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Abstract Let C beasmoothirreducible projective algebraic curve defined over the com-
plex numbers. The notion of the Clifford index of C was extended a few years ago to
semistable bundles of any rank. Recent work has been focused mainly on the rank-2 Clif-
ford index, although interesting results have also been obtained for the case of rank 3.
In this paper we extend this work, obtaining improved lower bounds for the rank-3 Clif-
ford index. This allows the first computations of the rank-3 index in nontrivial cases and
examples for which the rank-3 index is greater than the rank-2 index.

1. Introduction

Let C be a smooth irreducible projective algebraic curve defined over the complex
numbers. The idea of generalizing the classical Clifford index Cliff(C') to higher-
rank vector bundles was proposed some 20 years ago, but formal definitions and
the development of a basic theory took place much more recently (see [11]).
Since then, there have been major developments, in particular, the construction
of curves for which the rank-2 Clifford index Cliff5(C) is strictly less than Cliff (C)
(see [7], [8], [13], [15], [16]), thus producing counterexamples to a conjecture of
Mercat [18, Introduction]. A good deal is now known about bundles computing
Cliffo(C) (see [15]).

Examples are also known for g =9 and g > 11 for which the rank-3 Clifford
index Cliff5(C) is strictly smaller than Cliff (C') (see [10], [8]) and lower bounds for
Cliff5(C) had previously been established in [14]. However, with the exception of
the case where Cliff (C') < 2 (when Cliff3(C) = Cliff (C'); see [11, Proposition 3.5]),
no actual values of Cliff3(C) are known. In the present paper, we improve the
lower bounds of [14] in various circumstances. As a result, we are able to compute
values of Cliff3(C) in some cases and to give examples for which Cliff3(C) >
Cliff3(C), thus answering in the affirmative [10, Question 5.7].

Following definitions and some preliminary results in Section 2, we consider
in Section 3 the curves of minimal rank-2 Clifford index constructed in [16]; these
are good candidates for having Cliff3(C) > Cliff3(C'), and we prove in particular
the following.
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THEOREM 3.9
If 16 < g <24, then there exists a curve C of genus g such that

Cliff5(C) > Cliff5(C).

This could hold also for other values of g (see Theorem 3.7 and Remark 3.10).
In Section 4, we establish the following improved lower bound for Cliff3(C)
when Cliffo(C') = Cliff (C').

THEOREM 4.1
Let C be a curve of genus g > 7 such that Cliffy(C) = Cliff (C') > 2. Then

Cliff3(C) > min{% — 9, %}

Moreover, if Cliff3(C) < Cliff (C), then any bundle computing Cliff3(C) is stable.

For the definition of the gonalities d,., see Section 2. These new bounds may
appear to be a minor improvement on those of [14], but they are in some sense
best possible in the light of current knowledge and have surprisingly strong con-
sequences. In particular, in the course of proving Theorem 4.1, we are able to
show that Cliff3(C') = 2 for the general curve of genus 9 (see Proposition 4.8
and Corollary 4.9); to our knowledge, this is the first complete computation of
Cliff3(C) for any curve with Cliff(C) > 2.

Section 5 is concerned with the case of plane curves, especially smooth plane
curves. We note first that, if C' is a smooth plane curve of degree § > 6, Theo-
rem 4.1 implies that Cliff3(C) > Q‘ST*G (see Proposition 5.1). The main result of
this section identifies all possible bundles for which this lower bound could be
attained.

THEOREM 5.6

If C is a smooth plane curve of degree § > 7 and Cliff3(C) = %, then any
bundle E computing Cliff3(C) is stable and fits into an exact sequence

0—Fyg—~F—H=0,

and all sections of H lift to E. Moreover, such extensions exist if and only if
hO(EH ® Fg) > 10.

Here H denotes the hyperplane bundle on C and Fy is defined by the evaluation
sequence 0 — Ej — H°(E) ® Oc — E — 0. For the normalization of a nodal
plane curve, we prove a similar but more complicated result (Theorem 5.9).

In Section 6 we study curves with Cliff5(C) = 3. Our main result here is the
following.

THEOREM 6.8

Let C be a curve of genus g > 9 with CLff (C') =3. If dy > 7, and in particular if
g > 16, then
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Cliff3(C) = 3.

For all g > 9 there exist curves with these properties.

For curves with Cliff3(C') = 3 and dy =7 (which can exist only for 7 < g <15) or
with g =8 and ds = 8, we have % < Cliffs < 3, but we do not know the precise
value of Cliff3(C). We do however give a list of all bundles which could compute
Cliff3(C) if Cliff3(C) = § (see Propositions 6.5, 6.6, 6.7). The problem is therefore
reduced to that of determining whether any of these bundles exists.

In Section 7, we prove that, if Cliff5(C') < Cliffo(C') and E computes Cliff5(C),
then the coherent system (E, H°(E)) is a-semistable for all a > 0; if in addition
E is stable, then (E, H°(E)) is a-stable for all a > 0. (In fact we prove a result
for rank n, Proposition 7.1, of which this is the case n = 3.) These results are of
interest in connection with a conjecture of D. C. Butler [2, Conjecture 2].

Finally, Section 8 contains further comments and a discussion of open prob-
lems.

We suppose throughout that C' is a smooth irreducible projective algebraic
curve defined over C and denote the canonical bundle on C' by K¢. For a vector

bundle F on C, we denote the degree of F' by dp and its slope by u(F) := r(li(l}"

2. Definitions and preliminaries

We recall first the definition of Cliff,,(C). For any vector bundle E of rank n and
degree d on C', we define

o (E
L)

V(E) = %(d ~2(h°(B) ~ ) = p(E) ~ 2 4 2.

If C has genus g > 4, we then define, for any positive integer n,

FE semistable of rank n,
hO(E) > 2n,u(E) < g -1

(this invariant is denoted in [11]-[15] by 4;,). Note that Cliff;(C) = CLff(C) is
the usual Clifford index of the curve C. We say that E contributes to Cliff,,(C)
if £ is semistable of rank n with h°(E) > 2n and u(FE) < g — 1. If in addition
~v(E) = Cliff,,(C), we say that E computes Cliff,,(C). Moreover, as observed in
[11, Proposition 3.3, Conjecture 9.3], the conjecture of [18] can be restated in a
slightly weaker form as the following.

Cliff,,(C) :=min {V(E) ‘

CONJECTURE
The rank-n Clifford index Cliff,, (C) is equal to Cliff(C).

In fact, for n =2, this form of the conjecture is equivalent to the original (see
[15, Proposition 2.7]).

LEMMA 2.1
The conjecture is valid in the following cases:
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(i) Clff(C) <2,
(ii) n=2 and Cliff(C) <4.

Proof
See [11, Propositions 3.5, 3.8]. O

However, the conjecture is known to fail in many other cases (see [7], [8], [13],
[15], [16]). For n =3 it fails for the general curve of genus 9 or 11 (see [10]) and
for curves of genus > 12 contained in K3 surfaces (see [8, Corollary 1.6]). For
n =2 it is still conjectured to hold for the general curve of any genus (see [7]).
Note that in any case

(2.1) Cliff,,(C) < Cliff(C)
(see [11, Lemma 2.2]), and for n =2 we have the lower bound

Cliff(C)
>+

(2.2) Cliff,(C) > min{Cliff(C),

(see [11, Proposition 3.8]).
The gonality sequence dy,ds,...,d,,... of C is defined by

d, = min{dL | L a line bundle on C with hO(L) >r+ 1}.

We have always d, < d,.4+1 and d,1s < d, + ds; in particular, d,, < nd; for all
n (see [11, Section 4]). We say that d, computes Cliff(C) if d, < g —1 and
d, —2r = Cliff (C') and that C has Clifford dimension r if r is the smallest integer
for which d, computes Cliff(C). Note also (see [11, Lemma 4.6])

(2.3) dy > min{Cliff (C) 4 2r,g + r — 1}.

We recall that CLiff(C') < [£5}] with equality on the general curve of genus g.

In fact equality holds on any Petri curve, that is, any curve for which the multi-
plication map

H(L)® H*(Kc ® L) = H°(K¢)
is injective for every line bundle L on C'. Moreover,
9
2.4 d, < - [—}
(2.4) =g+ r+1
again with equality on any Petri curve.
In the following sections, we shall need a few basic results. The first is the

lemma of Paranjape and Ramanan [21, Lemma 3.9], which can be stated as
follows.

LEMMA 2.2

Let E be a bundle of rank n and degree d on C with h°(E) =n + s possessing no
proper subbundle F with h°(F) >tk F. Then d > d;.

As a complement to this lemma in the case n =2, we have (see [15, Lemma 2.6))
the following.
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LEMMA 2.3

Suppose that F' is a semistable bundle of rank 2 and degree < 2g — 2 which pos-
sesses a subbundle M with hO(M) > 2. Then v(F) > Cliff(C), with equality if
and only if y(M) =~(F/M) = Cliff(C) and all sections of F/M lift to F.

PROPOSITION 2.4
Suppose that either Cliff3(C) < Cliff3(C) = Cliff (C') or Cliff5(C) < Cliff5(C) <
Cliff(C), and let E be a bundle computing Cliffs(C). Then E is stable.

Proof
Suppose that F is strictly semistable. Then F is S-equivalent to a bundle of the
form F & L, where tk FF =2, rkL =1, and both bundles have the same slope
as E. Moreover, v(E) > ~v(F & L).

Note that either F contributes to Cliff3(C) or L contributes to Cliff(C).
If both of these hold, then clearly v(F & L) > w If F does not
contribute to Cliff2(C), then h°(F) < 3, so

V() = w(F) —1=dr —1>~(L).

Since (L) > Cliff(C), it follows that v(F @ L) > Cliff(C). Finally, suppose L
does not contribute to Cliff(C'). Then

V(L) =2 d = u(F) >~(F) = Cliff2 (C),
soy(F & L) > Cliff3(C). In all cases, we obtain the contradiction v(E) > Cliff3(C).
(|

For the next result recall that, if L is a generated line bundle with h°(L) =1+ u,
then the evaluation sequence

(2.5) 0= Ef -H (L)@ Oc —L—0

defines a vector bundle Ey, of rank u and degree dy,.

LEMMA 2.5
Ifu=2 and dy, =dy in (2.5), then Ey, is semistable. Moreover, if do < 2d;, then
Ey is stable and h°(EL) = 3.

Proof
See [11, Proposition 4.9, Theorem 4.15]. |

PROPOSITION 2.6

Suppose that 3 Cliff (C) > 2ds — 6, and suppose that Cliff2(C) = Cliff (C). Let F
be a stable bundle of rank 2 and degree ds with h°(F) =3, and let L be a line
bundle of degree do with h°(L) = 3. Suppose further that

(2.6) 0—-F—-E—L—0
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is a nontrivial extension with h°(E) =6. Then E is semistable and generated.
Moreover, extensions (2.6) with these properties exist if and only if \>(F @ Er) >
10.

Proof
If F' is not generated, then it possesses a subsheaf F’ of rank 2 and degree
dy — 1 such that h°(F’) = 3. Moreover, F’ is semistable. This contradicts [11,
Corollary 4.12].

Since also h°(F*) =0, we have an exact sequence

0— F*— H(F)*®0c — M — 0,

where M ~ det F has degree dy and h°(M) > 3. Hence h°(M) =3 and F ~ E);.
The semistability of E now follows as in [10, Proposition 3.5], noting that the
inequality 3d; > 2ds is weaker than 3 Cliff (C') > 2dy — 6. Moreover, F is obviously
generated.

For the last assertion note that a nontrivial extension (2.6) with h%(E) =6
corresponds to a nonzero element of the kernel of the natural map

HY(L*® F) —» Hom(H(L), H'(F)) = H°(L)* ® H'(F).
Now consider the sequence
0= L*®@F—HYL)*®F - E,®F —0.
Since F is stable, H(L* ® F') = 0. So we have an exact sequence
0—HY(L)*®@ H'(F) - H'(EL®F) = H'(L*® F) — H°(L)* @ H'(F).

Hence there exists a nontrivial extension (2.6) with h°(E) =6 if and only if
hY(EL @ F) > hO(L) - h°(F)=09. O

3. Curves with minimal rank-2 Clifford index

In this section, we let C' be a curve of genus g > 11 with

(3.1) 0113(0):[9%1} and Cliﬁg(C):%{%}+2.

Such curves exist by [16] and [7]. Note that (3.1) implies that Cliffs(C) < CLff(C).
By (2.2), Cliff3(C) takes its minimum value for the given value of Cliff(C),
so these curves are good candidates for obtaining values of Cliff3(C) greater
than Cliff3(C). A further implication of (3.1) is that dy < Cliff(C) + 8 (see [11,
Theorem 5.2]). On the other hand, dy > Cliff (C') + 8 for any curve of genus > 8
by (2.3), so, for our curves, we have dy = Cliff (C') 4+ 8. This implies that C' cannot
be a Petri curve for g > 12. On the other hand, it is known that, for g =11, C
can be Petri (see [17, Theorem 1.5]).

We follow the arguments of [14].

PROPOSITION 3.1
Let E be a semistable bundle of degree d computing Cliff3(C). If g > 19 and
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d<2g—2+ 3[9552], then either
~v(E) > Cliff2(C) or  y(E)>— -2

Moreover, if y(E) < Cliffy(C), then E has no proper subbundle F with h°(F) >
rk F'+1.

Proof

By [14, Proposition 2.4] we have

2CLF(C)+1 1
3 '3

Note that the bound Cliffo(C) enters only in [14, formula (2.2)] and is a strict

inequality. Moreover, the condition on d is necessary and sufficient for

~(B) zmin{% — 2, Cliff,(C), (2CH(C) + 29— d +4) }.

1
5 (2CIHfH(C) +2g —d +4) > Cliffy(0).

If g > 23, then
2CIHff(C) + 1
3
and we are finished. For g < 23 we need to improve the bound
points where this enters in the proof of [14, Proposition 2.4] are [14, Lemma 2.2(i)]
and [14, formula (2.3)]. (The inequality at the end of the proof of [14, Lemma 2.2]
%, which is clearly greater than Cliff3(C).)

> Cliff(C),

2 Cliff?EC)+1 The

can be replaced by y(E) >
For [14, Lemma 2.2(i)], we have

v(E) > %(Cliﬁ“(O) +dg) — 2.

By (2.3),

-1 -1
de > min{ [QT} +12,9+ 5} - [QT] 112
for g >12. So
2rg—1 .
1E)2 [T] +2> Cliffs(O).
For [14, formula (2.3)], the estimate enters in two different cases. In the first
case we have, for some integer ¢t > 1,

S 2Cliff (C) + 2¢ S 2 Cliff (C) + 2

(3.2) v(E)> 3 > 3 > Cliff2(C)
for g > 19. In the second case we have
2t+49—4 d
Ey>— - _
v(E) > 3 3
U+49—4  29-2+ 3[51]
-3 3

_ 2t429—2— 3[%F
N 3

> Cliff5(C). O
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REMARK 3.2

For g <18 one can have v(F) < Cliff3(C) in (3.2). Since g > 11, this can occur
only if t =1. If 15 < ¢g <18, all the other inequalities in the proof of (3.2) must
be equalities. In particular, do = dg; computes Cliff (C'). For 16 < g < 18, one can
check that all the hypotheses of [17, Theorem 9.1] hold except that we do not
know whether the quadratic form in the statement of that theorem can take the
value —1. However, this does not matter in view of [16, Corollaries 2.4, 2.6].
So [17, Theorem 9.2] applies, and a simple calculation shows that this gives
dy > Cliff (C') + 5, contradicting the assumption that dy computes Cliff(C'). It
follows that, for 16 < g <18, there exists a curve C' satisfying (3.1) for which the
conclusion of Proposition 3.1 holds.

PROPOSITION 3.3
Let E be a semistable bundle of degree d computing Cliff3(C). Suppose that E
possesses a proper subbundle F of maximal slope with tk F' =2. If

(3.3) d>max{%[g%l} +g+12,g[9771} —2g+30}
and

(3.4) d<4g— g [%} —12,

then

~(E) > Cliffy(C).

Proof
We use the bound of [14, Lemma 3.2]. It is clear that
Cliff(C) + 2 Cliff5(C)
3
Moreover, by simple computations,

CIiff(C) | 2d—29—6

> Cliff5(C).

> Cliffy(C) & d > > [ﬂ] tg+12,

3 9 41 2
2cnf§2<c> N g N 2011?(0) % [92;1} 4 %12 > Cliff(C),
QCH?(C) + 3 _gd 0> Clifty(C) s d < 49— 5 [L5H] ~ 12,
W>Cliﬂ“g(0)@d>g[92;l] — 29+ 30. O
REMARK 3.4

If g=32 or g > 34, we have
3rg—1

1 ——[—] —12>3g-3.

g 5 5 g

Since we have always d < 3g — 3, this means we can delete the inequality (3.4) in

this case.
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If g <34 and g # 32, we can have
3rg—1
(3.5) 49—5[97}—12§d§3g—3,

in which case

2 Cliffo(C') I 49 _gd —0 < Cliff5(0).

3
This allows the possibility of a bundle E computing Cliff3(C') with y(E) <
Cliff3(C) and sitting in an exact sequence

0-F—-E—E/F—0

with F of maximal slope and rank 2 and h(F) >4,h'(E/F) <1, and dg/p >
g— 1. In the next proposition, we show that this still implies that v(E) > Cliff5(C)
if g > 16.

PROPOSITION 3.5

Let E be a semistable bundle of degree d computing Cliff3(C'). Suppose that E pos-
sesses a proper subbundle of maximal slope with tk F =2, h°(F) > 4,hY(E/F) <
1, and dgjp >g—1. If g > 16, then

+(E) > Cliff(C).

Proof
If h*(E/F) =0, then, using [20], we obtain
« 49 —d
VE/F)=1((B/F)" @ Ke) =29 —dp/p 2 —5—.
Since v(F) > Cliff2(C), this means that v(E) > Cliffo(C) provided 4g — d >
3 Cliff5(C). A simple computation (using d < 3g — 3) shows that this holds for
g >10. So we can suppose h'(E/F)=1.
Suppose y(£) < Cliff5(C). As in the proof of [14, Lemma 3.2] we get dg,p <
2g+d

=== or, equivalently,

Y(E/F)> d9=d=6
Now
(3.6) 2y(F) +3’Y(E/F) < () < %[%} ey
So
QV(F)S;[%} +6—7(E/F)§;{%] +6_4g—3d—6
Hence
2g9+d

If F possesses a line subbundle with A > 2, then by Lemma 2.3, v(F) > Cliff (C),
which contradicts (3.6). So by Lemma 2.2,
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>2g+d7§{g—1} s
- 3 2 2

Since d; > min{Cliff(C) + 2¢,g +t — 1} by (2.3), it suffices to show that

dp >d; with t =2(h°(F) —2)

5g+d 3rg—1
(3.7) dr <253 —5{ 5 ]—9
and

49 +2d g—1
(3.8) dr < < 72{ . }716.

Since we are assuming that v(E) < Cliff3(C) and we know that v(F') > Cliff5(C),
we must have v(E/F) < Cliffo(C); that is,

lrg—1
deye =29 -1- 2[221],
E/F Z 29 D) B

and hence

lrg—1
dp <d—2g+4 —[—}
L A

So for (3.7) it is enough to prove that
lrg—1 5g+d 3rg—1
R )
I3 5 a2l 2 7Y

Using d < 3g — 3, it is sufficient to show that

g—1
—109+66+12[T} <0,

which is valid for g > 16.
For (3.8) it is enough to prove that

49 +2d g—1
—2[4 =] -16.
3 2 6
Again using d < 3g — 3, it is sufficient to show that

lrg—1
d—2g+4 —[ }
g+ +2 ) <

~1
_14g+ 114 + 15[%} <0,

which is valid for g > 16. O

PROPOSITION 3.6
Let E be a semistable bundle of degree d computing Cliff3(C). Suppose that E
possesses a proper subbundle L of maximal slope with tk L =1. If

(3.9) d>g+g[%]+6,

then
~v(E) > Cliffo(C).

Proof
We follow the proof of [14, Lemma 3.1]. Clearly
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Cliff (C) 4 2 Cliff(C)
3

> Cliff(C).

Moreover,
ClLff(C) n 2d—6
3 9

> Cliff2(C)

under the assumption on d.
It remains to handle the case where h°(L) < 1. In this case we have an exact
sequence

0-L—>FEF—-Q—0
and, by [20],

(@) — (L) <g.
Moreover, every line subbundle M of @ must have dj; < dr. (Otherwise the
pullback of M to E would have slope greater than dy.) We can assume M has
maximal slope as a subbundle of Q, so, again by [20],

QM) — (M) < g.

In other words,

d—dp —2dy <g.
It follows that

3dp, >dp +2dpy > d—g;

hence we can replace % in [14, formula (3.4)] by dg—g. It therefore remains to

prove that
2 Cliff5(C d
: 32( :

gg>mﬁxm

or, equivalently,

d—g 1 .
T > g Cllﬁz (C)

This is equivalent to d > g + 2[45*] + 6. O
Combining everything, we get the following theorem.

THEOREM 3.7
If g > 16, there exists a curve C satisfying (3.1) such that either
Cliff5(C) > Cliff5(C)
or there exists a semistable bundle E of degree d < 2g—2+ 3 [9—;1] which possesses
no proper subbundle F with h°(F) >tk F + 1 such that

Clit(C) > 7(B) > 2 ~2.

If g > 19, this holds for every curve C satisfying (3.1).
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Proof

The theorem follows from Propositions 3.1, 3.3, 3.5, and 3.6 and Remarks 3.2
and 3.4. We need only to check that the lower bounds (3.3) and (3.9) for d are
less than the upper bound of Proposition 3.1. g

LEMMA 3.8
If 14 < g <24, then

(3.10) % — 2> Cliffy(C).

Proof
By (2.3), we have

~1
do > min{ [QT} 18,9 +8}.

The assertion follows from a simple computation. O

THEOREM 3.9
If 16 < g <24, then there exists a curve C of genus g such that

Cliff5(C) > Cliff5(C).

Proof
This follows at once from Theorem 3.7 and Lemma 3.8. O

REMARK 3.10
It is possible that (3.10) holds for other values of g, indeed, for all g > 14. If this
is so, one can extend Theorem 3.9 accordingly.

4. Animproved lower bound

In this section we shall improve the lower bound of [14, Theorem 4.1]. We have
already remarked in the proof of [10, Theorem 4.6(ii)] that
Cliffs(C) > min{@ o, 2Cliff(C) + 1’ 2 Cliffo(C) +2}.

3 3 3
For Cliffy(C) < Cliff(C) this is an improvement. We consider here the case
Cliff3(C) = Cliff (C'). Note that this is true for Cliff(C) <4 by Lemma 2.1, for
all smooth plane curves (see [11, Proposition 8.1]) and for the general curve of
genus < 19 (see [7, Theorem 1.7] for the case g < 16).

THEOREM 4.1
Let C be a curve of genus g > 7 such that Cliffy(C) = Cliff (C') > 2. Then

. . (d 2 Cliff (C) + 2
Cliff5(C) > mln{gg -2, %}

Moreover, if Cliff3(C) < Cliff (C), then any bundle computing Cliff3(C) is stable.
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We may assume that Cliff(C) > 3 by Lemma 2.1. We use the proofs in [14,
Sections 2, 3] to make necessary improvements and proceed by a sequence of
lemmas and propositions. We follow the argument of [14]. Suppose throughout
that F is a bundle computing Cliff3(C).

LEMMA 4.2
If E has a line subbundle F with h°(F) >2 and d <2g + 6, then
2Cliff(C) + 2
1(E) 2 72 =2
Proof
By [14, Lemma 2.2] we know that

. (2CLff(C)+1 1
22 min 2D 1 1

We need first to improve the estimate in case (i) in the proof of this lemma. We
have by (2.3)

(4CHff(C) +2g+2 - d) }.

dg > min{Cliff (C) + 12,9+ 5} > Cliff (C) + 7.
So

v(E) >

L
3 T3

It is therefore sufficient to show that

CUff(C) | dg ,_ 2Clff(C)+1
—

%(4 CLff(C) +2g+2—d) > %(2 CLiff(C) +2).

This is true provided Cliff(C') >3 and d < 2g + 6. O

LEMMA 4.3

If E has a subbundle F of rank 2 with h°(F) >3 and no line subbundle with
h®>2, and d <2g+2, then

_ 2CIiff(C) +2

v(E) 3

Proof
We use [14, Lemma 2.3]. We need only to note that the estimate [14, formula
(2.3)] can be improved to give the required result. For this improvement, observe
that
%+g—1_ 2ClLff(C)+2
V(E) 2 +:;)q > g )+

since t =h°(F) —2>1. O

LEMMA 4.4
Suppose that E has a proper subbundle of maximal slope and rank 1, and suppose
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that d > 29+ 4. Then

E

V(E) 3

Proof

This is an immediate consequence of [14, Lemma 3.1], since 3 Cliff5(C) is an
integer. O
LEMMA 4.5

Suppose that g =8 or g > 10, suppose that E has a proper subbundle of maximal
slope and rank 2, and suppose that d > 2g+ 3. Then
2Cliff(C) + 2
(> 20 2
Proof
We use [14, Lemma 3.2]. We need to check that

d+29-12  2Clff(C) +1

4.1

(4.1) 9 3

This holds for d >2g+ 3 if g =8 or g > 10. 0
PROPOSITION 4.6

Let C be a curve of genus g =8 or g > 10 such that Cliff3(C) = Cliff (C) > 3, and
let E be a bundle computing Cliff3(C). Then

_ (do 2 Cliff (C) + 2
> R [ e/
v(E) > mln{ 3 2, 5 }
Proof
If E does not possess a proper subbundle F' with h°(F) >tk F + 1, then
d
V(E) = gg -2

by Lemma 2.2. So suppose F does have such a subbundle and
< 2Cliff(C) + 1.
- 3
This gives a contradiction by Lemmas 4.2 and 4.3 if d < 2g + 2 and by Lemmas
4.4 and 4.5 if d > 2g + 4.

If d=2g+ 3, then Lemma 4.2 implies that F has no line subbundle with
hY > 2. Let F be a subbundle of rank 2 with hO(F) > 3. Then F possesses a
line subbundle L with h°(L) =1, so h®(F/L) > 2, and hence dp,;, > dy > 2. This
implies u(F) > 1.

By Lemma 4.5 all proper subbundles of E of maximal slope are line bundles.

v(E)

Choose such a line bundle L, and consider the proof of Lemma 4.4, that is, of
[14, Lemma 3.1]. In order to get v(E) = %?EC)H
formula (3.4)], that is, d, = 1. So L is not of maximal slope, a contradiction. [

, we must have equality in [14,

The cases g =7 and g =9 require further arguments because (4.1) can fail.



Bundles of rank three 39

PROPOSITION 4.7

Let C be a curve of genus g =7 with Cliff (C') = 3, and let E be a bundle computing
Cliff3(C). Then

Y(E) >

wl oo

Proof
Recall that Cliff2(C) =3 by [11, Lemma 2.1]. Moreover, do = 16. So % —2> 3.
Note that d < 3g—3 = 18. The proof of the theorem works for d < 2g+2 = 16.
So we are left with the cases d =17 and 18.
If d =18, [14, formula (2.4)] gives v(E) > %Q(C) = 2. Moreover, y(F) >
unless h°(E) =9, in which case v(E) = 2. This contradicts [14, Proposition 3.3
If d =17, we can assume that E has no line subbundle with h° > 2 by
Lemma 4.2. The only case in which we can have y(F) = w is when [14,
formula (2.4)] is an equality. This implies that E fits into an exact sequence

j

0—-F—-E—E/F—0

with F of rank 2 and degree dy =7 with h%(F) =3,dg,r = 10, h°(E/F) =5,
and all sections of E/F lift to E.

Since h°(E) = 8, there exists a line subbundle L C E, dy, > 2 and h°(L) = 1.
This cannot be a subbundle of maximal slope, since this would require equality in
[14, formula (3.4)], which means d, = 1. So there exists a subbundle G of maximal
slope with rank 2. If dg > 8, then by the proof of [14, Lemma 3.2], v(G) >3
and also v(E/G) > 3. So y(E) > 3, a contradiction. Hence F' is a subbundle of
maximal slope.

Now dg/r =17 —dr. If M is a subbundle of E/L, the pullback to E has
degree dy; +dp, < 7. So

17—dyg,

dy <7—dp < 5

and E/L is stable.

Note that h®(E/L)>7, so h'(E/L) >7+12 —dg/;, > 4. Hence either E/L
or K® (E/L)* contributes to Cliff5(C). Since Cliffo(C) = 3, this gives dg,r, —
2(h°(E/L) —2) > 6, that is,
dejpy 13

2 -2
a contradiction. g

h(B/L) <

PROPOSITION 4.8

Let C be a curve of genus g =9 with CLiff (C') > 3, and let E be a bundle computing
Cliff5(C). Then

- either Cliff (C) =3 and v(E) > §,
10

- or Cliff(C) =4 and v(E) = 5.
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Proof
Recall that dg = 18. So % — 2 > Cliff (C).

The only case we need to consider is d =2g + 3 = 21. If Cliff(C) = 3, then
(4.1) holds and the proof goes through as for Proposition 4.6.

So suppose Cliff (C) = 4. By Lemma 2.1, Cliff5(C) = 4. In this case y(E) < 2
by [10, Theorem 4.3], so we can assume that E has no line subbundle with h° > 2
by Lemma 4.2. However, we can have equality in [14, formula (2.4)]. Thus E fits
into an exact sequence

0—-F—-E—E/F—0

with F of rank 2 and degree dy =8 with h%(F) =3, dg/p =13, h°(E/F) =6,
and all sections of E/F lift to E.

We argue similarly as in the proof of Proposition 4.7. Since h°(E) =9, there
exists a line subbundle L with d, >3 and h°(L) = 1. Again no line subbundle of
FE can be of maximal slope, and if G is a subbundle of rank 2 of maximal slope
with dg > 9, then the proof of [14, Lemma 3.2] gives v(G) >  and vg,¢ > 4. So

11

contradicting the fact that y(E) < %. Hence F' is a subbundle of maximal slope.
Note that h°(E/L) > 8. Arguing similarly as above we get

d
h(E/L) < ET/L —9<7,

a contradiction. So we do not have equality in [14, formula (2.4)], which implies
v(E) > 2. Since Cliff5(C) < 12, this gives the result. O

As an immediate consequence we get the following corollary.

COROLLARY 4.9
Let C be a curve of genus g =9 with Cliff(C) =4. Then
10
Cliffa(C) = -

Proof of Theorem 4.1
The inequality for Cliff5(C') is a consequence of Propositions 4.6, 4.7, and 4.8.
The last assertion follows from Proposition 2.4. d

REMARK 4.10

Suppose that C is as in the statement of Theorem 4.1, and suppose further that
3CLff(C) > 2dy — 6. Let Ly and Lo be line bundles on C of degree do with
hO(L;) =3 for i =1,2. By Lemma 2.5, E;, and Ef, are stable with h° = 3. By
Proposition 2.6, all nontrivial extensions

0—+EL, =E—Ly—0
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with h%(E) = 6 give semistable bundles E, and such bundles exist if and only if
hY(Ep, ® Er,) > 10.

Moreover,

2dy — 6
1(B)=—5—.
For the general curve of genus 9 or 11, these values are attained [10].
Note that, if in addition dy computes Cliff (C), then
 2CIiff(C) 4 2
I E—
Smooth plane curves satisfy these conditions, and we have a more precise state-
ment in the next section (Theorem 5.6). The normalizations of nodal plane curves

with small numbers of nodes are also covered by this remark (see Theorem 5.9
and Remark 5.7).

v(E)

REMARK 4.11
For a general curve C of genus g we have

dgzg+9—[1~%}.

So % —2> % for g <30. If Cliff5(C) = Cliff (C) for such curves, then

S 2Cliff(C) + 2

- 3

For instance, for a general curve of genus 10, we have Cliff(C) = Cliff (C) =4,

so % < Cliff3(C) < 4. For a general curve of genus 11, we know that Cliffy(C) =

Cliff(C) =5 (see [8, Theorem 1.3]); so, using [10, Theorem 4.6], we obtain 4 <
<

Cliff3(C') < 4, which is an improvement on the known result 4 < Cliff(C) g

Cliff3(C)

5. Plane curves

To begin with, let C' be a smooth plane curve of degree § > 6, and let H denote
the hyperplane bundle on C'. We know that

Cliff5(C) = Cliff (C) =6 — 4

(see [11, Proposition 8.1]). We also know the values of all d,. by Noether’s theorem.
(A proof, which also works for any integral plane curve as claimed by Noether,
was given by Hartshorne [9, Theorem 2.1].) In particular,

dy=0-1, do =9, de¢ =30 — 3, dg = 30.

Moreover, by the same theorem, H is the only line bundle of degree é on C with
hO(H) =3 and also the only line bundle computing Cliff(C).
The following proposition is a consequence of Theorem 4.1.
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PROPOSITION 5.1
Let C be a smooth plane curve of degree 6 > 6. Then

26— 6
Cliff3(C) > 3
Proof
The result follows from Theorem 4.1, since
dg 20 —6
5.1 — —2=§0-2>—".
(5.1) 3 3 O

Note that, if § = 6, we have equality in Proposition 5.1 since Cliff5(C) =
Cliff(C') =2 by Lemma 2.1. So we can assume § > 7.
Suppose now that E is a bundle computing Cliff3(C).

LEMMA 5.2
If d>25+6 and E has a subbundle F' of maximal slope with vtk F'=1, then
26 —6
v(E) > —3
Proof

We follow the proof of [14, Lemma 3.1]. First observe that
CHfI(C) , 206 _ 256
3 9 3
So we can use [14, formulas (3.4), (3.5)] obtaining
_ 2Cliff5(C) +dp
-_ 3 .
To get v(E) = 225 this requires dp < 2.
On the other hand, if d > 2§46 and y(E) = %T’G, then

_d-3y(B) d

Y(E)

r°(E =——64+6>09.
(E) 5 t3=5-0+6>9
So E possesses a line subbundle of degree > 3, a contradiction. O
LEMMA 5.3
Ifd>g+ %5, then
20 — 6
v(E) 3

Proof

Note first that d > g+ %5 implies that d > 26 +6. By Lemma 5.2, we can therefore
assume that every subbundle F' of E of maximal slope has rank 2. We check now
that all the numbers in the minimum of [14, Lemma 3.2] are > %T_G. For the first
number, this is immediate since Cliff3(C) = Cliff (C') = § — 4. The second requires
precisely the condition d > g + %5. The third needs only d > 6. For the fourth,
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we need d < 4g — 12, which is true since d < 3g — 3 and g > 9. Finally, for the

fiftth number, we need d > 66 — 2g — 6, which is easily seen to be true. g
LEMMA 5.4
If E has a line subbundle with h°® > 2 and d < 26 — 8 + 2g, then
20 —6
Proof
Since dg =30 — 3 > 0 + 4, we see from the proof of [14, Lemma 2.2] that v(E) >
S—
2] =
LEMMA 5.5

Suppose that E is a bundle computing Cliff3(C) = %. Ifd<2g+1, then E
fits into a nontrivial exact sequence

0—>Fyg—>FE—L—0

where L~ H or ~ H'~* and all sections of L lift to E.

Proof
Since 2g + 1 < 2§ — 8 4 2g, it follows from (5.1) and Lemma 5.4 that E has a
subbundle F of rank 2 with h°(F) > 3 and no line subbundle with h° > 2.

We follow the proof of [14, Lemma 2.3]. In the case doy < 2t + g — 1 and
dy < u+g—1, the only possibility is that all the inequalities are equalities. This
gives t =1 (hence h%(F) =3), dp =dy =4, and d,, = § — 4 + 2u. For any line
subbundle M of F we have h®(M) < 1. So h°(F/M) > 2. Hence dp/n > dy =
6—1.So dp <1 and F is stable.

As in the proof of Proposition 2.6 we see that F' is generated and has the
form F ~ Ey for some line bundle N of degree dy with h®(N) = 3. The only
such bundle is H. Moreover, L := E/Epy is a line bundle such that either L or
Ko ® L* computes Cliff (C). It follows from Noether’s theorem that either L ~ H
or L~ Ko @ H* ~ HO—4,

In the argument leading up to [14, formula (2.3)], we have the inequality
@ >+ %. This gives v(E) > gT'H, which implies that v(E) > 226,

Finally, for [14, formula (2.4)], we obtain v(E) > 22=6 provided d < 2g + 1.

O

THEOREM 5.6
If C is a smooth plane curve of degree § > 7 and Cliff3(C) = 26%, then any
bundle E computing Cliff5(C) is stable and fits into an exact sequence

(5.2) 0—>FEyg—E—-H—=O0,

and all sections of H lift to E. Moreover, such extensions exist if and only if
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Proof
The stability of E follows from Proposition 2.4. Next we eliminate the possibility
that L ~ H°~* in Lemma 5.5. In this case d = 2g — 2, and we can check that

3
2g—2>g+§5

for § > 7. It follows from Lemma 5.3 that v(E) > Q‘ST_G, a contradiction.
Since 2g+1> g+ %5, Lemmas 5.3 and 5.5 cover all possibilities for d. This
implies the existence of (5.2). The last assertion follows from Proposition 2.6. [

We now consider the case when C' is the normalization of a plane curve I' of degree
6 whose only singularities are v simple nodes. Since Noether’s theorem applies
to I' rather than C, we cannot use it directly to obtain information about C.
However, many relevant facts are known about C.

For our purposes, we shall assume that the nodes are in general position and
that

(5.3) 1<v< (6270 +14).

N | =

Note that, since C' has genus g = %(6 — 1)(§ — 2) — v, (5.3) is equivalent to
(5.4) 9>26—6.

By [3] and [5, Corollary 2.3.1], we have Cliff(C') =§ — 4, and this is computed
by both d; and dy. Moreover, there are finitely many line bundles Hq, ..., Hy of
degree dy = § with h°(H;) = 3; in fact, this is true for g > 26 — 3 (or equivalently
v < 3(6% — 66+ 8)) by [22, Section 4]. (For g < 3§ — 3, the result must fail since
this is equivalent to the Brill-Noether number for line bundles of degree § with
3 independent sections on C' being positive.)

We shall make the additional assumption that

(5.5) dy > 26 — 4
it follows then by [11, Theorem 5.2] that
(5.6) Cliff, (C') = CLff(C) = 6 — 4.

REMARK 5.7

For § > 7, we certainly have ds > § +4 by (2.3). So (5.5) is satisfied for § =7 or 8.
The formula (5.5) also holds for v <4. To see this it is sufficient to show that
any line bundle L of degree 2§ — 5 has h(L) < 4. For this we can write 7: C — T’
for the normalization map and apply [9, Theorem 2.1] to the torsion-free sheaf
7« (L) which has degree 20 — 5+ v < 2§ — 1. When v < 3, we obtain immediately
hO(L) = hO(m. (L)) < 4. If v = 4, we note that m.(L) is not of the required form
for h0(m.(L)) =5.

Before proceeding to our main result, we shall prove a lemma which we shall also
need in Section 6.
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LEMMA 5.8
Let C be a curve of genus 9 with Cliff(C') = 3. Suppose that E is a semistable
bundle of rank 3 and degree 24 with h°(E) > 6. Then v(E) > 3.

Proof

Since Cliff(C) < 4, we have Cliffy(C) = Cliff (C') by Lemma 2.1; moreover dg >
17 by (2.3). So, by Theorem 4.1, v(E) > §. If v(E) = %, then clearly h’(E) =
%V(E) + 3 =11, so E possesses a line subbundle of degree at least 3. If this is
a subbundle of maximal slope, then, by [14, Lemma 3.1] and its proof (see in
particular [14, formula (3.4)]), v(E) > 3, a contradiction. So every subbundle F
of E of maximal slope must have rk F' = 2.

We now consider the proof of [14, Lemma 3.2]. The first three numbers and
the last number in the minimum are certainly at least 3. The fourth number,
however, is %. We can have y(F) = % if and only if all inequalities leading up to
this are equalities. This implies that

F computes Cliff5(C), hl(E/F) =1, dg/r=14.

So dr = 10. Since E has no line subbundle of maximal slope, the maximal slope of
a line subbundle of F is 4. So F has no line subbundle with A > 2. By Lemma 2.2
this implies that dp > dy4, and so > 11 by (2.3). This is a contradiction. O

THEOREM 5.9

Suppose that C' is the normalization of a nodal plane curve of degree § > 7 with
v nodes in general position and that (5.8) holds. Suppose further that (5.5) holds
and g>9. Then

20—6

T
Moreover, if Cliff3(C)) = 2258, then any bundle E computing Cliff3(C) is stable
and fits into an eract sequence

Cliff3(C) >

(5.7) 0—Ey, - E—L—0,
where 3< (L)< g+4—6,dr, =6 —6+2h°(L), and all sections of L lift to E.

Proof
Note first, using (5.5), that dg > ds +5>25 + 1; so (5.1) holds. Since (5.6) also
holds, Proposition 5.1 is valid with the same proof as before; so Cliff3(C) > %T’G.
Suppose now that Cliff3(C) = %T’G and that E is a bundle computing
Cliff5(C). The proof of Lemma 5.2 remains valid. For Lemma 5.3, we need first
the fact that d > g+ 26 implies d > 26 + 6. This follows from (5.4) for § > 8 and
can easily be checked for § =7 and g > 9. The condition d < 49 — 12 holds for
d <3g — 3 provided g > 9. For g =9 (which requires 6 =7 by (5.4)), the con-
dition still holds for d < 3g — 3; the case d =3g — 3 is covered by Lemma 5.8.
Finally d > 6§ — 2g — 6 holds for g > 2§ — 6 since d > 26 4+ 6; when g = 2§ — 6, the
condition d > g + %(5 implies d > 65 — 2g — 6 for § > 8.
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For Lemma 5.4, the requirement is dg > 0 + 4, which follows from (2.3) and
(5.4). Tt follows that every subbundle of maximal slope of E has rank 2, so we can
apply Lemma 5.5. There is a minor change in the proof since d; = — 2, which
means that F' can have a line subbundle of degree 2; however, this does not affect
the argument. On the other hand, the hyperplane bundle H is no longer unique,
and we do not know all the bundles computing ClLiff(C'), so we just obtain the
form (5.7) for the exact sequence defining E.

The remaining problem is that Lemmas 5.3 and 5.5 may no longer cover
all cases. In fact d < g+ %5 implies d < 2g 4+ 2 under our assumptions, but it is
possible to have d = 2g 4 2 for low values of §. In this case, we need to reexamine
[14, formula (2.4)]; if d = 2g + 2, we still require ¢t = 1, and hence dr = dy = 6;
the quotient line bundle L = E/F no longer computes the Clifford index, but
it is still the case that v(L) = 4§ — 4, giving a sequence of the form (5.7). The
stability of E follows from Proposition 2.4, while the inequalities for h°(L) come
from h°(E) >6 and d < 2g + 2. O

REMARK 5.10

The only case in which the possibility d = 2g + 2 needs to be included in (5.7)
under the assumptions of the theorem is when 6 =8, g = 10. For small numbers
of nodes, other possibilities can be excluded; for example, when § =7 and v =1
(so g =14), we have 29 —2 > g+ 35. We can therefore assume d < 2g—4 in (5.7),
corresponding to h%(L) < 8.

REMARK 5.11

The excluded case 6 =7, g =8 will be covered in Section 6 (Proposition 6.6),
as will the case § =7, g =7 (hence v =8). In the latter case, it is proved in [3]
that d; =5 but this does not imply that Cliff(C') = 3 since there are infinitely
many pencils on C with degree 5. Thus Theorem 5.9 does not apply, but a mod-
ified version does hold (see Proposition 6.5), perhaps under stronger generality
conditions.

6. Curves with Clifford index three

Let C be a curve of genus g with Cliff(C) =3 and hence g > 7. We have dg > 16
for g > 8 from (2.3). For g =7,dg = 16 by Riemann-Roch. By Theorem 4.1, we
have

wl o

< Cliff3(C) < 3.

Hence any bundle F computing Cliff3(C) possesses a proper subbundle F' with
hO(F) > 1k F + 1.

We now consider the possibility that v(E) = %. Note that this can happen
only if d is even. We suppose throughout that F is a bundle of degree d computing
Cliff3(C).
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LEMMA 6.1

If E possesses a line subbundle with h°® > 2 and d < 2g+ 5, then
V(E) = 3.

Proof

Consider the proof of [14, Lemma 2.2]. Noting that dg > 12 by (2.3), we see that
the only possibility for having v(F) < 3 in the proof of [14, Lemma 2.2] is the
inequality

V(E)> - (ACHff(C) + 29 +2 —d) =4+ %(29+2—d).

w| =

This gives v(E) > 3. O

REMARK 6.2
Since we always have d < 3g — 3, the assumption d < 2g + 5 is redundant for g =7
and g =8.

LEMMA 6.3

Suppose that there exists an exact sequence
(6.1) 0-F—-E—E/F—0

with tk F =2 and h°(F) > 3, and suppose that E has no line subbundle with
RO >2. Ifd<2g+2 and v(E) = %, then

dp=dy=7, BO(F)=3, K(E/F)>3,  dpp=1+200(E/F).
Moreover, all sections of E/F lift to E.

Proof

We follow the proof of [14, Lemma 2.3]. The first case to be considered is when
dy <2t+g—1and d, <u+g— 1. Then we have y(E) = § only if t =1 (hence
hO(F) =3), dy =dp, and d, = dg/p; moreover, dy = Cliff (C) +4 =7 and d, =
Cliff(C) +2u = 1+2h°(E/F). Since h°(E) > 6, we have also h°(E/F) > 3. More-
over, d =10 + 2u; since y(E) = §, this gives h®(E) =4 +u=h’(F) + h°(E/F).
Hence all sections of E/F lift to E.

The case of [14, formula (2.3)] can give 7(E) =3 only if ¢ = 1. In this case
the hypothesis ds; > 2t + g — 1 gives ds > g + 1, which is impossible. This leaves
us with the case of [14, formula (2.4)]. If d <2g¢ + 1, this gives v(E) > 3. For
d=2g+2 we must have t =1,dp =dy =T, u=g —4, and dg/p =d, =29 — 5.
The result follows as in the first part of the proof. O

LEMMA 6.4

Suppose that there exists an exact sequence (6.1) with tk F =2 and h°(F) >3
and that E has no line subbundle with h® >2. If d=2g+4 and v(E) = %, then
hO(E)=g+1,h%(F) =3, and either
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cdrp=dy=7,dg/p =293, R(E/F)=g—2org—1, or
- dp=8,dg/r=29—4, WO(E/F)=g-2.

Proof
Formula (2.4) of [14] gives

V(E) > QChff(Ci)))+6t—6.

For v(E) = § we still need ¢t =1, so h°(F) = 3, but it is now possible that dp = 8.
We have hO(E) =g+ 1, since y(E) = §. Hence h°(E/F) > g — 2. The rest

follows from Riemann-Roch. O

PROPOSITION 6.5

Let C be a curve of genus g =7 with Cliff (C') = 3, and suppose that Cliff3(C) = %.
Then E is stable and fits into an ezact sequence (6.1) with h°(F) = 3. Moreover,
one of the following holds:

- dp =T, dE/F:7; hO(E/F) ):6;

ho(E
e dp=T,dg/p="9, B(E/F)=4, (E) =71,
cdp =T, dg/p =11, B%(E/F) =5 or 6, h°(E) =38,
5, hiO(E) =38

- dp =8, dg/p =10, °(E/F) = )=
Proof
Stability of F follows from Proposition 2.4. Since d < 3g — 3, the rest follows from
Lemmas 6.1, 6.3, and 6.4. O
PROPOSITION 6.6

Let C be a curve of genus g = 8 with Cliff(C) = 3, and suppose that Cliff3(C) = %.
Then E is stable and fits into an ezact sequence (6.1) with h°(F) = 3. Moreover,
one of the following holds:

«dp="7,dg/rp=1,W°(E/F)=3, h°(E)=6
cdp=7,dg/r=9, "°(E/F)=4, i°(E) =7,

- dp=7,dg/r=11, °(E/F) =5, h°(E) =8,
«dp=7,dg/r=13, "°(E/F)=6 or 7, h°(E) =09,
- dp=8,dg/p=12, "°(E/F) =6, h°(E) =9.

For the general curve of genus 8 only the last possibility can occur.

Proof

The stability of E follows from Proposition 2.4. Since d < 3g — 3, the various
possibilities for (6.1) follow from Lemmas 6.1, 6.3, and 6.4. For the last assertion
note that the general curve of genus 8 has ds = 8. O

For g > 9 we need to consider the possibility that d > 2¢g 4+ 6. For this we use the
results of [14, Section 3].
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PROPOSITION 6.7
Let C be a curve of genus g > 9 with Cliff(C) = 3, and suppose that Cliff3(C) = %.
Then dy =7,14 <d < 2g, and E is stable and fits into an exact sequence (6.1)
with

d—38

k F =2, dp =T, hO(F) =3, dp/p=d—T1, hO(E/F):T7

and all sections of E/F lift to E.

Proof
Once again stability follows from Proposition 2.4.

Suppose that F possesses a subbundle L of maximal slope of rank 1. The
first and third numbers in the minimum of [14, Lemma 3.1] are clearly greater
than §. (This requires only d > 11.) By [14, formula (3.4)], we see that the second
number can be replaced by w7 so we must have dy, < 2. It follows that
E has no line subbundle with h° > 2. Hence E possesses a subbundle of rank 2
with h? > 3, which is stable and therefore of degree at least 7. This contradicts
the definition of L, so every subbundle F' of maximal slope has rank 2.

Let F be such a subbundle, and suppose d > 2g 4+ 2. The first 3 numbers
in the minimum of the statement of [14, Lemma 3.2] are greater than %. (The
requirement for this is d > g + 11.) The fourth number is greater than % if and
only if d < 4g — 12. Since d < 3¢g — 3, this holds always if ¢ > 10. For ¢ =9
the fourth number is greater than % for d < 3g — 3. The remaining case g =9,
d =24 is covered by Lemma 5.8. The last number is greater than % if and only
if d > 36 — 2g. This holds for d >2¢g +2 if g > 9.

We are left with the case d < 2g. The result now follows from Lemma 6.3. [

THEOREM 6.8
Let C be a curve of genus g > 9 with Cliff (C) =3. If do > 7, and in particular if
g > 16, then

Cliff3(C) = 3.

For all g > 9 there exist curves with these properties.

Proof
The first assertion follows from Proposition 6.7 once we know that ds > 8 when-
ever g > 16. In fact, if do =7, then C possesses as a plane model a septic. Hence
g <15.

For 9 < ¢g <15 note that by the Hurwitz formula the family of curves with
Clifford index 3 is of dimension 2g 4+ 5. On the other hand, the family of plane

septics of genus g is of dimension 12+ g < 2¢g+ 5. This proves the final statement.
O
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COROLLARY 6.9
Let C' be a smooth complete intersection of 2 cubics in P3. Then

Cliff5(C) = Cliff (C) = 3.

Proof
It is known that C has Clifford dimension 3, genus 10, and Cliff(C) = 3 (see [6]).
In particular dz does not compute Cliff(C). So dp > 7. O

The curves of this corollary are the only curves of Clifford dimension > 3 with
Cliff(C') = 3 (see [6]).

REMARK 6.10
Suppose that C is a curve of genus g > 9 with Cliff(C) =3 and dy = 7. Then
C possesses as a plane model a septic. For g = 15 this model is smooth and

Theorem 5.6 applies. In particular Cliff3(C) = § if and only if h°(Ey ® Ex) > 10.
If 9 < g <14, then the general curve of this type is the normalization of a
nodal septic with nodes in general position, so Theorem 5.9 applies and gives a

somewhat more precise result.

7. Coherent systems

Recall that a coherent system of type (n,d, k) on a curve C'is a pair (F, V) where
FE is a vector bundle of rank n and degree d on C' and V is a linear subspace of
HO(E) of dimension k. For any a > 0 we define the a-slope of (E,V) by

d k
bo (B, V):i==+a—.
n n

The coherent system (E,V) is called a-stable (a-semistable) if, for all proper
coherent subsystems (F, W) of (E,V),

o (F, W) < (<) pa(E, V).

PROPOSITION 7.1

Suppose E computes Cliff,,(C) and Cliff,.(C) > Cliff ,(C) for all r <n. Then
(E,H°(E)) is a-semistable for all o> 0. If also E is stable, then (E, H°(E)) is
a-stable for all o> 0.

Proof

Write h%(E) =n+ s with s > n. If F is any subbundle of E, then u(G) < £ for

any subbundle G of F'. We need to show that
RO(F) nts
tkFF = n

If this is not true, then by [12, Lemma 2.1] we have

G semistable, tk G < n,}

_d725

v(E) -

dg d h%G) < n+s
rk G < n’ rkG 2 n

> min {v(G)
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All such G contribute to Cliffyx¢(C). Since Cliff,.(C) > Cliff,,(C) for all r <n,
we obtain y(E) > Cliff,,(C'), a contradiction. O

REMARK 7.2

In the case n = 2, the hypotheses of Proposition 7.1 hold. For n = 3, they reduce
to Cliff3(C) < Cliff3(C). We have seen in this paper that this hypothesis does
not always apply.

REMARK 7.3
Under the same hypotheses as those of Proposition 7.1, it was proved in [12] that
E is generated. We therefore have an evaluation sequence

(7.1) 0— Mg — H(E)®Oc — E —0.

A version of a conjecture of D. C. Butler [2] states that, for general stable F,
the kernel Mg should be stable. Of course our bundles are not general, but it is
still of interest to ask whether M is stable (or semistable) when the hypotheses
of Proposition 7.1 hold. It has recently been noted by L. Brambila-Paz that the
conclusion of the proposition is a necessary condition for the stability of Mg. For
a line bundle L on a nonhyperelliptic curve C, it follows from [1, Theorem 1.3]
that M, is stable. (This has also been proved by E. Mistretta and L. Stoppino
[19, Corollary 5.5].)

8. Further comments and open problems

There are several problems in connection with Section 3.

QUESTION 8.1
For curves of genus g > 14 satisfying (3.1), is it true that %9 — 2> Cliff(C)?

COMMENT

Note that by Lemma 3.8 the inequality holds for 14 < g < 24. If the answer to the
question is yes, then Theorem 3.9 holds for g > 16. The cases ¢ =14 and g =15
require further investigation.

QUESTION 8.2
Can we extend Theorem 3.9 to values of g below 167

QUESTION 8.3
On curves satisfying (3.1), can we determine Cliff5(C) and identify bundles com-
puting it? If so, do any of these bundles fail to be generated?

COMMENT
In connection with the last question, see Proposition 7.1 and Remark 7.3.

Moving on to Section 5, the following question looks interesting.
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QUESTION 8.4

For the hyperplane bundle H on a (smooth) plane curve, is it true that h°(Eg ®
Ey) > 10?

COMMENT

It seems possible that the answer to this question is known. Note that for a
smooth plane curve of degree § > 7, we have Cliff5(C) = %T_ﬁ if and only if the
answer is yes.

QUESTION 8.5

If C is the normalization of a nodal plane curve I', under what conditions is it
true that ds > 26 — 47

QUESTION 8.6
For a curve C as in the previous question, under what conditions is it true that
C possesses a unique line bundle H of degree § with h°(H) = 3?

COMMENT

We know this is true if v =0. It is also true whenever every pencil on C is
represented as a pencil of lines through a point of I'. Under more restrictive
conditions on v than those given by (5.3), but without any assumptions of general
position and allowing simple cusps as well as nodes, this is shown to be true in
[4, Theorems 2.4 and 5.2].

Turning to Section 6, we can ask the following question.

QUESTION 8.7
For curves of Clifford index 3, can we determine when Cliff3(C) = §7

COMMENT
Any such curve must be one of the following:

- a smooth plane septic;

- a curve of genus g, 7 < g <14, which is representable by a singular plane
septic;

. a curve of genus 8 with dy = 8.
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