Leading terms of Thom polynomials and
J-images

Yoshifumi Ando

Abstract We give two types of singularities of maps between 4¢-manifolds whose
Thom polynomials with integer coeflicients have nonvanishing coefficient of Pontrjagin
class P;. We show that an element of the J-image of dimension 4¢g — 1 has a fold map

between S49—1! and can be detected by the leading terms of Thom polynomials of those
singularities of an extended map between D9 of the fold map.

1. Introduction

The calculation of Thom polynomials of smooth maps in the real category began
in [24], and has been developed mainly with Zs-coefficients by many authors (see,
e.g., [17], [20], [21], [2], [16], [6], [18]). However, there have been known only a
small number of orientable real singularities of codimension 4¢ of smooth maps
between equi-dimensional manifolds whose Thom polynomials with Z-coefficients
have the nonvanishing leading term, namely, the term of the gth Pontrjagin class.
This is a very different situation from the complex case in the calculation of Thom
polynomials. The examples, as far as the author knows, are the singularities of
type X2 of codimension 4 in [20] and the singularities, which have been studied
in [6], of codimension 8. In this paper we present two types of real singularities
with such a property under a certain restrictive assumption on maps and apply
the result to show a relationship between those singularities and the J-images of
the stable homotopy groups of spheres.

Let £®) denote the contact group defined in [10] on the jet space J*(n,n).
For an integer n with n 2 8, we consider an unfolding f, : (R”,0) — (R",0) of a
genotype 1= (11 (u,v),m2(u,v)) and the K" -orbit K* (j* f,), which we denote,
for simplicity, by Kn in this paper. We deal with the genotypes (u? + v% u™)
(S1) and (u? + v3,uv™2) (S2) for m = 4. Note that S1 is of type X2, called
IV, by [12], and S2 is of type X?1. They are orientable if m is an even integer
2q. If a smooth map f: X — Y between smooth manifolds of dimension n with
n = 4q such that 529! f(X) does not intersect with cl(Kn)\Kn and ;529! f(X)
is transverse to Kn, then (5297 1)f~1(Kn) is a manifold and we can define its
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Thom polynomial as proved in Corollary 5.6, which we denote by tp(Kn; f). We
calculate the leading term of the Thom polynomials for these genotypes.

THEOREM 1.1
Let m be an even integer 2q (q=2). Let X and Y be orientable smooth mani-
folds of dimension n with n 2 4q, and let f: X —Y be a smooth map such that
271 f(X) does not intersect with c1(Kn)\Kn and that j29=1 f(X) is transverse to
Kn. Then the leading term of the Thom polynomial tp(Kn; f) with Z-coefficients
is equal to, up to sign,

(1) (2¢—1)IP, for (u® + v, u?),

{1 % i}y ifaz23

where P; denotes the Pontrjagin class Pi(f*(TY) — TX). In particular, these
terms depend only on the homotopy class of f.

for (u? +v3 uv?1=2),

In the process of the calculation using the Gysin homomorphisms, the structures
of the normal bundles of Boardman-Thom manifolds in [5] and [9] and of the
normal bundle of I in [10] play important roles. Note that we do not assert the
existence of the Thom polynomials in the sense of [6]. Although it is better for
the complete forms of Thom polynomials to apply the method in [6], [18], and
[19] using the Vassiliev complexes and the structure groups of normal bundles of
K-orbits, it is rather hard to adopt it in our case. Fehér and Rimdnyi [6] have
proved that K(u? + v3,uv?) — 2KC(u? + v2 u?) constitutes a cycle in a Vassiliev
complex and have determined its precise Thom polynomial. Its leading term
coincides with our leading term £9P,(f*(TY) —TX) in Theorem 1.1.

We next explain that the above Thom polynomial of the singularities Kn
detects elements of the J-images of the stable homotopy groups of spheres. In
[3] we have studied the group of oriented cobordism classes of fold maps to S™
of degree zero. Two fold maps f; : N; — S™ (i =0,1) of degree zero are called
cobordant if there exists a fold map, say, f : (W,0W) — (8™ x [0,1],5™ x 0 U
S™ x 1) of degree zero, where f|N0 x 0= fo and f\Nl x 1= f together with the
usually required properties, where N; and W are oriented.

Let Q01a,0(S™) denote the group of all oriented cobordism classes of fold maps
to S™ of degree zero. Let 7] denote the nth stable homotopy group of spheres.
Then we have proved that there exists an isomorphism wy : Qo1q,0(S™) — 7, for
n > 1. Consequently, an element in the J-image has a fold map f: N — S™ of
degree zero via wp and its extension EY : (V,N) — (D" S™) of degree zero,
where V is a parallelizable manifold with 9V = N and Ef|N = f. We will apply
a method introduced in [4] to detect an element of the J-image by the algebraic
numbers of above singularities of E/ of codimension n + 1 = 4¢ and will describe
the details in dimensions 4q = 8.

In Section 2 we explain the notation currently used in this paper. In Section 3
we briefly review the fundamental properties of Boardman—Thom manifolds. In
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Section 4 we briefly review the results concerning KC-orbits in [10] and give pre-
liminary lemmas and properties of the singularities of Kn. In Section 5 we give
a number of results concerning the normal bundles of n. In Section 6 we give
a proof of Theorem 1.1 in a general form. In Section 7 we apply Theorem 1.1
to show a relationship between the singularities of Kn and the J-images of the
stable homotopy groups of spheres in Theorem 7.2.

2. Notation

Throughout the paper all manifolds are Hausdorff, paracompact, and smooth of
class C°.

Let 7% : E— W and n¥" : F — W be smooth n-vector bundles over a smooth
manifold W. Let Hom(E, F') denote the smooth vector bundle over W with fiber
Hom(E,, F}), * € W, which consists of all homomorphisms E, — F.

We set

k
(2.1) JE(B,F) = Hom(@ Si(E),F)
=1

over W with projections 77/ onto W. Here, S*(E) denote the vector bundle
Usew S“(Ez) over W, where S*(E,) denotes the i-fold symmetric product of
E,. An element z of J*(E,F) with 7/(2) =z gives the homomorphisms h; . :
SYE,) — F,. Let (011,022, ...,0x,) or (Oy1,dya, . ..,0y,) denote the basis of £,
or Fy, and let (x1,22,...,25) or (y¥,Y2,...,yn) denote the dual basis of E} and F.
Then {h; .} yields a map germ f: (R™,0) — (R",0), where y; o f(z1,%2,...,2p)
is a polynomial of degree k for i =1,...,n. We identify » with j¥f.

Let J*(X,Y) denote the k-jet space of n-manifolds X and Y. Let px and
py be the projections of X x Y, onto X and Y, respectively. If we provide
X and Y with Riemannian metrics, then the Levi—Civita connections induce
the exponential maps expy , : 7, X — X and expy , : T, Y — Y. In dealing with
exponential maps we always consider convex neighborhoods (see [8]). We define
the smooth bundle map

(2.2) JHX,Y) — J*(px (TX),p} (TY)) over X xY

by sending z = jk f € J¥ (X, Y) to the k-jet of (expp, )~ o foexpy , at 0 € T, X,
which is regarded as an element of J*(T,, X, T,Y) (i.e., J¥ (T'X,TY)). Let L*(n)
denote the group of all k-jets of local diffeomorphisms of (R™,0). Then the smooth
equivalence of the fiber bundles under the structure group L*(n) x L¥(n) in (2.2)
gives a smooth reduction of the structure group L¥(n) x L¥(n) of J*¥(X,Y) to the
structure group O(n) x O(n) of J*(p% (T X),p-(TY)). Therefore, we will work
in the jet spaces of types in (2.1).

3. Boardman-Thom singularities

Let us recall the fundamental properties of the intrinsic derivatives on Boardman—
Thom manifolds in J*(E, F) following [5] and [9]. Let D denote the total tangent
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bundle which is isomorphic to (77)*E. There have been defined the first, second,
and third intrinsic derivatives.

(1) Let d; : D — (77)*F denote the first intrinsic derivative defined over
JF(E,F). Let K and Q denote the 2-dimensional kernel and cokernel bundle of
d; defined over X2(E, F), respectively.

(2) Let dy : K — Hom(K, Q) denote the second intrinsic derivative defined
over L2(E, F). The manifold X*!(E, F) consists of all jets z € £?(E, F) with
ds . being of rank 1. Let Ky denote the kernel bundle of dy over X% (E, F).
Let dy: S?°K — Q over Y2(E,F) denote the bundle homomorphisms, which
are canonically induced from ds. This implies that &2 is a smooth section of
Hom(S%K, Q) over ¥2(E, F). Let K5 denote the orthogonal complement of Ky
in K such that ds : Ky O Ky — Q is injective. Let I denote the trivial line
subbundle as the image ds(K+ O K2 ).

(3) Let dg : Ko — Cok(d2) denote the third intrinsic derivative defined over
¥21(E, F). The manifold £>1.%(E, F) consists of all jets z € X*!(E, F') such that
ds ., is injective.

In the paper we usually abbreviate (E, F) as ¥2, ¥21, and ¥21.0,

PROPOSITION 3.1
(1) The normal bundle of X% in J*(E, F) is isomorphic to Hom(K, Q).
(2) The normal bundle of X*' in X2 is isomorphic to

Hom(Ky; O K3, Q/Is) ® Hom(Ks O Ks, Q)

restricted to ¥21.

Proof

(1) This is well known.

(2) Since dy vanishes exactly on Ky O K, it is a monomorphism of K& O
K3 to Q. Therefore, the cokernel of dy is isomorphic to Hom(Kjz,Q/I,) ®
Hom(Ks, Q). By [5], the normal bundle of ¥?! in 2 is isomorphic to

Hom (K>, Hom (K3, Q/I) ® Hom(K»,Q)).

This shows the assertion. O

4, Local properties of singularities

In this section we study the singularities of unfoldings of the genotypes introduced
in the introduction. In this section let k denote m — 1.

Let us recall the tangent bundle and the normal bundle of the X*)-orbit of
the k-jet z = j& f for a C*°-map germ f: (R",0) — (R™,0) in J*(n,n) described
in [10, Proposition 7.4]. Let 6(f) denote the vector space of germs of vector
fields along f. Let idg» be the identity map germs of (R™,0). Then we have the
homomorphisms

tf:0(idgn) — 6(f) and wf :0(1dgn) — 0(f)
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defined by tf(s) =df os and wf(s) = so f for sections s € O(idgn). It has
been proved that there exists a canonical isomorphism of the tangent bundle
of J*(n,n) at z with m,0(f),/mEt10(f). Then the tangent bundle and the nor-
mal bundle of X*)z are expressed as

T.(K®(2)) = {tf (ma0(idr=)) + £*(m,)0(f) } /mET10(f),
v. (K®) (2)) = ma0(f) / (tf(ma0(idre)) + £*(my)0(f) +mETO(f)),

respectively. Here, m, and m, denote the maximal ideals of C"*°-map germs on
(R™,0) under coordinates (x1,...,z,) and (y1,...,Yn), respectively.

Let n= (n1,7m2) denote a C*°-map germ (R?,0) — (R?,0) with rank zero at
the origin. An unfolding f: (R™,0) — (R™,0) of the genotype 7 implies a map
germ (u,v,t1,...,tp—2)+— (f1,..., fn), where

(4.1)

fi=mu,v)+ g1 (u,v,t1, ... th—2),
(4.2) fo=mn2(u,v) + g2 (w,v,t1,..., th_2),
fj:tj72 f0r3§j§n>

such that g1 (u,v,0,...,0) = g2(u,v,0,...,0)=0.
The following lemma is an elementary consequence.

LEMMA 4.1
The tangent bundle and the normal bundle of K*¥) (55 f) are isomorphic to those
of K®¥)(jkn) under the canonical isomorphism

mg0(f),/ mEt0(f) ~my ,0(n) / mEEL0(n).

Since the orbit K*) (i f) is determined by the genotype 71, we denote the orbit,
simply, by Ko7 in what follows.

In this paper 0/9z;,0/0y;,0/0u, and 0/Jv are denoted by dz;, Oy;, Ju, and
dv for simplicity. Let (Ou,dv) or (Oy1,0y2) be a basis of the source R? or the
target R?, respectively. The following proposition is a consequence of a direct
calculation and is useful to study the normal bundle of Kyn.

PROPOSITION 4.2
Let m 2 4. In the respective cases S1 and S2, we have the following.

(1) The tangent space T(Kon) is, respectively, generated by

(S1) u?dy1, wwdyr, v20y1, ww™ 1dys, and (u? +v2)d/dy;, v™d/dy; fori=
1,2 over my, ,,

(S2) 2u?0y; +uv™ 20ys, 2uvdyy +v™ Ldys, 3uv?dy; + (m —2)uv™30ys,
3v30y1 + (m — 2)uv™2dya, and (u? + v3)dy;, uww™ 2dy; for i=1,2 over m, ,.

(2) The normal space v(Kon) is, respectively, generated by the vectors

(S1) udy;, vOy; fori=1,2, and v/ dys, uw " 1vdys, where j varies over 2 to
m—1,



350 Yoshifumi Ando

(S2) udy;, vy;, for i=1,2, and uwwdyy, v20y;, uvi~1dys, vI0/dys, where
7 varies over 2 to m — 2.

We have the following lemma.

LEMMA 4.3

The orbit Kon is a submanifold of codimension 2m.

REMARK 4.4
In Proposition 3.1(2), u, v, uv, dy;, and dys correspond to (Kiz)¥, (K3).,
(K3): O (K3)., (I2)., and (Q/I,)., respectively.

LEMMA 4.5
The topological closure of Kon is an algebraic set of J*(n,n).

Proof

By [11, Proposition 9.1], it is enough to prove the assertion in the case n = 2.
By [4] and [13], the topological closures of %0 and %! are algebraic sets. A jet
of a germ (y; o f,y2 0 f) of %0 lies in the topological closure of Kon if and
only if yy o f and yo o f vanish modulo (u* +v?) + m]", by the arguments in
the classification of simple singularities of type £ in [12]. If a jet of a germ
(y10 f,y2 o f) lies in X21, then the functions du(y; o f),0v(y; o f) for i =1,2
constitute a one-dimensional subspace of my,,/m? ,. Let w(u,v) denote such a
nonsingular function in them. Then a jet of a germ (y; o f,y2 o f) of £%?! lies
in the topological closure of Kyn if and only if y; o f and ys o f vanish modulo
(w?)+m;" ! by the arguments in the classification of simple singularities of type
%21 in [12]. This shows the assertion. |

Let V be a 2-dimensional vector space with basis du and Odv, and let V* be
its dual space with basis 4 and v. Then S*V* is identified with the space of
homogeneous polynomials of degree ¢ with variables u and v. Since the element
(0u)? + (9v)? in S?V is invariant with respect to the action of O(2), it yields the
1-dimensional subspace Ly of S?V. Hence, the subspaces Ly OS2V in S'V
for ¢ 2 2 yield the subspace E’;L% (Ly O S*2V) in ZE:;SiV of codimension 2t.

REMARK 4.6

The quotient S*V/(Ly O S*72V) has a basis (9v)’ and Qu(dv)i~!. Let z =
Ou + v/—10v, and let R(z%) and Z(z!) denote the real and imaginary part of
2%, respectively. Then R(2%) and Z(2%) constitute a better basis. Indeed, for any
homogeneous polynomial g(u,v) of degree i — 2, we have

(R(2") + V=1Z(z")) (u* + v*)g(u,v) =0,
and so, R(z%) and Z(z%) annihilate (u? + v?)g(u,v).
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We define Kn(E,, F,) at € X corresponding to Kon in J*(n,n) applying the
above argument similarly as in J*(E,, F,). Let Kn(E, F) denote the subbundle
of JF(E,F) over X with fiber Kn(E,, F,). Let T(Kn(E,F)) and v(Kn(E, F))
denote the tangent bundle and the normal bundle of Kn(E,F) in J*(E,F),
respectively. If there is no confusion, then (E,, F},) and (E, F') may be abbreviated
as ICpn and Kn.

We next determine the structure of the normal bundle of Kn in J*(E, F) by
using Propositions 3.1 and 4.2. Since Kn lies in the Boardman-Thom manifold
Y2 of codimension 4, it is enough for this purpose to determine the structure of
the normal bundle of Kn in 2.

Let L denote the trivial line bundle in S2K, which is associated to the
subspace Lk of S?K .. Let &, £, Q, and &5 in the case (52) denote the restriction
of K, L, Q, and K5 in the case (S2) to Kn. For a jet z € Kn, let q. denote the
oriented line of Q. with the orthogonal projection p(q.): Q. — ¢..

We define two line bundles q; and their orthogonal complements g;- for i =
1,2 in Q over Kn. Namely, qi-, is generated by the image dy.. ((8u)? + (9v)?) in
the case (S1), and g3, is gencrated by the image dy..((8u)?) in the case (S2).
We note that qi- are trivial and Wi (g;) = W1(Q) over Kn.

Let v(Kn) denote the following bundle over Kn in the respective cases:

(S1) Hom (75" S°8/(£ O S 28), 1),
(S2) Hom(S28/85, Q) & Hom ({@]",> '8/ (/3 O S 28)},q2).

The next proposition follows from Proposition 4.2.

PROPOSITION 4.7
We have the following:

(1) the normal bundle of Kn in J¥(E,F) is isomorphic to Hom(&,Q) @
v(Kn),

(2) the normal bundle of Kn is orientable if and only if m is even, respec-
tively.

Proof

(1) The assertion follows from Propositions 3.1 and 4.2.

(2) The first Stiefel-Whitney classes of Hom(&,Q) and Hom(S%8&/85,Q)
are all equal to zero. Let W(R) = (1 +t1)(1 +t2) and W(Q) = (1 +r1)(1 + r2).
Then we have Wi (&) = W1(Q) =t; +t2 and W1 (S°K) = (i(i +1)/2)W1(K). Since
£ and Ry are isomorphic to the trivial bundle ¢, we have

W1 (S'R/(e O S 2R)) = Wi (S'R) — W1 (S'2R) = Wi (R).

These identities show the assertions.
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5. Global properties of singularities

In this section we study the global structure of the normal bundle of Cn, which is
necessary for the calculation of its Thom polynomial. In this section let k& denote
m— 1.

Let X be orientable. Let J*(E, F)* = J*(E, F)\(cl(Kn) ~ Kn) with the pro-
jection 77 onto X. Let G(E) denote the Grassmann bundle G 2,—2((77)*E)
with canonical projection pr : G(E) — X. Let G(E, F) denote the Grassmann
bundle G2 2y—2((prg)*F) with projection pry : G(E, F) — X. Let K denote the
canonical 2-plane bundle over G(E, F'), and let Q¢ denote the canonical 2-plane
bundle over G(E, F) associated to pri,(F'). We always provide E, F', K¢, and Q¢
with the structure groups O(n) and O(2), respectively. Let L denote the trivial
line subbundle of S2K . An element of G(E, F) is expressed by (z,a, 3), where
z€J(E,F)* with 7/(2) =z, a € Ga ,—2(E;), B € G2 ,—2(F,). Here, a and 3 are
often written as K, and @, respectively. Let ng : G(E,F) — J(E, F)* denote
the map defined by ng(z, «, 3) = z. Let s be a section of J(E, F)* over X, which
is transverse to Kn, and let sg : s*G(E, F') — G(E, F') denote the canonical bun-
dle map covering s. Then we have the diagram with the given canonical maps:

(5.1) (Sne C s*G(E,F)) —~ (Kne C G(E, F))

Lol

(Knc J*E,F)*)
(Sn c X) X

The following notation is used at the end of this section. Let S denote the
space s~1(Kn). The space SZ denotes the space that consists of all quadruples
(z,8(x),q, ) with s(z) € cl(¥?) such that o C Ker(dy 5(z)) and § L Im(dy s(z))-
The space Sne denotes the subspace of S% with s(z) € Kn. Obviously, Sng is
mapped onto S7 diffeomorphically by the canonical projection.

Let X2 or Kng denote the space that consists of all triples Z = (2, K., Q) €
G(E,F) such that K, and Q. are 2-planes and that z lies in cl(3¥?) or Kn,
respectively. For an element Z € Kn, K., and @, are uniquely determined. Any
jet Z in G(E, F) induces an element of J*(K.,Q.) = Hom(GBf:1 S'K.,Q.) and
a polynomial map ¢ : (R?,0) — (R2,0) of degree k. We use this notation ¢ for Z
without any comment.

Let di|K¢ : Kg — prg(F) denote the homomorphism induced from d;. Let
pr(Q¢g) denote the canonical projection of pr (F) onto Q¢. Then we have
the bundles Hom(K¢, prg(F)) ©® Hom(KZ, Q) over G(E, F) with a section og
defined by

oa(z) = d1,2|(KG)z @ pr(Qg)o dl,Z|(Ké)Z~

The next proposition follows from [17] (see also [2]).
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PROPOSITION 5.1
(i) The section o¢ is transverse to the zero section, and its inverse images
of the zero sections by o¢ coincide with ¥%,. Consequently, X2, is a submanifold.
(ii) The projection mg maps X% onto cl(¥?) so that (7g|S%) H(E?) is
mapped onto ¥2 diffeomorphically.

We take a very small tubular neighborhood U(Kng) of Kng in the cases (S1)
and (S2). Let da;: S?K, — Q. denote the composite of the homomorphism
ha - |S 2K, and pr(Q.). Note that ds ; coincides with the homomorphism induced
from dy . at least for z € ¥.2. We define two line bundles q; and their orthogonal
complements qi- for i = 1,2 in Qg. If da:(L,) does not vanish, then qtz is
defined to be the image da :(L,) and qi z is its orthogonal line in @),, where L,
is generated by Ou? + Ov?.

Let 5" denote (7¢|%%) "1 (221). We define K3~ to be a line subbundle of
Kqg over Eél induced from Ky . Let du denote a unit basis of KQL’Z, and let Ov
denote a basis of K5 ;. Then (Ju,dv) is an orthogonal basis of K¢ ;. We take
a small tubular neighborhood U (Eél) of Eél with radius e within a tubular
neighborhood with radius 2e in ¥%,, where € is a positive function on Eézl. Let
U(Eél) contain U(Kng) in the case (S2). We can extend K3 to a trivial bundle
over the tubular neighborhood denoted by the same symbol K3-. Let d(Z, Zé’l)
denote the distance of z and %1, and let w(t) be a smooth-increasing function
such that w(t) =0 for t < e and w(t) =€ for ¢ = 2e. We define a trivial line
subbundle O¢ of S2K¢ over ¥2 so that ©¢ coincides with S?K3 on Zél and
that (©¢)z is generated by a vector

(1—(1/ew(d(z,25"))ou? + (1/e)w(d(z,25")) (du® + 9v?).

If d2 :((©¢)z) does not vanish, then qéjg is defined to be the image d3 :((O¢)3z),
and qo z is its orthogonal line in Q..

REMARK 5.2
In the case (S2) we choose a basis of S'K¢g/(0¢ O S 2K¢) denoted by R and
1%, which are equal to du(dv)"~! and (dv)’ over U(S5").

Let (u,v) and (y1,y2) denote orthogonal coordinates determined as above. We
define a section r of

Hom(S’K¢/(Le O 5" °Kg),Qc)  and

Hom(S'Ke/(©c O ST2K¢), Qc)
by

(S1) ri(z) = [R(au+\/—_10v)f(y1 °Qlo, Z(Qu+v=10v)"(y1°()lo
R(Ou+=10v)"(y2 0 ()lo, Z(du+V=10v) (y20¢)lo]’

i () — |[BoioOlo, Is(yieQlo
520 bl = [ e oo

(5.2)
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We show how 7i(z) changes by the coordinate changes. We express them as
z=u+v/—1v, 2 =u' + /=10 with z =V~ and (y1,y2) = A(y},y}), where
A is an orthogonal 2-matrix. Let T'(f) denote the counterclockwise rotation by
the angle . Then the following lemma is easy to prove.

LEMMA 5.3
(1) If z=eY=1% then ri(z) = Ari(2')'T(6).
(i) Ifu=u' andv=—v, then ri(z) = Ar'(z) [§ % ].

Let 0o(Q¢) denote the line bundle determined by the first Stiefel-Whitney class
W1(Qc¢), which is isomorphic to the wedge product Qa A Qg Let e, denote the
trivial line bundle over G(E, F).

Since 73(S1) = {0}, the following lemma is easy to prove.

LEMMA 5.4
If Qg is the Whitney sum qt & q over a subcompler W of X2, with Wi(q) =
Wi(Qalw), then there exists a fiberwise map

p:Hom (S’ K¢ /(e O S °Kea),Qc) — Hom(S'Kg /(e O S °Kg),0(Qc))

over X%, such that if {0} lies in the image qu on a point of ¥2, then p=1{0} =
{0} there and that p|Hom(S'K¢ /(e O S72Ke),q)|w is the identity on W.

Proof
The restriction of the identity of Hom(S*K¢g/(e& O S*™2Kg),Qc) to

Hom (S'Ke/(cg; O S'?Ke), Qc) \{zero section}
over W yields a fiberwise map to
Hom(S'K¢/(c O S*%Ke),q)\{zero section}

by using m3(S') = {0} so that u|Hom(S' K¢ /(eL, O S™?Ka),q)|w is the identity
on W. Then extend this fiberwise map to

Hom (S'Ke/(cg; O S"?Kg),0(Qc)) \{zero-section}.

Then construct the required map p by extending this map by the conewise con-
struction. 0

Let N (n)g denote the following vector bundles:

(S1) Hom (D", (S'Ka/(La®S2Ka),0(Qa))),
(S)2) Hom(S?K¢/0¢,Qc) @ Hom({ (D13 S'Ka/(0c O S72Kg))},
0(Qg)

over G(E,F) in the cases (S1) and (S2), respectively. Let n(n)sz denote their
restriction to ¥%, respectively.

In the following proposition we apply the fiberwise map p with W =U(Kng)
in the case (S1) and with W = U(2%") in the case (S2) together with 7 and r%.
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PROPOSITION 5.5
In the case (S1) or (S2), we have the following.

(i) The normal bundle of Kng in X% is induced from n(n)sz2 by the inclusion
Kne in 3%,

(ii) There exists a section ¢ of n(n)s2 over X%, which is transverse to the
zero-section on Kng, whose inverse image of the zero section coincides with Kng.

Proof

For an element Z = (z,K,,Q.) of ¥% with z € cl(X?), we take local orthogo-
nal coordinate systems (u,v) and (y1,y2) for K, and @Q, with the associated
polynomial map ¢ : (R?,0) — (R?,0).

(1) We have defined the lines qi and q; such that Qg ~ qi @© q; over a
very small tubular neighborhood U (Kn¢) of Kng. Let (y1,y2) be the coordinates
associated to (qi,qi). Then it follows from (5.2) and Lemma 5.4 that we have
a section

po i U(Kng) — Hom(SiKg/(LG & Si_QKg), Q1)
defined over U(Kng). We set the section ¥y on U(Kng) as

Yu(Z) = (né_BIM o ri(,%)).

By definition, EU is transverse to the zero section on n. Furthermore, ¢y van-
ishes on Kng and never vanishes on U(Kneg)\Kneg. Suppose that ¢ (2) vanishes.
Then there exists a nonzero real number ¢ such that

y1 0 C(u,v) = (u2 + vz)(chgl(u,v)),

Y20 C(u’ U) = (U2 + v2)(g2(u,v)),

modulo m"., where degg; is greater than zero. By the Morse theorem we may

(VROR}
assume under a suitable choice of coordinates (u,v) that y; o ((u,v) = c(u? +v?).
Hence, we may assume under a suitable choice of coordinates (yi,y2) that ys o
((u,v) =0 modulo m7’,. This implies that Z lies in Kng.

We next extend vy to a section of
m—1
Hom ( @ (S'Kg/(La®S" 2 Kg), o(Qg)) \ (zero section)
=2
over Eé. By using por? in Lemma 5.4, we can extend the section r¢ on OU (Kng)
to a section

W22\ Int U (Kng) — Hom (S'Kg/(Le O ST2Ke), Qa)

over X%\ Int U(Kng) such that ¢¢(Z) vanishes if and only if po%(Z) vanishes.
Now we define the section ¢ over ¥%\ Int U(Kng) by

V(2) = (néBluowf(s)).
=2
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We have to show that ¢’ never vanish on X2\ Int U(Kng). Suppose that ¢/(Z)
vanishes. This implies that y; o ¢(u,v) lies in the ideal (u? 4+ v?) modulo m}", for
i=1,2. First let z lie in 2. If one of y; o (u,v) is equal to c(u? + v?) modulo
mi’v with ¢ # 0, then we may again suppose that y; o (u,v) = c(u? + v?), and
hence, z lies in Kng. This is impossible. Hence, ¢ =0 and z lies in £2. Since
the normal bundle Hom(S?K, Q) of £22? cannot be a subbundle of N (n)g by
considering the structure group of A/(n)q, this is also impossible. If z lies in the
closure of X3, then the normal bundle of ¥ for ¢ > 2 cannot be a subbundle of
N (n)c by the same reason. Therefore, ¢'(Z) never vanish.

By the definition of ¢y and ¢, they coincide on OU (Kn¢) with each other.
Thus we have obtained the required section ¢ defined on ¥%, such that it vanishes
only on Kng and is transverse to the zero section on lCng.

(2) In the case (S2), we have defined the lines q3 and q such that Qg =~
ai @ qs over a very small tubular neighborhood U (X% 1) of 22 ! Let (y1,y2) be
the corresponding coordinates. By (5.2) and Lemma 5.4 we have the sections

pory: U(Eél) —Hom(S'K¢/(0¢ ® S'*Kg),q2) fori=3.

We set the section ¢, on U(X5") as

Yy (2) —Te (@uor@ )

By definition, 9, is transverse to the zero section on Kr. Furthermore, 1, van-
ishes on Kn¢g and never vanishes on U(Eél)\lCng. In fact, suppose that 9, (Z)
vanishes. Since 73 (Z) vanishes, we may write y; o ((u,v) = au?® with a # 0 and
Y20 ¢(u,v) = 0 modulo m3 , under a suitable choice of coordinates (y1,y2), and z
lies in ¥%!. By the splitting theorem, we may assume under a suitable choice of
coordinates (u,v) that y; o ((u,v) = aju? + h(v) modulo mu -1 where degh > 2.
If degh = 3, then we may assume that y; o ¢(u,v) = u? 4+ v* and yz o ((u,v) =0
modulo (u? 4 v?) +m}'!. Hence, we can prove under a suitable choice of coor-
dinates (u,v) and (y1,y2) that y; o ((u,v) = u? +v3 and ys o {(u,v) = 0 modulo
my'y L. This implies by the result concerning a classification of simple singulari-
ties in [12, Section 8] that z lies in Kn. If a =0 or degh > 3, then we first have
h(v) =0 modulo m};'. Next we take the germs (y such that

y10 G (u,v) = A(u® +0°%),
Y20 CA(U’U) = (u2 + Ug)g(u7 U)

modulo mzbv_l, which yields the jets zy =z 4+ 7™ 2(. If A #0, then 2, similarly
lies in Ky, and so 2 lies in cl(XCn)\Kn. This is impossible. Hence, 1, never vanish.
We next extend vy, to a section of Hom(S'Kg/(0¢ O S2Kg),Q¢g)\(zero

section) over 2. Over Y2\ Int U(25"), we have the section
SE\IntU (S5 — Hom(S*Ke/Oc, Qa),
ey SE\ It U(S5") — Hom (S'Ke/(0c O S 2K¢), Q)
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in (5.2). Therefore, it follows from Lemma 5.4 that it induces a section
pore: SG\IntU(SG") — Hom(5'Ke/(0c O 5 Ka).0(Qc))

such that pory(Z) vanishes if and only if r§(Z) vanishes. Now we define the
section ¢ of
m—2

Hom(S’K¢/Oc,Qc) ® Hom({ (@ S'Ka/(©c O Si_QKG)) }, O(QG))

=3

over Y2\ IntU(2%") by

§ (e =rd3)e (5uore<z>).
=3

We have to show that ¥ never vanish on 22\IntU(2%"). Suppose that El(é)
vanishes. Then we may write y; o {(u,v) = a(u® 4+ v?) and ys o ((u,v) = 0 modulo
m}, . First let z lie in ¥2. If a # 0, then we may assume by the Morse theorem
that y; o ((u,v) = a(u? + v?). This implies that z lies in cl(K(z? + y2, 2™1)).
By the transversality of E/7 the structure groups of the normal bundles at z
and of N'(n)g are different. This is impossible. If a = 0, namely, y; o ((u,v) =0
for i = 1,2, then z lies in 22, and hence, similarly as in (1), it is impossible.
Therefore, it follows as in (1) that z lies in cl(33). Similarly as in (1), this is also
impossible. Hence, v’ (Z) never vanish.

From the definition of ¢y, it follows that 1, and ¥’ coincide with each other
on U (25"). Thus we have obtained the required section ¢ defined on %2, such
that it vanishes only on Kng and is transverse to the zero section on Krng. This
completes the proof. O

COROLLARY 5.6

Let X be of dimension not less than 2m. Let s be a section of J*(E,F) over X
such that s(X) N (cl(Kn)\Kn) is empty and s is transverse to Boardman—Thom
manifolds. Then the section s over S of (sq|S&)*n(n)s2, which is induced by
1 os, is transverse to the zero section on Sng and its inverse image of the zero
section is exactly equal to Sng in the case (S1) or (52), respectively.

6. Thom polynomials

In what follows let k denote 2¢ — 1. We calculate the Thom polynomial of Kn
under the condition that a section of J*(E, F) does not intersect with cl(Xn)\Kn
by properties of Gysin homomorphisms and characteristic classes (see [7], [15],
[22]) and prove Theorem 1.1. We first prepare several lemmas.

Let H be a 2w-vector bundle over a connected orientable manifold Z. Let
74 G22w—2(H) — Z denote the Grassmann bundle associated to H with fiber
G22w—2. Let (7€) H* (G22w—2(H);Z) — H*(Z;Z) denote the Gysin homomor-
phism. Let K denote the canonical 2-plane bundle over Gg 2,—2(H) and Hg =
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(79)* H. We express the total Pontrjagin class P(K) of K as P(K) =1+ P;(K).
Let PH) ' =1+Py(H)+--+P;(H)+---.
We have the following lemma. This is well known (see [17]).

LEMMA 6.1
(1) Ga2uw—2(H) is orientable.
1 fori=w-1,

(2) We have (WG%(PZ'(HG/K)){O Joritw—1.

(3) We have (w%),(Py(K)*~1H) = (=1)v=1+P,(H).

Proof
(1) The tangent bundle of G 2,,—2(H) is isomorphic to Hom(K, Hg/K), and its
first Stiefel-Whitney class is equal to (2w — 2)W1(K) + 2W;(H/K) =0.

(2) If i #w — 1, then P;(Hg/K) vanishes by the dimensional reason. By
regarding H, with C* for a point x € X, we take a 1-dimensional complex
subspace C of H,. Let i, : x — X and z; : Go2w—2(Hy) — Go2yw—2(H) be the
inclusions. Let H% = (i,)*Hg and K* = (i,)*K. Then we have a vector bun-
dle Hom(C, H%/K®) over Ga24-2(H,) and its section s such that s(b), for
be Gaay—2(H;), maps C to H,/b by the orthogonal projection along b of H,
onto H,/b. Obviously, s(b) is a null homomorphism if and only if b = C. Fur-
thermore, it is elementary to show that s is transverse to the zero section
of Hom(C, H%/K®). This implies that the fundamental cohomology class of
G2,20w—2(H,) is equal to the Euler class x(Hom(C, HE/K®)). Furthermore, we
have

x(Hom(C, HE/K")) = Couy-a((HE/K™) © C) = Py (HE/K"),
where Ca,y—2 denotes the (2w — 2)-th Chern class. For the Gysin homomorphisms
(79|G22w—2(Hy)), : H* (G22w—2(Hy); Z) — H* (23 Z),
we have
(7%1G220—2(Hy)),(Pu—1 (HE/K")) = 1.

In the commutative diagram

G2,2w72(HI) —_— G2,2w72(H)

o

T X

it follows that
(i) (*1(Pi(Ho/K))) = (7%|Gazu-a(Ho)) { ()" (P Ho/K)) }
= (79|Ga,u—2(Hy)), (P(HE/K™)).
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Since (i;)* induces an isomorphism of Z in the zeroth dimension, this proves the
assertion.

(3) Since Hg = K @ Hg/K, we have P(Hg) = P(K)P(Hg/K), and so,
P(K) ' = P(Hg) " 'P(Hg/K). By comparing the terms of degree w — 1 + ¢,
we have

w—1
(1) P (K) T =Y Py 1y (He) Py (Ho/K).
3=0

By (2) and the naturality of the Gysin homomorphism, we have
(=)@ (PUE) ) = ) Pyt (Ha)(79) (Py(Ha /K))
= Py(H). O

As is well known, we may reduce the calculation to the case where F is trivial.
In fact, let F- denote a vector bundle such that F & F= is trivial. Let

L:J¥E,F)— JYE®F- FaFt)

denote a bundle map defined by £(h) =h +idp1, where h € J*(E, F) and idp.
is the identity of F*. Then the following lemma is elementary.

LEMMA 6.2

(1) The inverse images of Boardman—Thom manifolds X1 (E © F+,F @ F*)
with any symbol I, Kn, and cl(Kn)\Kn in J*(E @ F+ F @ FLY) by L coincide
with those spaces in J*(E, F), respectively.

(2) L is transverse to each Y{(E@® FL F @ FL) and Kn(E® F+, Fo F1).

In the following E and F imply E & F+ and the trivial bundle F @ F* of
dimension 2w, respectively. Let ig2 denote the inclusion of SZ into s*G(E,F).

Note that (ix2)*(x(V(n)a) = x(n(n)s2).

THEOREM 6.3

We assume that the coefficient group is Z when m is even and is Z/2Z when m
is odd. Then we have the following in the cases (S1) and (S2):

(ma)1{ s (x(Hom(K,**) & Hom(K*,Q)) Ux(N (n)a)) } = [Sn]
Proof

We give a proof for the case (S2), and the proof for the case (S1) is similar.
Indeed, we have

st (x(Hom(K, £2”) & Hom(K*,Q)) Ux(N (n)c)) N [s*G(E, F)]
=55 (X(N(W)G)) N {SE (X(Hom(K, EQw) > Hom(KL7Q))) N [S*G(E’F)]}
=s5(X(W(M)a)) N ((is2)([SE])
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= (is2)" (s (XN (ma))) N ([SE])
=x((ig2)*(m(n)s2)) N ([SE])
= [Snc]-

Furthermore, we have that Sn¢g is mapped diffeomorphically onto S7). This shows
the theorem. g

Now we calculate the Euler class of Hom(K,&2%) @ Hom(K+,Q) ® N(n)qa-

LEMMA 6.4

The following formulas hold up to sign, where € is a trivial line bundle over
G(E,F).

() x{Hom(®L, 5'Ke/(Oc O 5'7Ka).0@c))} = {IIE5,i} x
P (Kg)".

(i) x{Hom(K%,Q6)} =315 (~1)'Pi(KE)Pi(Qc)" '~ over G(E, F).
(iii) x(Hom(S%Kg/La,Qg)) =3P (Kg) over G(E,F).

Proof

In this proof, = will mean the equality modulo 2-torsion. In the proof we set

K=Kg, Q=Q¢g, and ¢ =0g = Lg. Let E(i) — BO(7) denote the classify-

ing vector bundle over a classifying space of i-dimensional vector bundles. Let

ckx 1 G(E,F)—BO(2), cx1 : G(E,F) —BO(2w —2), and cq : G(E,F) — BO(2)

denote the classifying maps of K, K1, and Q, respectively. Then we note that
t+20

x{Hom( EB SiK/(sOSFQK),O(Q))}
i=t+1
t+24
= (cx % cQ) ( {Hom< P s'E st”E(z)),o(E(Q)))}),
1=t+1

y{Hom(K",Q)} = (cxr x cg)* (x{Hom(E(2w — 2), E(2))}),
x(Hom(S°K/e,Q)) = (cx x cg)* (x(Hom(S*E(2) /e, E(2)))).

Let C(K®) and C(E(2)%), which are corresponded by (cx)*, be represented
by the same symbol (1 +#,)(1 +t2), let C(Q%) and C(FE(2)®), which are cor-
responded by (cg)*, be represented by the same symbol (14 r1)(1 + r2), and
similarly, let

C((KH)®) or C(B(2w —2)) = ﬁ (1+t¢y).

(i) For i = 2, we have
C(S'E2)%/(“@S2E(2)%))
—C(S'EQ2)°)C (o5 2E(2)C) !
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— C(S'E@)%)C(52E(2)%) "

:H(1+st1+(i—s)t2){ i (1+jt1—|—(i—2—j)t2)}71
5=0 =0

v -1
:H(1+st1+(z‘—s)t2){ (1+jt1+(z'—2—j)t2+t1+t2)}
5=0 j=0

= (14 it1)(1 +ita)
modulo 2-torsion. Since
{(SEQR)E/ (052 E(Q)%)) ) = C((STEQ)/(Cas2 B(2)°)))
=i’tity
~ 20y (E)F).

we calculate as
t+24

X{Hom ( P s'E@)/(0 SiizE(Q))’O(EQ))) }

i=t+1

t+2¢
=Cy (Hom( P (SiE(2)C/5C®Si_2E(2)C)),C)
i=t+1

2

t+24
I C2(S'E@2)¢/“es2E@2)%)

i=t41

t+2¢

= [ (it1)(it2)

i=t+1
t+2¢

{T] #hea(zer)”

i=t+1

t+2¢

={ II #}~(B@)™.

i=t+1
By considering the cohomology ring of BO(2) modulo 2-torsion, we have

t+24 t+2¢

X{Hom( fan SiE(2)/(sQSi*QE(z)),o(E(Q)))} :{ I1 i}Pl (E@2)".

i=t41 i=t41

Thus we obtain the assertion (i) by applying (cx X cg)*.

The following proofs of (ii) and (iii) are similar, and so we only give outlines
of calculations.

(ii) We have

x{Hom(E(2w — 2), E(2))}?
= C4w,4(H0m(E(2w —2)€, E(2)C))
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2w
=1t = t)(ra 1)
=3

= ﬁ(rﬂ”z +12)
- H (C2(EQ2)%) + 1)
modulo 2-torsion. Setting 2? = C5(E(2)%), this is equal, modulo 2-torsion, to
2w
[16* - (vV=1t:)?)
i=3
2w 2w
=l V=i [ e - v=in)
=3 s
2w—2
= ( Z (V=1)'C;(E(2w — 2)C)x2w—2_i>
=0
X ( wi (*\/*_1)lc (E(2w _ 2)C)x2w727i)
i=0
- (u}i(*l) Co; (E(2w — Q)C)x2w7272¢>
=0
= (X en(Beu -2 (B2)9) ")’
=0
= (1) P (B(2w - 2) P (B(2)" )2
=0
Hence,
X{Hom( 2w 2 } iz 2w_2))P1(E(2))w_1_i.

(iii) Similarly, we have that
x(Hom(5%K /e, Q)
= Oy (Hom(S?K®/e%,Q%))
= (r1 — 2t1)(ry — 2t2)(ra — 2t1)(ro — 2t3)
= (r? +4t1to)(r3 + 4t1to)
— (4C5(K))? = 8r17aCa(K)Cs(Q) + Ca(Q)?
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(1008 - (@)
= (4P (K )
Hence, we obtain X(Hom(SQK/s, Q)) =+(4P(K) - P1(Q)). O

The next theorem follows from Theorem 6.3 and Lemma 6.4.

THEOREM 6.5

Let m be an even integer 2q. Let X be an orientable manifold. Then the lead-
ing term of the Thom polynomial tp(Kn;s) with Z-coefficients is equal to the
following.

(S1) We have (2q —1)!Py(F — E),
3P(F - E) if =2,

S2) We have
(52) {{ng YiI})P(F—E) ifq23

up to sign. In particular, tp(KCn; s) depends only on the homotopy class of s.

Proof
In this proof, = will mean the equality modulo 2-torsion. In the proof E implies
E @ FL. As is well known, we have

(6.1) x{How(K,®)} = x(K®)" = Co(K©)" = Py (K)"

over G(E, F).
(S1) The coefficient of P;(Q)“~! of x(Hom(K~,Q)) is equal to 1. Hence, we
have
2g—1

X{HOW(K, £20) Hom( P S'K/(LOSK), o(Q)) }

=2
2g—1

—{ I i} oy,

i=2
By the commutativity of the diagram (5.1), (prg) maps the Euler class to

{ ﬁli}ﬁq(E—F) = { 1:_[ i}Pq(F—E),
(S2) We have

w—1

How(S2K/0 ® E/K,Q) = (4P, (K) — P1(Q)) (Z (,1)ipi(E/K)pl(Q)w717¢).

i=0
The coefficient of the term Py (Q)*~! is
P (E/K)+4P(K) =P, (FE)+ 3P (K).
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Ignoring P (E), (prp)r maps the Euler class of

2q—2
How(K,2*) & How(S2K /0 @ E/K,Q) & Hom( P S'K/(00 S2K), O(Q))
i=3
to
2q—2 2q—2
(re): (3{ [T i}ucsy=0) =3{ I i} Pu(F — ).
i=3 i=3
This proves the theorem. O

Proof of Theorems 1.1
By setting F = f*(TY), E=TX, and s = (idx x f)*(j*f), the assertions follow
from Theorem 6.5 by replacing P; with P;(f*(TY) — TX). O

7. J-images

In this section we show a relationship of the Thom polynomials in Theorem 1.1
and the J-images.
Let us recall the J-image of the J-homomorphism

J 7, (SO) — ;)

in [1] and [23]. Recall the cobordism group Qjaq,;(S™) of fold maps of closed
oriented n-dimensional manifolds to S™ of degree j and an isomorphism wj :
Qfola,;(S™) — m;, from [3, Theorem 1]. We have proved in [3, Proposition 5.2
that an element o € 7 lies in the J-image if and only if there exists a fold map
f 8™ — 5™ of degree 1 with w;([f]) = «. This assertion is also true in the case
of degree zero by [3, Lemmas 2.5, 3.4]. In fact, a fold map f: N — S™ of degree
7 determines the homotopy class of the bundle map

T(f): TN®eny —TS" Gegn

covering f. If N =.5" and f is of degree j, then 7(f) determines an element of
™ (SO(n+ 1)), whose image of J coincides with w;([f]).

For a fold map f of degree zero, we take a parallelizable (n + 1)-manifold
V with OV = 8™ and an extended map F:V — D"*! such that the restriction
of F between the collars S™ x [0,¢] of V' and D" is equal to f x idjg . for a
sufficiently small €. Let V denote the manifold, which is the union of V Ugn D",
where V' and D"*! are pasted on S™. For a sufficiently large integer k, let 7(f)
denote

T(f)® (f xidge—n-1):TS" & 6@2” —TS" @522?1.

Let T(‘/},T( f)) be the k-dimensional vector bundle over V, which is obtained by
pasting TV & 522’}(1 and TD"H @ ek " by 7(f) on S™.
Now consider the jet space J* (7(17, 7(f)), 5"2/), whose restriction to V' (resp.,

D"*1) is equal to J*(V,D"*1) (resp., J¥(D"*1, D"*1)). Let s(f) denote its
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section defined by

jk(ianJrl) X idge—n-1 for x € Dn—‘—l’
s(f)() = {7 P
JRF X idgr-n-1 forxeV.

Let n=4q¢—1 in the following. The J-image m4,—1(SO) is a cyclic group of order
Jq- The next lemma follows from [14, Lemma 2].

LEMMA 7.1

Let n=4q — 1. Let 0(7(‘7,7(f))) denote the element of miq—1(SO), which is
determined as the primary obstruction of T(‘/},T(f)) to being trivial. Then the
Pontrjagin class P, (T(‘/},T(f))) is related by the identity

Py(r(V,7(f))) = £aq(4q — Dlo(r(V,7(f))),

where aq =2 for q odd and ag =1 for q even.

By definition, s(f) is transverse to Kn and (s(f)|D%)~1(Kn) is empty. Then
the Thom polynomials tp(Kn, s(f)) are as given in Theorem 1.1, and they are
nothing but the Poincaré duals of Kn of Ef. Therefore, we have the following
theorem.

THEOREM 7.2

Let o be an element of the J-image in 73, _,, which has a fold map f: Sia-1
S4=1 of degree zero with o= O(T(‘/},T(f))). Then the algebraic number of sin-
gularities of type Kn of the extension E' is equal, modulo (4q — 1)!j,, to

(S1) (2¢—1)/(4¢ — 1)laga,

3- T if q=2,
) {3{H?3§2i}(4q—1)!aqa ifqz3

up to sign.

In dimension 12, the J-image is of order 22327, and the algebraic number of
singularities of type Kn of the extension Ef is equal, modulo 2-11!- 23327, to
5111!- 2cv in the case (S1) and to 32 -22 - 11l in the case (S2), where an integer
a varies from 1 to 233%7.

In the case where a fold map f: N — S™ of degree zero has a parallelizable
manifold V' and an extension EY such that wy([f]) = « does not lie in the J-
image, we can define the Thom polynomial tp(Kn,s(f)). However, the author
does not know whether it is effective to detect o or not. The theorem implies that
the singularities with nonvanishing leading terms of Thom polynomials detect
elements of the J-image. Therefore, the classification of those singularities and
the calculation of Thom polynomials will be important to clarify the relationship
between singularities and the stable homotopy groups of spheres.
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