 4.107 (cf. Definition 4.23)
Let P be a pseudo-opposite module for a log-cTP structure (F,V, (-,-)F), and let
II: F[z~!] — F be the projection along P. The composition of the maps
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v R id @
Q' (log D) & pr*(z~'F)

pr*F

Q' (log D) ® pr*F,

v vV
pr (= 1F)"

pr*FY Q' (log D) ® pr* FY

(restricted to L°) with the Kodaira—Spencer isomorphisms KS: ©,(log D) —
pr* F, KS*: pr* F¥ — Q! (log D) induces connections

V: O, (log D) — QL (log D) ® ©,(log D),
(4.60)

V: Ql(log D) — Q! (log D) ® Q! (log D),
where Q¢ (log D)® 0, (log D) := I&nn(ﬂi (log D)®(®,(log D)/ KS™*(pr*(2"F)))).
The connection on Q!(log D) also induces the connection on logarithmic n-
tensors

V: Ql(log D)®" — Ql(log D) ® Q! (log D)®".

The connections in (4.60) are dual to each other. The argument of Proposi-
tion 4.24 shows the following.

PROPOSITION 4.108
The flat connection V on O, (log D) associated to a pseudo-opposite module P
is torsion-free. It is flat if P is parallel.

In the nonlogarithmic case, given a parallel pseudo-opposite module, we con-
structed in Section 4.7 the genus-zero potential and a flat coordinate system on
the formal neighborhood E: of L; in L°. The construction there does not work if
t is on the singularity divisor D, but works if ¢ is away from D.

4.14.8. Propagators
In the logarithmic case, propagators are defined as logarithmic bivector fields.

DEFINITION 4.109 (cf. Definition 4.43)

Let Py, P2 be pseudo-opposite modules for the log-cTP structure (F,V, (-,")g).
Let II;: F[z~!] — F, i € {1,2}, be the projection along P; defined by the decom-
position F[z~1] = P; @ F. The propagator A = A(P1,P3) € #ome (L (log D) ®
Ql(log D), ©) is defined by

A(wl,UJQ) =V (HiK KS*_I w1, H; KS*_l UJ2>, wi,ws € Qi(lOgD).

The logarithmic bivector field A is identified, via the Kodaira—Spencer isomor-
phism KS*, with the pushforward along II; x Il of the Poisson bivector field on
F[z~1] defined by QV.

The propagator in the logarithmic case satisfies the same properties as in the
nonlogarithmic case. The proofs are completely parallel and are omitted.
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PROPOSITION 4.110 (cf. Propositions 4.44, 4.45)

Let Py, Py be pseudo-opposite modules for the log-cTP structure (F,V, (-, -)g), and
let A= A(P1,P2) be the propagator. Then the following hold.

(1) A is symmetric, that is, A(wr,w2) = A(wa,w1).

(2) (VP2 = VP)w = 1(1,A)Y for we Ql(log D).

(3) If Py, Py are parallel, we have (VP A) (w1 @ wy) = (1, A ® 1, A)Y for
wi,ws € Qi(lOgD).

PROPOSITION 4.111 (cf. Proposition 4.46)
Let Py, P2, P3 be pseudo-opposite modules, and let A;; = A(P;,P;), i,5 € {1,2,3},
be the propagators. Then A1z = Aqa + Aog.

4.14.9. Local Fock space
Let {t',q; = et’, 1} denote an algebraic local coordinate system on L as in Def-
inition 4.97. We write the coordinates {t",logqi,...,logq,,t""1, ... tV 20} as
{x,} and use similar tensor notation as before, for example, writing the Yukawa
coupling and propagator as

Y =C0) dx @dx’ @dx’,  A=AM0,®0,

where 9, = 9/0x".

DEFINITION 4.112 (cf. Definition 4.56)

Consider a miniversal log-¢TP structure (F,V, (-,-)g) with base (M, D). Let P
be a parallel pseudo-opposite module over an open set U C M, and let V = vP
be the associated flat connection on L°. Let P = P(t,x1) denote the discriminant
(4.59). The local Fock space Foct(U;P) consists of collections

€ = {V"C(g) € (Ql(logD))®n(pr_l(U)°) :9>0,n>0,2g—-2+n>0}

of completely symmetric logarithmic n-tensors on pr=1(U)° such that the follow-
ing conditions hold:

(Yukawa) V3C(© is the Yukawa coupling Y in Section 4.14.5;
(Jetness) V(V"C9)=v"H ),

: : n n — 0\\2—2g.
(Grading and filtration) V"C9 ¢ ((Q'(log D))®™(pr—"(U) ))3g—3%
(Pole) PVC(™ extends to a regular one-form on pr—*(U), and for g > 2,

Cc S P7(5975)O(U)[$1,$2, Pxs, ... ,P3974JJ39_2].
In local coordinates {x*}, we write

v CW = C’,(f{)...,mdx“1 ® - @ dxHn
and refer to V"C9) or C’F(g).“un as n-point correlation functions.
4.14.10. Transformation rule

As before we encode elements of the local Fock space Foct(U;P) by jet poten-
tials on the total space of the logarithmic tangent bundle ©(logD)|p—1(1)e-



A Fock sheaf for Givental quantization 783

The transformation rule in the logarithmic case is then described in terms of jet
potentials.

Let {y"} denote the fiber coordinates of the logarithmic tangent bundle
O(log D) dual to {9/9x*}, so that (x,y) denotes a point in the total space of
©(log D)|pr—1(v)e -

DEFINITION 4.113 (cf. Definition 4.62)
Given an element € = {V"C@}, ,, of Fock(U;P), we set

o0

Wxy) = B9 WI(x,y),
g=0
where
> 1
WI(x,y) = Z ﬁq(g),w#n (X)yHt - yhn

n=max(3—2¢,0)

We call WY the genus-g jet potential and exp(W) the total jet potential associated
to €.

DEFINITION 4.114 (cf. Definition 4.64)

Let P;,Ps be parallel pseudo-opposite modules for the log-cTP structure
(F,V,(-,)r). Let A denote the propagator A(Py,P3). The transformation rule
T(Py,P2): Foct(U;Py) — Fock(U;P2) is a map which assigns, to the jet potential
exp(W) for an element of Foct(U;P;), the jet potential eXp(W) for an element
of Foct(U;P2) given by

— h y
(4.61) exp(W(x,y)) = exp <§A“ Oyn 6yu) exp(W(x,y)).
The transformation rule can be also expressed via a Feynman rule. In the notation
of Definition 4.64, we have

i

1
= § - (h)
TS e \Aut(F)| Contr({cul,m,um}’A)

Hyeeesbin

where {C,(fi)M} are the correlation functions associated to ¥V and {C\;(ﬁ)u}
are the correlation functions associated to W.

PROPOSITION 4.115 (cf. Lemmas 4.67-4.69)

The transformation rule in Definition /.11/ is well defined, that is, it preserves
the conditions (Yukawa), (Jetness), (Grading and filtration), and (Pole) in the
definition of the local Fock space Foct(U;P;).

Proof
We argue as in Section 4.12 using the coordinate system

{XH} = {t()’logql’ tee 710gQTatr+17 M ’thx;}
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associated to the algebraic local coordinate system {t°, qy,...,q.,t" T4, ...tV 2t}
in Definition 4.97. The Yukawa coupling does not change: C',S(,),)p = C,S?,)p under the
transformation rule (see (4.50)) and the condition (Yukawa) holds. The condition
(Jetness) for CA',(Lgl)Hn follows from the same argument as in Lemma 4.67, using
Proposition 4.110 instead of Proposition 4.45. The analogues of Propositions 4.54
and 4.55 hold in the logarithmic case, and the condition (Grading and filtration)
for {@,S‘?,___,M} follows from them and the argument in Lemma 4.68. Regarding
the condition (Pole), we can repeat the argument of Lemma 4.69 to show that
C9 for g > 2 belongs to P=Ga=)O(U \ D)[x1, 72, Pr3, P2xy,..., P39 423, 5.
(The argument there only applies to t € U \ D, as a flat coordinate system exists
only at such £.) On the other hand, C'9) belongs to O(pr='(U)°) by the Feynman
rule. The condition (Pole) now follows from Hartogs’s extension theorem. O

The transformation rule satisfies the cocycle condition by virtue of Proposi-
tion 4.111.

PROPOSITION 4.116 (cf. Proposition 4.70)
The transformation rule (4.61) satisfies the cocycle condition: if P1, Pa, P3 are

parallel pseudo-opposite modules for F over U and T;; = T(P;,P;) is the trans-
formation rule from Foct(U;P;) to Foct(U;P;), then Tig =Ta3 0 Tha.

4.14.11. Fock sheaf
We now define the Fock sheaf in the logarithmic case.

ASSUMPTION 4.117 (cf. Assumption 4.71)
There is an open covering {U, }aca of M such that for each o € A there exists
a parallel pseudo-opposite module P, for F over U,,.

DEFINITION 4.118 (cf. Definition 4.72)

Suppose that Assumption 4.117 holds. We define the Fock sheaf to be the sheaf
of sets on M obtained by gluing the local Fock spaces Foct(Uy; Py ), a € A, using
the transformation rule

T(Po,Pg) : Foct(Uap; Po) — Fock(Uap; Ps), a,BE€ A,
over Uyg =U,NUg.

REMARK 4.119

Note that the Fock sheaf in the logarithmic case is a sheaf over all of M, not
just over M\ D.

4.14.12. Correlation functions under curved opposite modules

The discussion in Section 4.13 can be easily adapted to the logarithmic setting.
The difference one-form wpq (4.41) for pseudo-opposite modules P, Q is now the
pullback of a logarithmic form in 2} ;(log D). The curvature two-form 9q = dwpq
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(where P is a parallel pseudo-opposite module) in Definition 4.77 is the pullback
of a logarithmic form in Q3,(log D). We now give a definition of the local Fock
space and the transformation rule for a general pseudo-opposite module in the
logarithmic setting, leaving the necessary details to the reader.

DEFINITION 4.120 (cf. Definition 4.81, Proposition 4.79)

Consider a log-cTP structure (F,V,(+,-)r). Let Q be a (not necessarily parallel)
pseudo-opposite module over U. The local Fock space Foct(U;Q) consists of
collections {C&de“, Cg), C’g), Cg), .

Og ) dx* € @ (log D) (pr~ 1 (U)°),
C’é)g) €O(pr 1 (U)°) with g>2
such that the following conditions hold:
(Grading and filtration) C’&de“ € (' (log D)), C’((Qg) € O?,g‘fg;
(Curvature) d(C’&de“) =q;
(Pole) P(C&de”) extends to a regular one-form on pr—!(U), and for g > 2,

C((Qg) S P_(5g_5)O(U)[1‘1,$2,P$3,P2$4, .. .,ng_4$3g_2},

where P = P(t,x1) is the discriminant (4.59).

Following the procedure in Proposition 4.79 in the logarithmic context, we can
)

JTES
{C’g)LdX“,C’g),Cg),Cg),...} in Foct(U;Q); these multipoint functions again
satisfy the conditions (Yukawa), (Grading and filtration), and (Pole) in Defi-
nition 4.112. (They do not necessarily satisfy (Jetness).) The transformation rule
T(Q1,Q2): Foct(U;Q1) — Fock(U; Q2) for two pseudo-opposite modules Q1, Qg
is defined in terms of these multipoint correlation functions and the Feynman
rule as in Definition 4.112 as

(9) _ 1 (h) .
Cng;m,..-,un = zl; [Aut(D)] Contrp ({CQl;Vl,---,um}’A(Ql’QQ))m,m,un

reconstruct multipoint correlation functions {C’gf ., ) from the element

or, equivalently, in terms of the corresponding jet potentials as in (4.61).

4.14.13. Anomaly equation
Finally we remark on the anomaly equation in the logarithmic setting. The back-
ground torsion Aq (Definition 4.83) is defined as an operator

Aq: QL (log D) ® QL (log D) — pr* Q4 (log D).

This vanishes if and only if Q is parallel and satisfies the same properties as
in Proposition 4.85. The multipoint correlation functions C((Qg;l)“ .y, under a

pseudo-opposite module Q satisfy the same anomaly equation as before, namely,
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(9) _ vQ A 1 (k) aB (D)
CQ;mwm - VMCQ;M---M + 5 Z CQ;SuaAQm CQ;Szﬂ
{2,...,n}=SluSQ
k+l=g

L (g-1) aB
+ icQ;Mz-uunaﬁAQM :

The curvature formulae in Proposition 4.89 also hold in the logarithmic setting:
here the curvature of V® is an End(2!(log D))-valued logarithmic two-form
on L°.

5. Global quantization and Givental quantization

In this section we explain the relationship between Givental [61] quantization
and the global quantization constructed in Section 4. Givental defined the quan-
tized operator U for a linear symplectic transformation U € Sp(#H) by specifying
a certain normal ordering of quadratic Hamiltonians. When U is given by an
upper-triangular loop group element R = R(z) € LGLy(H%), Givental showed
that R acts on certain ancestor potentials satisfying the tameness condition. In
Sections 5.1-5.2, we will see that Givental’s operator R on ancestor Fock spaces
(see Definition 5.7) arises from our transformation rule (Definition 4.64) in the
formal neighborhood of a point of L°. In Section 5.3, we adapt the global quanti-
zation formalism in Section 4 to the L2-setting and explain that an L2-version of
the transformation rule matches with Givental’s quantized operators for general
(not necessarily upper- or lower-triangular) symplectic transformations.

5.1. Ancestor Fock space
Let K be a field containing Q, and let V' be a finite-dimensional K-vector space
equipped with a symmetric nondegenerate pairing

(v Veg VoK.

Recall Givental’s tameness condition (4.45). We now introduce a Fock space for
“ancestor potentials” as the set of certain formal power series on V[z] which
satisfy tameness. Let (qo,q1,¢2,...) be a sequence of variables in V', and denote
a general element of V[z] by

oo
q= Z qn2".
n=0
Choosing a basis {e;}Y, of V, we write g, = Zivzo ¢te;. For D € 2V [z], we
introduce the coordinate system y = ° jy,2" on V[z] shifted by D
y=q+D.
By writing D=, D,,z" =320 SN Dizre;, y, =28 yies, this gives

i Q(ih n =70,
Y, — . .
"\ +Di, n>1.
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In other words, y is an affine coordinate system on V[z] centered at q(z) =
—D. This shift of coordinates is called the dilaton shift (cf. Section 3.2). The
following notions of ancestor Fock space and rationality for ancestor potentials
were originally worked out in a joint project with Hsian-Hua Tseng (see also

[34).

DEFINITION 5.1 (Ancestor Fock space)
Let V and D be as above. The ancestor Fock space AFoct(V, D) consists of formal
power series

A= exp(i hg_l}'g)
g=0

with F9 € K[{y;, }n>2,0<i<n][¥0- - 40 47, 41 | such that

o 0 82 0
]:0|y:0: ]:z' = i]:i =0,
dy; ly=0 dy;rdy;? ly=0
(5.1) Fly=0=0,
o F9

=0 ifli+---+1,>39g—3+n.
y=0

iy - Oy

An element A of AFoct(V,D) should be considered as a function on the formal
neighborhood of q(z) = =D € 2V[z]. We call F9 the genus-g potential of A.
Condition (5.1) is referred to as the tameness of the genus-g potential (cf. the
corresponding conditions (4.44), (4.45) in the discussion of global quantization).
When comparing with (4.45), note that the third line of (5.1) automatically
implies
o F9
Ayt -+ Oyp" lyo=0
DEFINITION 5.2 (Rationality)

An element A of AFock(V,D) is said to be rational if there exists a polynomial
Pe K[VY] on V with P(—D;) =1 such that, whenever (g,n) # (1,0),
o Fe fo.r.1(q1)

5.2 -_— P—
(52) Ay} -+ Oy ly=yr2=(a1+D1)2 P(gqy)%9-5+2n=(littln)

for some polynomials f, 1 ;€ K[VV], where L= {ly,...,l,} and I = {i1,...,%,}.
By tameness (5.1), 5g —5+2n—(l1+---+1,) =39 —34+n—(l1 +---+1,) + 29—
2+ n is positive unless the derivative vanishes or (g,n) = (1,0). We call P the
discriminant of A. We denote by AFoct,.;(V,D, P) the set of rational elements
in AFoct(V,D) with discriminant P.

REMARK 5.3
A potential satisfying tameness (5.1) and rationality (5.2) can be expanded in
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the form
1 ) .
FI=6,1¢D(q1) + Z nl Z Z C(Lg,)l(%)qlll g
n:2g—24n>0 L:L=(l1,..,ln)  I=(i1,.0yin)
1;#1 for all j
ly+++1,<3g—3+n
with
8cM (q1) _ fivila) c(g)( - foria)
8(1% P(q1) ’ Lo\ P(ql)59*5+2n7(l1+...+ln)

for some polynomials f1 1., f5.2.71(¢1) € K[VV]. The genus-one term ¢!)(g;) is in
general not a rational function (see Example 5.4 below). Given tameness, we can
rephrase the rationality condition as

o Fo
€ P(qy)~Co=ot2n=itHD) K (g1 ga, P(q1) g3, P(q1) %4, - - - | [P(a1) "%q0]
for 29 —2+n >0 (cf. (4.48)).

EXAMPLE 5.4

The ancestor Gromov-Witten potential Ay of a point (2.14) does not depend
on t € Hy = Q and coincides with the descendant potential Z in (2.11). This
is called the Witten—Kontsevich T-function and is denoted by 7(q). It defines an
element of AFock,, (Hps, 1, —¢1) via the dilaton shift (Section 3.2)

qn = Yn — 5n,1o

In fact, applying the dilaton equation, we find that

1
FI, = ~5 log(—q1)dg.1

l In
(5.3) T 1 T (1 )
+ n! (—qq1)29—2+n ECT U
n:2g—2+n>0 l1,..ln >0
1;#1 for all j

li+--+1p,=39g—34+n

Hence, we can take P(q1) = —¢1. Note that l; +--- 41, = 3g — 3+ n implies that
20—24+n=59—5+2n— (I +---+1,).

DEFINITION 5.5 (Shift isomorphism)
(1) For & € 22V [z], the shift of coordinates ¥ =y + & preserves tameness
(5.1) and defines a canonical isomorphism

Te: AFoct(V, D) = AFock(V,D + &) for & € 2°V[2].

Thus, AFoct(V, D) essentially depends only on the leading term zD; of D.
(2) Let PE K[VY], D=3 -, Dyz" € 2V[2], and £ =3, - 2™ € 2V[7]
be such that P(—D;) =1 and P(—D; — &) # 0. A truncated Taylor expansion
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with respect to the shifted coordinate y =y + £ defines an isomorphism
Te: AFoct, (V, D, P) = AFock, oy (V, D+¢,P/P(—Dy — 51)).
This is given by TeA = exp(3,~ b9~ TeF9) with
1
TeF'= > > X
n:2g—2+n>0 L=(ly,...,ln) I=(i1,....in)
1;#1 for all j
o™ F9

W (37111 7)) (~"—f ),

y=(91—§1)z

where we set £§ =0 and &, = Zi:o ¢! for n > 1. It is easy to check that this shift
preserves tameness (5.1) and rationality (5.2). Note that the Taylor expansion of
Tg.}’:1 is truncated so that it is zero at the shifted origin y = 0.

Let (V,{,)v), (W,{(-,-)w) be K-vector spaces with perfect pairings. A K[z]-
module isomorphism R: V[z] — W{z] is said to be unitary if it satisfies

(R(=2)v1, R(2)v2)y,, = (v1,02)v

for all vy,v9 € V. In this slightly more abstract setting, Givental’s propagator
from Section 4.8.1 can be described as follows.

DEFINITION 5.6 (see [61])

Let R: V[z]] = W|z] be a unitary isomorphism. Givental’s propagator associated
to R is a bivector field A on V[z] defined by

co oo N N

8 0
IS 353 9 T LA

n=0m=0i=0 j=0 qm

with
co oo N N

n,i),(m, ntmnom _ [ i R(w)TR(z)_id ;
22303 D ARy = (o, TEETEE),

n=0m=0 =0 5=0

where {e'} is a basis of V dual to {e;} with respect to (-,-)y, and R(w) denotes
the adjoint of R(w) with respect to (-,-)y and (-, )w. (Unitarity implies that
R(w)l = R(—w)~1.)

DEFINITION 5.7 (see [61])

For a unitary isomorphism R: V[z]] = W{z], the quantized operator
R : Aock(V,D) — AFock(W, RD)

is defined as follows. For a given element A € AFoct(V, D), we set

A= exp(h )A € AFoct(V, D),
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where A is Givental’s propagator associated to R, and then push A forward
along the identification R(z): V]z] &2 W]z], so that

(RA)(q) == A(R"'q).

THEOREM 5.8 (see [63], [34])
The quantized operator R is well defined, that is, it preserves the tameness con-
dition (5.1). Moreover, R preserves rationality and induces an operator

R: Aock,,(V, D, P) —s AFock,. (W, RD, Po Ry1),
where R= Ry + Riz + Ry2? + R32% + -+ with R, € Endg (V,W).

REMARK 5.9
When combined with the shift isomorphism in Definition 5.5, the quantized oper-
ator gives a map

To —rp o R: AFock(V, D) — AFock(W,D’)

for D € 2V [z], D’ € z2W|z] such that D’ — RD € 22W|[z]. On the subspace of
rational elements, we have a map

Tor—rp o R: AFock, (V, D, P) — AFock,,, (V, D', Po Ry /P(~Ry ' D}))
when D' =320 | D! 2" € zW|z] satisfies P(— Ry ' D}) #0.

5.2. Global quantization is compatible with Givental quantization

We now show that Givental’s quantized operator on ancestor Fock spaces (Def-
inition 5.7) arises from our transformation rule (Definition 4.64) in the formal
neighborhood of a point of L°. Suppose that we are given a miniversal’! ¢TP
structure (F,V, (-,-)g) over M as in Definition 4.4. A wunitary frame at t € M is
a C[z]-linear isomorphism

O: V][] =F,
with a C-vector space V' such that
<Ul,1)2>v = ((I)(Ul)a (I)(UQ))F

is independent of z for any vy, vs € V. A unitary frame ® admits a unique exten-
sion to an isomorphism V((2)) = F;[2~!] of C((2))-modules, which we also denote
by ®. The following lemma is obvious from the proof of Lemma 4.17.

LEMMA 5.10

Let V' be a vector space over C of dimension (N + 1) =rankF. A unitary frame
O: V[z] 2F; att € M defines a unique opposite module P over the formal neigh-
borhood of t such that Py = ®(2~1V[271]). Conversely, any opposite module over

245ee Assumption 4.9 for miniversality.
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the formal meighborhood of t determines a gauge-equivalence class of unitary
frame.

DEFINITION 5.11 (Formalization map)

Let P be an opposite module over an open set U. By the preceding lemma, P asso-
ciates to a point t € U a unitary frame ®: V[[2] 2F, such that ®(271V[:7!]) =
P., where V is a C-vector space. Let eg,...,eny be a basis of V. Recall from
Definition 4.28 that the trivialization ®~': F, =2 V[2z] = @f;o(C[[zﬂei and the
opposite module P define a flat coordinate system {q’, },>0.0<i<n on the formal
neighborhood L of L;. Write

c© N ) -
q:ZZq;eiz": L — V[z].

n=0 i=0

Take a point x € Ly, and let —D = q|x € zV[z] be the coordinate of x. The formal-
ization map Fory: Foct(U;P) — AFoct(V, D) is defined by the Taylor expansion

LRG0 DD DD DI DR

g=0n:29g—24+n>014,...,1,,>00<1q,..., in<

anc 9) 71 1, )
X —— (X "
aqlzll 8(1;,’[( )y11 "YU,

where ¢ = {V"C®)} € Foct(U;P) and y = 5°° (SN yie;z" =D +q.

REMARK 5.12

(1) The formalization For, (%) is nothing but the jet potential exp(W(x,y))
(Definition 4.62) at the point x. A small difference here is that For, (%) is written
in a specific coordinate system {4’} on T,L°, induced by the flat coordinate
system {¢’} associated to a trivialization of For(x), Whereas the jet potential is
defined abstractly without a specific choice of coordinates.

(2) Because C(0, vC(©) V2C ) and CM are not defined, the Taylor series
For, (%) is truncated at genera zero and one.

LEMMA 5.13

The image of the formalization map Fory lies in the subspace AFoct,..(V,D, P, p,)
of rational elements with discriminant

P;p,(q1) = P(t,q1)/P(t,—Dy), nev,

where P(t,q1) is the discriminant (4.10) on the total space L written in terms
of the unitary frame ® which we used to define Fory. Moreover, we have the
commutative diagram
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Fory
SOCE(U; P) 2[Soc&rat(‘/vD7]Dt,D1)
-
For,,
Foct(U;P) AFoct,.t(V, D', P py)

where D' is an element of 2V 2] such that x' = ®(—D’) € L] and the right vertical
arrow is the shift isomorphism defined in Definition 5.5.

Proof

The tameness of the formalization was established in (4.45), and rationality was
established in Proposition 4.60. The commutativity of the diagram is obvious
from the definition. (|

THEOREM 5.14

The transformation rule for the Fock sheaf is compatible with Givental’s quantized
operator R in the following sense. Let P, P' be two opposite modules over U, and
let ©: V[z] 2Fy, O': V'[2] 2 F; be the corresponding unitary frames at t € U via
Lemma 5.10. Let R denote the unitary isomorphism

R:=®"'o®: V[z] = V'[2],
and let D € 2V [[z], D’ € 2V'[2] be such that x=®(—D) € L; and X' = ®'(—D’) €
L;. Let P(t,q1), ¢ €V, P'(t,q1), and q; € V' be the discriminants (4.10) written
in terms of the trivializations ® and @', respectively. Then we have P'(t,q}) =
P(t,Ry'q}) for Ry = R|.—o. Set
Pyp, (@) = P(t,q1)/P(t,—D1), 1o (d1) = P'(t,q,)/P'(t,—D}).
Then there is a commutative diagram

T(P,P')
Fock(U;P) Foct(U; P')

\L Fory \L For,,

mgocerat(‘/vapt,Dl) mSOCErat(V/aD/7P£7D’1)

TD’—RDOE

Proof

By definition, the formalization map For, assigns to a Fock space element the jet
potential at x viewed as a function on V[z], where V[z] is identified with Gy via
dq=®"1oKS: ®, = V][z]. On the other hand, we showed in Proposition 4.49
that Givental’s propagator coincides with the propagator for global quantization
written in the frame V[z] = ©y. The statement follows immediately from this,
the definitions of T'(P,P’) and R, and Lemma 5.13. O
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5.3. Global quantization in the L2-setting
We now describe global quantization in the L2-setting and explain its relation
to Givental’s quantization. In particular, we describe the quantization U of a
symplectic transformation U € Sp(H) which is not necessarily lower or upper
triangular. One may note a similarity between the L2-formalism in this section
and the Segal-Wilson [107] Grassmannian, whereas the general theory in Sec-
tion 4 is closer in spirit to the Sato [106] Grassmannian. The L2-formalism here
also follows closely the heuristic argument in Section 3. Since the discussion is
analogous to Section 4, we will omit most of the details.

In this section, we fix a miniversal TP structure (F = O(F),V, (-,-)F) with
base M. We write (F,V,(-,-)¢) for the corresponding ¢TP structure. Consider
the space

He=L*({t} x ', F)
of L?-sections over {t} x S1. This has a nondegenerate symplectic form
Qi (u,v) = ﬁ /S1 (u(—z),v(z))}_dz
and contains the Lagrangian subspace
F, := {s(z) € Hy:
s is the boundary value of a holomorphic section over {t} x D},

where D = {z € C:|z| < 1} is the unit open disk. The pair (H;,2;) is an analogue
of Givental’s symplectic space (Section 3.1), and F; corresponds to a tangent

space to the Givental cone (Section 3.3). We fix a separable complex Hilbert space
H equipped with an orthonormal basis®” {e®, f, : a € Z>¢} and a symplectic form

Q(e®, f5) = bap, Q(e®,e?) = Q(fa, f5) =0.

We call {e%, fo} the Darboux basis of H. We write {pa,q® : o € Z>¢} for the
dual linear coordinates on , so that we have Q=" dp, A dg®. We have the
standard decomposition H =H, @ H_, where H_ is spanned by f, and H_ is
spanned by e®. We write

p:Zpafo‘e’Hi, q:aneae’H+

a=0 a=0

for variables in H.

DEFINITION 5.15 (cf. unitary frame in Section 5.2)
A Darbouz frame of the TP structure (F,V,(-,-)#) at t € M is an isomorphism
‘I)t . 7‘[ — Ht

of topological vector spaces such that

25The L2-metric does not play a role.
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(1) @, intertwines the symplectic forms © and €;
2) the projection ®; *(F,) — H . along H_ is an isomorphism.
J t + g

Suppose that a Darboux frame ®; at t is given. When t’ is close to t, parallel
translation by V defines a symplectic isomorphism

Py He = Hyr,s

and thus, the Darboux frame ®; induces a frame ®; = Py o ®,: H =2 H,y that
respects the symplectic forms. We note that condition (2) remains true for @4
whenever t' is sufficiently close to t. Therefore, a Darboux frame at any point
extends to its small neighborhood by parallel translation.

EXAMPLE 5.16
Suppose that we have a trivialization ¢: CN*t! @ Ocx = Fli¢yxcx such that

o (d(ei)(=2),0(¢;)(2))F = dij;

e letting F(>) be the extension of Fl{tyxc across z = oo such that the sec-
tions {@(e;) :0<i < N} extend to z = 0o and form a basis there, we have that
F(*) is trivial as a holomorphic vector bundle over P!

This induces a Darboux frame by identifying H with the space L2(S',CN+1)
equipped with the Darboux basis {e;(—2)™""!,e;2" :n >0,0 <i < N}. The sub-
space M, corresponds to the space of nonnegative Fourier series ) . an2",
and the subspace H_ corresponds to the space of strictly negative Fourier series
> <0 @nz". Condition (2) follows from the triviality of F(°).

EXAMPLE 5.17

This is a special case of Example 5.16. Suppose that the genus-zero Gromov—
Witten potential FY is convergent. Then the fundamental solution L(t,z) (see
(2.7)) with @ =1 defines a Darboux frame of the A-model TP structure (Exam-
ple 4.3) by identifying H with Givental’s symplectic vector space (Section 3.1)
for X.

EXAMPLE 5.18

We say that a parallel pseudo-opposite module P for (F,V,(-,-)g) is compatible
with the L?-structure if

e every element of P; C F;[z71] extends to a holomorphic section of F' l{t} xD=
over the unit punctured disk D* = {z € C:0 < |z| < 1} and has an L?-boundary
value along S*; thus, P, is a subspace of H; = L2({t} x S, F);

e the L2-closure P, of P; is complementary to Fy, that is, H, =P; ® F,.

Then we can find a Darboux frame ®; such that ®;(H_) =P;. When this holds,
we say that the Darboux frame ®; is compatible with P. Given a Darboux frame,
one may not be able to find a parallel pseudo-opposite module compatible with
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the Darboux frame. Darboux frames from Example 5.16 are compatible with the
corresponding opposite modules.

Let ® be a Darboux frame extended by parallel translation to a simply connected
open set U C M. We consider the map from the L2-subspace L?*(L°)|y (see
Remarks 4.39, 4.41) into H:

v L2(L°) |y — H, (t,x) — &, 'x.

Miniversality implies that the differential d¢ is injective and that
du(Ti ) L*(L°)) = ®;'F,. Therefore, ¢ is a Lagrangian immersion. The image
L =1(L*(L°)|y) is preserved by multiplication by C*, and we call it the Givental
cone associated to the Darboux frame ®. The projection £ — H along H_ is a
local isomorphism (by the inverse function theorem for Hilbert manifolds), and
therefore, £ can be locally written as the graph

oC0)
0q® }

of the differential of a holomorphic function”® C(®): H, — C. The function C'(©)

is defined up to a constant; we can fix the constant ambiguity by requiring that

C© is homogeneous of degree two with respect to the dilation of coordinates q.
Thus, we have

£={(p,q)€H:pa=

lex 9Cc©® 1
cO = o =-0 .
QO;)q e~ 3 Pa)],

We call C(©) the genus-zero potential associated to ®. This is an L?-version of the
genus-zero potential in Section 4.7 (see also Remark 4.39). The third derivative

o0 _ o900
7 0g dgP Og
coincides with the Yukawa coupling on L?(L°) via the projection L?(L°) 9+ H —

Hy. (Here - means an immersion.)

DEFINITION 5.19
Let &7, &3 be Darboux frames of the TP structure (F,V,(-,-)#) at t. We say
that ®; and &, are close if the map

—1
I, 05 0 Ho 25 H, 2 i 9,

is of trace class. Here II, denotes the projection along H_. Being close is an
equivalence relation.

Given two Darboux frames @, ®5, we have a symplectic transformation U such
that ®; = ®5U. We write U in the block matrix form

26For holomorphic functions in infinite dimensions, we refer the reader to [22].
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(5.4) U= (é g) :

where A € Hom(H_,H_), B € Hom(H4+,H_), C € Hom(H_,Hy), and D €
Hom(#H4,H+). The frame ®; is close to @5 if and only if C is of trace class.
Using the basis {e®, fo}, we regard A, B, C, D as infinite matrices, writing Ae” =
Aaﬁeo‘, Bfg = Bage®, CeP =C*Bf,, and Dfg = D%gfo. The symplectic prop-

erty of U implies that
_ Dt -B*
v (2,

where “T” stands for the transpose. In particular, we see that ®; is close to ®o
if and only if ®4 is close to ®;.

EXAMPLE 5.20

All Darboux frames arising from the method of Example 5.16 are close to each
other. In fact, the symplectic transformation U relating two Darboux frames
in Example 5.16 is given by the multiplication by a loop group element v(z) €
C>(S',GLy+1(C)), which is the gauge transformation between the two triv-
ializations. In this case, the operator C' € Hom(H_,H,) is given by f(z) —
[v(2)f(2)]+ with f(z) € H_. It is easy to see that this defines a linear opera-
tor of trace class (see, e.g., [107, Proposition 2.3]). If moreover ~(z) is a Laurent
polynomial loop, we can see that C' is a finite-rank operator. (This is the typical
situation when U arises from the monodromy of a TEP structure.)

Let £;, i € {1,2}, be the Givental cones associated to the Darboux frame ®,,
i € {1,2}. The symplectic transformation U maps £; isomorphically onto Ls:
UL, = L5. By identifying the two Givental cones via U, we will mainly work
with £;. For a point x € £1, we have H =T,L1 ® H_ =T, L1 @ U"'H_. Thus,
the symplectic form 2 defines two isomorphisms

f1: Ho = (T.L1), v u,Q2=0Q(v,),

(5.5)
fo: UYH_ =2 (TR Ly), v 1,2 =Q(v,-),

where (T L)’ means the topological dual of T,L;. We define the propagator in

the L%-setting as follows.

DEFINITION 5.21 (cf. Definition 4.43)

The propagator A = A(®q,Py) associated to the two Darboux frames ®q, ® is
the bivector field A on £; defined by

A(vy,v2) = Q(ﬁfl(Ul)a ﬁ;l(vz))
with vy, vg € (TuLy)'.

The propagator is symmetric.
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The projection £; — H, along H_ defines a local coordinate system (¢°,q',
q®,¢%,...) on L;. We will find a coordinate expression for the propagator. We
write A = A(dg®,dg®). Let C©) denote the genus-zero potential associated
with ®;. Define 7 to be the matrix with coefficients

82c
T
This defines a bounded bilinear form H4 x H4 — C; it can also be viewed as a
bounded linear operator H, — H_.

LEMMA 5.22
The operator Ct+ D: Hy — Hy is an isomorphism, and the propagator is given
by

A = —[(Cr+ D))",

In particular, if ®1 and ®y are close, then the propagator AP is of trace class
as a linear operator (T L1) — T L.

Proof
The projection Lo — H along H_ introduces coordinates (¢*, ¢!, ¢?,...) on L.
The tangent map Hy =T, Ly — TypyL2 = Hy of U is given in these coordinates

s () ()i

Thus, C7 + D is a linear isomorphism. These coordinates on £y, Lo identify
the cotangent spaces (TxL1)", (Ty(x)L2)" with H_. Using these coordinatizations
and the above identification TLq = Ty () L2, we can view the propagator as the
bilinear form (7,L1)" x (Ty(xyL2)" — C given by

as

p1 X p2+— Qp1, U 'ps) = —p1 - (C'p).

Since the covector pa € (T L2)' corresponds to the covector (C7+ D) py €
(TxL1)’, the conclusion follows. O

We give a definition of the local Fock space in the L?-setting. The definition here
is very simple.

DEFINITION 5.23 (cf. Definition 4.56)
Let ® be a Darboux frame, and let £ be the Givental cone associated to ®. For
an open subset U of L, the local Fock space Focty2 (U, P) consists of tuples

{dcM, c@ c® 3,

where dC" is a holomorphic closed one-form on ¢ and C9), g > 2, are holo-
morphic functions on Y. We call C'9) the genus-g potential.
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REMARK 5.24

Suppose that a Darboux frame ® is compatible with a parallel pseudo-opposite
module P. When U C £ is the image of an open subset of L?(L°)|, there is a
natural restriction map Foct(U; P) — Foctp2 (U; ).

REMARK 5.25
The n-fold derivative of the genus-g potential defines an n-tensor
(
c9 = Lg)'
won T 5gan ... Pgln
At each point x € £, this defines a bounded multilinear form on T, L.

We now describe the transformation rule in the L2-setting. Let ®;, ®, be Dar-
boux frames which are close to each other in the sense of Definition 5.19. Let £;
be the Givental cone associated to ®; for i = 1,2, and let A = A(P1,Py) be the
propagator. Let U= &, 1®, be the symplectic transformation. As usual we intro-
duce coordinates on £ by the projection £1 — H along H_, and we regard the
genus-zero potential C associated to ®; as a function on £;. We have another
genus-zero potential S(OF ‘H+ — C associated to the Darboux frame ®5. Via the
identification U: £ =, Lo followed by the projection Lo — H,, we also regard
C as a function on £;. Although the functions C(©, C(© do not match, the
third derivatives match,

(0) _ A(0)
Caﬁ'y - Caﬁ'v’

as they are the Yukawa coupling.

DEFINITION 5.26 (Transformation rule in the L2-setting; cf. Definition 4.64)

Let ®1,®5 be Darboux frames which are close to each other. We use notation as
above. Let U C £ be an open subset. For an element {dC™1),C?) C®) .} of
Foctr2 (U; D), we define a tuple

{Cgﬁ),m’an :9>0,n>0,29—2+n>0}

of holomorphic tensors on I/ by the same Feynman rule as in Definition 4.64,
A 1 h
C@ = = Contr ({C" A
tevsan = 2 Thymy] M G} M.

where I' ranges over all decorated stable graphs with legs aq,...,a, as in Defi-
nition 4.64. We can check, by a similar argument to the previous case, that the
new correlators satisfy the jetness condition

9C? _fw
aqﬂ Bat...an?
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and therefore, they are determined by the tuple {da(l), 6(2),5(3), ... }. We can
regard Cégl),,_an as a tensor on U(U) C L via the identification U: £ = L. There-
fore, we obtain a transformation rule

U: Fockpz(U; B1) — Fock 2 (UU); o)

sending {dC),C® C® .} to {dCH,C® C®), . ..} Integrating dC®) and
dC' ™ locally to holomorphic functions (") and C'"), we consider the total poten-
tials

1 (
Z- exp(ﬁc(o) +CW 4+ CPnt COR 4,

~

3 :exp%@(m LEW L OOR L EOR2 4. )
With this notation, we write

Zx ﬁZ,
where « indicates that we have a constant ambiguity at genus one.

REMARK 5.27

In the above definition, it is important that ®; and ®, are close to each other
in the sense of Definition 5.19. The closeness implies that A is of trace class by
Lemma 5.22 and, thus, ensures that the contraction Cont(I')a,. .a, =
Contp({Cgf')” 5,1 8)ar...a, over a graph I' defines a bounded multilinear form
on Ty Lq. We can prove this by induction on the number of edges: by removing
one edge from I' we can write

Cont(T)ay...am
B Cont(l"l)m1 iy, 51A61ﬂ2 Cont(lﬂg)%1 ..a;, B, Separating case,
Cont(I) ;... 1 g AP nonseparating case,

where {iy,..., i} U {j1,..-,51} = {1,...,n}. In the former case, the well-
definedness follows from the fact that A is a bounded bilinear form and the
induction hypothesis; in the latter case it follows from the fact that A is of trace
class and the induction hypothesis.

REMARK 5.28
The jetness of the new correlation functions C&‘i)an follows from the formula

oA = (C7 4 D)7 1C(047)(CT + D)71C = A(D47)A.

This is an analogue of Proposition 4.45(2).
The following proposition is obvious from the definition.

PROPOSITION 5.29
Let @1, @5 be Darboux frames, and let Py, Py be parallel pseudo-opposite modules
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for the ¢TP structure (F,V,(-,-)g) over U. Suppose that ®; is compatible with P;
fori=1,2. Then the transformation rule U above coincides with the transforma-
tion rule T(P1,P2) from Definition J.6/ under the identification L*(L°)|y = L;.

REMARK 5.30

Here we describe the relationship to Givental’s [61] quantization of a symplectic
transformation U € Sp(H). In Givental’s formalism, we regard the total potential
Z (resp., Z\) as a function on M4 via the projection £, — H along H_ (resp.,
via the projection Lo — H4 along H_). We assume that the component C €
Hom(H_,H,) of U (see (5.4)) is of trace class as before. There are two cases:*’
Lower triangular U preserves H_, that is, C' =0;

Upper triangular U preserves H., that is, B =0.

We describe Givental’s quantized operator U in these two cases. More generally
we decompose U into the product U;U_ of a lower-triangular transformation
U_ and an upper-triangular transformation U, and define U= [/[\JJFT[AL.

In the lower-triangular case, U acts on the higher-genus potentials C'(1),
Cc® @) . by the change of variables q — D~ 'q and on the genus-zero poten-
tial C'© by the same change of variables followed by the shift by a quadratic
function. We define (see [61, Proposition 5.3] and Remark 3.3)

(UZ)(q) = e BP0 z(D~1q).

This coincides with our transformation rule in Definition 5.26, as in this case we
have A =0 and the transformation rule is essentially a coordinate change.

In the upper-triangular case, the quantized operator U is more complicated.
The symplectic condition for U now reads

A= (D", ATc=C"A.
Givental’s propagator V is defined by the formula (cf. Section 4.8.1)
Vel = —(ATC)* = —(D1C)*P.

This is a symmetric tensor of trace class. Givental’s propagator V arises from
the definition of A by replacing (7x£)" in the isomorphisms (5.5) with (H4)’,
namely, if we write by: H_ = (H,)’, bo: UTH_ =2 (H, )’ for the isomorphisms
given by the symplectic form, we have

Ver =yt dg” by dg”).
Givental’s quantized operator Uis given by the formula (see [61, Proposition 7.3])
N ho . B
(5.6) 02)(q) = (exp(§V #0400 ) Z) (D).

We show that the right-hand side is well defined if U is close to the identity (in
the operator norm) and gives the same result as the transformation rule from

27Unfortunately these terminologies are opposite to the shape of the matrix U.
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Definition 5.26. Suppose that the total potential Z is defined in a neighborhood of
Q1 € 4 which is the projection of x = (p1,q1) € £ to H. Here p; = dC©)(qy).
Let

q2 = [Ux]4 =Cp1 + Dqu

denote the projection of the point Ux € Lo to H4. We show that the total poten-
tial Z=UZ is well defined in a neighborhood of g2 (when U is close to the
identity): we shall evaluate the right-hand side of (5.6) at q = q2. We also write

(5.7) dy=D"'qe=D"'Cpi +q1 =-Vpi +a

and assume that Z is analytically continued to qb. This is possible if Vp; is
small, so if U is close to the identity. The formula (5.6) can be written as a
similar Feynman rule

9 (q2) :;mCOntp({cg’:?“aTL(qs)},V%

where I' now ranges over connected decorated graphs without legs which are not
necessarily stable: we allow genus-zero vertices of I' to have one or two incident
edges. There are infinitely many such graphs, and the convergence of the above
sum is nontrivial. We consider the following process of collapsing graphs and
reduce the above sum to a sum over stable graphs. Let I' be a possibly unstable
decorated graph without legs. We collapse every subtree of I' consisting of genus-
zero vertices to its root vertex (see Figure 3). Let I be the graph obtained from
T by this tree collapsing. The graph I" can still be unstable, as it can contain
genus-zero two-valent vertices. This happens if IV is an affine A, graph as in
Figure 5 or if IV contains A,, subgraphs as in Figure 4. If IV is not an affine
A,, graph, we collapse every A, subgraph of IV to an edge to obtain a stable
graph I'”.

r r’

Figure 3. Collapsing subtrees: black vertices are of genus zero and white vertices in I'" are of genus at least
one or have more than two edges.
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P

Figure 4. A,, subgraph: the encircled vertices are either of higher genus g > 1 or have more than two edges;
uncircled vertices are of genus zero.

OO0

Figure 5. Affine A,, graphs: all vertices are of genus zero.

We first compute the contribution of tree graphs with only genus-zero ver-
tices. We claim that

el = (

the sum of contributions of trees
with one leg labelled by 3

Using (5.7), we have

[Vp1]® = [VdC(O)(Cll)]u = [Vdc(o)(qlz + Vpl)}a

o0
1 0g 0 )
=D > VR L @) Vei T Ve
n=071,sVn

. . 28 . .
We can use this equation”® recursively to solve for Vp; for a given gj: the answer

can be written as the sum over tree graphs. The claim follows. This sum over
tree graphs converges if ||V|| is small, so if U is close to the identity.

We fix a graph IV and sum over contributions from all the graphs which
collapse to I'. This amounts to replacing each vertex term C&gl),,_ak (d5) with

(o]
1
C) (@) = O o (o + VD) =D O sy s () VR - [V,
n=0 """

where we again used the relation (5.7). The Taylor series is convergent if Vp;
is sufficiently small. In other words, the contribution of each I is given by the
contraction

1
S ()
Aut(F’) Contr (Cozl...an (ql)v V)

28We can view Vp1 as a fixed point for the mapping z — vdC©) (qf + x): if V is sufficiently
small, we have a unique fixed point in a neighborhood of z =0 by the contraction mapping
principle. The sum over trees in question is precisely the limit of the sequence {z,} defined
recursively by zp4+1 = VdC(© (b 4 x5) together with zo = 0.
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We now fix a stable decorated graph I'” and sum over contributions from all T
which collapse to I'". This amounts to replacing the propagator V*# with

(1=Vr(a)) 'V

oo
= Z Z Venr o (q)VRREr, (q) Ve, (qn) VP,

n=071,--,7n

where we set T,5(q) = ng (q). Each summand is a contribution from an A,
graph. On the other hand, by Lemma 5.22, the propagator of Definition 5.21 is
given by

-1 -1
Alq1) == (Cr(a1) + D) C=(1-Vr(a)) V.

Therefore, the contribution of each stable graph I is
1
—— Contp (CM AN .
|Aut(F)| F( Qq...0p (ql) (ql))
We have shown that Givental’s quantized operator matches with our transfor-
mation rule except possibly at genus one. At genus one, we need to compute the
contribution from affine A,, graphs I''. This is

oo

1 n
logdet(1 -V = —Tr((V ,
ogdet(1—V7(ai)) 2::1 ~Tr((Vr(an)”)
where 1/n is the symmetry factor of the affine A, graph. This sum converges
if V' is small. Recall that an operator has a determinant if it differs from the
identity by an operator of trace class. Therefore, we have

CV(q) = CM(qy) +logdet (1 — Vr(ay)).

This gives an integrated form of the genus-one transformation rule.

6. The Gromov-Witten wave function

We next explain how one can regard the Gromov-Witten potential of X as
a section of the Fock sheaf associated to the genus-zero Gromov-Witten theory
of X. For this, we need the following convergence assumption on Gromov-Witten
potentials.

ASSUMPTION 6.1 (Convergence)

(1) The genus-zero Gromov-Witten potential F% converges in the sense of
Section 2.3; in particular, its restriction to Q1 =--- =@, =1 defines an analytic
function on a region My C Hx ® C of the form (2.4). We denote by # the
analytic quantum product over My defined by the third derivatives (see (2.3))
of FR|Qi==q,=1-
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(2) Recall that, for any target space X, the genus-g ancestor potential ]:'g(,
9g=0,1,2,... (see (2.13)), can be expanded as a power series in Yo, Y2, Y3, Y4,- - -

]?}Q( = 69,10(1)(t7 Y13 Q)

n: 2g—2+n>0 L=(l1,..,ln) T=(i1,.-yin)
i+ +1,<39g—34n
1;#1 for all j

where each coefficient c(Lg’)I(Lyl; Q) belongs to

1 r
Q% et Q1,....e" Qp,t™ 1, V] [WY,. . Y]
(This follows from the divisor equation.) In particular, the restriction to Q1 =
-+ =@, =1 makes sense. We assume that the restriction

A () = A (1 115 Q) gum—rm

takes the form

36(1)(t7y1) _ fl,l,i(t7q1) c(g) (t y ): fg,L,I(tvql)
oyt det(—qi )’ LI\ J1 det(—qq#)5a—5+2n—(nt—Fin)’

(6.1)

under the dilaton shift ¢; = y; — 1, for some polynomials (cf. the rationality
condition appearing in Remark 5.3)

1 r
f171,i(t,Q1)7fg,L,I(t7QI) S Q[[toaet 9. 'aet atr+17" . 7tN]][q?7 .. aq{V}

(3) The polynomials f1,1,:(¢,q1), fqg,z,1(t,q1) in (2) are convergent as func-
tions in ¢ and belong to O(My)[¢?,...,¢].

REMARK 6.2

Assumption 6.1 is equivalent to the notion of convergence for the total ancestor
potential Ax introduced in [34, Definition 3.13]; it implies that Ay is an element
of AFock, i (Hx, 1z, det(—g1 %)) for t € M. We showed in [34, Theorem 6.5] that
Assumption 6.1 is satisfied when the quantum cohomology of X is convergent
and generically semisimple.

REMARK 6.3

It is not difficult to show that the rationality condition (6.1) holds at genera
zero and one. For example, at genus one, the term ¢)(,7,) appearing in the
assumption is given by [45] as

1
e (t,y1) = ~51 logsdet(—q1*;),

where sdet(—q;*;) = detey(—q1%¢)/ detoaa(—qi1*:) denotes the superdeterminant
of the quantum product (—g;#;) on the total cohomology ring H®"(X) &
H°4(X). Note that the determinant det(—qi*) in the assumption is the one
on the even part. One can easily check that, when ¢q,t are in H®V*"(X), every
irreducible factor of detoqq(—qi*:) is a factor of deteyen(—gi*¢), and thus, the
rationality condition (6.1) holds for ¢™)(¢,y;).
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Assumption 6.1 ensures that F%|,—00Q,=—g.—1 for g > 2 and
d(F¥|yo=0,01==q,—1) depend analytically on t € Ma, rationally on y;, and
polynomially on ¥s,...,y35—2. Therefore, the following definition makes sense.

DEFINITION 6.4 (Gromov-Witten wave function)

Suppose that Assumption 6.1 holds. Then we have the A-model ¢cTEP structure
(F,V,(-,)r) over Ma (see Example 4.3 and Remark 4.5). The associated Fock
sheaf Fockx over My is called the A-model Fock sheaf for X. Let {¢;}, be
a homogeneous basis of Hx as in Section 2.2, and let {ti,xi}nzl,ogigN be the
corresponding algebraic coordinates on the total space L of the A-model ¢cTEP
structure. Let Pgq denote the standard opposite module from Example 4.16.
The Gromov—Witten potentials of X define a Gromov-Witten wave function
Ex ={V"C\P}, . € Fockx (Ma;Pgia) by

viey =y
N N N ‘ ‘
=SS S it wde ot [ (6066, xm) U (0w ,
i=0 j=0 k=0 X Qi=-=Q,=1

1 _
chf) = d(F)l( (t) + )1() |y0:07Q1:'“:Q7‘:17

Cgéi) —_ ﬁg(|yo:07Q1:"':QT:1 (g > 2)’

and their covariant derivatives with respect to V = VP4 Here we used the
dilaton shift

yh =al + 8560, n>1,
to identify the variables {t’,y!} on the right-hand side with the coordinates
{t!, 2%} on L, and Fi(t) is the nondescendant genus-one Gromov-Witten poten-
tial

oo Qd
F)lf(t)zz Z <t7"~7t>1,n,d

-
n!
n=0 deNE(X)

(n,d)#(0,0)
with ¢t = Zij\ioti@. (Assumption 6.1 implies, in particular, that
Fi(t)|gy=..=q, =1 converges on May.)

REMARK 6.5
Supposing again that Assumption 6.1 holds, we have the A-model log-cTEP
structure (Example 4.94) with base (Ma, D) and the associated Fock sheaf
Focty over M, . The Gromov—Witten wave function €x extends to an element
of Focky (Ma;Pgia), where Pyq is the standard opposite module from Exam-
ple 4.104.

REMARK 6.6
One can check that the Gromov—Witten wave function satisfies the conditions
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(Yukawa), (Jetness), (Grading and filtration), and (Pole) in Definition 4.56. The
conditions (Yukawa) and (Jetness) are obvious. The dilaton equation (see, e.g.,
[1, Theorem 8.3.1])

1k Lkm . X
(1t amp  Vmgr it ) g mnd

= (29— 2+m)<a1@/7]f1, .. .,amﬁ_zfn’” i1, ...,t};{m+n7d

shows that we have, for g > 1,

oo N
9 _ 1
DO Guadio—vi) 7 F% = (29— 2)F% + 6515 Fx (1),
n=0i=0 Oyn, 24

where the last term arises from the unstable term (g,m) = (1,0) and the fact
thfxt fﬁm Y= 2—14. This means that the function F% for g >2 (or the one-form
dF3 at genus one) is homogeneous of degree 2 — 2g with respect to the dilaton-
shifted variables =, = —4,, 10; o +v% . The grading condition follows. The filtration
condition follows from the dimension formula dim M, , =3g — 3 +n (see (4.8)).
The condition (Pole) follows from Assumption 6.1, in particular, from (6.1).

For the rest of this section (Section 6) we will assume that Assumption 6.1 holds.
In our previous paper [34], we studied analytic properties of various Gromov—
Witten potentials under this assumption. We need to review some of these results.
Recall from Remark 4.40 that we have the nuclear subspace of the total space L
of the A-model ¢TEP structure

N ={(tx)eL:te Ma, sup (e™|z}|/l!) <oo for all n>0}.
0<i<N,I>0

As we explained in Example 4.42; there is a holomorphic mapping (see (4.31))
(6.2) q=[M(t,2)x]  |Q==q,=1: N(L) — HL"

taking values in the positive part of a nuclear version of Givental’s symplectic
space (4.32). Here M (t,z) is the inverse fundamental solution (2.8) in Gromov—
Witten theory. This map q is a local isomorphism between N (L°) and HEF (see
[34, Section 8.5]) and gives a flat coordinate system on N (L°) with respect to
VP For (t,x) = (t,—z1), we have q = —z1 + .

We showed in [34, Theorem 7.9] that the total descendant potential Zx is NF-
convergent under Assumption 6.1, that is, that the power series (2.10) defining
each genus-g descendant potential 7%, converges uniformly and absolutely on an
infinite-dimensional polydisk of the form

(6.3) {Itf|<6%, 0<i<N,l>0,

Qif <€, 0<i<N,
for some € >0 and C' > 0 independent of g. Define an open subset U C HEF by

64) U= |J [ (-1z+{ten) || <e!/C",0<i<N,1>0})],,

SCH?*(X;C)
R(d;)<loge



A Fock sheaf for Givental quantization 807

where €, C' are the constants in (6.3) and we write t =~ 021 otidiz!. The
divisor equation justifies the following definition (see [34, Lemma 8.1]).

DEFINITION 6.7 ([34, Definition-Proposition 8.2])
Under Assumption 6.1, there is an analytic function ]—'g(’an: U — C such that

]:.‘;](,an ([e_g/qur) = -7:)9( (q) |Q1:e51 ..... Qr=edr

1 5/ iy 1
+5g,0—Q(e 5/ q,le 5/ q]+) —(5971—/ dUcp_1(X)
2 24 [«
where 6 =3""_, 6;¢; € H*(X;C) and q =1t — 21 are chosen so that Q; = e% and
ti satisfy (6.3). We call F% an the specialization of F% to Q1 =---=Q, = 1. Note

that the domain U contains the locus —z1 + ¢ with ¢ in a neighborhood (2.4) of
the large-radius limit.

THEOREM 6.8 (Analytic version of the ancestor-descendant relation; cf. Section 3.5)

When t € My is sufficiently close to the large-radius limit (2.4) and x € Z’HEF
is sufficiently close to —z1, the flat coordinate q = [M(t, 2)X]+|Q,=.=q,=1 from
(6.2) of the point (t,x) € N'(L) lies in the domain U for F% . For g>1 and
for such (t,x) € N(L), we have

}-X an( ) 6971F)1((t) + ]?tg|yo:07y1211*Lyz:IL(ZZQ),le“':Qr:l'

In particular, in a neighborhood of such a point (t,x) € N'(L), the Gromov—Witten
wave function (Definition 6./) can be written in terms of flat coordinates (6.2)
as

ooooooNNNagfg()
an

Vol —y — Zzzzzzaqlaﬂah g ®dg ®dg",,

=0 m=0n=0¢=0 j=0 h=0
VO =dFk (a),

CY = F () forg>2.

Proof
By (2.9), M(t,z) satisfies

&/ M (t,2)| gyt = M(t — 8,2)|gu—ctr. e

.....

for 6 =3""_, 0;¢; € H*(X;C). Since q € U, we can write q = [e~%/#g],. for some
§ € H*(X;C) with R(J;) < loge and q = —21 +t with [t{| < el!/C'. Then

a=[e""as = [/ M(t,2)x] gummgumt = [M(t = 6,2)x] |, <enr .. meir-

Thus, we have for g > 1

_ 1 .
]:g(’an(q) =F%(Q]g,=et1 ... =esr — 59’1ﬂ /X dUcp_1(X) (by definition)
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_591(FX /6UCD ! )

+}:tgfﬁ|y0:0’y1:$1+1,zz:yz(l22),Q1:€‘51’mQr:e‘”
by the original version of the ancestor-descendant relation (Section 3.5). The
conclusion follows from the divisor equation for F}(¢) and F7. The formula for
V?’Cg?) appeared in Example 4.42 and (4.34). a

6.1. The jet-descendant relation

We next give a generalization of the ancestor-descendant relation—called the
jet-descendant relation—which justifies the name “jet” for the jet potential Wx
(2.15) in Gromov—Witten theory. For a sequence (to7 t1,ta,...) of variables in Hx,
we write t(y) =Y o, t;¥F. Define generalized (inverse) fundamental solutions

(cf. (2.7) and (2.8)) by

d
Leop=vt ¥ St o

deNE(X)n=0e=0

X

Mt =t Y ZZ,;<

deNE(X)n=0e=0

t(z/;),...,t(w),v>

3
0,n+2,d

A result of Dijkgraaf-~Witten [45] (see also [64, (2)], [57, Proposition 4.6]) shows
that

(6.5) L(t,2) = L(T(q), z), M(t,2) = M(T(q), z),
for

({92.70
(6.6) Z e aq

and, thus, that M(t,z) = L(t,2)"!. (Recall from Section 2.4 that M(t,z) =
L(t,2)~1.) Here the dilaton shift q = —21 +t is used.

THEOREM 6.9 (Jet-descendant relation)
We regard the jet potential Wx = Zg o RTYWYE from (2.15) in Gromov-Witten
theory as a function of q=—2z1+t=—21+> " t,2" and y =3 .0 yn2".
Introduce a new variable s=Y% " s,2", s, € Hx, depending on (q,y) as
(6.7) s= [M(t,z)yL_.
Then we have

Wi =T%(a+s) forg=2,

(6.8) Wy = Fx(a+s) — Fx(a),

Wk = [Fx(a+s)].,.
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where [F%(q+s)]>3 denotes the degree-at-least-three part with respect to s, that
is, the Taylor expansion of F%(q+s) in s with the constant, linear, and quadratic
terms removed.

Proof

The proof is a straightforward generalization of the argument in [81] and [33]. The
key point is the following comparison of -classes. Let v; denote the cotangent
line class on X 41,4, and let 1p; denote the cotangent line class pulled back from
M, (both at the ith marking). Then the class 1; — t); is virtually Poincaré dual
to the divisor consisting of stable maps whose ¢th marking is on a component
contracted under the forgetful morphism Xg 41,4 — ngm, that is,

/) vir
bi— Y= Z Z [(Xo3+4/L1].d1 XX Xo,m+|La|.da]
L1|_’L2:{1,...,l} d=d1+d>

For any cohomology-valued polynomials a;(1,%)), ..., am(,1) in two variables
1 and 9, we write

(@ (D), am(, D), (1)

0 d B _
Z Z 612_!<a1(1/)1a1/)1), cos U (Y, o) 6 (Ungn) - (wm“»g mtl,d’

dENE(X) 1=0

where t(1;) = >0°  toth? as before. Then the above relation shows that
(™0, gm ()

N
= (@ P g m(8) + (6t 0)02(6) {0V, ) gm (),

e=0
where dots denote arbitrary insertions and are the same in all places. Using this
repeatedly, we find that

(@it)"™, .. ) gm(t)
n—1 N

= (¢i)",. )Y D (ditF de)o2(t) (@G TETE ) g m(b).

k=0 e=0

Multiplying by s, and summing over all n >0 and 0 <i < N yields

() ), (O = (y(B)..2), (1)

for s() = 300 SOV sk and y () = 3200 SN (yi ¢, where y is given
by

oo N
. , ‘ L
Un=Snt DY Stenar (859,60 (b).
1=0 j=0
This is equivalent to y = [L(t, z)s]+ and to (6.7). Repeating the same argument
at other markings gives

(W), 8(8)),,, (8) = (Y (@), ...y (D), (b):
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Note that the right-hand side makes sense only for 2g — 2 + m > 0. We have, for
922,

Fo(q+s) = Zi CONBIC) T

=> %<y<w),...,y<w>>g,m<t) = WY

For g =0 or 1, restricting the above summation to the range m >3 or m > 1,
respectively, yields the remaining parts of (6.8). O

REMARK 6.10
When restricted to q = —z1 + ¢t and yy = 0, the jet-descendant relation above
reduces to the ancestor-descendant relation from Section 3.5.

Next we study the analyticity of the Gromov-Witten jet potential Wx from
(2.15) and discuss the specialization to Q1 =--- = @, = 1. More precisely, we
regard Wx as a formal power series in y = Z _oYnz" with coefficients in ana-
lytic functions in q = —z1 4+t = —21+ ) 7  t,2". Firstly recall that, under
Assumption 6.1, the descendant potentials %, g =0,1,2,..., are NF-convergent
on the region (6.3). This means that the function 7(q) introduced in (6.6) is also
convergent on the same region. Since 7(q)|g=t=0 = 0, after taking a bigger C or
a smaller € if necessary, M (t,z) = M(7(q), z) is convergent on the region (6.3).
Thus, Theorem 6.9 implies that each Taylor coefficient of W9 with respect to y
converges to an analytic function on the region (6.3). The divisor equation shows
that

Wg(([e_é/z(ﬂJmY) = W)g((q>Y)|Q1—>e51 Q1,..,Qr—refr Q.
This justifies the following definition (cf. Definition 6.7).

DEFINITION 6.11
Let U C HYF be the domain in (6.4). Under Assumption 6.1, there exists a formal
power series W% .. (q,y) in the variable y = 7% | SN Y ¢iz™ with coefficients
in analytic functions in q over U with the property that
-5
W}q(,an([e /Zq]+7Y) :Wg((anNQl:e‘sl e Qr=edr>

where (t =q+ 21,Q; = €%) lies in the convergence domain (6.3) for W%. We
refer to WX,an as the specialization of W% to Q1 =-+-=Q, =1.

The divisor equation for F% implies that

(6.9) Wg(,an|q=—21+t ]:t |Q1 r=1
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as a formal power series in y, for ¢ in a neighborhood (2.4) of the large-radius
limit. Let 7ayn: U = Hx ® C be the holomorphic map defined by (cf. (6.6))

*Fx iy
Tan Z 8(]8 aqo

One can check directly from the definition of ]-'9(7“ that

(6.10) Tan ([eié/zcﬂ+) = T(Q)‘Q1=e51 e Qr=edr T d

when (t =q+ 21,Q; = €%) satisfy (6.3). The theorem below follows from a rou-
tine application of the divisor equation, much as in Theorem 6.8. We leave the
details to the reader.

THEOREM 6.12 (Analytic version of jet-descendant relation)
Let q € HYF be in the convergence domain (6.4) for F% ., and WY . Then

Wg(an(qu) ‘FXan(q+S) 922,
WX,an(q7Y) :‘FX,an(q+s) - ‘F)l(,an(q)a

Wg(,an(qv Y) = [‘Fg(,an(q + S)] >3

where s = [M(Tan(q),2)y]+|Q1=.=q,=1. These are identities of formal power
series in'y.

LEMMA 6.13

(1) Let x =37 1 x,2" and q =Y.~ ,qnz" be variables in zHx[z] and
Hx[z], respectively. The formula q = [M(t,z)x]+ defines an isomorphism over
the Novikov ring A between the formal neighborhood of (t,x) = (0,—21) in Hx X
zHx[[z] and the formal neighborhood of q = —z1 in Hx[z]. The inverse map is
given by

where T is given in (6.6).

(2) Let t € Ma be sufficiently close to the large-radius limit point, and let
X € HEF be sufficiently close to —z1 so that the flat coordinate q =
[M(t,2)x]+|Qy=.=q,=1 from (6.2) of the point x = (t,x) € N(L°) lies in the
domain U C HYY of F ., from (6.4). Then we have t = Tan(q).

Proof

(1) It was explained in [34, Remark 8.4] that q = [M (¢, 2)x]+ defines an isomor-
phism between the formal neighborhoods of (¢,x) = (0, —21) and q = —z1. Since
L(t,z) = M(t,z)~!, we have

x=[L(t,z)q] +

The variable ¢ is determined implicitly by the equation [L(¢,z)q]o = 0, where
[--+]o denotes the coefficient of z°. It now suffices to show that [L(7(q),2)q]o = 0.
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By (6.5), we have [L(7(q), 2)d]o = [L(t, z)q]o under the dilaton shift g = —z1 +t.
Then
o N

L 2alg=la+ > DD (b t0),6)
0

deNE(X)n=0e=

=qo+ a — 0"
ZZ " 04, 9g;

d
%,

0,24+n,d n!

The string equation (see [64]) shows that the last expression is identically zero.
(2) This follows from Part (1), (6.10), and an argument similar to that in
the proof of Theorem 6.8. O

THEOREM 6.14

Let €x denote the Gromov—-Witten wave function (Definition 6.4) of X. Let
t € Mp be sufficiently close to the large-radius limit point, and let x € 'HEF be
sufficiently close to —z1 so that the flat coordinate q = [M(t,2)X]+|Q,=..=Q.=1
from (6.2) of the point x = (t,x) € N'(L°) lies in the domain U C HY® for F% ,,
and Wg(,an. Let Fory be the formalization map (Definition 5.11) at x associated
to the standard unitary frame Hx ® C[z] = F; of the A-model ¢TEP structure.
Then we have

oo
For, €x = exp (Z hgile(,an(q’y))
g=0
as a formal power series in'y. In particular, by (6.9),

FOI‘X %X == .AX¢

Q1==Qr=1
when x = (t,x) = (t,—z1).

Proof

Recall that the formalization map (Definition 5.11) at x = (¢,x) is defined as a
truncated Taylor expansion of the potential with respect to the flat coordinates
associated to a given unitary frame of F;. The standard unitary frame at t € Hx
defines the following flat coordinate system on L° (see Definition 4.28 and (4.21))

(t+5,%x)—>q = [M(t,z)*lM(t + s,z)x]+|Ql:..:QT:1.

Note that the inverse fundamental solution in (4.21) is normalized by the con-
dition that it is the identity at ¢ and so we need the factor M (t,z)~! here.
This is related to the flat coordinate q in (6.2) by a linear transformation
ar = [M(t,2)7'q)+|gy=...=g,=1. Also, by Lemma 6.13, we have t = 7,,(q). The
analytic version of the ancestor-descendant relation (Theorem 6.8) shows that
For,(€x) is a truncated Taylor expansion of exp(3_ 2 h ' F% ,.(q)) with
respect to q;. Since the coordinate change q+— q; here is the same as the coor-
dinate change y — s of jet coordinates in the jet-descendant relation (Theo-

rem 6.12), the conclusion follows. g



A Fock sheaf for Givental quantization 813

REMARK 6.15

Theorem 6.14 shows that the jet potential (2.15) in Gromov—Witten theory can
be identified with the jet potential (Definition 4.62) associated with the Gromov—
Witten wave function.

COROLLARY 6.16
With notation as in Theorem 6.1/, the formalization of the Gromov—Witten wave
function at x = (t,x) € L° associated to the standard unitary frame Hx @ C[[z]] —
F: is given by

For, €x = exp <.F)1(,t’

<

A .
Y—x+217Q1—'“—Q7‘—1) Cly—yx+21,Q1==Qr=1

Proof
Combine the latter statement of Theorem 6.14 with Lemma 5.13. O

7. The semisimple case

In this section we use Givental’s formula for the higher-genus potentials associ-
ated to a semisimple Frobenius manifold to define a canonical global section of
the Fock sheaf for any tame semisimple cTEP structure. This global section is
called the Givental wave function. We use a theorem of Teleman to show that
if X has generically semisimple quantum cohomology, then the Givental wave
function for the A-model ¢cTEP structure associated to X coincides with the
Gromov—Witten wave function for X.

7.1. Semisimple opposite module

Recall from Definition 4.4 that a cTEP structure is a ¢TP structure such that the
connection V is extended in the z-direction with a pole of order 2 along z = 0.
Let U: Fy — Fg denote the residual part of the connection defined by

U:Fy—Fy, Ula]=[z*Vo,a] for acF.

The flatness of the pairing implies that U/ is self-adjoint with respect to (-,-)r,.
DEFINITION 7.1

A ¢TEP structure (F,V,(-,-)r) over M is said to be tame semisimple at t € M
if the residual part & € End(Fo¢) at t is a semisimple endomorphism without
repeated eigenvalues.

The following proposition shows that any tame semisimple ¢TEP structure of
rank N + 1 is locally isomorphic to the A-model ¢TEP structure (Remark 4.5) of
N +1 points. This can be viewed, modulo the treatment of the pairing, as a special
case of the classical Levelt—Turrittin theorem on the formal structure of irregular
connections (see, e.g., [L02, Chapter II, Theorem 5.7]). In fact, the existence of a
pairing makes the proof easier. In the context of semisimple Frobenius manifolds,
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similar results have appeared in the work of Dubrovin [50, Lecture 4] and Givental
[62, Section 1.3].

PROPOSITION 7.2

Suppose that a ¢TEP structure (F,V,(-,-)g) is tame semisimple at to € M. Then
there exists a trivialization over a neighborhood of tg

s : CMH @ O[] = F
such that (Pgs(e;), Pss(e;))r =di; and

N
OV =D (d - d(ui/2)),
=0

where ug,...,uny are the eigenvalues of U. Moreover, the trivialization Py is
unique up to reordering and changing the signs of the basis elements: e; — Fe,(;),
0 € Gni1. We call Dy the semisimple trivialization of (F,V, (-, -)g).

Proof

The operator U has distinct eigenvalues ug,...,uy in a neighborhood of .
Throughout the proof, we fix this neighborhood and work over it. Let §; € Fg,
i€{0,..., N}, be the eigensection of U with eigenvalue u;. We normalize d; by the
condltlon (6:,0; ),:O = 1. Because U is self-adjoint, it follows that (61,6 ), = (5”
There exist lifts §; € F of §; such that (5“(5 )e = 1. In the local basis 80s.--,0N,
we write the connection in the form

V= d——ZC )dt? + U+zV())g,

where {t/} is a local coordinate system on M, U = diag(uo,...,un), and C;(z),
V(2) € End(CY*1)® O[z]. The fact that V preserves (-, )¢ implies that V (—z) +
V(z)T=0.

If we have a trivialization ®g satisfying the conditions in the statement, then
[Pss(ei)] is an eigenvector of U of eigenvalue u; and ([Dss(e;)], [Pss(ei)])r, = 1.
Therefore, up to the choice of signs of 6:, we have

(Dss(e0), - - - Pss(en)) = (do,- -, ON)R(2)

for some (N + 1, N + 1)-matrix R(z) with entries in O[z] such that R(0) =1
It thus suffices to show that there exists a unique gauge transformation R(z) €
GL(N + 1,0[z]) such that R(0) =TI and

(7.1) R(z)"'oVoR(z)=d—d(U/z),
(7.2) R(—2)TR(2) =id.
The differential equation (7.1) in the z-direction is

0.R+22[UR)|+ 2 'VR=0.
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Writing V(2) = Vo + Viz+ Vaz? + -+ and R(z) = + Ryz + Rpz? + - -+, we find
[U, R1] + Vo =0,
(7.3) R+ [U,Ro] + V1 + VR =0,
nR, + U, Rys1]+ Vo + Vo1 Ri+ -+ VR, =0 (n>1).

We claim that (7.3) can be solved inductively and uniquely. The off-diagonal part
of R; can be determined from the first equation

(R1)ij = _M’ i # .

'LLZ'—’LLj

Here the solvability is ensured by (V{);; = 0, which holds because V} is antisym-
metric. The second equation gives the diagonal part of Ry

(R1)ii =—(Va)ii — »_ (Vo)ij (R1)ji-
J:gFi

Similarly, we can solve for Rs, Rs3,... inductively. We check that R constructed
in this way satisfies unitarity (7.2). From the differential equation for R, we find
9
0z

Writing R(—2)YR(2) =1 + Myz + Ma2? + -+ gives

[Uv Ml] = 07

nM, =—[U,Mp41] (n>1).

(R(—2)"R(z)) = —Zi2 U, R(—2)"R(=)].

The first equation shows that M; is diagonal. The second equation with n =1
shows that M; is off-diagonal. Thus, M; = 0. Hence, [U,M5] =0 and My is
diagonal. The second equation with n =2 shows that M5 is off-diagonal and
Ms = 0. Repeating this, we find that M,, =0 for all n > 1.

Finally we show that R(z) satisfies the differential equation (7.1) in the
t-direction. Note that R(z) in the above construction depends analytically on
t € M. We can write

(7.4) R(z)" oVoR(z)=d— %ZAj(z)dtj +U§

for some A;(z) € End(CN*1) ® O[2]. The flatness of the connection yields
8jU — AJ(Z> + z(’)zAj —z71 [A](Z), U] =0.
Writing A;(z) = A0+ Aj12+ Aj22% + -, we have

—[4;,0,U] =0,
0;U—Ajo—[4,1,U]=0,
—[A;2,U] =0,

(n=1DAjn = [Ajnt1,U]=0 (n=2)
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The first equation shows that A;o is a diagonal matrix. The second equation
shows that A; o= 0;U and [A;1,U] =0. Hence, A, is diagonal. The third equa-
tion shows that A, is diagonal. The fourth equation with n =2 shows that
Aj2=0 and that A;3 is diagonal. Repeating this, we find that A;, =0 for all
n > 2. It remains to show that A;; =0. We know that V preserves the pairing
(,)r and that R(z) is unitary (7.2); thus, the connection (7.4) also preserves
the diagonal pairing. This shows that A;(—z)T = A4;(2). In particular, A;; is
antisymmetric. As we have already seen that A;; is diagonal, A, = 0. |

DEFINITION 7.3

Let (F,V,(-,-)r) be a ¢TEP structure which is tame semisimple over an open set
Ms C M. The semisimple opposite module for (F,V,(-,-)g) is an opposite mod-
ule Py over Mg such that, for any point ¢t € Mg and a semisimple trivialization
g (Proposition 7.2) over a neighborhood of ¢, we have

Pos = P ((CN+1 &® z_l(’)[z_l])

in the neighborhood. The opposite module Py is independent of the choice of ®.

REMARK 7.4

Even if the semisimple trivialization ®¢ has monodromy, the semisimple opposite
module Py is single-valued on the tame semisimple locus Mg. The semisimple
opposite module is automatically homogeneous: V.5 Pss C Pgs.

When a ¢TEP structure is tame semisimple and miniversal, the semisimple oppo-
site module defines a (rather trivial) Frobenius manifold structure on the base
by Proposition 4.18 and Remark 4.22. Miniversality implies that the eigenval-
ues ug,...,uy form a local coordinate system. The following proposition follows
straightforwardly from Proposition 7.2.

PROPOSITION 7.5

Let (F,V,(-,)g) be a ¢TEP structure which is tame semisimple over an open
set My C M. The semisimple opposite module Pss over Mgy defines a Frobe-
nius manifold structure on Mgs which is isomorphic to the quantum cohomology
Frobenius manifold of (N + 1) points. It is given by

o the flat metric
0 0
g(a—ui’ 8—%) =0y,

e the semisimple product

0 0 0

* — = —
8ui 0uj * 8ui’

o the flat identity vector field e = ZfV:O 0/0u;,
o the Euler vector field E = Zf\io u; (0/0u;),
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where ug,...,uy are the eigenvalues of the residual part U; these are flat coordi-
nates for this Frobenius manifold.

7.2. A section of the Fock sheaf via Givental’s formula

Givental [62], [64], [61] has defined an abstract ancestor potential associated to
any semisimple Frobenius manifold. We will see that Givental’s formula gives
rise to a global section of the Fock sheaf associated to a semisimple Frobenius
manifold (or more generally to a semisimple ¢cTEP structure).

7.2.1. Givental’s abstract potential

DEFINITION 7.6 (CTEP structure associated to a Frobenius manifold)
Let (M, ,e, g, E) be a Frobenius manifold (see Proposition 4.18 and Remark 4.22
for the notation). The Dubrovin connection defines a miniversal cTEP structure

(F,V,(-,-)F) over M:

F=TM]z],
V=V — li(i*)dti + (E*)% +u@
7 ot 22 2’

(a(’z)vﬁ(z))F = g(a(fz%ﬂ(z)) for a(z)aﬂ(z) € M[[Z]]a

where {t'}¥ is a local coordinate system on M, VL is the Levi-Civita connec-
tion of g, and p= (1 — £)id —V'CE € End(T M) with D the conformal dimen-
sion. This ¢TEP structure is equipped with the standard homogeneous opposite
module

Poyg=2 "TM [zfl]

and the standard unitary frame id: T, M[z] =2 F,,.

Let (M, *,e, g, E) be a Frobenius manifold such that the Euler multiplication Ex
is semisimple with distinct eigenvalues uy,...,uyn. Such a Frobenius manifold is
said to be tame semisimple. Then the corresponding cTEP structure is tame
semisimple. It is known that the coordinate vector fields 9/0u;, i € {0,..., N},
form an idempotent frame for T'M

0,0 ;0
8ui an oY 8ui'
We set
0 0 \!
8i=9(5,5u)

By Proposition 7.2 and its proof, we locally have a semisimple trivialization
Oy : CN L ® O[2] =2 TM(2] such that

Dyy(e;) = \/Ea%_ +0(2).
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In view of Example 5.4, the product of Witten—Kontsevich 7-functions
N
= HT(q’) with q=(q’,...,q") e CN'[z]

is an element of ngoc‘erat((CN“,(l,...,1),H£VO(—q§)). This is the descendant

potential of (N +1) points.”’ For each u € M, ® ,, defines a unitary isomorphism
between CN*1[z] and T, M[z], and we have a quantized operator

—

Tefq>ss7u(1,...,1) o q)ss,u :

N
AFock,, (CN+1,(1,...,1),H(—q§)) s AFoct,a, (TuM, €, det(—q1 %))

=0

by Theorem 5.8 and Remark 5

DEFINITION 7.7 (Givental’s formula [61])
The abstract ancestor potential A2 is the element of AFock...(TuM,e,
det(—gq1%)) given by

—

Aabs = e Dog,u(1,.. )(I)ss,uT'

REMARK 7.8
The abstract potential A2”* does not, depend on the choice of a semisimple trivi-
alization ®g (see [34, Proposition 4.3]). Let us study what the shift isomorphism
Te s, ., (1,.,1) does to Py, T. Note that the genus-one potential Flof Dy, uT
satisfies
N
1
F lao=0,q1=—¢ :Zo_ﬂbg([q)ssu |Z 0 T ZIOgAZ
i=
The shift isomorphism at genus one is a truncated Taylor expansion, and this
amounts to subtracting the value at the new base point q = —ez. Thus, we can
write

1 i)
Azbs — e a8 > log A" (u) ¢ss,u7—-

This is the original form of Givental’s formula.

7.2.2. A global section of the Fock sheaf associated to a semisimple ¢TEP struc-
ture

We regard the genus-g ancestor potential ]-' of a point as a function of the coor-

dinates (¢o, q1, g2, - - - ) via the dilaton shift ¢,, = ¥, — 1 (see Example 5.4). When

restricted to go =0, FY ot only depends on finitely many variables q1,...,q3;—2. In

this section we write

fgt(07Q1aq25 cee 7QSg—2) :fgt|q0:07

29For N +1 points, the descendant potential and the ancestor potential are the same.
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making the argument explicit. Note that qu 75.7:gt|q0:0 is a polynomial for g > 2,

Fplyt|q0:0 = _2_14 log(_ql)a and f;[))t'%:() =0 (See (53))

DEFINITION 7.9

Let (F,V,(-,-)r) be a miniversal cTEP structure which is tame semisimple over
a nonempty open subset Mg, C M. Let uyg,...,uny be the eigenvalues of the
residual part U, as in Proposition 7.5; these give local coordinates on M. Let
{u;, x;}nzl,OSiSN be the local coordinate system on L associated to a semisimple
trivialization ®4 of F as in Proposition 7.2. Define an element %z = {V"C’s(sg)}mg
of Foct(Mys; Pss) (see Definition 4.56) by

N
Ve =Y =) (a1)*(dui)®,
i=0

(1) = 1 i 1 dx}
VW =Y dR 0.0 = 0
i=0 i=0 1

N
CO = "F5 0,2}, ah,...,75, o), g>2,
1=0

and their covariant derivatives with respect to V = VF=. The global section of
the Fock sheaf (Definition 4.72) over Mg, given by % is called the Givental
wave function. This does not depend on the choice of a semisimple trivializa-
tion Pg.

REMARK 7.10

It is easy to see that @ satisfies the conditions in Definition 4.56. The condition
(Grading and filtration) follows from (5.3). The discriminant (4.10) is given by
P(t,x1) = Hfio(—aﬁl) Thus, the condition (Pole) also follows from (5.3).

REMARK 7.11

The element %y can be identified with the Gromov—Witten wave function for
(N + 1) points which was introduced in Definition 6.4. (The Gromov-Witten
potential of (N + 1) points satisfies the necessary convergence condition stated
in Assumption 6.1.)

REMARK 7.12

Given any pseudo-opposite module P over an open subset U C Mg, the Givental
wave function gives rise to the element ép = T'(Py, P)%ss € Foct(U;P) over U.
We call 6p the (local) presentation of the Givental wave function under P.
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LEMMA 7.13
With notation as in Definition 7.9, the equality

N
VICW =3 Y W B dag, @ @ daf,
i=011,...,1,>0
holds along the locus {z{ = —1,24 =24 =---=0:0<i < N} CL, where we set
xf =u; on the right-hand side. In other words, we have

N
For g (1,0 Gos =T in AFoctue (CV, (1,0, 1), [ (b))
i=0
where For_.q__ ,(1,..1) is the formalization map (Definition 5.11) associated to
the semisimple trivialization Py, at u € M.

Proof

The formula For_.q_ ,(1,...,1) 6ss = T was proved more generally for a Gromov—
Witten wave function in Theorem 6.14; this lemma is a special case where X
consists of (N + 1) points. Thus, it suffices to show that the former statement
is equivalent to the latter. For simplicity we consider the case N +1=dim M =
1; the general case is similar. Take a point u* € Mg. Under the semisimple
trivialization, the inverse fundamental solution M appearing in (4.22) is given
by

M(u,z) = e~ Wv)/z,
Therefore, the flat coordinates q associated to the unitary frame &4 are given
by (see (4.21))
(7.5) q=[e" ) /2x]
with x =30 | #,2", q=)_,° ;qnz". This shows that
du = dqq, dx, =dg, (n>1)

at the point (u,x) = (u*,—2) € Ly+. The conclusion follows from the definition
of the formalization map. O

THEOREM 7.14

Let (F,V,(-,-)g) be the tame semisimple ¢TEP structure associated to a tame
semisimple Frobenius manifold M. Let €stqa = T(Pss, Psta)Gss € Foct(M; Pyq)
denote the presentation of the Givental wave function of (F,V,(-,-)g) under the
standard opposite module Pgiq (see Remark 7.12). Then we have

For—ze (Cgstd) = Azbsv

where For_ . is the formalization map at —ze € L;, associated with the standard
unitary frame T,M[z] =F, (see Definition 5.11 and Lemma 5.15) and AP is
the abstract potential in Definition 7.7.
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Proof
Combine Theorem 5.14, Lemma 7.13, and the definition of the abstract potential.
O

The quantum cohomology of X is said to be generically semisimple if the ana-
lytic quantum product x (see Assumption 6.1(1)) is semisimple (i.e., isomorphic
as a ring to a direct sum of copies of C) over an open dense subset of M.
This is equivalent to * being semisimple at a single point. Then the Euler mul-
tiplication Ex (see (2.5)) has no repeated eigenvalues on an open dense subset
M C My, and the A-model ¢TEP structure is tame semisimple over M% (see
Definition 7.1). In particular, the Givental wave function defines a section of the
A-model Fock sheaf octx over M%. The following is a reformulation of a result
of Teleman.

THEOREM 7.15 (Teleman [109, Theorem 1])
When the quantum cohomology of X is gemerically semisimple, the Gromov—

Witten wave function (Definition 6.4) coincides with the Givental wave function
(Definition 7.9).

Proof

Both wave functions are uniquely determined by their formalizations at (¢, —z) €
L° with ¢ € M% with respect to the standard opposite module Pgq (see Exam-
ple 4.16). Theorem 6.14 shows that the formalization of the Gromov-Witten
wave function is the geometric ancestor potential Ax,; (with Q1 =---=Q, =1).
Theorem 7.14 shows that the formalization of the Givental wave function is the
abstract ancestor potential given by Givental’s formula (Definition 7.7). Teleman
[109] showed that the geometric ancestor potential coincides with the abstract
one (see also [34, Theorems 6.4, 6.5]). The conclusion follows. O

REMARK 7.16

The Givental wave function is automatically a “modular function” in the fol-
lowing sense. Let (F,V,(-,-)F) be a tame semisimple ¢cTEP structure over M,
and let 7: M — M be the universal cover. Let € be the Givental wave func-
tion associated to (F,V, (+,-)g). Suppose that we have an opposite module P for
7*(F,V,(-,-)F) over the universal cover M. The pullback 7*% of the Givental
wave function is obviously invariant under the group I' = w1 (M) of deck trans-
formations; however, its presentation €p = (7*%)p with respect to P is not nec-
essarily so since the opposite module P may not be single-valued on M. Instead,
we have the transformation property

(76) ’}/*C(oﬂp :T(P,W*P)Cgp

with respect to v € I, since v*%ép = €4+p. Suppose, moreover, that the cTEP
structure (F, V, (-,-)r) is the restriction of a TEP structure (F = O(F),V, (-,-)7)
to the formal neighborhood of z =0 and that the opposite module P defines an
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extension of F across z = 0o (see Remark 4.21). In this case, one can rephrase
(7.6) using the L2-formalism in Section 5.3 as follows. The monodromy of
(F,V,(-,-)7) along ~ defines a symplectic transformation

U’Y: Ht *)lHt,

where we recall that H; = L?({t} x S*, F'). Then the total potential Z associated
to 6p (see Definition 5.26) transforms under I' as

Z(y ") xU,Z(t), ~eTl.

The quantization T[AJ7 here was defined in Section 5.3

8. The Fock sheaf and mirror symmetry

In this section we discuss applications of our global quantization formalism in the
context of mirror symmetry. We consider two cases: mirrors of toric orbifolds and
mirrors of Calabi—Yau hypersurfaces. In the former case, we construct a global
section of the B-model Fock sheaf using Givental’s formula, thereby proving a
higher-genus version of Ruan’s crepant transformation conjecture for toric orb-
ifolds. In the latter case, the existence of a global section of the B-model Fock
sheaf (which corresponds under mirror symmetry to the Gromov-Witten wave
function) is conjectural (cf. recent work of Costello-Li [43]).

8.1. The crepant transformation conjecture in the toric case

A mirror partner of a “Fano-like” manifold X is conjecturally given by a so-
called Landau-Ginzburg model, which is a pair (T, W) where T is a (noncom-
pact) Calabi-Yau manifold and W': T — C is a holomorphic function. Suppose
that X has generically semisimple quantum cohomology and has a family of
Landau-Ginzburg models W, : Ty — C, y € Mg, as a mirror. The space Mgp
here parameterizes the Landau—Ginzburg models; we call it the B-model moduli
space. Under mirror symmetry, the Kihler moduli space M N H2(X;C) of X
is identified with a small open patch of My, and the small quantum cohomol-
ogy ring of X should be identified with the family of Jacobi rings for W, on
this patch. Furthermore, the A-model TEP structure (Example 4.3) constructed
from X should be identified with the B-model TEP structure constructed from
Wy. Our assumption that X has generically semisimple quantum cohomology
corresponds to the condition that, for generic y, all critical points of W, are
isolated and nondegenerate. In such a situation, we can extend the total descen-
dant Gromov-Witten potential Zx to a global section of the B-model Fock sheaf
over an extended B-model moduli space ME"; this is the Givental wave function
for the extended B-model TEP structure. Furthermore, it can happen that this
global section restricts, on another small open patch of Mg, to the Gromov—
Witten potential Zy of another space Y which would typically be K-equivalent
(or derived equivalent) to X. Thus, the global section Zx of the A-model Fock
sheaf for X would coincide, after analytic continuation, with the global section
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Zy of the A-model Fock sheaf for Y. This gives a higher-genus version of Yong-
bin Ruan’s conjecture about the relationship between Gromov—Witten theory
and crepant birational transformation. We illustrate this in the toric setting.

Givental [58] and Hori—Vafa [69] have described a Landau-Ginzburg model
that gives a mirror to a toric variety. Here the Calabi-Yau manifold T is (C*)?,
and the superpotential W: T'— C is a Laurent polynomial function on (C*)P
with Newton polytope equal to the fan polytope of the toric variety. The B-model
TEP structure in this context has been studied by many people, including Sabbah
[101], Barannikov [7], Douai-Sabbah [46], [47], Coates—Iritani-Tseng [38], Iritani
[71], and Reichelt—Sevenheck [100]. In the rest of this section (Section 8.1) we
consider the mirrors to certain toric orbifolds, following closely the exposition in
[71, Section 3.

8.1.1. Toric orbifolds as geometric invariant theory (GIT) quotients
Borisov—Chen—Smith [14] construct toric Deligne-Mumford stacks from so-called
stacky fans. Let X be the toric Deligne-Mumford stack corresponding to the
stacky fan (N;X;b1,...,b,,), so that

e N is a finitely generated abelian group;

e Y is a rational simplicial fan in Ng = N ®z R;

® by,...,b,, € N are such that their images in Ny generate the one-
dimensional cones of X.

Let A C Ny denote the convex hull of by,...,b,,. This is called the fan polytope
of X. We assume the following.

e X is an orbifold, that is, the generic isotropy of X is trivial. This amounts
to requiring that N is torsion-free.

e The coarse moduli space of X is projective. This amounts to requiring that
A contains the origin in its strict interior and that ¥ admits a strictly convex
piecewise-linear function.

e X is weak Fano. This amounts to requiring that b4, ..., b,, lie on the bound-
ary of A.

e ANN generates N over Z.

We now explain how to construct X as a GIT quotient.
Set ANN ={b1,...,bm,bm+1,.-.,bn}, with n >m, and define a lattice L C
Z™ by the exact sequence

(8.1) 0 L zn N 0,

where § is the homomorphism that sends the ith standard basis vector e; to b;.
The torus T := L®C* acts on C" via the inclusion T C (C*)™ induced by L C Z™.
We denote by Ay, the set of anticones, that is, the set of subsets I C {1,...,n}
such that I contains {m+1,...,n} and such that {b; :4 € {1,...,n}\ I} spans a
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cone of the fan X. Set

us=c\ |J ¢,
IQ.A)]
where C! = {(21,...,2,) € C": 2; =0 for i ¢ I}. The toric Deligne-Mumford
stack X is constructed as the quotient stack

(8.2) X = [Us/T].

Let M: Z™ — LY = Hom(LL,Z) be the map dual to the inclusion L C Z".
The vector space Ly =LY ® R is canonically identified with HGp(X) (see [71,
Remark 3.5]). The extended Kdihler cone is a cone Cx C Ly defined by

Cx= (] MERL).
IeAs

Under the identification Ly = Héé(X ), this matches with the product of the
ordinary Kihler (or ample) cone Amp(X) C H?(X;R) and the rays generated
by positive generators of the twisted sectors in HCSl%(X) and 1€ H°(X) (see [71,
Lemma 3.2]). The exztended anticanonical class —K$' :=M(e; + -+ +e,) € LY
projects to the usual anticanonical class —Kx € H?(X) and lies in the closure
C'x of Cx by the weak-Fano condition. The space LV is the space of stability
conditions for the action of T on C", and for any stability condition € in the
extended Kéhler cone Cx, we have that the GIT (stack) quotient [C"//¢T] is
equal to X, because [C"//yT] = [Us/T] as in (8.2).

8.1.2. Birational toric orbifolds arising from the variation of GIT

We can have several different projective stacky fan structures with the same fan
polytope A. The corresponding toric stacks are birational and are related by the
variation of GIT. Reversing the above construction, start now with an integral
polytope A C Ny such that the origin is contained in its strict interior and
such that A NN generates N over Z. Set ANN = {by,...,b,} as before. These
vectors define the exact sequence (8.1) and, thus, define an action of T:=L® C*
on C". A character § € LY = Hom(T,C*) of T defines a stability condition for
this action. Set Cegr = M (RZ,), where M : Z™ — LY denotes the map dual to the
inclusion I C Z™ as before; this is a strictly convex cone. Also define W C Cig
to be the union of the cones M(RL,) for all subsets I C {1,...,n} such that
{M(e;) :i € I} does not span Ly over R. The walls W give a wall and chamber
structure on Ceg; this is the secondary fan of Gelfand—Kapranov—Zelevinsky [56].
The GIT (stack) quotient Xy := [C"//¢T] is empty unless the stability parameter
0 lies in Cog. If 0 € Cog \ W, then there are no strictly #-semistable points in C™.
Take 6 € Cegr \W, and set Ag = {I C {1,...,n}:0 € M(RL,)}. The corresponding
GIT quotient Xy is the projective toric Deligne-Mumford stack given by the
following stacky fan on N:

e b; is a specified generator of a one-dimensional cone if and only if

(1,...,n)\ {i} € Ap:

e asubset {b; : i € I} spans a cone of the fan if and only if {1,...,n}\ I € Ay.
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Note that Ay coincides with the set of anticones for this fan. The corresponding
extended Kahler cone Cy := (", 4, M (RL,) is the connected component of Cef \
W containing 6. The toric stack Xy depends on 6 only via the chamber Cy. The
fan polytope of Xy is a polytope contained in A and contains the origin in its
interior.

Let Toric(A) denote the set of smooth projective toric stacks arising in this
way; they are parameterized by connected components of Cog \ W, that is, by
maximal cones in the secondary fan. When a chamber Cy C Cogr \ W contains
the vector M(ey + -+ + ep) in its closure, the corresponding toric stack Xj is
weak Fano. In this case, the fan polytope of Xy coincides with A, and all the
generators of one-dimensional cones of the stacky fan lie in the boundary of A
(see [71, Lemma 3.3]). Let €rep(A) C Toric(A) denote the subset consisting of
toric stacks corresponding to a chamber Cp with M(e; + --- 4 e,) € Cy. Toric
stacks from Crep(A) are all K-equivalent and also derived equivalent to each
other, via a composition of Fourier-Mukai transformations (see [77], [37]).

8.1.3. Mirror Landau—Ginzburg models

Let X be a toric Deligne-Mumford stack, as in Section 8.1.1. The mirror of X
is given by a family of Laurent polynomials W, on T = Hom(IN,C*) = (C*)P
parameterized by a = (aq,...,a,) € (C*)™:

(8.3) We(z) = Z a;x’.

The torus 7' = Hom(N, C*) acts on the product (C*)" x T by
(a1,...,an, ) — Nay,... Nra, \"12), NeT,

and the potential W, (x) is invariant under this action. The family of Laurent
polynomials {Wy },e(cx)n therefore descends to give a family over the quotient
space My := (C*)"/T:

(C)" xT)/T > C

. l
Mg

where pr is the projection to the first factor and W([a, z]) = W,(x). Note that
Mg is identified with Hom(L,C*) =LY ® C* via the exact sequence (8.1). For
y € Mg, we write Ty ==pr~Y(y) =T and write W, for the Laurent polynomial
W restricted to Ty. The parameter space Mgy is partially compactified to a toric
variety Mp defined by the secondary fan in Ly, = Hom(IL, R). Note that all toric
stacks from Crep(A) have the same mirror family, but each of them corresponds to
a different torus fixed point in the secondary toric variety Mpg. We call the fixed
point in Mp corresponding to a toric stack X € €rep(A) the large-radius limit
point for X and denote it by ox. (A toric stack X from Tovic(A) \ Crep(A) also
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corresponds to a fixed point oy € Mg, but in this case X either is nonweak Fano
or has a fan polytope different from A; for such X, genus-zero mirror symmetry
in the form stated below does not hold.)

8.1.4. The B-model TEP structure

We now construct the B-model TEP structure from the Landau—Ginzburg model.
Let Mg C Mp denote the (nonempty) Zariski-open subset parameterizing non-
degenerate Laurent polynomials. Here a Laurent polynomial W, is said to be
nondegenerate (see [83, Définition 1.19]) if, for every face F C A of dimension
0 <dimF < D, the Laurent polynomial Wg, := Zi:bieF a;z% has no critical
points in 7. There is a local system Ry of relative homology groups over M, x C*
such that

RY (.0 = Hp (T, {x € T, s R(W, (2)/2) < 0}:2)

for (y,z) € M{ x C* (see [71, Proposition 3.12]). By Morse theory and Kouch-
nirenko’s theorem [83], we find that Ry ,  is free of rank Vol(A), with basis

given by Lefschetz thimbles of W, and that the intersection pairing between the
fibers at (y,—z) and (y, z)

V. 4 V
17 RZ7(y,—z) X RZ,(y,z) — Z

is perfect. Here Vol(-) denotes a normalized volume such that the standard sim-
plex has volume one. Dualizing, we obtain a local system Rz = Hom(Ry,Z)
of relative cohomology groups equipped with a perfect pairing I: Ry (, _.) X
Rz, (y,) = Z. We write R = Rz ® Opqgxcx for the corresponding locally free
sheaf; this carries a flat connection VM and a pairing I: (—)*R@R — Ome xcx
where (—): My x C— M x C is the map sending (y, z) to (y, —z) as before.

Let w denote the invariant holomorphic volume form on the torus 7" such
that fTR w = (271)P with Tg = Hom(N,R~¢). An oscillatory differential form of
the form

exp(Wy(x)/z)¢(ac)w with ¢(z) € (C[Ty]

defines a section of R via integration over Lefschetz thimbles. By requiring that
these sections extend across z =0, we can define a locally free extension Fp of
R to M x C; this extension is denoted by R(®) in [71, Section 3.3.2]. The flat
connection V&M extends to a meromorphic flat connection on Fg with poles
along z = 0. The B-model TEP structure® is given by the data (Fg, V®,(-,")B),
where

e Fp is as defined above, and this is a locally free sheaf of rank Vol(A) over
Mg x C;

30The shift 7%%2 of the connection was introduced implicitly in [71, (53)] as a factor

(—27rz)’D/2 in oscillatory integrals; this also shifts the pairing by the factor (2wiz)~P [71,

(56)]. Note that I is flat with respect to VEM and (-,-)p is flat with respect to V. The sign
D(D-1)

factor (—1)~ 2 was missing in [71]. See [73, footnote 16].



A Fock sheaf for Givental quantization 827

° VB:VGM—%Q'

2 (2miz) " PI(sy,82) is a pairing (—)*Fp @ Fp —
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See [101], [46], [47], and [100] for an algebraic construction of the B-model
TEP structure via the Fourier-Laplace transformation of the Gauss-Manin sys-
tem associated to W,. The B-model TEP structure can be also described as a
Gelfand—Kapranov—Zelevinsky (GKZ) system associated to the fan polytope A
(see [71], [100]).

8.1.5. The mirror map and an isomorphism of TEP structures

Mirror symmetry gives an isomorphism between the A-model TEP structure
(Example 4.3) and the B-model TEP structure, as we now explain. First we
recall the Galois action (see [71, Section 2.2]) on the A-model TEP structure.
In general, the A-model TEP structure of a smooth Deligne-Mumford stack
X has a discrete symmetry given by the sheaf cohomology H?(X;Z) of the
underlying topological stack X. The base space Hap(X) of the A-model TEP
structure carries an action of H?(X;Z), and the TEP structure descends to the
quotient space H&p(X)/H?(X;Z). (This is essentially due to the divisor equa-
tion.) Let (Fa,V?,(-,-)a)/H?(X;Z) denote the A-model TEP structure over
(H&r(X)/H?(X;7Z)) x C. Let X be a toric stack from €rep(A); recall that there
is a corresponding large-radius limit point ox € Mpg. The mirror theorems for
toric varieties (see [60]) and toric Deligne-Mumford stacks (see [32]) imply, by
[71, Proposition 4.8], that there exist an open neighborhood Uy of ox in Mg, a
mirror map 7: Ux N M — H54(X)/H?(X;Z), and a mirror isomorphism

Mir: (s, V2, (-, )8) [y nmg) e = (7 x 1d)* ((Fa, VA, ()a) /H? (X5 Z))
such that
Mir ([exp(Wy(z)/z)w]) =1.

The open set Uy N M% here is isomorphic to the punctured polydisk
{(q1s---,6r) € (CX)" :|qa] < €} for some € >0 (see [71, Lemma 3.8]) and the
A-model TEP structure is convergent on the image of the mirror map.

8.1.6. The extended B-model TEP structure

Our global quantization formalism is based on a miniversal TP structure
(Assumption 4.9), but the B-model TEP structure just discussed is not miniver-
sal. So we need to unfold it to a miniversal TEP structure. We use a reconstruc-
tion theorem due to Hertling-Manin [68, Theorem 2.5, Lemma 3.2] to show that,
for generic y € M3, the germ (Fg, V5, (-, )B)|(Mp,y)xc of a TEP structure at y
can be extended to a miniversal TEP structure over (Mg, y) x (CVUA)=7 0) x C,
where r = dim My =n — D. For this, we need to check Hertling—Manin’s injectiv-
ity condition (IC) and generation condition (GC). The condition (IC) says that
there exists a local section ¢ near y such that the map T, Mj — Fg|(y,0) defined
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by v+ ZVEC‘(%O) is injective. The condition (GC) says that the iterated deriva-
tives zVEl . 'zvaﬂ(y,o) with respect to local vector fields vy, ..., v, € TME gen-
erate the fiber 7|, ). We claim that (IC) and (GC) hold for ¢ = [exp(W,/2)w]
and for generic y. Since the mirror map 7 is an embedding and since (IC) holds
for the A-model TEP structure, we deduce that (IC) holds for the B-model TEP
structure at generic y € M. Since the B-model TEP structure is isomorphic to
a GKZ system (see [71, Proof of Proposition 4.8]) and since the GKZ system is
by definition cyclic, (GC) holds. By the universality of the unfolding (see [68,
Definition 2.3]), these local unfoldings glue together (see [35]) to give a global
unfolding (Fg, VBt (. g ext) of (F,VE,(-,-)B) over an extended B-model
moduli space ME?®, which is a complex manifold of dimension Vol(A) contain-
ing a Zariski-open subset of M% as a submanifold. Moreover, by universality
again, the mirror map 7 and the mirror isomorphism Mir can be extended to a
neighborhood U of Ux N Mg in ME®, where X € Crep(A), as

T U - HEp(X)/H*(X;Z),
NﬁI‘ext : (.FEXt, vB,ext7 ('7 ')B,ext) |U§g‘t><<C
= (750 5 id)* ((Fa, VA, ()a) /HA(X;Z)).

(More precisely, we need here the convergence of the A-model TEP structure
over a full-dimensional base, but this follows from the reconstruction argument
(see [68, Lemma 2.9] and [25, Section 5.5]).)

8.1.7. Conclusion

Let Foctp denote the Fock sheaf over ME® associated to the extended B-model
TEP structure (Fg<t, VBt (. )p ox¢). We call it the B-model Fock sheaf. Via the
mirror isomorphism, Focty restricts to the A-model Fock sheaf of X over US".
The extended B-model TEP structure is tame semisimple (Definition 7.1) on an
open dense subset /\/leB’fzs of ME®, because the Jacobi ring of W, is semisimple
for a generic y € My (see [71, Proposition 3.10]). Therefore, Foctg admits the
Givental wave function (Definition 7.9) over Mg, and by Theorem 7.15 (Tele-
man’s theorem), this coincides with the Gromov—-Witten wave function of X over

US¥*. This proves the following result.

THEOREM 8.1

There exists a global section 6 of the B-model Fock sheaf Foctg such that,
for every X € Crep(A), 6B restricts to the Gromov—Witten wave function of
X over the neighborhood U of the large-radius limit point ox of X, under
the identification SUCEB|U§;¢ = Soctx given by genus-zero mirror symmetry. In
particular, the Gromov-Witten wave functions €x associated to X € Crep(A)
coincide with each other after analytic continuation.

This is a higher-genus version of Ruan’s crepant transformation conjecture. Note
that analytic continuation for sections of a Fock sheaf makes sense since we
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have the “identity theorem” for its sections, just like the identity theorem for
holomorphic functions. Note also that the B-model Fock sheaf Foctg depends
only on the ¢cTEP structure underlying the extended B-model TEP structure
(Foxt WBext (L )5 ext): as discussed in Remark 1.7, the analytic structure of the
Fock sheaf is independent of the choice of a lift of the cTEP structure to a TEP
structure. On the other hand, the lift to a TEP structure constitutes a crucial
piece of information in the genus-zero crepant transformation conjecture. It also
plays a role in Corollary 8.2 below.

We can rephrase Theorem 8.1 in terms of the L2-formalism in Section 5.3, as
follows. Mirror symmetry implies that, for any X7, X5 € €rep(A), the A-model
TEP structures of X; for i =1,2 are analytically continued to each other over
the B-model moduli space ME®. Recall from Example 5.17 that the fundamental
solution L; = L;(7,z) of the Dubrovin connection of X; (see (2.7)) defines a
Darboux frame for the A-model TEP structure of X;. The solution L; can be
analytically continued along any path in M$® to yield a frame L; of the B-model

TEP structure (Fg<, VBeXt (. .)p oy ) over the universal covering ME® of M
Li: HX = L2({t} x 8L, F& 1y xst)  with t € MG,

where H* is Givental’s symplectic vector space (Section 3.1) for X;. The frame
L; satisfies the transversality condition in Definition 5.15(2) over an open dense
subset of /T/I/BBXt and, thus, gives a Darboux frame there. Then Givental’s wave
function ¢g € Focky induces an element of the Fock space in the L2-setting
(Definition 5.23) with respect to the Darboux frame L; by Remark 5.24. As in
Definition 5.26, the L2-Fock space element here is represented by a total potential
Z; that is an analytic function on the Givental cone associated to L;. Note that,
via the projection to 'Hfi, Z; can be identified with an analytic continuation of
the total descendant potential exp(zgozo hg’lf)g(i’an) of X; by Theorem 6.8 (see
Definition 6.7 for ‘F)g(,;,an)' Choose a path v from a point in Uf("lt to a point in
U§<X2t. Analytic continuation along the path v defines a symplectic transformation

U,: HS = H*2

The two Darboux frames L; and Ly are related by L; = LyU,. Then we have
the following result.

COROLLARY 8.2

Let X1, Xo be toric Deligne—Mumford stacks from Crep(A), and let Z; be the
total descendant potential for X; for i =1,2. Let v be a path in ME* from a
point in U}?‘f to a point in U}}";, and let U, be the symplectic transformation
given by parallel translation along v. Regarding Z; as an element of the L?-Fock
space as above, we have

ZQ X @721

under analytic continuation along the path .
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REMARK 8.3
This is close to the version of the higher-genus crepant transformation conjecture
proposed in [38, Section 5] and [40, Section 10].

Considering the case X = X; = X5, we obtain the following result.

COROLLARY 8.4

Let X be a toric Deligne—-Mumford stack from Crep(A). The total descendant
potential Zx of X, regarded as an element of the L*>-Fock space as above, has
the following modular property with respect to the group m (ME*): we have

(8.4) (v ) 2x « U, Zx

for v € m (M), where on the left-hand side (y~1)* means the pullback by the
deck transformation =1 of the universal covering ME® — M.

REMARK 8.5

The symplectic transformations U, with v € 71 (ME?) arise from the monodromy
of the extended B-model TEP structure (Fg, VBt (. )5 o) along v, and as
such, they belong to a finite-dimensional group. Here we describe such a group
precisely. For a given TEP structure (F = O(F),V,(-,+)#) with base M, the
monodromy along a loop based at (t,z) € M x C* takes values in the group

Gi,. ={U € GL(F},.) : MonoU = U o Mon, U preserves [-,-) },

where Mon denotes the monodromy of V over the punctured z-plane {¢} x CJ,
and [-,-) is a (not necessarily symmetric) bilinear form on F; , defined by

[’va) = (U/’w)]:

with v,w € F} ., and v’ the parallel translate of v along the semicircular path
[0,1] 20+ e71™ 2. A transformation U € G; , can be extended to a flat bundle
automorphism of F over {t} x C* and, thus, defines an element U € Sp(#;). Here
Hy = L2({t} x 81, F) is the symplectic vector space appearing in Section 5.3. For
the A-model TEP structure, this group Gy . can be described more concretely as

{U € Sp(H;,) : Uis Clz, 2~ ]-linear, Uo (20, + p) = (20, + p) o U,

poly
Uoc(X)=c1(X)oU},

where ’Hffoly = Hx ®g C[z,271] is a Laurent polynomial version of Givental’s
symplectic space and p is the grading operator in (2.6). This is implied by the
following facts: (i) the Dubrovin connection V5. in the z-direction is conjugate
to 20, + p+ ¢1(X)/z via the fundamental solution L(t,z) from (2.7) (see, e.g.,
[71, Proposition 2.4]); (ii) "Hffoly is the rational structure consisting of sections
of moderate growth (see, e.g., [66, Section 7.2]) at z = 0,00 with respect to
the connection 20, + p+ ¢1(X)/z; and (iili) 27icq(X) is the logarithm of the
unipotent part of the monodromy. A similar description is discussed also in [72,

Lemma 3.16].
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REMARK 8.6

After shrinking ME® if necessary, we have a retraction from M$® to a Zariski-
open subset of M and, thus, a natural surjective map p: m3 (ME*) — 11 (M3P).
The symplectic transformation U, for vy € Ker(p) is trivial, and the total potential
Zx is invariant under deck transformations v € Ker(p). Therefore, the modularity
(8.4) reduces to the group 71 (M3%).

Finally, we remark on an implication of our recent joint work [36] with Jiang
in this context. There we calculated the symplectic transformation U, explicitly
using so-called I-functions and the Mellin—-Barnes method. For a certain choice
of the path ~, we showed that U, is induced by an equivalence FM: Db(X,) =
DP(X>) of triangulated categories via the T-integral structure (see [71], [75]) on
quantum cohomology. In other words, we have a commutative diagram of the
form

DV(X1) — s DP(X)

| |

HX HX:

where the vertical maps are roughly speaking given by the Chern character fol-
lowed by the multiplication by the Gamma class, and HXi is a multivalued vari-
ant of Givental’s symplectic vector space (see [36] for more details). The derived
equivalence FM is given as a composition of explicit Fourier—Mukai transfor-
mations. It is likely that the fundamental groupoid’’ of M is generated by
w1 (Ux NM3) for toric stacks X from Crep(A) together with the classes of paths
~ connecting the large-radius limit points for Crep(A), which we show in [36] to
correspond to derived equivalences. It is easy to see that monodromy about loops
in Uy N MS$ corresponds to tensoring line bundles in D?(X) (see [71, Proposi-
tion 2.10(ii)]). Therefore, the result in [36] strongly suggests that the symplectic
transformation U, is induced by a derived equivalence for every path v and
that the total descendant potential Zx should be “modular” with respect to the
group Auteq(D?(X)) of autoequivalences. Let I' be the group of autoequivalences
of D*(X) generated by

e Fourier-Mukai functors D?(X;) — D'(X5) from [36] and [37] for some
X1, X3 € Crep(A);
e autoequivalences of D®(X’) given by tensoring line bundles for some X' €

Crep(A).

31Here it is convenient to consider the fundamental groupoid instead of the fundamental group,
since we are considering paths connecting the large-radius limit points of different X7, Xo €

Crep(A).
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An element of T' is of the form
(Ly®) o W10 (Lg-1®)0 - 0oWy0(L1®)0oV¥go (Li®),

where ¥;: D*(X;) — D%(X;,1),i=0,...,k— 1, are Fourier-Mukai functors from
[36] and [37], L; € Pic(X;), i =0,...,k, are line bundles, and X = X, X1, ...
Xk-1,Xr =X is a sequence in €rep(A). Then we have the following.

)

COROLLARY 8.7
The total descendant potential Zx of a toric Deligne—Mumford stack X € Crep(A)
satisfies the modularity (8.4) with respect to the subgroup T of Auteq(D®(X)).

REMARK 8.8
A relationship between Fourier—Mukai transformations and analytic continuation
of solutions to the GKZ system was originally found by Borisov—Horja [15].

REMARK 8.9

The monodromy representation gives a homomorphism U: 71 (M%) — Sp(H*)
and the T-integral structure gives a homomorphism Auteq(Db(X)) — Sp(H¥X).
Homological mirror symmetry suggests that the former map factors through the
latter, that is, we expect to have the commutative diagram

71 (MB)

e

Auteq(D’(X))

Sp(HY)

REMARK 8.10

The B-model TEP structure Fp over My has a natural real structure induced
from the Z-structure Ry . (More precisely, the real structure is obtained by ten-
soring the VE-flat local system 2P/2RY with R.) By a result of Sabbah [103,
Theorem 4.10], this real structure endows Fp with a pure TRP structure in the
sense of Section 9.1. Since purity is an open property, this extends to a pure real
structure on F§** over a small neighborhood of Mg in ME*. Using the complex-
conjugate opposite module in Definition 9.8, we can present the Givental wave
function ép as single-valued (nonholomorphic) correlation functions.

We end this section with a discussion on singularities of the Givental wave func-
tion. Around each large-radius limit point, the B-model TEP structure is identi-
fied with the A-model TEP structure and, thus, extends across a normal crossing
divisor as a logarithmic TEP structure (see Example 4.94). This extension was
studied in detail by Reichelt-Sevenheck [100]. The Givental wave function ép
extends regularly across these normal crossing divisors as a section of the loga-
rithmic Fock sheaf in Section 4.14 since the Gromov-Witten wave function does
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as well. On the other hand, a result of Milanov [93] must imply that €5 extends
regularly across the nonsemisimple locus Mg* \ Mg . The remaining important

question is then the following.

PROBLEM 8.11
Study the singularities of the Givental wave function g along the locus Mg \

g of degenerate Laurent polynomials.

This problem is related to the conifold gap condition (see, e.g., [4]) in the physics
literature.

8.2. Calabi-Yau hypersurfaces

Next we consider mirror symmetry for Calabi—Yau manifolds. In this case we can-
not apply Givental’s formula since the quantum cohomology is not semisimple.
We consider Batyrev’s [9] mirror for toric Calabi—Yau hypersurfaces.

Let X be a weak-Fano toric stack such that the fan polytope A is reflexive
(i.e., the integral distance between each facet of A and the origin is one). Then
X is Gorenstein, and a generic anticanonical section Y C X is a quasismooth
Calabi-Yau orbifold (see [9]). Let W, be the Laurent polynomials mirror to X
from Section 8.1.3. The Batyrev mirror of Y is a Calabi—Yau compactification Yy
of the fiber W, '(1) inside a toric variety X with fan polytope given by the dual
polytope A*. To remove the ambiguity of overall scaling, we consider Laurent
polynomials W, as in (8.3) with vanishing constant terms, so that a; =0 when
b; = 0. The corresponding moduli space M’y of Laurent polynomials is defined
similarly to Mg, but the definition involves deleting the zero vector from the set
{b1,...,b,}; it can be identified with (an open subset of) a toric divisor in M.
Moreover, we require that the affine hypersurface W,~ L(1) is A-regqular (see [8,
Definition 3.3]), which means that W, is nondegenerate (see Section 8.1.4) and 1
is not a critical value of W,,. Let My5*® C M}; denote the nonempty Zariski-open
subset parameterizing A-regular hypersurfaces W, 1(1). We use My® as the base
space of the mirror family {V}}. Note that, as in the toric case (Section 8.1), all
anticanonical hypersurfaces Y in toric stacks X from Crep(A) have the same
mirror family {Y,}. However, they have different large-radius limit points in the
toric compactification M.

We describe the genus-zero mirror isomorphism following [73, Section 6] and

suggest the construction of a global B-model Fock sheaf. Define the ambient
part of the cohomology group of Y to be the image of the pullback along the
inclusion map: H} (V) :=Im(H{g (X) = Hz(Y)). The Dubrovin connection

amb
of Y preserves the subsheaf F3mP := H* (V) ® O, xc with fiber HY (V)

amb
(see [73, Corollary 2.5]), where M C HY 1 (Y) denotes the convergence domain
of the quantum product as in (2.4). Hence, by restriction to this subsheaf,
the A-model TEP structure of Y induces a TEP structure called the ambient
A-model TEP structure (F3™P VA (-;-)a) of Y (cf. [73, Definition 6.2]). On

the mirror side, we consider the lowest weight piece Wp_1(HP~1 (W, (1)) =
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gry_y HP=1(W,1(1)) of Deligne’s mixed Hodge structure on the middle coho-
mology of the affine hypersurface W, 1(1). It has a pure Hodge structure of weight
D — 1. As explained in [73, Section 6.3], this can be naturally identified with the
subspace HP1(Y,) ¢ HP~1(Y,) of cohomology classes obtained as the residues
of meromorphic D-forms (with poles along Y, ») on the ambient toric variety X.
It defines the residual B-model VHS (see [73, Definition 6.5]) (V, VEM, F*V, Q)

over Mpy®, where

e V is a locally free sheaf over Mp® with fiber V, = HE2TY(Y,) =
el (HP=L (W L (1)));

e VEM js the Gauss-Manin connection;

e 0CFP-'Yc...c F'V c FOY =V is the Hodge filtration on V of weight
D—-1;

e Q(a,B)=(—1)P~1(P=2)/2 qu aU B is the intersection form.

The residual B-model TEP structure (Fi5, VB, (-,-)g) over Mp® is defined as
follows:

e FE is an algebraic locally free sheaf over ML® x C, given by the subsheaf
of 7*V with the property that

T FES = 2P OV 2] + 2P 2PV + -+ FPTW2] C V2] = mer™V,

where m: Mp5® x C— My® is the projection;
° vB _ W*VGM D—1 1 dz.

o (a(=2),A(=))n = (2riz)P-DQ(a(~2), A(:).

As before, each toric stack X € Crep(A) defines a large-radius limit ox in the
toric compactification MB of MJ. For a neighborhood Ux of ox in ./\/lB7 we have
a mirror map ¢: Ux NMy® — H2 | 32
(see [73, Theorem 6.9])

Mir: (fres7 va ('7 )B) ‘(Uxﬂ./\/l]r;g)x@ = (§ X ld)* ((]:amb vAa ('a )A)/Z*HQ(X7Z))a

(Y)/i*H?(X;7Z) and a mirror isomorphism'

where the right-hand side is the quotient by the Galois action from the ambient
H?(X;7).

As in the previous section, we use Hertling—Manin’s reconstruction theorem
[68] to unfold Fi* to get a miniversal TEP structure. This is possible when the
following hold.

e There exists a toric stack X € Crep(A) whose anticanonical hypersurface
Y is a smooth variety (no orbifold singularities). In this case the ambient coho-
mology H (V) is generated by H2 , (Y), and thus, the ambient quantum coho-

amb
mology is also generated by H? b i a neighborhood of the large-radius limit.

a

321 [73, Theorem 6.9], the mirror isomorphism was stated for the corresponding VHSs, but

the statement here follows easily from it.
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By the mirror isomorphism the generation condition (GC) holds generically over
Mie.

e There exists a toric stack X € Crep(A) such that the map HZz(X) —
H?2_, (Y) is an isomorphism. In this case the mirror map < is locally injective,

amb
reg

and the injectivity condition (IC) holds generically over Mp*®.

For example, these conditions hold for a hypersurface Y in X =P" (see [68,
Theorem 8.1]). Under these assumptions, we have a miniversal unfolding of F§*
and obtain the corresponding B-model Fock sheaf over a complex manifold of
dimension dim H* , (Y') (which contains a Zariski-open subset of Mp*®). We
conjecture the following.

CONJECTURE 8.12

There exists a global section of the above B-model Fock sheaf which restricts to
the Gromov—Witten wave function of each Calabi—Yau hypersurface Y in X €
Crep(A) over a neighborhood of the large-radius limit ox .

REMARK 8.13

The existence of a global section of the B-model Fock sheaf will be shown in
forthcoming work by Costello-Li [43], where they develop the mathematical B-
model theory at higher genera.

Sometimes we may encounter different types of limit points of the B-model moduli
space M}z which correspond to variants of Gromov—Witten theory. For the mirror
of a quintic 3-fold, Chiodo—Ruan [26] found that the global B-model theory (at
genus zero) around the so-called Landau—Ginzburg point (or Gepner point) can
be identified with a theory of 5-spin curves (Fan—Jarvis-Ruan—-Witten (FJRW)
theory; see also [25]). In particular, the genus-zero Gromov—Witten theory and
the genus-zero FJRW theory are analytic continuations of each other. Chiodo—
Ruan [26, Conjecture 3.2.1] also conjecture a relationship between the higher-
genus theories. Their conjecture, rephrased in our language, is that the global
section in Conjecture 8.12 restricts to the FJRW wave function in a neighborhood
of the Landau—Ginzburg point.

9. Complex-conjugate polarization and holomorphic anomaly

In this section we describe how the holomorphic anomaly equation of Bershadsky—
Cecotti—-Ooguri—Vafa arises in our global quantization formalism via the so-called
complex-conjugate polarization. The holomorphic anomaly equation originally
arose in the Kodaira—Spencer theory of gravity (see [11], [12]). It can be con-
sidered as a special case of the general anomaly equation (Theorem 4.86), but
strictly speaking we need to extend the holomorphic structure sheaf on the base
M to the real-analytic structure sheaf. At genus zero, the complex-conjugate
polarization gives rise to so-called tt*-geometry.
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9.1. TRP structure and ¢t*-geometry

In this section we work with a TRP structure which is a TP structure (Defini-
tion 4.1) equipped with a certain real structure. As usual M denotes a complex
manifold, (—): M x C— M x C denotes the map sending (¢, 2) to (¢,—z), and
7: M x C— M is the projection. Let v: P! — P!, 4(z) = 1/%, denote the anti-
holomorphic involution which fixes the equator S* = {|z| =1} C P!. The involu-
tion (t,2) + (t,7(2)) on M x P! is also denoted by ~y. For a holomorphic vector
bundle F over M x C, the vector bundle v*F over M x (P! \ {0}) has a holo-
morphic structure in the P!-direction and an antiholomorphic structure in the
M-direction.

DEFINITION 9.1 (TRP structure)
A TRP structure (F = O(F),V,(-,+)r, k) with base M consists of a holomor-
phic vector bundle F' of rank N 4+ 1 over M x C with the sheaf F = O(F) of
holomorphic sections, a meromorphic flat connection
V:F =1 Q) ® F (M x{0}),
a nondegenerate pairing
(-, -)]:: (=)' F®F = Opmxc
that fiberwise defines a C-bilinear pairing F; _.)® F{; .) — C, and a real-analytic
bundle map
£ Flpxex = 7 F| mxex

that fiberwise defines a C-antilinear map ¢ . : F(; ) — F{¢,4(z)) such that

o (F,V,(+,-)r) is a TP structure in the sense of Definition 4.1;

e 5 is an involution: Ky ;) © Ky, =id;

e when restricted to {¢t} x C* with ¢t € M, & yields an isomorphism of holo-
morphic vector bundles; in particular, we have an involution

(9.1) ket H(C*,O(F,)) — H°(C*,0(v*F,)) 2 H (C*,0(F,)),
where Iy := F|yxc;

e the pairing (-,-)r is real with respect to k, that is, the following diagram
commutes:

()7
C

Fli—2) @ Fia.z)

9.2) R l

l complex conjugation

()F
Flt,—(2) ® Flty(z)) — C

e parallel translation by the connection V preserves k.

Note that  defines a real involution of the bundle F| ¢« g1, where S* = {|z| = 1}.
The corresponding real subbundle Fg = Ker(x —id) of F|(x gt is equipped with
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a real-valued pairing I ;,—.) ®r Fr ) — R (with z € S1) and is flat in the
M-direction.

REMARK 9.2

A TRP structure is a TERP? structure in the sense of Hertling [66] without
“E,” that is, without an extension of the connection in the z-direction. It is easy
to see that a TERP(0) structure gives rise to a TRP structure by forgetting the
connection in the z-direction. A major portion of this section (Section 9.1) is an
adaptation of the framework of [66] to our setting.

EXAMPLE 9.3

Cecotti-Vafa [20], [21] discovered tt*-geometry in their study of N =2 super-
symmetric quantum field theory. There are natural TRP (or TERP) structures
coming from geometry: the A-model and B-model. A TERP structure in sin-
gularity theory (the B-model) was introduced by Hertling [66] using a natural
real structure on the Gauss—Manin system. A TERP structure in quantum coho-
mology (the A-model) was introduced by Iritani [74] using the I'-class and the
K-group of vector bundles. The real structure on quantum cohomology is differ-
ent from the usual one coming from H*(X,R) C H*(X,C).

REMARK 9.4

A TRP structure is determined by the holomorphic vector bundle F' restricted
to M x {|z| <1}, the connection V, the pairing (-,-)r, and the real subbundle
Fr of F|pqxg1. It is given by gluing F|; . <1y and v*(F|{|z<1y) along the circle
via the real involution with respect to Fx.

DEFINITION 9.5 (Glued bundle F)

From a TRP structure (F = O(F),V, (-,-) 7, &), one can construct a real-analytic
complex vector bundle F over M x P! by gluing F' with v*F via . The bundle
F has a fiberwise holomorphic structure with respect to m: M x P' — M. Let
Avh(ﬁ ) denote the sheaf of real-analytic sections of F which are holomorphic
along each fiber {t} x P!. (Here “vh” stands for wertically holomorphic.) Let
A% denote the sheaf of real-analytic p-forms on M, and let A%, =@, ;_, Azj\fl
denote the type decomposition. The connection V on F = O(F') can be extended
to a connection V on Ayp(F)

(9.3) Vi A (F) = 7 AL @ A (F) (M x {0}) @ 7 A% @ Agn(F) (M x {o0})

such that the (0,1)-part coincides with the d-operator for the holomorphic bun-
dle F. The (1,0)-part defines the antiholomorphic structure of v*F in the M-
direction. Since the gluing map « matches the pairing (-,-)# on F with v*(-,-)

33TERP stands for twistor, extension, real, pairing.
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on v*F', there is a nondegenerate pairing

(94) (.7 )}3’ (—)*Avh(F) ®AM><1F1,vh Avh(F) — ‘AMX]P’l,Vh
extending the pairing (-,-)7 on F, where Ap xp1 y, denotes the sheaf of real-
analytic functions on M x P! which are holomorphic in the P!-direction. The

pairing (-,-)z is V-flat, as in Definition 4.1.

DEFINITION 9.6 (Pure TRP structure)

A TRP structure is said to be pure if the bundle ﬁl{t}xpl is trivial as a holo-
morphic vector bundle for every ¢t € M. (A pure TRP structure corresponds to
a trTERP?" structure of Hertling [66] without “E.”)

The involution k; (see (9.1)) acting on the space H°(C*,O(F;)) is invariant
under parallel translation and satisfies

(9-5) re(fo) =7 Fma(v),  (Re(v), ie(w)) 2 =7 ((v,0) ),

for f € O(C*) and v, w € H°(C*,O(F})). Conversely, a TRP structure is given
by a TP structure and a translation-invariant family of involutions x; of
HY(C*,0(F;)) with these properties. Set F, = ﬁ|{t}><]11>1. The subspace
HY(C,O(F,)) C H(C*,O(F,)) consists of holomorphic sections of F, over C*
which extend to z = 0. Likewise, the subspace k;(H°(C,O(F}))) C H°(C*,O(F}))
consists of holomorphic sections of F, over C* which extend to z = oo. Hence, a
TRP structure is pure if and only if

(9.6) H°(C*,0(F,)) = H°(C,0(F,)) ® z 'k, (H°(C,0(F,)))

for each t € M. One can therefore view z~'x;(H°(C,O(F}))) as defining an
opposite module for a pure TRP structure. It is, however, not parallel in the
antiholomorphic direction.

REMARK 9.7

By identifying H°(C*,O(F})) with a fixed H°(C*,O(F},)) by parallel trans-
lation, locally on M, a pure TRP structure is given by a real structure on a
single infinite-dimensional symplectic vector space H°(C*,O(F;,)) such that
H°(C,0O(F;)) and its complex conjugate multiplied by 27!
(9.6), [74], and Section 9.3 below).

are opposite (see

DEFINITION 9.8 (Complex-conjugate opposite module)

Let (F,V,(+,-)r) denote the ¢TP structure associated to a pure TRP structure
(F,V,(-,")F,k), that is, (F,V,(-,-)g) is the restriction of (F,V,(-,-)#) to the
formal neighborhood of M x {0} in M x C. Let Axq denote the sheaf of real-
analytic functions on M, and set

AF:=F @0,,1:1 Am[z]-

344 TERP stands for trivial, twistor, extension, real;, pairing.
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We write Ay (F)(+(M x {0})) for the sheaf of real-analytic sections of F which
are meromorphic along each fiber with poles only along z = 0. The Ax[z71]-
module AF is defined to be the pushforward of this sheaf along 7: M x P' — M,

AF =, (Aun (F) (x (M x {0}))).
The purity of the TRP structure implies that (cf. (9.6))
(9.7) AF[z7 ' = AF @ 2 AF.

We call 271 AF the complex-conjugate opposite module or complez-conjugate
polarization.

REMARK 9.9
Note that the involution x; on H°(C*,O(F;)) is ill defined on the formal version
AF[z7]; nonetheless, AF can be regarded as the complex conjugate of AF.

Restricting the connection (9.3) to the formal neighborhood of z =0, we obtain
V: AF[z71 — Al @ AF[2 7Y,

(9.8) V: AF = Ay @ (271 AF) @ Ay © AF,
V: AF — Ay @ AF @ A% @ (2 AF).

The third equation means that the complex-conjugate opposite module is parallel
in the holomorphic direction, but not in the antiholomorphic direction. Let

Q: AF[z 7Y @4, AF[27Y] = Apm

denote the symplectic pairing, defined as in (4.2). Suppose that the TRP struc-
ture is pure. Because the pairing (9.4) is necessarily constant with respect to a
holomorphic frame of HO(P', O(F,)) over P!, the pairing of two elements from
2~V AF, has vanishing residue at z = 0. Thus,

(9.9) Q(z Y AF, 271 AF) = 0.

To summarize, we have the following result (cf. Definition 4.15).

PROPOSITION 9.10

The complez-conjugate opposite module z~' AF associated to a pure TRP struc-
ture is z~1-linear, opposite to AF from (9.7), and isotropic for Q from (9.9). It is
parallel in the holomorphic direction but not necessarily in the antiholomorphic
direction.

DEFINITION 9.11 (¢t*-bundle)

A pure TRP structure over M defines a real-analytic complex vector bundle K
of rank N 41 =rank F over M such that the sheaf A(K) of real-analytic sections
is given by

A(K) := 1, A (F) = AF N AF.
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This bundle is equipped with

e a complex antilinear involution k: K — K induced by x (cf. (9.1));

e a Hermitian metric h(u,v) := ((—)*k(u),v) s, which may not be positive
definite, induced from the pairing (9.4) and k (the Hermitian metric here is
complex antilinear in the first variable);

e a one-parameter family of flat connections

v —p-lec_ .
z

induced by the connection V from (9.3) on Avh(ﬁ), where D: A(K) = A}, ®
A(K) is a connection on K, C € End(K) ® A}(ﬂ and C € End(K) ® A?{,}

such that®®
e the Hermitian metric h is real with respect to x: h(k(u), k(v)) = h(u,v);
e D is real with respect to k: D =Ko Dok;
e C=roCo K3
e D respects the Hermitian metric h;
o h(Cu,v) = h(u,Cv).

The (0,1)-part of V(*) defines a holomorphic structure on K depending on z
which corresponds to the holomorphic structure on F|xqx(.}; in particular, the
holomorphic structure for z = 0 is defined by D” = D% and coincides with
that of F = F|xx{0}- Therefore, D can be identified with the Chern connection
for the holomorphic Hermitian bundle (Fy,h) under the natural identification
Fy = K. The flatness of V(*) implies, in terms of holomorphic local coordinates
{t'} on M,
chjzoa Dlgjzov [Ci,Cj}:O, [57’53]:0’
D,C; —C;D; =0, Dy, D;] +[Ci,Cj] = 0.

These are the tt*-equations. In particular, C gives a holomorphic section of
End(Fy) @ Qh, (via the identification K = Fy).

DEFINITION 9.12 (Pure and polarized TRP structure)
A pure TRP structure is said to be polarized if the Hermitian metric A on K
above is positive definite.

EXAMPLE 9.13

Many TERP structures coming from geometry (see Example 9.3) are pure and
polarized. For the B-model, Sabbah [103, Theorem 4.10] showed that the TERP

35Here k acts on forms by ordinary complex conjugation, and h is extended to K-valued
one-forms sesquilinearly. In holomorphic coordinates {t'} on M, we have D; = x o D; o x,
Cz =k oC; 0k, and h(Cyu,v) = h(u,C;v).
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structure associated to a tame function on an affine variety is pure and polar-
ized. For the A-model, under the identification between H°(C*,O(F})) and the
Givental space H given by the fundamental solution L (see Section 3.3), we
have

Z_l;‘{t(HO((C,O(Ft))) converges to  H_

when ¢ approaches the large-radius limit. This implies that the A-model TERP
structure is pure in a neighborhood of the large-radius limit point (see [74]).
When we restrict ourselves to the algebraic part EB;L“E)X HP?(X) of the quan-
tum cohomology, it is also polarized in a neighborhood of the large-radius limit
point (see [74]).

9.2. The connection V¢ on the total space
In this section we fix a pure TRP structure (F,V,(-,-)x,k) over M. The total
space L of the TRP structure is defined to be the total space of the underlying
c¢TP structure (F,V,(-,-)g), that is, the total space of the infinite-dimensional
vector bundle associated to zF (see Section 4.3). We assume that (F,V, (-, )g) is
miniversal (Assumption 4.9) and denote by pr: L — M the natural projection.
We need to extend the structure sheaf O on L by adding real-analytic func-
tions on M. Set

AO = (pr ' Am) ®@pr-10,, O.
The sheaf Q' of one-forms on L is also extended as
1. 1,0 % 40,1
AQT = AQ T S prt Ay,

where AQ"? and pr* AS)\’,} are given in terms of local coordinates {t',x%} (see
Section 4.3) as

N co N N
A =P Aodt' & D EP AOdzl,,  pr* Ay =P AOE.
1=0 n=11i=0 =0

We also write A0 = A@"Y ¢ pr* T/?/il for the dual sheaf #om 40(AQ', AO),
where T/&l denotes the sheaf of real-analytic vector fields of type (0,1) on M.
The gradings and (increasing) filtrations on @, Q' considered in Section 4.3 can
be naturally extended to AO and AQ"Y. We set

AO(prH(U))" = A(U) ®ow) O(pr~ ' (U))",
AO (prH(U)), = A(U) @o(w) O(pr~(V)),,
and for AQ"? we set, as in (4.11),
deg(dt')y =0,  deg(dxi)=1,  filt(dt")=—1,  filt(dz!)=n—1,

where filt(y) is the least number m such that y belongs to the mth filter.

The framework in Section 4 generalizes easily to this setting. The dual mod-
ules (2" AF)Y, AF[z7!]V are defined as in (4.3), but their definitions involve
replacing O with Ay ; the pullbacks of 2" AF, AF[z71], (2" AF)V, and AF[z~1]"
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under pr: L — M are defined as in (4.12). The pullback of the connection V
defined in (9.8) gives a connection

V: pr* AF > AQY° ® pr*(z L AF) @ pr* A(/)\’Al Qpr* AF

on pr* AF (cf. (4.13)). Note that the (0, 1)-part of V is nothing but the d-operator
defining the holomorphic structure pr*F.

DEFINITION 9.14 (cf. Definition 4.11)
The Kodaira-Spencer map KS: A®Y — pr* AF and the dual Kodaira—Spencer
map KS*: pr* AFY — AQ"Y are defined by

KS(v) = V,x, KS*(¢) = (V1 x),

where x is the tautological section of pr*(z.AF). They are simply the base changes
of the Kodaira—Spencer maps defined previously and are isomorphisms over the
open subset L° C L.

The complex-conjugate opposite module 21 AF (Definition 9.8) determines con-
nections V as follows.

DEFINITION 9.15 (cf. Definition 4.23)

Let I..: AF[z71] = AF @ 2~ AF — AF denote the projection along 2~ AF. Set
AQL = AQ o, AQLY = AQM0| 1, AB] = AB®! 1o, and ABLY := 4O,
Consider the maps

pr* AF

AQ' @ pr* (2~ AF) AQ! & pr* (AF),

* ~

pr* AFY pr(z~LAF)V AQ' @ pr* AFV.

Via the (dual) Kodaira-Spencer isomorphisms KS: A@LY = pr* AF and
KS*: pr* AFY = AQM these maps induce connections

Ve AOLY — AQ & ABLY,
ve: AQM 5 AQl @ AQLO
on the tangent and the cotangent sheaves of type (1,0). Here the connection vY

dual to V is defined as in (4.18) and (4.20).

We shall see in the next section (Section 9.3) that the connection V¢ can be
viewed as the Chern connection on L° associated to a certain Kahler metric.

PROPOSITION 9.16

The connection V on A®, is a torsion-free connection whose (0,1)-part is the
0-operator defining the holomorphic structure ©,.
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Proof
It is obvious from the definition that the (0,1)-part of V° is the d-operator.
Torsion-freeness follows from the same argument as Proposition 4.24. (Il

We next introduce the propagator Ap ., and the background torsion A.. associ-
ated to the complex-conjugate opposite module.

DEFINITION 9.17 (cf. Definition 4.43)

Let P be a pseudo-opposite module for (F,V,(-,-)r) in the sense of Defini-
tion 4.15. Write AP := Ay ®0,, P, and let Ip: AF[z71] = AF® AP — AF denote
the projection along AP. The propagator Ap .. = A(P, 271 AF) between P and
the complex-conjugate opposite module z~'AF is a homomorphism Aﬂi’o ®
AQLY — AO defined by

Ap oo(wr,w2) = QY (Ipep1, I p2),
where ¢; == (KS*)"tw;, i € {1,2}.

The propagator is symmetric Ap cc(w1,ws) = Ap cc(we,w1) (see the proof of
Proposition 4.44) and satisfies Ap cc — Aq,cc = A(P, Q) (see the proof of Propo-
sition 4.46).

DEFINITION 9.18 (cf. Definition 4.83)

The (background) torsion associated to the complex-conjugate opposite module
2~ VAF is an operator Ae.: AQL? x AQLY — pr* .A?(,ll defined by

ACC(whw?) =Y (%VHZC@M H:CSOQ)a
where ¢; == (KS*)"tw;, i € {1,2}.

The background torsion takes values in pr* A?(,ll, because 2~ ' AF is parallel in the
holomorphic direction. It is AQO-bilinear and symmetric: Ace(wi,ws) =
Ace(wa,wr) (see the proof of Lemma 4.84).

We use tensor notation as in Propositions 4.45 and 4.85. Let {x*} = {t, 2%}
denote an algebraic local coordinate system on L (see Section 4.3). We use Roman
letters i, j, k, ... for the indices of coordinates {t'} on M, and we use Greek letters
W, v, p, ... for the indices of coordinates {x*}. We also use the Einstein summation
convention as before. The following proposition is an analogue of Propositions
4.45(1) and 4.85(2). We remark that the connection V¥ associated to a pseudo-
opposite module P (Definition 4.23) can be naturally extended to a connection
on AQ! (or on A@®!) such that the (0,1)-part coincides with the d-operator.

PROPOSITION 9.19
Let P be a pseudo-opposite module for (F,V,(-,-)F).
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(1) The difference V¢ — V" defines a map AQ"® — pr* (,4}\’/? ® A}\’,?) given
by

(Ve - VP)dx” = A2 CWat' @ did.

P,cc™oij

(2) The covariant derivative of the propagator gives

VEAY (= 0, A + T, A% + T, A7) = Apl + Ap7, OO, AT

P,cc P,cc™~our =P ccr

VAL = 9,AY = —A,

P.cc P,cc

where Ap is the torsion of P and the I'}, ’s are the Christoffel coefficients of vF
as in (4.36). (In the first line, only the case pu =1 yields nonvanishing results.)

Proof
The proof is almost the same as Propositions 4.45 and 4.85 and is omitted. [

DEFINITION 9.20 (cf. (4.41) and (4.56))
Let P be a pseudo-opposite module for (F,V,(-,-)g). The difference one-form

Wp cc € prr A}\’/? associated to P and the complex-conjugate opposite module
27V AF is defined to be

(NN 4 X ‘
Wce =5 9 3 Y O At =53 Trap, (T — ) Vi)',
i=0 j=0 h=0 i=0

where AFy = AF/zAF. (The proof of the second equality here is the same as
that of Lemma 4.52.) We have wp ¢ — wQq,cc = wpq. If P is parallel, then the
two-form Ve 1= dwp ¢c € pr* -/43\/1 does not depend on the choice of a parallel P.
(This follows from the same argument as Lemma 4.76 (see Proposition 9.21 or
(9.10) below for an explicit formula).) We call ¥¢. the curvature two-form of the
complex-conjugate opposite module. Both the difference one-form wp . and the
curvature two-form .. are pulled back from M.

Finally we give formulas for the curvature of V and its trace. The proofs of
these are again parallel to the argument in Proposition 4.89 and are omitted.

PROPOSITION 9.21 (Curvature)
Let (V°%)? denote the curvature of V¢ on the cotangent sheaf AQL, which is an

End(AQL?)-valued (1,1)-form on L°.
(1) The curvature (V°°)? defines a map AQLY — pr* (A}Vll) ®pr* (.A}\’/?) given
by

(VE)2dx” = CL9) Aeep™ (dt A ') @ dt.
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(2) The curvature two-form Ve. equals®® half of the trace of (V°)?:

1 1 hoe
Vee = 5 Tr((V)?) = 5O Aced"dt" A dF
LN 4 .
- 9 Z Z Tr ar, (Hccvinccgj - Hccgjnccvi)dtz N
i=0 j=0

In particular, O.. is of type (1,1).

EXAMPLE 9.22
We give explicit formulae for the quantities V, Ap ., Acc, and e in terms of
local coordinates. Let P be a reference opposite module. By Proposition 4.18, P
defines (locally) a flat trivialization of AF by choosing a flat frame of zP/P. We
denote it by

®: CV @ Apm[2] = AF.

The trivialization ® induces a trivialization ®q of the holomorphic bundle Fy =
F|.—o; by purity, ®¢ extends to a trivialization of F which is holomorphic along
each fiber {t} x P!. Restricted to the formal neighborhood of z = 0, this gives
rise to a different trivialization ®°¢ of AF:

P CN T @ Ap[[2] = AF.

The trivialization ®°° is only real-analytic and coincides with ® along z = 0. The
trivialization ® induces a Frobenius-type structure on the trivial bundle of rank
N +1 as in Proposition 4.18, that is, we have a flat connection

'V —d— 1, Cc=C(t) eEnd(C )20k,
z

and a constant symmetric pairing g;; = g(e;, e;) = (®(e;), (e;5)).p/p on the triv-
ial bundle. On the other hand, the trivialization ®°¢ induces a tt*-bundle struc-
ture on the trivial bundle as in Definition 9.11, that is, we have a flat connection
(C is the same as above)

1 ~ ~
V=D~ C-2C, Ce End(CV*) ® Q4,C € End(CN 1) @ A%,

and a complex antilinear involution x € Endg(CY*1) ® A such that D =d +
h=10h is the Chern connection associated to the Hermitian metric h(u,v) =
g(k(u),v) and C =Ko C o k. We write

R=R(t,t,2) =id+R1z + Ryz> + R32® + - := () Lo ®

for the gauge transformation which intertwines the connections R o ®*V =
®°*V o R and satisfies g(R(t,t, —2)u, R(t,t,2)v) = g(u,v) for u,v € CN+L,

36The factor 1/2 instead of 1/4 in the second line here is not a typo; it reflects the asymmetry
between ¢ and j (cf. (4.56)).
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Let {t!,2!} denote the local coordinate system on L associated to’’ the
trivialization ®. Then we have (see also Example 4.26)

(Ve = W)dth = [K (1) " RiCiC;)"dt* @ dt?,

(V= V)dal = ([RT'CCar )"y + [K (w1 K (1) " RiCiCia ")t @ at?,
where K (z,,) € End(CN*1)® O is defined by K (z,,)e; = C;z,, (see Notation 4.12
for [---]%). The curvature of V on AQL? is given by

[V, Vedth = — [K (1)} C,CiCa ],
[V, V& dal = [RC,CCx1 ] — [K (1) K (21) ' CoCiCan ",

with all the other components being zero. In particular, we have

1 L N _ ,
(9.10) Ve = 5T]r((VCC)Q) — —§ZZTr(CjCi)dtZ AdF .

=0 7=0
Let {¢!} denote the frame of pr* AF[z71]V given by the trivialization ® (see
(4.14)). As in Section 4.8.1, we set
VDD = QY (0], e (0 ap) = (~1)"g" [R7 [Rewz "4 ],

where (¢g¥) is the matrix inverse to (g;;). The Vi) mihg depend real-
analytically on t. Explicit formulae for the propagators Ap ..(dt* @ dt®),
Ap cc(dt® @ dab), and Ap o(dr?, ® drb) are given by the same formulae as in

Remark 4.50 with V(9:0m3) there replaced by Vi (™%) . Using
QY (VI (05| ap), T (i) 4F)) = (= 1)1 g(CRpme", Rue'),
where e’ = Z;V:O g"e;, we obtain the following explicit formula for Ac.:
Ace(dt® @ dt®) = —g(gK(xl)T_lea7K(Jcl)T_leb),

Ace(dt® @ dab)

(—1)"g(CK (1) ~e®, Rye")

— g(CK (1), K (1) 7 K (wn41)Te”),

Ace(dzl @ dab ) = (1)1 g(CRue®, Rme?)

+ (_1)mg(5K(x1)T_1K(xn+1)Tea7 Rmeb)
+(=1)"g(CRue®, K (1) K (2041) Te?)

— g(CK (21) 7' K (2n41) e, K (21) T K (1) Te?),

where K (1)t is the adjoint of K (x1) with respect to the complex bilinear pair-
ing g.

370n the other hand, the coordinate system associated to ®°¢ is not holomorphic.
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9.3. Kahler geometry of the total space

We now introduce a (pseudo-)Kiihler metric on the L2-subspace L?(L°) and iden-
tify V with the Chern connection. The propagator and the Yukawa coupling
also have descriptions in terms of the Kéhler metric. Recently David and Stra-
chan [44] have considered an extension of tt*-geometry to the big phase space;
their construction seems to be closely related to ours.

Let (F = O(F),V,(-,")r,k) be a pure TRP structure over M, and let
(F,V,(,-)r) denote the corresponding ¢TP structure. Since F = O(F) is defined
over M x C, the total space L of the TRP structure has a canonical L2-subspace
L?(L) as follows (cf. Remark 4.39). Let F; C F; denote the subspace consist-
ing of elements in F; which extend to holomorphic sections of F' over the unit
disk {t} x D (where D= {z € C:|z| < 1}) and have L?-boundary values over S*
(vector-valued Hardy space). In other words, x € F; lies in I, if and only if it has
a square summable expansion x =Y~ ;2" for some (and hence any) trivial-
ization of F|r;3«c. Then L*(L) consists of (t,x) € L such that x € zF;. This has
the structure of a complex Hilbert manifold (the total space of a Hilbert vector
bundle over M). We let

Hy=L*({t} x S, F)

denote the space of L?-sections of F|{yxs1- We define the symplectic form on

H, as (cf. (4.2))

Qi (v,w) = 27%1 /S1 (v(fz),w(z))Fdz.

The pair (H:, ) is an analogue of the Givental space (Section 3.1) for the TRP
structure. The involution & of the TRP structure induces an involution k7;, on

H; (cf. (9.1)). We have (cf. (9.5))

ke, (f0) =7 - hiag, (v)

for f € L>°(S1;C). Note that parallel translation using the flat connection V
identifies all the triples (H¢, 2, k9, ) for ¢ in a simply connected open subset
U of M. We work locally on M and write (H,, k3;) for nearby (Hs, Qt, 6%, ),
t € U, identified with each other. The reality of the pairing (-,-) (see (9.2))
implies that the symplectic form is purely imaginary with respect to the shifted
involution &, := 271k (note that we still have &z o gy =id):

Q(/%H(v), Ry(w)) =—-Q(v,w).

The subspace F; C H; = H is Lagrangian with respect to 2. The family ¢ — F; of
subspaces of H should be viewed as a semi-infinite period map (see Section 3.3,
where the semi-infinite subspace is denoted by Ty C H) which takes values in the
semi-infinite Grassmannian Gree (). Locally one can immerse the total space
L?(L°) into H via the semi-infinite period map

v P(L0)|y = | (F)° = A,
teU
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where (2F;)° = L?(L}) = zF, NL; is a “Zariski-open” subset of zF; = L?(L;). The
derivative of ¢ defines an isomorphism

(9.11) do: Ty L*(L°) |y 2 F, CH

which corresponds to the Kodaira—Spencer map (Definitions 4.11, 9.14). Note
that F, is identified with the tangent space of L?(L°) at (,x).

DEFINITION 9.23
We define a nondegenerate sesquilinear pairing h on H by

h(v,w) = —Q(fy(v),w) = —Q(z" ' ku(v), w).
This is Hermitian and purely imaginary; one can easily check that
h(v,w) = h(w,v), h(av,w) =ah(v,w) (aecC),

h(fy(v), Ry (w)) = —h(v,w), h(zv, zw) = —h(v,w).

Pulling back h along the local immersion ¢: L%(L°)|y & H gives a Hermitian
metric h on L?(L°). Thus, L?(L°) has the structure of a (pseudo)-Kéhler Hilbert
manifold.

REMARK 9.24

The pairing h on H is indefinite of signature (co,00). The metric h restricted
to L?(L°) is nondegenerate under purity—this follows from the h-orthogonal
decomposition (9.12) below—and is also of signature (0o, 0).

The purity of the TRP structure implies (cf. (9.6)) that

(9.12) H=T; ® ry(F).

The family ¢~ &9, (F;) defines an L2-version of the complex-conjugate opposite
module 27! AF from (9.7). Note that F; and &4 (F;) are orthogonal to each other
with respect to h. In particular, the projection Il..: H — F; along &3 (F;) (which
is an L%-version of Il.. in Definition 9.15) is the orthogonal projection to F;.
Therefore, V°° on L?(L°) can be identified with the induced connection on the
immersed submanifold L?(L°)|y & H via the orthogonal projection. This implies
the following proposition.

PROPOSITION 9.25

The connection V' on L*(L°) (Definition 9.15) is the Chern connection asso-

ciated to the Hermitian metric h.

COROLLARY 9.26
The curvature two-form 9c. is a purely imaginary (1,1)-form.

Proof
Recall from Proposition 9.21 and (9.10) that . is half of the trace of the cur-
vature of V. 0
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Let P be a parallel pseudo-opposite module for the underlying c¢TP structure
(F,V,(-,-)) over U. We assume here that P is compatible with the given L*-
structure on F, namely,

e cvery element of P; C F;[27!] extends to a holomorphic section of F | {£} <D=
over the unit punctured disk D* = {2 : 0 < |z| < 1} and has an L?-boundary value
along S'; thus, P; is a subspace of Hy;

e the L%-closure P, of P, in H, is complementary to F;, that is, H; = F; ® P,
(as an algebraic direct sum, not necessarily orthogonal).

The same notion already appeared in Example 5.18. Since P is parallel, it gives
rise to a constant Lagrangian subspace P in ‘H = H;.

DEFINITION 9.27

Let IIp: H — F; denote the projection along P. We define the complex-antilinear
endomorphism »p: TL?*(L°)|y — TL?*(L°)|y by »p(v) = (dv) " pky (de(v)):

Ry B IIp
Fn(Fr) CH

up: T(t}x)LQ(LO) =, F, = T(t’x)LQ(LO),

where dv: T(; ) L?(L°) = F, is the Kodaira-Spencer map (9.11).

REMARK 9.28
In general, »p is neither an isomorphism nor an involution. It is easy to see that

e p is an isomorphism if and only if P® &y (F;) = H;
e p is an involution if and only if P is real, that is, iy (P) =P.

Let us prove the second statement. Note that v = sp(w) if and only if
v— Ry (w) € P. The “if” part of the statement is obvious. Every p € P can be writ-
ten as p = v — Ky (w) for some v, w € Fy by purity (9.12). Then we have v = sp(w).
If »p is an involution, then we have w = sp(v), and thus, Ay (p) = RAu(v) —w
lies in P. The “only if” part follows. It would be interesting to study parallel
pseudo-opposite modules P such that sp is an involution.

REMARK 9.29

If P is an opposite module (i.e., is closed under z~!), then »p cannot be an
isomorphism. Moreover, if the flat trivialization (Proposition 4.18) of F; given
by P extends to a smooth trivialization of the bundle F' over the closed disk
{t} x {|z] <1}, then sp is Hilbert—Schmidt and hence compact. To prove this,
let v € H be a vector of unit length. The L?-distance dist(z~"v,P) = dist(v, 2"PP)
goes to zero as n — 00, because J,,~ 2" P is dense in H (see Lemma A.1). Simi-
larly, dist(z~"v, Ry (F:)) =0 as n — 00. These together imply that the distance
between the unit spheres in P and in & (F;) is zero (because ||z~"v| =1 for
all n). Therefore, we cannot have P @ #y (F;) = H. To see the latter statement,
note that sp can be viewed as a Hankel operator associated to the gauge trans-
formation from the trivialization given by z~'AF, to the trivialization given
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by P;. Consequently, s¢p is Hilbert—Schmidt if the gauge transformation extends
smoothly to the circle S!.

REMARK 9.30

In the Calabi-Yau B-model (see [112], [2]), the middle cohomology H3(X,C)
of a Calabi—Yau 3-fold X (equipped with the intersection form) is a symplectic
vector space to be quantized. The so-called “real polarization” in this context
is a Lagrangian subspace P of H*(X,C) with P = P. The above two remarks
say that a real polarization in the infinite-dimensional setting would be a rather
exotic object: at least it is not given by an opposite module.

The following proposition gives an interpretation of the propagator Ap .. and
the Yukawa coupling Y in terms of Kahler geometry.

PROPOSITION 9.31

Let hY denote the dual Hermitian metric on the cotangent bundle of L*(L®).
Then we have

Ap ce(wr,wa) = —hY (w1, wa),
Y (u, spv,w) = (VL) (v, w)

for cotangent vectors wy,ws € T*L2(L°) and tangent vectors u,v,w € TL*(L®).

Proof

We identify the tangent space T(tyx)LQ(Lo) with F; C H in the proof. Let H’',
F, denote the topological duals of H, F;. The dual symplectic form QY and
the dual Hermitian form h" are defined on H’ and are related by h"(w;,ws) =
—QY (R}w1,ws) for w; € H'. Thus, we have

Ap,cc(wl, UJQ) = Qv( Ewl,H:CwQ) = 7hv(R;{HEW1, H:ng)

for wy,ws € F;. The right-hand side equals —hv((/%;‘_tH*F‘wl)|F,w2) =
—hY (spw1,ws) by the h-orthogonal decomposition (9.12). O

9.4. Holomorphic anomaly equation

We now consider correlation functions under the complex-conjugate opposite
module z~' AF from Definition 9.8. We show that they satisfy the Bershadsky—
Cecotti—-Ooguri—Vafa holomorphic anomaly equation, and we use this to define
the Fock space for z=' AF. Throughout the section we fix a pure TRP structure
(F,V,(-,-)F,k) over M. The associated ¢TP structure is denoted by (F,V, (-, -)g).
We denote an algebraic local coordinate system on the total space L by {x*} =
{t', ¢}, as usual.

DEFINITION 9.32 (cf. Definition 4.74)
Let P be a parallel pseudo-opposite module for the ¢TP structure (F,V, (-,-)f),
and let € = {C,(ff),,._,un} € Foct(U; P) be a Fock space element. We define a set of
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completely symmetric tensors

Goe={CZ,, A" @ @dx € (AQYY)E" (pr (D)) :
n>0,g>0,29—2+n>0}

via the Feynman rule in Definition 4.64

1
Cc(g’)#h bn ; Aut(I‘) Contr(%7AP,CC)M1,~u7un

and the propagator Ap .. in Definition 9.17. We call .. = {C. éé’?m, un} the
correlation functions under the complex-conjugate opposite module z~*AF corre-
sponding to € and write

Gee =T(P, 27 L AF)E
The corresponding jet potential is defined by

H9—
Wee X y Z Z n Cc(g)ul,...,,un (X)yul o ,yﬂn’

9=0 n=max(3—2g,0)

and we have
h I
exp(WCC(x,y)) = exp(iA‘“’(P, Z_IAF)(‘?WB),V) exp(V\/(x7 y)),

where W(x,y) is the jet potential associated to €.

REMARK 9.33
The correlation functions Cé&im,_w are holomorphic in {zf :n>1,0<i< N}
and are real-analytic in t°,... t". Note that i, ..., t, are holomorphic indices.

PROPOSITION 9.34 (cf. Definition 4.56)

Let P be a parallel pseudo-opposite module for the c¢TP structure (F,V,(-,-)),
and let € = {Cﬁgl),_,,#n} be an element of Foct(U;P). The correlation functions
{Cég;)m,__q,m} under 2~ AF corresponding to € satisfy the following properties:
(Yukawa) cld) JupdxF @ dx¥ @ dxP is the Yukawa coupling Y ;

(Jetness) V. C(gg)m i = Cé?}m
(Holomorphzc anomaly)

---------- s Where we use notation as in (4.42);

= 0;,C9 + 1 Z ok A aBo)

CCiH2,-fin | 9 ceipr o Ccul ccspg,fB
(9.13) kt+i=g
g—1) o
+ CCC S5y i 0, BACCIH ’

(Grading and filtration)
CCC;/J«1>~~~7M”dX“1 ® -+ R dxtn ¢ ((Aﬂl,0)®n (pr—l(U)o))Z—fg.
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(Pole) P(Cee,pdx*) extends to a regular (1,0)-form on pr=(U), and for g >2,
we have

C(Eg) c P_(59_5).A(U)[£L'17$27P$3,P2$4, ey P39—4$3g,2],
where P = P(t,x1) is the discriminant (4.10).

Proof

The proof is similar to that of Lemmas 4.67-4.69 and Theorem 4.86. The con-
dition (Yukawa) is obvious from the Feynman rule C’C(S;)Wp = C;S?/)p- The condi-
tion (Jetness) follows from the argument of Lemma 4.67, using Proposition 9.19
instead of Proposition 4.45. To establish (Holomorphic anomaly), we differentiate
with respect to ' the Feynman rule expressing C,Eg?%,,,, w10 terms of {C,S?,),,,7,,m}
and A = A(P, 27! AF). The only nonholomorphic objects in the Feynman rule are
propagators, and we have that 9; A = —Act” by Proposition 9.19(2). There-
fore, 51-00(33“1,,“, u, can be written as the sum over graphs with one distinguished
internal edge, on which the propagator is replaced with —A.t"”. The second and
the third terms in (9.13) correspond, respectively, to the cases where the distin-
guished edge separates and does not separate the graph. The condition (Grading
and filtration) follows from the argument of Lemma 4.68. Here we need to estab-
lish an analogue of Proposition 4.55 for A = A(P,z7'AF), but this is straight-
forward. The condition (Pole) follows from the argument of Lemma 4.69. O

REMARK 9.35

Since V* is flat in the holomorphic direction, the condition (Jetness) is compat-
ible with the symmetry of the correlation functions (see also Remark 4.57). Note
that the holomorphic anomaly equation (9.13) is nontrivial only when the index
7i; corresponds to one of the coordinates {t_o, e ’W} on M.

We deduce an important consequence of the holomorphic anomaly equation for
the genus-one one-point correlation function, which is similar to Proposition 4.78.

PROPOSITION 9.36 (Curvature condition)

The genus-one one-point function under the complex-conjugate opposite module
2L AF satisfies

d(CL),dxt) = V.
Proof

The condition (Jetness) implies that foC,Sl) is symmetric in g and v. Thus,
Céé;)#dx“ is O-closed. The holomorphic anomaly equation gives a%céi?m =
_%CLOI)QBACC?B7 and this implies that E(Cc(ég)#dx“) = VY¢ in view of Proposi-
tion 9.21(2). O
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DEFINITION 9.37 (Fock space for the complex-conjugate opposite module)
The local Fock space Foct(U; 2~ L AF) for the TRP structure (F,V, (-,-) 7, %) con-
sists of collections

{C(g) dx" @ - @ dxtr € (AQY))E (pr 1 (U)°) :

CCi L 5-os
g20,n20,2972+n>0}

of completely symmetric tensors satisfying the conditions (Yukawa), (Jetness),
(Holomorphic anomaly), (Grading and filtration), and (Pole) listed in Proposi-
tion 9.34.

Note that Definition 9.32 defines a transformation rule
T(P, 2 AF): Foct(U;P) — Foct(U; 2~ *AF)

for a parallel pseudo-opposite module P over U.

PROPOSITION 9.38

Let P be a parallel pseudo-opposite module. The transformation rule T(P, 2z~ AF)
defines a bijection between Foct(U;P) and Fock(U; 2~ AF). The inverse map is
given by a transformation rule T(z~'AF,P) defined in terms of the propagator
Acep = —Ap e and the Feynman rule similarly to Definition 9.52.

Proof

Let %.. be an element of Fock(U;z"'AF). It suffices to show that ¢ :=
T(2~YAF,P)%.. satisfies the conditions for elements in Foct(U;P) in Defini-
tion 4.56. (It is clear from the definition that the transformation rules
T(P,2~YAF) and T(z7'AF,P) are inverse to each other.) The conditions
(Yukawa), (Jetness), (Grading and filtration), and (Pole) can be checked using
the arguments in Lemmas 4.67-4.69. It suffices to show that each correlation
function in ¥ is holomorphic. Writing %c. = {Céﬁ?m,,,,un} and ¢ = {C,(Lgl),,“#n},
we have the following Feynman rule:

c) — o) + (wP’CC)W

coip T T
(9.14) 1

(9) — o9 - >
Cy=CY9+ EF TAut(D)) Contr (%, Apcc), for g>2,

where the trivial graph (with one genus-g vertex) is removed from the summa-
tion in the second line. The curvature condition in Proposition 9.36 together
with (9.14) shows that E(C’ﬁl)dx“) = 0. Hence, C’,(Ll) is holomorphic. Suppose by
induction that C" is holomorphic for all h < g for some g > 2. We differentiate
the above Feynman rule (9.14) for Cc(g ) with respect to ¢ . Using the argument in
the proof of Proposition 9.34 and the induction hypothesis, we find that the dif-
ferentiation of the second term (on the right-hand side) gives the negative of the
second and the third terms of the holomorphic anomaly equation (9.13). By the
assumed holomorphic anomaly equation, we obtain 9;C(9) = 0. This completes
the induction steps and the proof. O
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REMARK 9.39
We have, as in Proposition 4.70,

T(Pl, Zﬁlﬁ) = T(PQ, Zﬁlﬁ) 9] T(Pl, PQ),
71(22_1ﬁ7 P1) = T’(PQ7 Pl) o T(Z_lﬁ, Pg),

for parallel pseudo-opposite modules P, Ps.

LEMMA 9.40

Let P be a parallel pseudo-opposite module. Consider the difference one-form
W= Wpcc € A}\’,? from Definition 9.20. Locally on M there exists a real-valued
function uw=wup such that Ou=w. The function u is unique up to a real constant.

Proof

Recall from Corollary 9.26 that the curvature two-form ¥.. = dw is a purely
imaginary (1,1)-form. Therefore, Ow = 0 and dw = V... Hence, we can locally
find a complex-valued function v with du = w. Also we have

30(Su) = R(DOu) = R(Aw) = R(Wec) =0,

since 00 is a purely imaginary operator. Therefore, Su is a pluriharmonic func-
tion. We can locally find an antiholomorphic function f such that &f = Su.
Replacing u with u — f, we obtain a real-valued function w satisfying du = w.
The ambiguity in w is a real-valued antiholomorphic function and, hence, is a
real constant. ]

DEFINITION 9.41

Let u = up be the real-valued function in Lemma 9.40 associated to a parallel
pseudo-opposite module P. We call hp = exp(u) the half-density metric associated
to P. This is a locally defined function, unique up to multiplication by a real
positive constant.

The curvature two-form 9. can be viewed as the curvature of the half-density
line bundle “det(€2})'/2” by Proposition 9.21. From the equation

00loghp = Ve

we may view hp as the Hermitian metric on “det(22)'/2.” Let C’,&l) be a genus-
one one-point function under a parallel pseudo-opposite module P. Locally we
can integrate this to obtain a multivalued genus-one potential C) (see
Remark 4.57(2)). Let Céi;)u be the corresponding genus-one one-point function
under the complex-conjugate opposite module z~! AF. We can regard exp(C(l))
as a section of the line bundle “det(2})'/2” and define exp(C’éé)) to be the norm

Hexp(C'(l))H2 = |exp(C'(1))|2hp.
In fact, we have

log|lexp(CV)||* = wp cc + CPx = CY) dx*
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and
(9.15) EalogHexp(C(l))H2 =Vec.

The latter equation is similar to the holomorphic anomaly equation at genus one
considered in [11].

REMARK 9.42

We defined the half-density metric for a TRP structure equipped with a parallel
pseudo-opposite module. In particular, this defines a CDV™® structure (see [66,
Definition 1.2]), which is a mixture of a Frobenius manifold structure and a t¢*-
structure. It would be interesting to study the singularities and monodromy of
the half-density metric for CDV structures which arise from singularity theory
and quantum cohomology. For example, for quantum cohomology equipped with
the T-real structure (see [71], [74]), is the half-density metric a single-valued
function around the large-radius limit point?

Appendix. Opposite subspaces in the L2-picture

In this appendix we collect some facts about opposite subspaces in the L2-picture.
Let H = L%(S*,CN*1) be the Hilbert space of CN*!l-valued square-integrable
functions on S!. (This corresponds to the Givental space in the main body of
the text.) Let Hy C H denote the subspace consisting of boundary values of
holomorphic functions D — CN¥*+1 on the unit disk D= {z: [2| < 1} (cf. (3.1)).

LEMMA A1
Let P CH be a closed subspace such that 2P CP and P& H, =H. (The direct
sum here is not necessarily orthogonal.) Then |, ~,2"P is dense in H.

Proof

Let V be the closure of | J, <, 2"P. Then V is a z*!-invariant subspace: zV =V,
By a vector-valued version of Wiener’s theorem [108, Theorem 3], V is of the
form

V={Q@)f(z): f e H}

for a measurable function @Q: S* — End(CN*!) such that Q(z) is an orthog-
onal projector for each z € S, that is, Q(2)? = Q(2), Q(2)* = Q(z). On the
other hand, V NH is a z-invariant subspace of H4: z2(VNHy) CVNH,. The
Beurling—Lax theorem (see, e.g., [65]) tells us that it is of the form

VK, = {T(E)f(:): fety),

where T : S — End(CV*1) is a measurable function with the following proper-
ties: (1) T is a boundary value of a holomorphic function 7: D — End(CN*1);
(2) there exists a subspace U of CVN*! such that, for each z € S, T'(2)|y is an

38CDV structures are named after Cecotti, Dubrovin, and Vafa (see [20], [21], [48], [49]).
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isometry on U and T'(z)|y1 = 0. Arguing as in the proof of Proposition 4.18(i),
we see that VN Hy D 2PN HL =H,/2H, = CNHL Therefore, U = CN+L
Because VN H, CV and every element g € V satisfies Q(z)g(z) = g(z), we
have Q(2)T'(2)f(z) =T(2)f(z) for all f € H4. This implies that Q(z) =1id and
V== O

LEMMA A.2
Let P C H be as in the previous lemma. Then (),,~,2 "P={0}.

Proof

Suppose that there is a nonzero vector x € (7,2 "P. Write 2"z = a,, + by,
where a, € H, and b, € H_ = (H,)* (cf. (3.1)). We have b, — 0 in the norm
topology as n — oo. The projection H — H_ along H,; induces an isomor-
phism P — H_. Let f: H_ — P be the inverse isomorphism. We have z"x =
(an + b — f(bn)) + f(bn) with an, + b, — f(by) € Hy, f(by) €P, and 2"z € P.
Therefore, f(by,)=2"x and so ||f(b,)|| = ||z"x| = ||z||. This contradicts the fact
that lim,, . b,, = 0. O

Lemmas A.1 and A.2 together imply that the pair (H,,P) satisfies
Uns02 " He = U0 2P =H and ()50 2" H4+ =,502 "P={0}. A pair of
complementary subspaces with these properties is studied in [5] under the name
“dual shift-invariant pair.”
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