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ABSTRACT. This article investigates a bijective map ® between two von Neu-
mann algebras, one of which has no central abelian projections, satisfying
O([[4, Bl«, Clx) = [[®(A), ®(B)]«, ®(C)]« for all A, B,C in the domain, where
[A, B], = AB—BA* is the skew Lie product of A and B. We show that the map
®(I)P is a sum of a linear x-isomorphism and a conjugate linear *-isomorphism,
where ®(I) is a self-adjoint central element in the range with ®(I)? = I.

1. INTRODUCTION

Let A be a x-algebra and let n be a nonzero scalar. For A, B € A, define the Jor-
dan n-+-product of A and B by A{, B = AB+nBA*. The Jordan (—1)-*-product,
which is customarily called the skew Lie product, was extensively studied be-
cause it naturally arises in the problem of representing quadratic functionals
with sesquilinear functionals (see, for example, [11], [12], [10]) and in the problem
of characterizing ideals (see, for example, [2], [9]). A map ® between x-algebras A
and B is said to preserve the Jordan n-*-product if ®(A, B) = ®(A)$,P(B) for
all A, B € A. Recently, many authors have paid more attention to the maps pre-
serving the Jordan n-x-product between x-algebra (see, for example, [1], [3], [7]).
In [4], Dai and Lu proved that if ® is a bijective map preserving the Jordan
n-x-product between two von Neumann algebras, one of which has no central
abelian projections, then @ is a linear *-isomorphism if 7 is not real, and ® is a
sum of a linear *-isomorphism and a conjugate linear *-isomorphism if 7 is real.
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Recently, Huo et al. in [5] studied a more general problem. They considered
the Jordan triple n-#-product of three elements A, B, and C' in a x-algebra
A defined by A$,BO,C = (AQ,B)$,C (we should be aware that <, is not
necessarily associative). A map ® between *-algebras A and B is said to pre-
serve the Jordan triple n-s-product if ®(A,BO,C) = @(A)O,2(B)6,2(0)
for all A, B,C € A. Clearly, a map between x-algebras preserving the Jor-
dan n-*-product also preserves the Jordan triple n-x-product. However, the map
®:C — C,®(a+ Bi) = —4(a® + B%i) is a bijection which preserves the Jordan
triple (—1)-*-product and the Jordan triple 1-#-product, but it does not preserve
the Jordan (—1)-x-product or Jordan 1-*-product. So, the class of those maps
preserving the Jordan triple n-*-product is, in principle, wider than the class of
maps preserving the Jordan n-x-product. In [5], let n # —1 be a nonzero complex
number, and let ® be a bijection between two von Neumann algebras, one of
which has no central abelian projections, satisfying ®(/) = I and preserving the
Jordan triple n-x-product. In [5] it was shown that ® is a linear x-isomorphism
if 7 is not real and that ® is the sum of a linear *-isomorphism and a conjugate
linear x-isomorphism if n is real.

On the one hand, [5] did not include the case n = —1. Obviously, the Jordan
(triple) (—1)-#-product is very important and meaningful. On the other hand, it
is easy to see that a map ® preserving the Jordan triple n-*-product does not need
to satisfy ®(7) = I. Indeed, let ®(A) = —A for all A € A. Then ® preserves the
Jordan triple n-x-product but ®(I) = —I. Because of the two reasons above, in the
current article we will discuss maps preserving the Jordan triple (—1)-*-product
without the assumption ®(7) = I. We will prove that, if ® is a bijective map
preserving the Jordan triple (—1)-*-product between two von Neumann algebras,
one of which has no central abelian projections, then the map ®(I)® is a sum
of a linear *-isomorphism and a conjugate linear *-isomorphism, where ®(7) is
a self-adjoint central element in the range with ®(7)? = I. We mention that the
methods in [5] do not fit for solving our problem since their proofs heavily depend
on the assumption ®(/) = I.

Before stating the main results, we need some notation and preliminaries.
Throughout this paper, we often write the Jordan (—1)-*-product by [A, Bl.,
that is, [A, B, = AB — BA*. All algebras and spaces are over the complex
number field C. A von Neumann algebra A is a weakly closed, self-adjoint alge-
bra of operators on a Hilbert space H containing the identity operator I. The set
ZA)={Se€A:ST =TS for all T € A} is called the center of A. A projection
P is called a central abelian projection if P € Z(A) and PAP is abelian. Recall
that the central carrier of A, denoted by A, is the smallest central projection P
satisfying PA = A. It is not difficult to see that the central carrier of A is the
projection onto the closed subspace spanned by {BA(z) : B€ A,x € H}. If Ais
self-adjoint, then the core of A, denoted by A, issup{S € Z(A): S =5*5 < A}.
If P is a projection, it is clear that P is the largest central projection () satisfying
@ < P. A projection P is said to be core-free if P = 0. It is easy to see that
P=0ifand only if I — P = 1.
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Lemma 1.1 ([8, Lemma 4]). Let A be a von Neumann algebra with no central
abelian projections. Then there exists a projection P € A such that P = 0 and
P=1

Lemma 1.2. Let A be a von Neumann algebra on a_Hilbert space H. Let A be
an operator in A and let P € A be a projection with P = 1. If ABP =0 for all
B e A, then A=0.

Proof. This is easy to see from the fact that {BP(z) : B € A,x € H} is dense
in H. 0J

Lemma 1.3. Let A be an arbitrary von Neumann algebra. Then AB = BA* for
all B € A implies that A € Z(A) and that A = A*.

Proof. In fact, take B = I, then A = A*. So AB = BA for all B € A, which
implies that A € Z(A). O
2. ADDITIVITY

The main result in this section is the following.

Theorem 2.1. Let A be a von Neumann algebra with no central abelian projec-
tions and let B be a x-algebra. Suppose that a bijective map ® : A — B satisfies
O([[4, Bl., Cls) = [[P(A), ®(B)]«, (C)]s« for all A, B,C € A. Then ® is additive.

Before the proof, we note that the hypothesis “A containing no central abelian
projections” is needed in the above theorem. For example, for o, 5 € R, define
O(a+ i) = 4(a+ 3%). Then P is a bijection from C onto itself. It is not difficult
to verify that ® preserves the skew Lie triple product. However, it is obviously
not additive.

Proof. First, we give a key technique. Suppose that Ay, Ay,..., A, and T are in
A such that ®(T) = Y7 | ®(A;). Then for all 51,5, € A, we have

o([[$1.5:],.7].) = [[@(5)). 2(5)], zcb $1.%],.4]). @1)

(I)<H517TL’S2L> = HCI)(Sl)’(D( Z(I) 51, SQL), (2.2)

and

n

B(([7.5],:5],) = [[o(T). 2(50)], (5], = S o(([A.51],.8]). @3

Claim 1. We have ®(0) = 0.
For every A € A, we have

(0) = o([[0, 4], 4],) = [[2(0), 2(4)],, 2(4)] .
Since ® is surjective, there exists A € A such that ®(A) = 0. So ®(0) = 0.
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By Lemma 1.1, there exists a projection P such that P = 0 and ﬁ = I. Let
P, = P and P, = I — P. Denote A;; = P,AP;. Then A = Z” LA In the
remainder of this article, when we write A;; it 1ndlcates that A;; € AU

Claim 2. For every Ao € Aja, Bay € Aoy, we have
®(Ajy + Bay) = ®(Agz) + ©(Ba).
T;; € A such that
O(T) = ®(A12) + ®(By).

Choose T' = E

i,7=1

Since
[[i(P, = P), 1], Av], = [[i(P = P1), 1], Bar], = 0,
it follows from (2.1) and Claim 1 that
o([[i(P, — P1),1],,T],) = 0.

From thiS, we get [[’L(PQ — Pl), ]]*,T]* =0. So TH = T22 = 0.
Since [[A12, Pi]s, I]. = 0, it follows from (2.3) and Claim 1 that

O[T P, 1].) = o([[Bar. 2], 1))
By the injectivity of ®, we obtain
2Th - AT") = ([T P, 1], = [[Ba, BT, = 2(Bar = Byy).
Hence Ty, = Bsy. Similarly, T15 = Ajs, proving the claim.
Claim 3. For every Ay, € Aq1, Bia € Aqa, Co1 € Aoy, and Doy € Ass, we have
O(A11 + Biz + Co1) = (A1) + @(Br2) + @(C)

and
O(B1a + Co1 + Day) = O(B1a) + ©(Cay) + P(Dag).

T;; € A be such that
O(T) = ®(Anr) + ®(Bi2) + P(Cy).
It follows from (2.1) and Claim 2 that
®(2i(P,T + TPh))
=&(([iP, 1], T],)

([[@Pm 1., Aul,) + @([[iPo, 1], Biz],) + @([[iP2, 1], C], )
®(2iB)) + B(2iCsy)
(

(Bi2 + Ca) )

Thus P2T + TP2 = B12 + 021, which 1mphes that T22 = O, T12 = Blg, and
TQl = 021. Now we get T = T11 -+ Blg + 021.
Since

Let T =57

2,7=1

[[i(P2 = ), 1], Bial = [[i(P2 = 1), 1], Cn], = 0,
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it follows from (2.1) that
e([[i(7 = ). 1], T],) = @([[i(P: = ), 1], Aul,),

from which we get T3 = Aj;. Consequently, (A + Bis + Cy1) = P(Ayy) +
O (By2) + ©(Ca).

Similarly, we can get that ®(Bjs + Co; + Dag) = ®(B1a) + P(Co1) + P(Da2).
Claim 4. For every Ay € Aq1, Bia € Ao, Co1 € Aoy, and Doy € Aso, we have
O(A11 + Bz + Co1 + Dyg) = ®(A11) + P(Bi2) + @(Ca1) + P(Das).

Let T' = Zijzl T;; € A be such that
O(T) = P(A11) + P(Bia) + P(Cop) + P(Da2).
It follows from (2.1) and Claim 3 that
OQ2iPT +2TP) = o([[iP, 1], T].)
= o([[iP, 1], Au],) + ©([[iP, 1], Bio] )
+@([[iP, 1], Cn],) + @([[iP1, 1], Dao] )

= ®(4iA11) + ®(2iB1s) + D(2iCyy)
= ®(4iA11 + 2iB1g + 2iCy).

Thus

and then Tll = A117 T12 = B12, and T21 = 021.
Similarly, we can get

O(2PT + 2T P,) = ®(4iDgy + 2iBys + 2iCly).
From this, we get Thy = Dyg, proving the claim.
Claim 5. For every Cji, Dji, € Aji, 1 < j # k <2, we have
(Cik + Djr) = ®(Cje) + P(Dji)-
For every A, Bji € Ajj, since
512+ A Pot Bie| = i(Au+ Ba) +i(45) +i(BinAy).

we get from Claim 4 that
D (i(Aj + Bjr)) + @(iA%) + @ (i(BrAl))

-([[

]

_[7Pj+Ajk] 7Pk+Bjki| )

I
o

1), ®(P, + Az)| ®(Pe+ By)|

1),9(P;) + ®(Au)] (P + @(By)|

) w] s [[m().00] 005

N = DN = N = DN
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1
1
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/N 77 N 77 N M/

I
=
~
~
iy
v
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+[[o(51) 2taw] o],
+[[o(57) 2] oB)],
= CD(Z'Bjk) + @(i(Ajk + A;k)) + (I)(Z(BjkAjk))
= @(iBjk) + q)(iAjk) + (I)(iA;k) + @(i(BjkA;k)),

which implies that @(Z(A]k + B]k)) = (I)(ZBjk) + @(ZAJ]C) Let Ajk = —iCjk and
Bjk = —iDjk. Then

®(Cii + Dj) = ©(i(Aj + Bjr)) = ®(iBji) + ®(iAj) = ®(Ci) + P(Djic).
Claim 6. For every A;;, B;; € A;;,1 < j <2, we have
D(Aj; + Bjj) = P(Aj5) + ©(By;).
T;; € A be such that
O(T) = ©(Aj;) + ©(B;)-
For 1 < j # k <2, it follows from (2.1) that
S([[iP1],,T],) = @([[iPs 1], Aj].) + @([[iPs I],, Bjs],) = 0.
Hence P, T + TP, = 0, implying that T, = Tj; = T, = 0. Now we get T = T};.
For every Cj; € Ajk,j # k, it follows from (2.2) and Claim 5 that
®(2:T;Cr) = (HZP T; ] J’f} )
O([[iP;; Ajsl. Cie],) + @([[iP5 Bjs], Ci].)
@(2ZA]JOJI€) + @(QZBjjOjk)
®(2i(Aj;Cir + BuCir)).

Let T =37

i,j=1

Hence
(T35 — Ajj — Bj3)Cjr = 0

for all Cj, € Ajy; that is, (1}; — A;; — B,;)CP; =0 for all C' € A. It follows from
Lemma 1.2 that Tj; = A;; + B,;, proving the claim.

Claim 7. We have ® is additive.
Let A= Z?Fl A, B = Z?j:l B;j € A. By Claims 4, 5, and 6, we have

2 2 2
d(A+ B) = (Z U—FZB@‘):@(Z(AU"‘BM))
=1 ij=1 ij=1
2 2 2
=Y O(A;+By) =Y (A + > (By)
ig=1 ij=1 ij=1

-~ @(i Aij> + @(Z Bij) — B(A) + B(B).
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3. MAIN RESULT
Our main result in this paper reads as follows.

Theorem 3.1. Let A and B be two von Neumann algebras, one of which has
no central abelian projections. Suppose that a bijective map ® : A — B satisfies
O([[4, Bl.,Cls) = [[®(A), ®(B)]«, ®(C)]« for all A, B,C € A. Then the following
statements hold:
(1) ®(I) is a self-adjoint central element in B with ®(I)* = I;
(2) let p(A) = O(I)P(A) for all A € A; then there exists a central projection
E € A such that the restriction of ¢ to AFE is a linear x-isomorphism and
the restriction of ¢ to A(I — FE) is a conjugate linear x-isomorphism.

The proof of Theorem 3.1 will be organized into several claims. First, note that
® is additive. Indeed, if A has no central abelian projections, then Theorem 2.1
assures that ® is additive. If B has no central abelian projections, note that

~1: B — A is a bijection and preserves the skew Lie triple product. Applying
Theorem 2.1 to @1, we know that ®~! (and hence ®) is additive. In what follows,
without loss of generality, we assume that B has no central abelian projections.

Claim 1. We have the following:

(1) ®(I)? =1 and ®(I) is a self-adjoint central element in B;
(2) ®(i1)* = —I and ®(il) is a conjugate self-adjoint central element in B;
(3) P(A*) = ®(A)* for all A € A;
(4) ®(Z(A)) = Z(B).
Proof. Let A 6 A be arbitrary. Since ® is surjective, there exists B € A such
that ®(B) = I. Then

0=2([[7,4],,B])
= [[®(n), ®(4)],. 1],
=P P(A) — P(A)DP(I)" — P(A)* (1) + (1)P(A)”
holds true for all A € A. That is,
P (P(A) + 2(A)7) = (B(A) + D(A)) B(1)"
holds true for all A € A. So ®(I)B = B®(I)* holds true for all B B* € B.
Since for every B € B, B = By + 1By with B; = B+B and By = 257-, it follows
that ®(/)B = B®(I)* holds true for all B € B. It follows from Lemma 1.3 that
() =(I) € Z(B).
For all A € A, since ®(]) is a self-adjoint central element, then
20(A— A") = O([[A, 1], 1],)
= [[2(4), 2(1)],, 2(1)], (3.1)
= 20(1)? (#(4) - B(4)").

Consequently, for every A = —A* € A,
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which ensures that ®(A) = —®(A)*. Note that ®~! has the same properties as @,
and note that we have ® preserving the conjugate self-adjoint elements in both
directions (i.e., A = —A* if and only if ®(A) = —P(A)*). It follows from the
additivity of @ and (3.2) that ®(A) = ®(I)?®(A) for all A = —A* € A, and then
B = ®(I)?B for all B = —B* € B. For every B € B, we have B = B; + iBs,
where B; = B_QB* and By = B;B* are conjugate self-adjoint elements. Then
B = ®(I)?B for all B € B. So ®(I)*> = I, which, together with (3.1) and the
additivity of ®, implies that ®(A*) = (A)* for all A € A.
Let Z € Z(A) be arbitrary. For every A = A* € A,
0=2([[4,2],.0].) = [[2(4),2(2)],, 2(C)]

)

*

holds true for all C' € A. It follows from Lemma 1.3 that
[CD(A),QD(Z)L € Z(B).
Note that we have shown that ® preserves star operator. Hence
[@(A), ®(2)] = P(A)D(Z) — ©(2)D(A) € Z(B).

By the Kleinecke-Shirokov theorem (see [6]), [P(A), P(Z)] is quasinilpotent, and
therefore, being central, is zero. Then B®(Z) = ®(Z)B holds true for all B =
B* € B. Thus ®(Z)B = B®(Z) holds true for all B € B. Hence ®(Z) € Z(B).
Applying the similar process to @1, we get ®(Z(A)) = Z(B).
Note that ®(:I) € Z(B) and that ®(if/)* = —®(il). Then
—Ad(T) = ®([[iT, 1] ,iI].) = [[®GI), B(I)] , ®(I)], = 40(1)B(I)>.

So ®(il)? = —1. O
Now, defining a map ¢ : A — B by ¢(A) = ¢(I)P(A) for all A € A, it is easy
to see that ¢ has the following properties.

Claim 2. The following hold:

(1) ¢ is an additive bijection and satisfies

o([[4.B],.€1.) = [[¢(4),6(B)],, (O],

for all A,B,C € A;

(2) ¢(I) = I,¢(il)> = —1I and ¢(il) is conjugate self-adjoint central element
n B;

(3) ¢p(A*) = p(A)* forall A€ A;

(4) ¢(Z(A)) = Z(B).

Claim 3. We have that P is a projection in A if and only if ¢(P) is a projection
in B.

Proof. To prove the necessity, we suppose that P is a projection in 4. On the
one hand, we have

[[eGI), 1], 6(P)], = ¢(il)$(P).

A

8(P) = 1o([[iL.1),. P],) =
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On the other hand, we also have
8(P) = 10([iP.1).. P),) = 2 [[iP). 1], 6(P)], = 6(D)6(P)

Hence ¢(il)(¢(P) — ¢(P)?) = 0. Since ¢(il)*> = —I, we get ¢(P) = ¢(P)>.
Together with part (3) of Claim 2, this implies that ¢(P) is a projection in B.
So far we have established the necessity. Note that the preceding proof does
not use the condition that B has no central abelian projections. Therefore, the
previous result can apply to ¢~!. Now, if ¢(P) is a projection in B, then P =
¢~ Y(p(P)) is a projection in A, proving the sufficiency. O

Since B has no central abelian projections, by Lemma 1.1 there exists a pro-
jection @ in B such that @, = 0 and Q; = I. Then by Claim 3, P, = ¢~'(Q1)
is a projection in A. Set P, = I — P, and set ()3 = I — 1. Denote A;; = P, AP,
and By = Q;BQ;. Then A=3"7. | Ajand B=37 | By
Claim 4. We have (ﬁ(.A”) = Bi]’, (b(Am) Q Bn,l S 1 75] S 2.

Proof. Let Aj5 be an arbitrary element in A;5. Then from

—20(An2) = o([[i1, 1], i41] )
= [[o(iI), Q1],, #(iA12)],
= 2¢(il) (Q1¢(iA12) + ¢(iA12)Q1)7
we get that Qa¢(A12)Q2 = 0; and from

—2¢(Ay2) = ¢(HU’ Pﬂ*,iz‘hz}*)
= [[0(i]), Q2] . #(iA1)],
= 2¢(i1) (Q20(iAr2) + ¢(iA12)Q2),
we get Q19(A12)Q1 = 0. Hence ¢(Aj2) = Bia + By for some Byy € Bip and
By, € Bo;.
Now to show that ¢(Ai2) C Bis, we have to show that By; = 0. This can be
seen from
0=0o([[il, Arz], P1],)
= [[¢(i1)a¢(A12)L;Q1]*
= 2¢(il)(Ba1 + By,).
So ®(Ay5) C Bis. Hence by considering ¢!, we have ®(A;5) = Bio. Similarly, we
have (I)(.Azl) = 821.
Let A;; be an arbitrary element in A;;. Then for j # i, we have
0=o([[il,P],, Au],) = [[0(i]), Q;],, d(Au)], = 20(il)(Q;0(Au) + ¢(Au)Q;),
Qip(Ai)Q; C By O

Claim 5. We have that ¢ is multiplicative.
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Proof. Let A and B be in A. Write A = ZZ . A;jand B = Z” | Bij, where

A;j, Bij € Aij. To show ¢(AB) = ¢(A)p(B), by the additivity of ¢, it suffices to
show that ¢(A;;By) = ¢(Aij)¢(By;) for all 4, j, k,l € {1,2}. Since if j # k, then
&(AijBr) = ¢(Aij)¢(Byj) = 0 by Claim 4, we only need to consider the cases
with j = k.
First of all, ¢(B12)¢(A11)* = 0, which implies that
¢(A11312) - ¢(BT2AT1) = ¢(HA117 B12L; IL)
= [[¢(A11)7¢(312)L,]]*
= ¢(A11)¢(B12) - 925(312)*@5(1411)*-
Thus ¢(A11B12) = ¢(A11)¢(Bia) by Claim 4. Similarly, we can prove that
(A2 Ba1) = ¢(Az2)p(Bar).
For Dy, € Byy, we have Cjy = ¢~ 1(Dyy) € Ajp by Claim 4. Thus
¢(A11B11) D1z = ¢(A11B11Cra) = ¢(A11)d(B11C12) = ¢(A11)p(Bi1) D1z
for all D1y € Bia. Since Qo = I, by Lemma 1.2 and Claim 4, ¢(A;1By;) =
¢(A11)¢(Bll>‘ Slmllarly, Wwe can prove that ¢(AQQBQQ) = ¢(A22)¢<BQQ)
By Claim 4, we have
¢(A12Ba1) — ¢(Bar A1) = ¢([[A12,1],, B ,)
[[¢(A12), ], ¢(Ba1)],
= ¢(A12)9(Ba1) — ¢(B21)p(Ar2).

Thus ¢(A12B21) = ¢(A12)¢(321) and ¢(A21Bl2) = ¢(A21)¢(Bl2)-
For D21 € Bgl, we have 021 = ¢_1(D21> € A12. Thus
¢(A12B22)Day = ¢(A12B825C51) = ¢(A12)¢(322021) = ¢(A12)¢(321)D21

for all Doy € Boy. Since we have Q; = I, by Lemma 1.2 and Claim 4, ¢(A19Ba) =
¢(A12)¢(B22). Slmllarly, Wwe can prove that ¢(A21B11) = ¢(A21)¢<BH> ]

Claim 6. There is a central projection E € A such that the restriction of ¢ to
AFE is a linear x-isomorphism and the restriction of ¢ to A(I — E) is a conjugate
linear x-isomorphism.

Proof. For every rational number ¢, we have ¢(qI) = ¢l. Indeed, since ¢ is rational
number, there exist two integers 7 and s such that ¢ = . Since ¢(/) = I and ¢
is additive, we get

s(a) = o(1) = ro(11) = "o(1) =
s s s
Now we show that ¢ is real linear. Let A be a positive element in A. Then
A = B? for some self-adjoint element B € A. It follows from Claim 5 that
#(A) = ¢(B)?. By Claim 2(3), we get that ¢(B) is self-adjoint. So ¢(A) is positive.
This shows that ¢ preserves positive elements. Let A € R. Choose sequence {a,}

and {b,} of rational numbers such that a, < A < b, for all n and lim,, ., a, =
lim,,_, b, = A. It follows from

anl <N <b,I
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that
anl < ¢(ANI) < b,1.
Taking the limit, we get ¢(A) = AI. Hence for all A € A,

d(AA) = ¢((M)A) = d(M)p(A) = Ap(A).
Hence ¢ is real linear.

Let FF = %ﬁl) Then it is easy to verify that F' is a central projection in B
by Claim 2(2). Since ¢(il) = i(2F — I), we have

Fo(il) = iFand(I — F)é(iI) = i(F — I).

Let E = ¢~ '(F). Then by Claim 2(4) and Claim 3, E is a central projection in A.
Moreover, for A € A, the following hold:

PAE) = o(A)p(E)p(il) = ip(A)F = ip(AE),

and

S(iA(I — E)) = ¢(A)g(I — E)p(il) = —i¢(A)(I — F) = —i¢(A(I — E)).

That is, the restriction of ¢ to AF is linear and the restriction of ¢ to A(I — E)
is conjugate linear. This, together with Claim 2 and Claim 5, shows Claim 6. [
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