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Abstract Basedonavariational representation for functionals of a generalPoisson ran-
dom measure plus an independent infinite-dimensional Brownian motion developed by
Budhiraja, Dupuis, and Maroulas, the Freidlin-Wentzell large deviation principle is
established for multivalued stochastic differential equations with Poisson jumps in this
paper.

1. Introduction

Consider the following multivalued stochastic differential equation (MSDE) with
Poisson jumps:

(1)

⎧⎪⎪⎨
⎪⎪⎩

dX(t) ∈ −A(X(t))dt + b(X(t))dt + σ(X(t))dW (t)

+
∫

Y
γ(X(t−), y)Ñ(dt, dy),

X(0) = x0 ∈ D(A),

where A is a multivalued maximal monotone operator (see Definition 2.1) on
R

d, b : R
d → R

d, σ : R
d → R

d × l2, l2 denotes the usual sequence Hilbert space
and γ : R

d × Y → R
d are measurable functions, W is a sequence of independent

standard Brownian motions, N is a Poisson random measure defined on (Ω, F , P )
with intensity measure ν and Ñ(dt, dy) := N(dt, dy) − ν(dy)dt is the compensated
measure, N and W are independent, and Y is a locally compact Polish space.

When γ ≡ 0, (1) becomes the following continuous MSDE:

(2)

{
dX(t) ∈ −A(X(t))dt + b(X(t))dt + σ(X(t))dW (t),

X(0) = x0 ∈ D(A),

which has been studied by Cépa [7]. In the same paper Cépa observed that when
A = ∂ID is the subdifferential operator of the indicator function of a convex
and closed domain D with nonempty interior, (2) is equivalent to the following
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stochastic differential equation with reflecting boundary:{
dX(t) = b(X(t))dt + σ(X(t))dW (t) − dK(t),

X(0) = x0 ∈ D̄.

After that, there are some works on the properties of solutions to (2) (see, e.g.,
[14], [15]).

When γ �= 0, (1) is an MSDE with jumps which has been studied in a previous
work [13]. There we proved the existence of a unique solution in the sense of
Definition 2.3 below, under an additional assumption that D(A) = R

d. Later in
[17], we relaxed this additional assumption to (H3) in Section 3. In particular,
by an argument similar to Cépa’s, it is trivial to prove that when A = ∂ID, where
D is a convex and closed domain with nonempty interior, (1) is equivalent to a
stochastic differential equation (SDE) with reflecting boundary:

(3)

⎧⎪⎪⎨
⎪⎪⎩

dX(t) = b(X(t))dt + σ(X(t))dW (t)

+
∫

Y
γ(X(t−), y)Ñ(dt, dy) − dK(t),

X(0) = x0 ∈ D̄,

which has been investigated in [12] for the case Y = R
m\{0}.

On the other hand, Ren, Xu, and Zhang [15] recently proved the Freidlin-
Wentzell large deviation principle for MSDEs like (2) by using the weak conver-
gence method developed by Dupuis and Ellis [9]. Their idea is based on some
variational representations about the Laplace transform of bounded continuous
functionals of finite- and infinite-dimensional Brownian motions (see [3], [4]),
which leads to the equivalence between the Laplace principle and the large devi-
ation principle. Later in [18], these representations are generalized to abstract
Wiener spaces. In this respect, there exist other works on large deviations for
stochastic equations driven by Brownian motions (see, e.g., [16]).

Compared with the discretization method, the main advantage of the weak
convergence method is that some exponential probability estimates and the dis-
cretization arguments can be avoided. But it had not been applied to diffusion
processes with jumps until recently; a variational representation for functionals of
a Poisson random measure satisfying certain conditions has been obtained in [19]
through a Clark-Ocone formula. More recently, Budhiraja, Dupuis, and Maroulas
[6] have extended the result to bounded measurable functionals of a general Pois-
son random measure plus an independent infinite-dimensional Brownian motion
under weaker conditions. Later, Maroulas [11] put forward a uniform large devi-
ation.

In this paper we want to use the new representation obtained in [6] to estab-
lish a uniform large deviation principle for (1). More precisely, consider the fol-
lowing perturbed equation:

(4)

⎧⎪⎪⎨
⎪⎪⎩

dXε(t) ∈ −A(Xε(t))dt + b(Xε(t))dt +
√

εσ(Xε(t))dW (t)

+
∫

Y
γ(Xε(t−), y)(εN ε−1

(dt, dy) − ν(dy)dt)

Xε(0) = x0 ∈ D(A), ε ∈ (0,1].
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Denote the solution as (Xε,Kε). Our aim is to establish a uniform large devia-
tion principle for the law of Xε in D := D([0, T ] × D(A);D(A)). Here D([0, T ] ×
D(A);D(A)) denotes the space of càdlàg functions from [0, T ] × D(A) to D(A).
To this aim, we consider the corresponding controlled equation⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

dXε,uε(t) ∈ −A(Xε,uε(t))dt + b(Xε,uε(t))dt + σ(Xε,uε(t))ψε(t)dt

+
√

εσ(Xε,uε(t))dW (t)

+
∫

Y
γ(Xε,uε(t−), y)(εN ε−1ϕε(dt, dy) − ν(dy)dt);

Xε,uε(0) = x0 ∈ D(A), ε ∈ (0,1],

where uε = (ψε, ϕε) is defined as in Section 3. Compared with SDEs considered
in [6], the main difficulty lies in proving the tightness of Xε,uε in D due to the
existence of the operator A. To overcome this, we switch to another method by
applying the relative entropy and convergence in probability as our tools.

The paper is organized as follows. In Section 2, some notions and notations
about multivalued SDEs and the Laplace principle are presented. We state our
main result and give a detailed proof in Section 3. Finally, applications to SDEs
and SDEs with reflecting boundaries are given in Section 4.

Throughout the paper, c and C with or without indexes are constants whose
values may change from line to line.

2. Preliminaries

First of all, we present some notations on multivalued maximal monotone oper-
ator A. Let R

d be the d-dimensional Euclidean space.

DEFINITION 2.1

By a multivalued operator on R
d, we mean an operator A from R

d to 2R
d

. We
set

D(A) :=
{
x ∈ R

d : A(x) �= ∅
}
,

Gr(A) :=
{
(x, y) ∈ R

2d : x ∈ D(A), y ∈ A(x)
}
.

(1) A multivalued operator A is called monotone if

〈y1 − y2, x1 − x2〉 ≥ 0, ∀(x1, y1), (x2, y2) ∈ Gr(A).

(2) A monotone operator A is called maximal monotone if and only if

(x1, y1) ∈ Gr(A) ⇔ 〈y1 − y2, x1 − x2〉 ≥ 0, ∀(x2, y2) ∈ Gr(A).

We collect here some facts about the maximal monotone operator which we use
in the paper. For more details, we refer the reader to [7].

PROPOSITION 2.2

Let A be a maximal monotone operator on R
d. Then we have the following.

(i) Int(D(A)) and D(A) are convex subsets of R
d, and Int(D(A)) =

Int(D(A)).
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(ii) For each x ∈ D(A), A(x) is a closed and convex subset of R
d. Let

A◦(x) := projA(x)(0) be the minimal section of A, where projD is designated
as the projection on every closed and convex subset D on R

d and proj∅(0) = ∞.
Then

x ∈ D(A) ⇔ |A◦(x)| < +∞.

Now we give the definition and some properties of solutions to (2).

DEFINITION 2.3

A pair of processes (X,K) is called a strong solution of (1) if X , K are
(Ft)-adapted processes satisfying

(i) X is càdlàg, X0 = x0, and X(t) ∈ D(A) for every t ≥ 0;
(ii) K is continuous, K0 = 0, and the total variation |K|0T < ∞ almost surely

for any 0 < T < ∞;
(iii) X(t) = x0 +

∫ t

0
b(X(s))ds+

∫ t

0
σ(X(s))dW (s)+

∫ t

0

∫
Y

γ(X(s−), y)Ñ(ds,

dy) − K(t), 0 ≤ t < ∞, almost surely;
(iv) for any càdlàg and (F̄t)-adapted functions (α,β) with(

α(t), β(t)
)

∈ Gr(A), ∀t ∈ [0,+∞),

the measure 〈X(t) − α(t),dK(t) − β(t)dt〉 ≥ 0 almost surely.

The two lemmas below are on the solutions. For the proofs, we refer the reader
to [7].

LEMMA 2.4

Let (X,K) and (X ′,K ′) be two pairs of processes satisfying (i), (ii), and (iv) of
the above definition. Then

〈X(t) − X ′(t), dK(t) − dK ′(t)〉 ≥ 0.

LEMMA 2.5

Suppose that Int(D(A)) �= ∅. Then there exists an a ∈ R
d and r > 0, μ ≥ 0 such

that for any pair (X,K) satisfying Definition 2.3,∫ t

s

〈X(v) − a, dK(v)〉 ≥ r|K|st − μ

∫ t

s

|X(v) − a| dv − rμ(t − s),

where |K|st denotes the total variation of K on [s, t].

Now we recall some notations and results on the large deviation principle from
[6]. Let Y be a locally compact Polish space, and denote by MR(Y) the space of
Radon measures on it. Endow MR(Y) with the weakest topology such that for
every f ∈ Cc(Y),

MR(Y) � ν →
∫

Y

f(y)ν(dy)
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is continuous. This topology can be metricized so that MR(Y) is a Polish space
and convergence in the metric is equivalent to weak convergence on each compact
subset of Y (see [8, Chapter VIII]).

Fix 0 < T < ∞. Let YT := [0, T ] × Y, and let Y
∞
T := YT × [0, ∞). Note that

R
∞ endowed with the topology of coordinate-wise convergence is a Polish space.

Denote by W the Polish space C([0, T ];R∞), and let V := W × MR(YT ) and
V̄ := W × MR(Y∞

T ).
Define canonical maps N : V → MR(YT ) and βi : V → W as

N(w,m)([0, t] × A) := m([0, t] × A), 0 ≤ t ≤ T, A ∈ B(Y)

βi(w,m) := wi, i ≥ 1.

Let β := (βi)∞
i=1. Similarly, we can define maps N̄ : V̄ → MR(Y∞

T ) and β on V̄.
Fix ν ∈ MR(Y). Define Gt := σ{N([0, s] × A), βi(s); 0 ≤ s ≤ t,A ∈ B(Y)}.

For θ > 0, denote by Pθ the unique probability measure on (V, B(V)) under
which

(1) (βi)∞
i=1 is a family of standard Brownian motions;

(2) N is a Poisson random measure with intensity measure θνT , where νT =
λT ⊗ ν, λT is the Lebesgue measure on [0, T ];

(3) for every i ≥ 1 and A ∈ B(Y), {βi} and {N([0, t] × A)} are independent
of each other.

Define (P̄ , {Gt}) on (V̄, B(V̄)) analogously by replacing (N,θνT ) with (N̄ , ν̄T ),
where ν̄T = λT ⊗ ν × λ∞ and where λ∞ is the Lebesgue measure on [0, ∞). Let
F̄t be the P̄ -completion of Ḡt.

Let P̄ be the predictable σ-field on [0, T ] × V̄ with respect to {F̄t,0 ≤ t ≤ T },
and

Ā1 :=
{

ψ = (ψi)∞
i=1;ψi ∈ P̄ \ B(R),

∫ T

0

‖ψ(s)‖2
l2 ds < ∞ almost surely P̄

}
,

Ā2 :=
{
ϕ : YT × V̄ → [0, ∞); ϕ ∈ P̄ ⊗ B(Y)\B[0, ∞)

}
,

U := Ā1 × Ā2.

DEFINITION 2.6

For ϕ ∈ Ā2, define a counting process Nϕ on YT : for t ≤ T , A ∈ B(Y),

Nϕ([0, t] × A) :=
∫

[0,t]×A

∫
(0,∞)

l[0,ϕ(s,y)](r)N̄(ds, dy, dr).

Nϕ is called a controlled random measure, with ϕ selecting the intensity measure
for the points at location y and time s.

Before proceeding further, we give the definition and a property of relative
entropy (see [3]).
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DEFINITION 2.7

Let (Ω, F ) be a measurable space, and let P (Ω) be the set of probability measures
defined on it. For θ ∈ P (Ω), the relative entropy function R(· ‖θ) is the mapping
from P (Ω) given by

R(μ‖θ) :=
∫

Ω

(
log

dμ

dθ
(ω)

)
μ(dω),

whenever μ � θ and log dμ
dθ is μ-integrable. Otherwise, set R(μ‖θ) = ∞.

PROPOSITION 2.8

Let (Ω, F ) be a measurable space with Ω a Polish space and F the corresponding
Borel σ-field. Let θ be a probability measure defined on it, and let f : Ω → R

be a bounded Borel measurable function. Suppose that {μn} is a sequence of
probability measures in P (Ω) satisfying that supn∈N R(μn‖θ) ≤ α < ∞ and μn

converges weakly to a probability measure μ. Then

lim
n→∞

∫
Ω

f dμn =
∫

Ω

f dμ.

Now for u = (ψ,ϕ) ∈ U , define

LT (u) := L1,T (ψ) + L2,T (ϕ), L1,T (ψ) :=
1
2

∫ T

0

‖ψ(s)‖2
l2 ds

L2,T (ϕ) :=
∫

YT

(
ϕ(s, y) logϕ(s, y) − ϕ(s, y) + 1

)
ν(dy)ds.

For M ∈ N, define

S1,M :=
{
g ∈ L2([0, T ]; l2);L1,T (g) ≤ M

}
S2,M :=

{
h : YT → [0, ∞);L2,T (h) ≤ M

}
.

Let SM := S1,M ×S2,M be endowed with the product topology, let S :=
⋃

M ≥1 SM ,
and let UM := {u ∈ U : u(ω) ∈ SM , P̄ -almost everywhere}.

REMARK 2.9

S1,M endowed with the weak topology is a Polish space. Every h ∈ S2,M can be
identified with a measure νh

T ∈ MR(YT ) defined by

νh
T (B) =

∫
B

h(s, y)νT (ds, dy), B ∈ B(YT ).

Since convergence in the metric of MR(YT ) is equivalent to weak convergence
on each compact subset of YT , {νh

T , h ∈ S2,M } is a compact subset of MR(YT ),
and with this identification S2,M is compact.

Proof of Proposition 2.8
Since L2([0, T ]; l2) is reflexive and since any unit closed ball in a reflexive space
is compact, S1,M is compact.
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For hn ∈ S2,M , we have

νhn

T ([0, T ] × Y) =
∫

YT

hnν(dy)ds ≤ M.

By [8, Theorem VIII.5], {ν : ν(YT ) ≤ C} is compact. Therefore there exists a
subsequence (still denoted by n) such that νhn

T
w−→ μ and μ(YT ) ≤ M . Moreover,

νhn

T (YT ) → μ(YT ). Hence there exists a subsequence nk such that

0 <
1
2
μ(YT ) < ν

hnk

T (YT ) ≤ M.

Set

dPn :=
νhn

T (ds, dy)
νhn

T ([0, T ] × Y)
, dP :=

ν(dy)ds

νT ([0, T ] × Y)
, dQ :=

μ(ds, dy)
μ([0, T ] × Y)

.

Then Pn, P , and Q are probability measures on [0, T ] × Y and

sup
k

R(Pnk
‖P )

=
∫

log
dPnk

dP
dPnk

=
1

ν
hnk

T (YT )

∫ (
loghnk

+ log νT (YT ) − log ν
hnk

T (YT )
)
hnk

ν(dy)ds

≤ C(M) < ∞.

By Proposition 2.8, for any bounded measurable function f ,∫
f dPnk

→
∫

f dQ,

which implies that Pnk
→ Q, and furthermore that ν

hnk

T → μ. Moreover, for each
k, ν

hnk

T is absolutely continuous with respect to νT . Therefore by [10, Theorem
8.24],

hnk
=

dν
hnk

T

dνT
→ dμ

dνT
, νT -a.e.

Set h := dμ
dνT

. Since g(x) := x logx − x + 1 is continuous, by Fatou’s lemma,∫
YT

g(h)ν(dy)ds =
∫

YT

lim
n

g(hn)ν(dy)ds ≤ lim
n

∫
YT

g(hn)ν(dy)ds ≤ M,

thus h ∈ S2,M , and the proof is complete. �

The following two lemmas are taken from [6], and we give a detailed proof here.

LEMMA 2.10

Let {Γn} be an increasing sequence of compact subsets of Y such that Y =⋃n
n=1 Γn. Let Ā2,b =

⋃
n Ān

2,b, where

Ān
2,b :=

{
ϕ ∈ Ā2 :

1
n

≤ ϕ(t, y) ≤ n for y ∈ Γn and ϕ = 1 otherwise
}

.
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Let ϕ ∈ Ā2,b. Then

Et(ϕ) := exp
{∫

[0,t]×Y

logϕ(s, y)N1
c (ds, dy)

+
∫

[0,t]×Y

(
logϕ(s, y) − ϕ(s, y) + 1

)
ν(dy)ds

}

= exp
{∫

[0,t]×Y×[0,1]

logϕ(s, y)N̄(ds, dy, dr)

+
∫

[0,t]×Y×[0,1]

(
−ϕ(s, y) + 1

)
ν̄T (ds, dy, dr)

}
is an {F̄t}-martingale. Here N1

c (ds, dy) := N1(ds, dy) −ν(dy)ds, and N1 is defined
as in Definition 2.6. Define a new probability measure Qϕ by

Qϕ(B) =
∫

B

ET (ϕ)dP̄ , B ∈ B
(

MR(Y∞
T )

)
.

Then for any (P̄ ⊗ B(Y∞)\ B(R)) measurable function ϑ mapping Y
∞
T ×

MR(Y∞
T ) → R such that ϑ is bounded and for some compact subset Λ ⊂ Y ×

[0, ∞), ϑ(t, y, r) = 0 when (y, r) ∈ Λc,

EQϕ

∫
ϑ(s, y, r)N̄(ds, dy, dr)

= EQϕ

∫
ϑ(s, y, r)[ϕ(s, y)l(0,1](r) + l(1,∞)(r)]ν̄T (ds, dy, dr).

N̄ is thus a random counting measure under Qϕ with compensator [ϕl(0,1](r) +
l(1,∞)(r)]ν̄T (ds, dy, dr).

Proof
By applying Itō’s formula we get

Et(ϕ) = 1 +
∫ t

0

∫
Y

Es(ϕ)
(
logϕ(s, y) − ϕ(s, y) + 1

)
ν(dy)ds

+
∫ t

0

∫
Y

Es−(ϕ)
(
exp (logϕ(s−, y)) − 1

)
N1

c (ds, dy)
(5)

+
∫ t

0

∫
Y

Es(ϕ)
(
exp (logϕ(s, y)) − 1 − logϕ(s, y)

)
ν(dy)ds

= 1 +
∫ t

0

∫
Y

Es−(ϕ)
(
ϕ(s−, y) − 1

)
N1

c (ds, dy).

Note that ϕ is positive and bounded. It then follows from [1, Chapter 5] that Et

is a martingale.
Now let Z(t) :=

∫
ϑ(s, y, r)(N̄(ds, dy, dr) − ν̄T (ds, dy, dr)). Then Z is a mar-

tingale under P̄ as well. By Girsanov-Meyer’s theorem,

Z(t) −
∫ t

0

Es−(ϕ)−1d〈Z, E (ϕ)〉(s)
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is a Qϕ-martingale. Hence by (5),

EQϕ

(Z(t)) = EQϕ

∫ t

0

Es−(ϕ)−1 d〈Z, E (ϕ)〉(s)

= EQϕ

∫
ϑ(s, y, r)

(
ϕ(s, y) − 1

)
l(0,1](r)ν̄T (ds, dy, dr).

Therefore

EQϕ

∫
ϑ(s, y, r)N̄(ds, dy, dr)

= EQϕ

∫
ϑ(s, y, r)

(
ϕ(s, y) − 1

)
l(0,1](r)ν̄T (ds, dy, dr)

+ E

∫
ϑ(s, y, r)ν̄T (ds, dy, dr)

= EQϕ

∫
ϑ(s, y, r)

(
ϕ(s, y)l(0,1](r) + l(1,+∞)(r)

)
ν̄T (ds, dy, dr). �

Analogously, we can prove the following.

LEMMA 2.11

Let u := (ψ,ϕ) ∈ U such that ϕ ∈ Ā2,b and ψ ∈ Ā1,b :=
⋃

n Ān
1,b, where

Ān
1,b :=

{
ψ ∈ Ā1 : ‖ψ‖l2 ≤ n

}
.

Set Ēt(u) := Et(ϕ)Ẽt(ψ), 0 ≤ t ≤ T , where Et(ϕ) is the same as above and

Ẽt(ψ) := exp
{ ∞∑

i=1

∫ t

0

ψi(s)dβi(s) − 1
2

∫ t

0

‖ψ(s)‖2
l2 ds

}
.

Then Ēt(u) is an {F̄t}-martingale. Define a probability measure Qu by

Qu(B) =
∫

B

ĒT (u)dP̄ , B ∈ B(V̄).

Then for any bounded (P̄ ⊗ B(Y∞)\ B(R)) measurable function ϑ for ϑ(t, y, r) = 0
when (y, r) is not in some compact subset Λ,

EQu

∫
ϑ(s, y, r)N̄(ds, dy, dr)

= EQu

∫
ϑ(s, y, r)

(
ϕ(s, y)l(0,1](r) + l(1,∞)(r)

)
ν̄T (ds, dy, dr),

and {βi(t) −
∫ t

0
ψi(s)ds,0 ≤ t ≤ T } is a sequence of standard Brownian motions

under the probability Qu.

Now we are in a proposition to present the Laplace principle taken from [6] and
[11]. Let D and D0 be Polish spaces. Suppose that {Xε,x} is a family of random
variables taking values in D.
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DEFINITION 2.12

A function I from D to [0, ∞] is called a good rate function if for every N < ∞,
{f ∈ D : I(f) ≤ N } is a compact subset of D. A family of rate functions Ix on D

parameterized by x ∈ D0 is said to have compact level sets on compacts if for all
compact subsets K ⊂ D0 and for each N < ∞, ΛN,K :=

⋃
x∈K {f ∈ D : Ix(f) ≤ N }

is a compact subset of D.

REMARK 2.13

A function having compact level set is automatically lower semicontinuous. Thus
for any fixed x ∈ D0, Ix(f) is a lower semicontinuous function of f (see [9, Chap-
ter 1]).

DEFINITION 2.14 (UNIFORM LAPLACE PRINCIPLE)

Let Ix be a family of rate functions on D and assume that it has compact level
sets on compacts. The family {Xε,x} is said to satisfy the Laplace principle on D

with rate function Ix, uniformly on compacts, if for all compact subsets K ⊂ D0

and all bounded continuous functions F mapping D into R,

lim
ε→0

sup
x∈K

∣∣∣ε log Ēx

(
exp

{
− 1

ε
F (Xε,x)

})
+ inf

f ∈D

{
F (f) + Ix(f)

}∣∣∣ = 0.

Suppose that G ε is a measurable map from D0 × V → D and that there exists a
measurable map G0 : D0 × V → D such that

(C1) for every M ∈ N, if a family {uε := (ψε, ϕε), ε ∈ (0,1)} ⊂ UM converges
in distribution to u := (ψ,ϕ) ∈ UM and D0 � xε → x ∈ D0 as ε → 0, then

G ε
(
xε,

√
εβ +

∫ .

0

ψε(s)ds, εN ε−1ϕε

)
⇒ G0

(
x,

∫ .

0

ψ(s)ds, νϕ
T

)
;

(C2) for every M ∈ N and compact subset K ⊂ D0,{
G0

(
x,

∫ .

0

g(s)ds, νh
T

)
, x ∈ K, (g,h) ∈ SM

}
is a compact subset of D.

The following result is from [11, Theorem 4.4] (see also [6, Theorem 4.2]).

THEOREM 2.15

Let Xε,x := G ε(x,
√

εβ, εN ε−1
), and let (C1)–(C2) hold. For x ∈ D0 and f ∈ D,

define

Ix(f) := inf
{(g,h)∈S:f=G0(x,

∫ .
0 g(s)ds,νh

T )}

{
L1,T (g) + L2,T (h)

}
.

Suppose that x → Ix defined above is a lower semicontinuous function from D0

to [0, ∞]. Then Ix is a rate function having compact level sets on compacts.
Furthermore, {Xε,x, ε ∈ (0,1)} satisfies the uniform Laplace principle in D with
rate function Ix. Moreover, Xε,x satisfies a uniform large deviation principle;
that is, if we denote the law of Xε,x by με, then for any B ∈ B(D) and any
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compact subset K ⊂ D0, x ∈ K,

− inf
f ∈B◦

Ix(f) ≤ lim inf
ε→0

ε logμε(B) ≤ limsup
ε→0

ε logμε(B) ≤ − inf
f ∈B̄

Ix(f).

3. Main result and the proof

We restrict our discussion on the finite interval [0, T ]. Throughout this paper we
assume that the following conditions hold:

(H1) D(A) has nonempty interior;
(H2) b, σ, and γ are bounded, and for any x1, x2 ∈ R

d, ∀y ∈ Y,

|b(x1) − b(x2)| + ‖σ(x1) − σ(x2)‖l2 + |γ(x1, y) − γ(x2, y)| ≤ C1|x1 − x2|;

(H3) for every x ∈ D(A), x + γ(x, y) ∈ D(A), ∀y ∈ Y;
(H4) for some compact subset Γ ⊂ Y, γ(x, y) = 0 for all (x, y) ∈ R

d × Γc.

Consider the following perturbed equation of (1):

(6)

⎧⎪⎪⎨
⎪⎪⎩

dXε(t) ∈ −A(Xε(t))dt + b(Xε(t))dt +
√

εσ(Xε(t))dW (t)

+
∫

Y
γ(Xε(t−), y)(εN ε−1

(dt, dy) − ν(dy)dt)

Xε(0) = x0 ∈ D(A), ε ∈ (0,1].

As we have proved in [13], under (H1)–(H4), (6) has a unique solution.
Denote the solution by (Xε(·, x0),Kε(·, x0)). Moreover, it follows from the classi-
cal Yamada-Watanabe theorem that there exists a measurable function G ε such
that

(7) Xε(·, x0) = G ε(x0,
√

εW, εN ε−1
).

Our main result is the following theorem.

THEOREM 3.1

Under (H1)–(H4), the solution {Xε(t, x0), ε ∈ (0,1], t ∈ [0, T ]} to (6) satisfies the
uniform large deviation principle with rate function Ix0 defined by

(8) Ix0(f) := inf
{q=(g,h)∈S:f=Xq }

{
L1,T (g) + L2,T (h)

}
,

where (Xq,Kq) solves

(9)

⎧⎪⎪⎨
⎪⎪⎩

dXq(t) ∈ −A(Xq(t))dt + b(Xq(t))dt + σ(Xq(t))g(t)dt

+
∫

Y
γ(Xq(t), y)(h(t, y) − 1)ν(dy)dt

Xq(0) = x0.

NOTE

Throughout this section, D = D([0, T ] × D(A);D(A)), D0 = D(A).

By Theorem 2.15, to prove the theorem, we need to verify (C1) and (C2), which
is approached through a few propositions and lemmas.

For uε = (ψε, ϕε) ∈ UM , consider the following controlled equation:
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(10)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

dXε,uε(t) ∈ −A(Xε,uε(t))dt + b(Xε,uε(t))dt + σ(Xε,uε(t))ψε(t)dt

+
√

εσ(Xε,uε(t))dW (t)

+
∫

Y
γ(Xε,uε(t−), y)(εN ε−1ϕε(dt, dy) − ν(dy)dt)

Xε,uε(0) = x0 ∈ D(A), ε ∈ (0,1].

By Girsanov’s theorem (see Lemma 2.11), it admits a unique solution. We denote
the solution as (Xε,uε(·, x0),Kε,uε(·, x0)).

PROPOSITION 3.2

Let (Xε,uε(·, x1),Kε,uε(·, x1)), and let (Xε,uε(·, x2),Kε,uε(·, x2)) be the solutions
of (10) with initial values x1 and x2, respectively. Then for any ε ∈ (0,1) and
p ≥ 1, there exists a constant C such that

Ē sup
t≤T

|Xε,uε(t, x1) − Xε,uε(t, x2)|2p ≤ C|x1 − x2|2p.

Proof
Denote

Zε,uε(t) := Xε,uε(t, x1) − Xε,uε(t, x2)

Λ(t) := σ
(
Xε,uε(t, x1)

)
− σ

(
Xε,uε(t, x2)

)
R(t) := γ

(
Xε,uε(t, x1), y

)
− γ

(
Xε,uε(t, x2), y

)
.

By Itō’s formula, (H2), (H4), and Lemma 2.4, for p ≥ 2,

|Zε,uε(t)|p

= |x1 − x2|p

+ p

∫ t

0

|Zε,uε(s)|p−2
〈
Zε,uε(s), b

(
Xε,uε(s,x1)

)
− b

(
Xε,uε(s,x2)

)〉
ds

+ p

∫ t

0

|Zε,uε(s)|p−2〈Zε,uε(s),Λ(s)ψε(s)〉 ds

+ p
√

ε

∫ t

0

|Zε,uε(s)|p−2〈Zε,uε(s),Λ(s)dW (s)〉

+ p

∫ t

0

∫
Y

|Zε,uε(s)|p−2〈Zε,uε(s),R(s)〉
(
ϕε(s, y) − 1

)
ν(dy)ds

− p

∫ t

0

|Zε,uε(s)|p−2〈Zε,uε(s), dKε,uε(s,x1) − dKε,uε(s,x2)〉

+ pε

∫ t

0

|Zε,uε(s)|p−2
(

‖Λ(s)‖2 + (p − 1)〈Zε,uε(s),Λ(s)Λ∗(s)Zε,uε(s)〉

/|Zε,uε(s)|2
)
ds

+
∫ t

0

∫
Y

(
|Zε,uε(s−) + εR(s−)|p − |Zε,uε(s−)|p

)
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×
(
N ε−1ϕε(ds, dy) − ε−1ϕε(s, y)ν(dy)ds

)
+

∫ t

0

∫
Y

(
|Zε,uε(s−) + εR(s−)|p − |Zε,uε(s−)|p

− p|Zε,uε(s−)|p−2〈Zε,uε(s−), εR(s−)〉
)
ε−1ϕε(s, y)ν(dy)ds

≤ |x1 − x2|p + C

∫ t

0

|Zε,uε(s)|p ds + p

∫ t

0

|Zε,uε(s)|p‖ψε(s)‖l2 ds

+ p

∫ t

0

∫
Γ

|Zε,uε(s)|pϕε(s, y)ν(dy)ds + |I1(t)| + |I2(t)| + |V (t)|,

where

I1(t) := p
√

ε

∫ t

0

|Zε,uε(s)|p−2〈Zε,uε(s),Λ(s)dW (s)〉

I2(t) :=
∫ t

0

∫
Γ

(
|Zε,uε(s−) + εR(s−)|p − |Zε,uε(s−)|p

)
×

(
N ε−1ϕε(ds, dy) − ε−1ϕε(s, y)ν(dy)ds

)
V (t) :=

∫ t

0

∫
Γ

(
|Zε,uε(s−) + εR(s−)|p − |Zε,uε(s−)|p

− p|Zε,uε(s−)|p−2〈Zε,uε(s−), εR(s−)〉
)
ε−1ϕε(s, y)ν(dy)ds.

Using Taylor’s expansion and (H2), we obtain

V (t) =
∫ t

0

∫
Γ

(
|Zε,uε(s−) + εR(s−)|p − |Zε,uε(s−)|p

− p|Zε,uε(s−)|p−2〈Zε,uε(s−), εR(s−)〉
)
ε−1ϕε(s, y)ν(dy)ds

≤ Cp

∫ t

0

∫
Γ

|εR(s−)|2
(

|Zε,uε(s−)|p−2 + |εR(s−)|p−2
)
ε−1ϕε(s, y)ν(dy)ds

≤ Cpε

∫ t

0

∫
Γ

|Zε,uε(s−)|pϕε(s, y)ν(dy)ds.

Thus we have

|Zε,uε(t)|p ≤ |x1 − x2|p + C

∫ t

0

|Zε,uε(s)|p ds + p

∫ t

0

|Zε,uε(s)|p‖ψε(s)‖l2 ds

(11)

+ C

∫ t

0

∫
Γ

|Zε,uε(s)|pϕε(s, y)ν(dy)ds + |I1(t)| + |I2(t)|.

Since uε is SM -valued,

(12)
∫ T

0

‖ψε(s)‖2
l2 ds ≤ 2M,

∫ T

0

∫
Γ

ϕε(s, y)ν(dy)ds ≤ M, almost surely.

Applying Gronwall’s lemma to (11) yields

sup
s≤t

|Zε,uε(s)|p ≤ eCM
(

|x1 − x2|p + sup
s≤t

|I1(s)| + sup
s≤t

|I2(s)|
)
,
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which furthermore leads to

(13) sup
s≤t

|Zε,uε(s)|2p ≤ C
(

|x1 − x2|2p + sup
s≤t

|I1(s)|2 + sup
s≤t

|I2(s)|2
)
.

By Doob’s maximal inequality, Jensen’s inequality, (H2), and (12),

Ē sup
s≤t

|I1(s)|2 ≤ 4Ē|I1(t)|2

≤ CpεĒ

∫ t

0

sup
r≤s

|Zε,uε(r)|2p ds ≤ Cpε

∫ t

0

Ē sup
r≤s

|Zε,uε(r)|2p ds.

Similarly by Taylor’s expansion and Doob’s maximal inequality,

Ē sup
s≤t

|I2(s)|2

≤ CĒ

∫ t

0

∫
Γ

(
|Zε,uε(s−) + εR(s−)|p − |Zε,uε(s−)|p

)2
ε−1ϕε(s, y)ν(dy)

≤ CĒ

∫ t

0

∫
Γ

|εR(s−)|2
(

|Zε,uε(s−)|p−1 + |εR(s−)|p−1
)2

ε−1ϕε(s, y)ν(dy)ds

≤ CεĒ
(
sup
s≤t

|Zε,uε(s)|2p

∫ t

0

∫
Γ

ϕε(s, y)ν(dy)ds
)

≤ CMεĒ
(
sup
s≤t

|Zε,uε(s)|2p
)
.

Substituting the two estimates in (13), we get

Ē sup
s≤t

|Zε,uε(s)|2p

≤ C
(

|x1 − x2|2p + Ē sup
s≤t

|I1(s)|2 + Ē sup
s≤t

|I2(s)|2
)

≤ C
(

|x1 − x2|2p + ε

∫ t

0

Ē sup
r≤s

|Zε,uε(r)|2p ds
)

+ CMεĒ
(
sup
s≤t

|Zε,uε(s)|2p
)
.

Hence for ε ≤ 1
2CM ,

Ē sup
s≤t

|Zε,uε(s)|2p ≤ C
(

|x1 − x2|2p + ε

∫ t

0

Ē sup
r≤s

|Zε,uε(r)|2p ds
)
.

Using Gronwall’s lemma again we obtain

Ē sup
t≤T

|Zε,uε(t)|2p ≤ C|x1 − x2|2p, p ≥ 2.

Now the proof is completed using Hölder’s inequality for the case 1 ≤ p < 2. �

PROPOSITION 3.3

For x0 ∈ D(A), denote by (Xε,uε(t, x0),Kε,uε(t, x0)) the solution (10) with the
initial value x0. Then under the assumptions, there exists a constant C = C(T,
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M,x0) such that for any p ≥ 1,

Ē sup
t≤T

|Xε,uε(t, x0)|2p + Ē|Kε,uε(·, x0)|0T ≤ C.

Proof
In the proof of Proposition 3.2 we have actually proved

(14) Ē sup
t≤T

|Xε,uε(t, x0)|2p ≤ C(p,x0,M,T ).

Let a be the same as in Lemma 2.5. We get by Itō’s formula and (H2),

|Xε,uε(t, x0) − a|2

= |x0 − a|2 + 2
∫ t

0

〈
Xε,uε(s,x0) − a, b

(
Xε,uε(s,x0)

)〉
ds

+ 2
∫ t

0

〈
Xε,uε(s,x0) − a,σ

(
Xε,uε(s,x0)

)
ψε(s)

〉
ds

+ 2
√

ε

∫ t

0

〈
Xε,uε(s,x0) − a,σ

(
Xε,uε(s,x0)

)
dW (s)

〉

+
∫ t

0

∫
Y

〈
Xε,uε(s,x0) − a, γ

(
Xε,uε(s,x0), y

)(
ϕε(s, y) − 1

)
ν(dy)ds

〉

+
∫ t

0

∫
Y

(
ε|γ(Xε,uε(s−, x0), y)|2 + 2〈Xε,uε(s−, x0) − a, γ(Xε,uε(s−, x0), y)〉

)
×

(
εN ε−1ϕε(ds, dy) − ϕε(s, y)ν(dy)ds

)
− 2

∫ t

0

〈Xε,uε(s,x0) − a, dKε,uε(s,x0)〉

+ ε

∫ t

0

∥∥σ
(
Xε,uε(s,x0)

)∥∥2

l2
ds + ε

∫ t

0

∫
Y

∣∣γ(
Xε,uε(s−, x0), y

)∣∣2ϕε(s, y)ν(dy)ds

≤ |x0 − a|2 + C
(
1 +

∫ t

0

|Xε,uε(s,x0) − a|2
)

ds

+
√

ε

∫ t

0

〈
Xε,uε(s,x0) − a,σ

(
Xε,uε(s,x0)

)
dW (s)

〉

+
∫ t

0

∫
Y

C
(
ε + 2|Xε,uε(s−, x0) − a|

)(
εN ε−1ϕε(ds, dy) − ϕε(s, y)ν(dy)ds

)

− 2
∫ t

0

〈Xε,uε(s,x0) − a, dKε,uε(s,x0)〉.

Note that by Lemma 2.5,

2
∫ T

0

〈Xε,uε(s,x0) − a, dKε,uε(s,x0)〉

≥ 2γ|Kε,uε |0T − μ

∫ T

0

|Xε,uε(s,x0) − a| ds − γμT,
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which together with (14) gives the desired result. �

Now consider the deterministic equation

Xu(t, x0) = x0 +
∫ t

0

b
(
Xu(s,x0)

)
ds +

∫ t

0

σ
(
Xu(s,x0)

)
ψ(s)ds

(15)

+
∫ t

0

∫
Y

γ
(
Xu(s,x0), y

)(
ϕ(s, y) − 1

)
ν(dy)ds − Ku(t, x0).

Note that it can be solved uniquely (see [2]). Suppose that (Xu(t, x0),Ku(t, x0))
is the solution.

LEMMA 3.4

Let uε = (ψε, ϕε), u = (ψ,ϕ) ∈ UM such that as ε → 0, uε
a.s.−−→ u as random vari-

ables in SM . Denote

v1,ε(t) :=
∫ t

0

σ
(
Xu(s,x0)

)(
ψε(s) − ψ(s)

)
ds

v2,ε(t) :=
∫ t

0

∫
Y

γ
(
Xu(s,x0), y

)(
ϕε(s, y) − ϕ(s, y)

)
ν(dy)ds.

Then there exists a subsequence (still denoted by {ε}) such that supt≤T |v1,ε(t)| a.s.−−→
0 and supt≤T |v2,ε(t)| a.s.−−→ 0 as ε → 0.

Proof
(1) supt≤T |v1,ε(t)| a.s.−−→ 0 obviously follows from Ascoli-Arzela’s theorem (see

also [4, Lemma 3.2]).
(2) To prove supt≤T |v2,ε(t)| a.s.−−→ 0, we first prove that for any t ∈ [0, T ],

(16)
∫ t

0

∫
Γ

γ
(
Xu(s,x0), y

)(
ϕε(s, y) − ϕ(s, y)

)
ν(dy)ds

a.s.−−→ 0.

By the topology endowed to S2,M , ϕε → ϕ if and only if for any compact subset
K ⊂ Y and any bounded continuous function f , as ε → 0,

(17)
∫ t

0

∫
K

fνϕε

T (ds, dy) −
∫ t

0

∫
K

fνϕ
T (ds, dy) =

∫ t

0

∫
K

f(ϕε − ϕ)ν(dy)ds → 0.

We divide the proof of (16) into two cases.
(i) If

∫ T

0

∫
Γ

ϕ(s, y)ν(dy)ds = 0, then ϕ = 0, ν(dy) × ds almost surely. In
this case, (16) can be written as

(18)
∫ t

0

∫
Γ

γ
(
Xu(s,x0), y

)
ϕε(s, y)ν(dy)ds → 0.

Since γ is measurable and bounded, denote the bound by C0. By (17), we have
as ε → 0,∣∣∣∫ t

0

∫
Γ

γ
(
Xu(s,x0), y

)
ϕε(s, y)ν(dy)ds

∣∣∣ ≤ C0

∫ t

0

∫
Γ

ϕε(s, y)ν(dy)ds → 0,
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and (18) follows.

(ii) If
∫ T

0

∫
Γ

ϕ(s, y)ν(dy)ds > 0, by taking f ≡ 1 in (17), we have as ε → 0,

(19) νϕε

T ([0, T ] × Γ) − νϕ
T ([0, T ] × Γ) =

∫ T

0

∫
Γ

(
ϕε(s, y) − ϕ(s, y)

)
ν(dy)ds → 0.

Thus for ε small enough,

(20) 0 <
1
2
νϕ

T ([0, T ] × Γ) < νϕε

T ([0, T ] × Γ) ≤ M.

Set

dμε :=
ϕεν(dy)ds

νϕε

T ([0, T ] × Γ)
, dμ :=

ϕν(dy)ds

νϕ
T ([0, T ] × Γ)

, dθ :=
ν(dy)ds

νT ([0, T ] × Γ)
.

Then με, μ, and θ are all probability measures on [0, T ] × Γ. Moreover, με con-
verges to μ weakly by (17) and (19)–(20). On the other hand, since ϕε ∈ S2,M ,

R(με‖θ) =
∫

log
(dμε

dθ

)
dμε

≤ 1
νϕε

T ([0, T ] × Γ)

×
∫

ϕε

(
logϕε + log νT ([0, T ] × Γ) − log νϕε

T ([0, T ] × Γ)
)
ν(dy)ds

≤ C(M) < ∞,

where C does not depend on ε. That is to say, supε R(με‖θ) < ∞. Therefore by
Proposition 2.8, ∫

γ dμε →
∫

γ dμ,

that is,

1
νϕε

T ([0, T ] × Γ)

∫
γϕεν(dy)ds → 1

νϕ
T ([0, T ] × Γ)

∫
γϕν(dy)ds.

Using (19) and (20) again, we get∫
γϕεν(dy)ds →

∫
γϕν(dy)ds.

Hence we get (16).
Now we turn to prove that supt≤T |v2,ε(t)| → 0. Recall that θ(ds, dy) =

ν(dy)ds
νT ([0,T ]×Γ) is a probability measure on [0, T ] × Γ and that for g(x) := x logx −
x + 1,

lim
x→∞

g(x)
x

= ∞, sup
ε

Eθ
(
g(ϕε(s, y))

)
≤ M

νT ([0, T ] × Γ)
< ∞.

Thus {ϕε} is uniformly integrable with respect to θ, leading to the fact that the
indefinite integration of {ϕε} with respect to ν(dy)ds is uniformly bounded and
uniformly absolutely continuous. Note that γ is bounded. Thus {γ(Xu(s,x0),
y)(ϕε(s, y) − ϕ(s, y))} is uniformly integrable with respect to ν(dy)ds as well;
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whence we can deduce that {v2,ε} is uniformly bounded and equicontinuous on
[0, T ]. Therefore supt≤T |v2,ε(t)| → 0 follows from Ascoli-Arzela’s theorem and
the above arguments. �

PROPOSITION 3.5

Let xε, x0 ∈ D(A) such that xε → x0, uε := (ψε, ϕε) → u := (ψ,ϕ) almost surely
as random variables in SM . Let (Xε,uε(·, xε),Kε,uε(·, xε)) solve (10) with initial
value xε, and let (Xu(x0),Ku(x0)) solve (15) with x0 being the initial value.

Then Xε,uε(xε)
P̄−→ Xu(x0).

Proof

(1) First, we prove Xε,uε(t, x0)
P̄−→ Xu(t, x0).

Denote ωε(s,x0) := Xε,uε(s,x0) − Xu(s,x0). By Itō’s formula, (H2), and
(H4), we have

|Xε,uε(t, x0) − Xu(t, x0)|2

= 2
∫ t

0

〈
ωε(s,x0), b

(
Xε,uε(s,x0)

)
− b

(
Xu(s,x0)

)〉
ds

+ 2
∫ t

0

〈
ωε(s,x0),

(
σ(Xε,uε(s,x0)) − σ(Xu(s,x0))

)
ψε(s)

〉
ds

+ 2
∫ t

0

〈
ωε(s,x0), σ

(
Xu(s,x0)

)(
ψε(s) − ψ(s)

)〉
ds

+ 2
√

ε

∫ t

0

〈
ωε(s,x0), σ

(
Xε,uε(s,x0)

)
dW (s)

〉

+ 2
∫ t

0

〈
ωε(s,x0),

∫
Y

(
γ(Xε,uε(s,x0), y) − γ(Xu(s,x0), y)

)〉
×

(
ϕε(s, y) − 1

)
ν(dy)ds

+ 2
∫ t

0

〈
ωε(s,x0),

∫
Y

γ
(
Xu(s,x0), y

)〉(
ϕε(s, y) − ϕ(s, y)

)
ν(dy)ds

+
∫ t

0

∫
Y

[
ε|γ(Xε,uε(s−, x0), y)|2 + 2

〈
ωε(s−, x0), γ

(
Xε,uε(s−, x0), y

)〉]

×
(
εN ε−1ϕε − ϕε(s, y)ν(dy)ds

)
− 2

∫ t

0

〈ωε(s,x0), dKε,uε(s,x0) − dKu(s,x0)〉

+ ε

∫ t

0

∥∥σ
(
Xε,uε(s,x0)

)∥∥2

l2
ds

+ ε

∫ t

0

∫
Y

∣∣γ(
Xε,uε(s−, x0), y

)∣∣2ϕε(s, y)ν(dy)ds

≤ C

∫ t

0

|ωε(s,x0)|2 ds + C

∫ t

0

|ωε(s,x0)|2‖ψε(s)‖l2 ds
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+ C

∫ t

0

|ωε(s,x0)|2
∫

Γ

(
ϕε(s, y) − 1

)
ν(dy)ds

+ |J1(t)| + |J2(t)| + |J3(t)| + |J4(t)|

+ ε

∫ t

0

∥∥σ(Xε,uε(s,x0))
∥∥2

l2
ds

+ ε

∫ t

0

∫
Γ

∣∣γ(
Xε,uε(s−, x0), y

)∣∣2ϕε(s, y)ν(dy)ds

≤ Cε + C

∫ t

0

|ωε(s,x0)|2 ds + C

∫ t

0

|ωε(s,x0)|2‖ψε(s)‖l2 ds

+ C

∫ t

0

|ωε(s,x0)|2
∫

Γ

ϕε(s, z)ν(dy)ds + |J1(t)| + |J2(t)| + |J3(t)| + |J4(t)|,

where

J1(t) := 2
∫ t

0

〈ωε(s,x0), dv1,ε(s)〉

J2(t) := 2
√

ε

∫ t

0

〈
ωε(s,x0), σ

(
Xε,uε(s,x0)

)
dW (s)

〉

J3(t) := 2
∫ t

0

〈ωε(s,x0), dv2,ε(s)〉

J4(t) :=
∫ t

0

∫
Γ

[
ε
∣∣γ(

Xε,uε(s−, x0), y
)∣∣2

+ 2
〈
ωε(s−, x0), γ

(
Xε,uε(s−, x0), y

)〉](
εN ε−1ϕε − ϕε(s, y)ν(dy)ds

)
.

Notice that
∫ T

0
‖ψε(s)‖2

l2 ds ≤ 2M ,
∫ T

0

∫
Y

ϕε(s, y)ν(dy)ds ≤ M almost surely. By
Gronwall’s lemma, we get

sup
s≤t

|Xε,uε(s,x0) − Xu(s,x0)|2

≤ eCM
(
Cε + sup

s≤t
|J1(t)| + sup

s≤t
|J2(t)| + sup

s≤t
|J3(t)| + sup

s≤t
|J4(t)|

)
.

By (H2), BDG’s inequality, and Young’s inequality,

Ē
(
sup
s≤t

|J2(s)|
)

≤ C
√

εĒ
(∫ t

0

|ωε(s,x0)|2
∥∥σ

(
Xε,uε(s,x0)

)∥∥2

l2
ds

)1/2

≤ C
√

εĒ
(∫ t

0

|ωε(s,x0)|2 ds
)1/2

≤ Cε +
1
4
Ē

(
sup
s≤t

|ωε(s,x0)|2
)
.

Similarly by Burkholder’s inequality, we get

Ē sup
s≤t

|J4(s)| ≤ CMε3/2 + C
√

εĒ
(∫ t

0

|ωε(s−, x0)|2
∫

Γ

ϕε(s, y)ν(dy)ds
)1/2

≤ CMε3/2 + CMε +
1
4
Ē sup

s≤t
|ωε(s,x0)|2.
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Thus

(21) Ē sup
s≤t

|ωε(s,x0)|2 ≤ C
(
ε + Ē sup

s≤t
|J1(s)| + Ē sup

s≤t
|J3(s)|

)
.

By Itō’s formula,

〈ωε(t, x0), v1,ε(t)〉

=
∫ t

0

v1,ε(s)dωε(s,x0) −
∫ t

0

ωε(s,x0)dv1,ε(s)

=
∫ t

0

v1,ε(s)
(
b(Xε,uε(s,x0)) − b(Xu(s,x0))

)
ds −

∫ t

0

ωε(s,x0)dv1,ε(s)

+
∫ t

0

v1,ε(s)
(
σ(Xε,uε(s,x0))ψε(s) − σ(Xu(s,x0))ψ(s)

)
ds

+
√

ε

∫ t

0

v1,ε(s)σ
(
Xε,uε(s,x0)

)
dW (s)

−
∫ t

0

v1,ε(s)
(
dKε,uε(s,x0) − dKu(s,x0)

)

+
∫ t

0

∫
Y

v1,ε(s)
[
γ
(
Xε,uε(s,x0), y

)(
ϕε(s, y) − 1

)
− γ

(
Xu(s,x0), y

)(
ϕ(s, y) − 1

)]
ν(dy)ds

+
∫ t

0

∫
Y

v1,ε(s−)γ
(
Xε,uε(s−, x0), y

)(
εN ε−1ϕε − ϕε(s, y)ν(dy)ds

)

:=
6∑

i=1

Li(t) − 1
2
J1(t).

By (14), for any δ > 0,

P̄
(
sup
t≤T

| 〈ωε(t, x0), v1,ε(t)〉| > δ
)

= P̄
(
sup
t≤T

| 〈ωε(t, x0), v1,ε(t)〉| > δ, sup
ε

sup
t≤T

|ωε(t, x0)| < N
)

+ P̄
(
sup
t≤T

| 〈ωε(t, x0), v1,ε(t)〉 | > δ, sup
ε

sup
t≤T

|ωε(t, x0)| ≥ N
)

≤ P̄
(
sup
t≤T

|v1,ε(t)| ≥ δ

N

)
+ P̄

(
sup

ε
sup
t≤T

|ωε(t, x0)| ≥ N
)
.

Let ε → 0, and then let N → ∞. By Proposition 3.3 and Lemma 3.4,

P̄
(
sup
t≤T

| 〈ωε(t, x0), v1,ε(t)〉 | > δ
)

→ 0.

Analogously by (H2),

sup
t≤T

|Li(t)| → 0, in probability, i = 1,2.
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By Proposition 3.3 and Lemma 3.4,

sup
t≤T

L4(t) ≤ sup
t≤T

|v1,ε(t)|(|Kε,uε |0T + |Ku|0T ) → 0.

Moreover, using Doob’s martingale inequality and Lemma 3.4 again, we get

Ē
(
sup
t≤T

|L3(t)|
)

≤ Cε, Ē
(
sup
t≤T

|L6(t)|
)

≤ Cε.

As to L5,

L5(t) =
∫ t

0

∫
Y

v1,ε(s)
[
γ
(
Xε,uε(s,x0), y

)(
ϕε(s, y) − 1

)
− γ

(
Xu(s,x0), y

)(
ϕ(s, y) − 1

)]
ν(dy)ds

=
∫ t

0

∫
Y

〈
v1,ε(s), γ

(
Xε,uε(s,x0), y

)
− γ

(
Xu(s,x0), y

)〉(
ϕε(s, y) − 1

)
ν(dy)ds

+
∫ t

0

∫
Y

v1,ε(s)γ
(
Xu(s,x0), y

)(
ϕε(s, y) − ϕ(s, y)

)
ν(dy)ds.

Thus for any δ > 0,

P̄
(
sup
t≤T

|L5(t)| > δ
)

≤ P̄
(∫ T

0

∫
Γ

|v1,ε(s)| |ωε(s,x0)|
(
ϕε(s, y) + 1

)
ν(dy)ds >

δ

2C1

)

+ P̄
(∫ T

0

∫
Γ

|v1,ε(s)|
(
ϕε(s, y) + ϕ(s, y)

)
ν(dy)ds >

δ

2C

)

= P̄
(∫ T

0

∫
Γ

|v1,ε(s)| |ωε(s,x0)|
(
ϕε(s, y) + 1

)
ν(dy)ds >

δ

2C1
, sup
t≤T

|ωε(t, x0)| < N
)

+ P̄
(∫ T

0

∫
Γ

|v1,ε(s)| |ωε(s,x0)|
(
ϕε(s, y) + 1

)
ν(dy)ds

>
δ

2C1
, sup
t≤T

|ωε(t, x0)| ≥ N
)

+ P̄
(∫ T

0

∫
Γ

|v1,ε(s)|
(
ϕε(s, y) + ϕ(s, y)

)
ν(dy)ds >

δ

2C

)

≤ P̄
(∫ T

0

∫
Γ

|v1,ε(s)|
(
ϕε(s, y) + 1

)
ν(dy)ds >

δ

2C1N

)

+ P̄
(
sup
t≤T

|ωε(t, x0)| ≥ N
)

+ P̄
(
sup
t≤T

|v1,ε(t)| >
δ

4CM

)
.

With Proposition 3.3 and Lemma 3.4, we have

lim
ε→0

P̄
(
sup
t≤T

|L5(t)| > δ
)

= 0.
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Summing up all these inequalities gives

(22) sup
t≤T

|J1(t)| = 2sup
t≤T

∣∣〈ωε(t, x0), v1,ε(t)〉
∣∣ + sup

t≤T

6∑
i=1

|Li(t)| P̄−→ 0.

In the same way, we can prove that

(23) sup
t≤T

|J3(t)| → 0 in probability.

Note that by Proposition 3.3,

(24) sup
ε

Ē
(
sup
t≤T

|J1(t)|2
)

< ∞, sup
ε

Ē
(
sup
t≤T

|J3(t)|2
)

< ∞.

Therefore combining (22)–(24) gives

Ē
(
sup
t≤T

(
|J1(t)| + |J3(t)|

))
→ 0.

Substituting this estimate in (21), we get

Ē
(
sup
t≤T

|Xε,uε(t, x0) − Xu(t, x0)|2
)

≤ Cε.

(2) By Chebyshev’s inequality and Proposition 3.2, for any δ > 0,

P̄
(
sup
t≤T

|Xε,uε(t, xε) − Xu(t, x0)| > δ
)

≤ 1
δ2

Ē
(
sup
t≤T

|Xε,uε(t, xε) − Xu(t, x0)|2
)

≤ 1
δ2

Ē
(
sup
t≤T

(
|Xε,uε(t, xε) − Xε,uε(t, x0)|2 + |Xε,uε(t, x0) − Xu(t, x0)|2

))

≤ 1
δ2

C(|xε − x0|2 + ε) → 0, as ε → 0,

and we complete the proof. �

Proof of Theorem 3.1.
Define G0 : D0 × V → D as

G0(x,w,m) :=

⎧⎪⎪⎨
⎪⎪⎩

Xq(·, x) if (w,m) = (
∫ ·
0
g(s)ds, νh

T ) ∈ V

and q = (g,h) ∈ S,

0 otherwise.

Suppose that uε, u ∈ UM and uε → u in distribution. For the solution Xε,uε to
(10) with the initial value xε, like (7), it has a representation

Xε,uε = G ε
(
xε,

√
εW (·) +

∫ ·

0

ψε(s)ds, εN ε−1ϕε

)
.

Since SM is compact, the law of (uε,W,N) is tight. By Prohorov’s theorem, there
exists a subsequence the law of which converges weakly to, say μ. By Skorohod’s
representation theorem, there exists another probability space (Ω′, F ′, P ′) and
(u′

ε,W
′
ε ,N

′
ε) and (u′,W ′,N ′) on it satisfying the following:
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(1) (u′
ε,W

′
ε ,N

′
ε) has the same law as (uε,W,N);

(2) the law of (u′,W ′,N ′) is μ;
(3) (u′

ε,W
′
ε ,N

′
ε) converges to (u′,W ′,N ′) almost surely.

Then by Proposition 3.5,

G ε
(
xε,

√
εW (·) +

∫ ·

0

ψε(s)ds, εN ε−1ϕε

)
⇒ G0

(
x0,

∫ ·

0

ψ(s)ds, νϕ
T

)
,

and (C1) thus follows. Assertion (C2) can be proved in a similar way to Propo-
sition 3.5. Now it remains to verify that x → Ix is lower semicontinuous. By (8),

Ix(f) = inf
{q=(g,h)∈S:f=Xq }

{
L1,T (g) + L2,T (h)

}
, x ∈ D(A),

where Xq solves (15). If D(A) � xn → x ∈ D(A), then it follows from an argument
similar to the proof of Proposition 3.2 that

fn(t) := Xq(t, xn) a.s.−−→ Xq(t, x) =: f(t), ∀t ∈ [0, T ].

Thus lim infn I(fn) ≥ I(f) follows from Remark 2.13. Summing up these argu-
ments gives

lim inf
n

Ixn = lim inf
n

I(fn) ≥ I(f) = Ix,

and the proof is now complete. �

NOTE

It is worth mentioning that the large deviation principle can be established for
MSDEs in Banach spaces similarly. Only the calculations may be more compli-
cated.

4. Examples

In this section, we apply the result to SDEs and reflected SDEs driven by Brow-
nian motions plus a Poisson random measure.

4.1. SDEs with Brownian motions and Poisson random measure
If A = 0, then our result covers the example given in [6] as an application; that
is, the large deviation principle is established under (H2)–(H4) for solutions to
the following SDE:

(25)

{
dX(t) = b(X(t))dt + σ(X(t))dW (t) +

∫
Y

γ(X(t−), y)Ñ(dt, dy),

X(0) = x0 ∈ R
d.

4.2. SDEs with reflecting boundaries
Let D be a convex closed region with nonempty interior, and let ID(x) be the
indicator function of D. We have

ID(x) =

{
0 x ∈ D,

∞ otherwise.
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Take A to be the subdifferential operator ∂ID defined by

∂ID(x) =

⎧⎪⎪⎨
⎪⎪⎩

{0} x ∈ Int(D),

Πx x ∈ ∂D,

∅ otherwise.

Then (1) becomes the following SDE with reflecting boundary (see [12]):⎧⎪⎪⎨
⎪⎪⎩

Xε(t) =
∫ t

0
b(Xε(s))ds +

∫ t

0

√
εσ(Xε(s))dW (s)

+
∫ t

0

∫
Y

γ(Xε(s−), y)(εN ε−1
(ds, dy) − ν(dy)ds) − Kε(t)

Xε(0) = x0 ∈ D̄, ε ∈ (0,1],

and our result shows that a uniform large deviation principle holds for the solu-
tions to such reflected SDEs under (H2)–(H4).
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