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ABSTRACT. In the following we show that, under some conditions, -
morphisms preserve duals and approximate duals of frames in Hilbert
C*-modules. Moreover, using @-morphisms and some concepts related to
frame theory such as modular Riesz bases, canonical duals, tensor products,
and Bessel multipliers, we construct new approximate duals, considering
in particular the approximate duals constructed by compact operators and
morphisms.

1. Introduction and preliminaries

Hilbert C*-modules are generalizations of Hilbert spaces by allowing the inner
product to take values in a C*-algebra rather than in the field of complex numbers.
Now suppose that 2 is a unital C*-algebra and that E is a left 2-module such
that the linear structures of 2l and E are compatible. F is a pre-Hilbert 2-module
if £ is equipped with an 2-valued inner product (-,-) : E x E'— 2 such that

(i) (ax + Py, z) = alx, z) + By, z), for each o, 5 € C and z,y,z € E;
(ii) (az,y) = a{z,y), for each a € A and x,y € E;
(iii) (z,y) = (y,z)*, for each z,y € E;
(iv) (z,z) >0, for each z € E and if (x,z) = 0, then x = 0.

For each 2 € E, we define ||z]| = ||(z,2)||2 and |z| = (z,2)2. If E is complete
with || - ||, it is called a Hilbert 2A-module or a Hilbert C*-module over 2.
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A Hilbert 2l-module F is finitely generated if there exists some set {x1,...,2,}
in F such that every element z € F can be expressed as an 2-linear combination
r =Y 4z, a € A A Hilbert A-module E is countably generated if there
exists a countable set {z;}ic; € E such that F equals the norm-closure of the
2-linear hull of {z;};c;. In this note, all Hilbert C*-modules are assumed to be
finitely or countably generated.

Let E and F be Hilbert C*-modules. An operator T' : E — F is called
adjointable if there exists an operator T* : F' — E such that (T'(z),y) =
(x,T*(y)), for each x € E and y € F. We denote the set of all adjointable
operators from E into F by £(E, F). Note that £(E, F) is a C*-algebra and it is
denoted by £(F). (For more details about Hilbert C*-modules, see [9]; Frank and
Larson presented a general approach to frame theory for Hilbert C*-modules in

1)

Definition 1.1. Let E be a Hilbert 2-module. A family F = {f;};cr € F is a
frame for E if there exist real constants 0 < Ar < Br < oo such that for each
r ek,

A]:<[E,l’> < Z<x’f1><fux> < B]:(JZ,ZL’),

i€l

that is, there exist real constants 0 < Ar < Br < oo such that ) .. (z, f;){f, x)
converges in the ultraweak operator topology to some element in the universal
enveloping von Neumann algebra of 2 such that the inequality holds for each
re k.

The numbers Ar and Bz are called the lower and upper bound of the frame,
respectively. In this case, we call it an (Az, Br) frame. If only the second inequal-
ity is required, we call it a Bessel sequence. If the sum converges in norm, the
frame is called standard. (For more study about standard frames, see [1].)

Let F = {fi}ier and G = {g;}ic; be standard Bessel sequences in E. Then
we say that G (resp., F) is an alternate dual or a dual of F (resp., G) if x =
Y icr(®, fi)gi or, equivalently, x = >, (x, g;) fi, for each x € E (see [5, Proposi-
tion 3.8]).

Let F and G be standard Bessel sequences in E. Then it is easy to see that the
operator Srg : E — E defined by Srg(x) = >, (z, g fi is adjointable with
S¥g = Sg.r. We call Srg the operator constructed by F and G. It is clear that
G is a dual for F if and only if Sr¢g = Idg.

2. Stability of approximate duals under p-morphisms

Two standard Bessel sequences in a Hilbert C*-module are approximately duals
if the distance (with respect to the norm) between the identity operator on the
Hilbert C*-module and the operator constructed by the Bessel sequences is strictly
less than 1.

Approximate duality of frames in Hilbert spaces was recently investigated in
[3], and some interesting applications of approximate duals were obtained. For
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example, it was shown how approximate duals can be obtained via perturbation
theory; additionally, some applications of approximate duals to Gabor frames—
especially Gabor frames generated by the Gaussian—were presented. Moreover,
in Section 6 in [3], the authors described various numerical approaches to the
construction of approximate duals. Also, it was shown in [7] that approximate
duals are stable under small perturbations and that they are useful for erasures.
We mention that approximate duals of frames have been generalized to Hilbert
C*-modules in [10].

Definition 2.1. Two standard Bessel sequences F and G are approximately dual
frames if ||Idg — Srg|| < 1 (equivalently, ||[Idg — Sg #|| < 1), where Srg is the
operator constructed by the Bessel sequences. In this case, we say that G (resp., F)
is an approzimate dual of F (resp., G).

It follows from Corollary 3.3 in [10] that if 7 and G are approzimately duals,
then they are standard frames.

Now we state the definition of ¢-morphisms and refer to [2] for more details
about the properties of these operators.

Definition 2.2. Let E and F' be Hilbert C*-modules over C*-algebras 2 and ‘B,
respectively. Let ¢ : 2l — B be a morphism of C*-algebras. A map & : £ — F
is said to be a p-morphism of Hilbert C*-modules if

(2(x),2(y)) = »((z.y),
for each z,y € F.

It is easy to see that each -morphism is a linear operator and ®(ax) =
(a)®(x), for each a € 2A and also

|()] = [(B(2), 8(@)]* = || ({x,))||* < [,
so ||®] < 1.

Proposition 2.3. Let ¢ : A — B be an isomorphism of C*-algebras. If  :
E — Fis a p-morphism and F = { fi}icr, G = {gi}ier € E are standard Bessel
sequences such that ®G = {®(g;) }ies is an approzimate dual of ®F = {P(f;) }icr,
then ® is surjective.

Proof. Since G C F and F C F are standard Bessel sequences, it is easy to
see that >, ¢ 7' ((y, ®(g;))) fi converges in E, for each y € F and the operator
R:F — E defined by Ry = ",.; ¢ *({(y, ®(g:))) fi is bounded. Thus,

SeFaegy = Z<y7 ®(g:))®(f;) = ‘b(Z o ((y, ‘I’(Qz')»fz’) = ®R(y).

il il
Because ®G is an approximate dual of ®F, that is, |[Idr — Seraeg| < 1, by
Neumann algorithm S¢r ¢¢ is invertible and consequently @ is surjective. 0

Ezxample 2.4. Let X be a compact Hausdorff space, and let Y be a closed,
nonempty subset of X with dense complement. Let A = C(X) = F, and let
E={fed: f(Y)=0}.If ®: E — F is the inclusion map, then it is easy to
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see that @ is an Idg-morphism but @ is not adjointable, that is, ® ¢ £(FE, F). Of
course, Idy is an isomorphism and & is not surjective, so by Proposition 2.3, ¢
does not preserve any duals and approximate duals.

The following example shows that Proposition 2.3 is not necessarily true for
the case that ¢ is not an isomorphism.

Example 2.5. Let 2 be a proper C*-subalgebra of B with 19 = 1 = 1. Consider
2l and B as Hilbert C*-modules over themselves. If ® : 2l — B is the inclusion
map and ¢ = ® is assumed as a morphism of C*-algebras, then ® is a ¢p-morphism
and {®(1)} is a dual for itself, but clearly ® is not surjective.

Let T € £(E, F), and let G be a dual for F in E. Then it is easy to see that
TG = {Tgi}icr is a dual for TF = {Tf;}ies if and only if T is co-isometric.
Therefore, if G is a dual for F and T € £(F, F) is invertible, then T'G is not
necessarily a dual for TF. The next result shows that surjective ¢-morphisms
have this property.

Proposition 2.6. Let ® be a surjective p-morphism.

(i) If F ={fi}ier C E is a standard Bessel sequence, then ®F = {® f;}ics is
a standard Bessel sequence for F.
(i) If G = {gi}ier C E is a dual for F = {fi}ic1, then ®G = {P@g,}icr is a
dual for ®F = {Pf; }ier.
(ili) If F = {fi}ier C E is a standard frame, then ®F = {Q f; }ics is a standard
frame for F.

Proof. (i) Let B be an upper bound for F, and let y € F. Since ® is surjective,
there exists some x € E such that ®(z) = y. Now we have

Sy e(f))(@(f).y) = e, f))e((fi, x))

= o(Xote. f) () < Bo((r.2))
= B(0(x), ®(x)) = Bly.y),

so {®f;}ies is a standard Bessel sequence for F'.
(ii) Let y € F' and = € E with ®(z) = y. Then

Z<3/7 q)(fi)>q)(9i) = Z @((95» fi>)(1)(gi)

= q’(Z(% fz‘>gz'> =0(z) =v.

This yields that G is a dual for ®F.

(iii) Let F = {fi}ier be a standard frame for E. Then it is well known that F
admits at least one dual, so by (i) and (ii), ®F = {Pf; }ics is a standard Bessel
sequence which has one dual; consequently, ®F is a standard frame. O
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Corollary 2.7. Let ® be a surjective w-morphism. If G = {gi}ie; C F is an
approzimate dual for F = {f;}icr, then {(® 0 Sg ) gi}ier is a dual for {®(f;)}ier
and for each y € F, the following reconstruction formula holds:

y=> (4, 2(f))(®o SzH)g ZZ@, (f))®(Idg — Sg.7)"(9:)-

i€l i€l n=0

Proof. Since G is an approxunate dual of F, Neumann algorithm 1mphes that
Sg.r is invertible with S_]E =Y oo(Idg — Sg 7)™ and it is clear that {Sg " gitier
is a dual for F. Now the result follows from Proposition 2.6. O

If T" is an invertible operator in £(F, F') and TG is a dual of T'F, then it is not
necessarily true that G is a dual for F. For example, let H be a Hilbert space
with an orthonormal basis {e,}52,, and let £ = F = H, F = G = {3e,}22,,
and T'= 2 - Idg. The following theorem shows that injective p-morphisms have
this property. (Recall that a Hilbert C*-module E is called full if the linear span
{{z,y) : x,y € E} is dense in 2A.)

Theorem 2.8. Let G = {g;}icr and F = {fi}ier be standard Bessel sequences
i E. Then we have the following.

(i) If p or @ is injective and PG = {Pg; }ics is a dual of OF = {Pf; }icr, then
G is a dual for F.

(ii) Assume that ¢ is injective or ® is an isometry. If ® is surjective and G is
an approximate dual for F, then ®G = {®g;}icr is an approrimate dual
for ®F = {®f;}icr. Also, if G is an approzimate dual for ®F, then G is
an approximate dual for F.

(iii) Let ® be injective on a full Hilbert C*-module E. If ® is surjective and G
18 an approximate dual for F, then ®G is an approximate dual for ®F.

Also, if ®G is an approzimate dual for ®F, then G is an approximate dual
for F.

Proof. First, we note that Theorem 2.3 in [2] says that if ¢ is injective, then & is
isometric and so it is injective.
(i) For each x € E, we have

(@) = D (0(@), @g) () = 0D (w900 ;)
iel icl
and since @ is injective, we have
Z<x>gl>fzzx7 Ve e E.
iel

(ii) Let G = {g:}ier be an approximate dual of F. Then there exists K < 1

such that

el

Now let y € F and = € F with ®(z) = y. Therefore,

Ve e E.
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lv =Xt enecs)| = |e(s - Xiw.0)s)

< Kljzl| = Kllyll

= Hx - Z<$7gi>fi

el

so [Idp — Seraegl| < K < 1 and this means that ®G is an approximate dual of
OF.
For the opposite implication, let K < 1 such that

’ > (. @(9:))®(f:;) - yH < Kl|yl, VyeF

iel

Now for each = € E by putting y = ®(z) in the above inequality, we get
le(Xtwg0fi—2)| < Ko@), veeE,

i€l

and since ® is an isometry, we have

|S.afi-of < Klal, vae,

el

and the result follows.
(iii) By the assumption and Theorem 2.3 in [2], we conclude that ¢ is an
injection and & is isometric. Now the result is obtained using (ii). OJ

We recall the following definition from [2, Definition 2.8].

Definition 2.9. A map ® : E — F'is called a unitary if there exists an injective
morphism of C*-algebras ¢ : 2l — B such that ® is a surjective p-morphism.

Note that if ® is a unitary ¢-morphism, then it is surjective, and since ¢ is an
injection, then ® is isometric and so it is invertible.

If G is an approximate dual for F and T is an invertible operator in £(FE, F),
then it is not necessarily true that TG is an approximate dual of T'F. For example,
let H be a Hilbert space with an orthonormal basis {e,}?°,, and let E = F' = H,
F=G=Ae,}°,,and T = a-1dg with a > 2. Moreover, if T'G is an approximate
dual of TF and T is invertible, then it does not always imply that G is an
approximate dual of F. As an example, consider F = {e,}>, as an orthonormal
basis for a Hilbert space H, and let G = {2¢,}2°, and T' = 1Idy. Now we get the
following result using Proposition 2.6 and Theorem 2.8 for unitary ¢-morphisms.

Corollary 2.10. Suppose that ® is a unitary p-morphism, and suppose that
F ={fitier, G = {9i}ier are standard Bessel sequences in E. Then G is a dual
(resp., an approximate dual) of F if and only if {®g;}ic; is a dual (resp., an
approximate dual) of {®f;}ier.

Example 2.11. If E is a Hilbert C*-module over 2 and ¢ : A — ‘B is an
isomorphism of C*-algebras, then it is easy to see that E can be regarded as a
Hilbert ‘B-module such that the identity map on E is a unitary @-morphism.
Hence, by Corollary 2.10, if G is an approximate dual (resp., a dual) of F in E
over 2, then G is also an approximate dual (resp., a dual) of F in E over ‘B.
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Proposition 2.12. Let F and F' be Hilbert C*-modules over C*-algebras A and
B, respectively. Suppose that ¢ : A — B is an isomorphism, and suppose that
b : F — F is a unitary @-morphism. Then for two standard Bessel sequences
F ={fi}icr and G = {gi}ier in F', we have that G is a dual (resp., an approzimate
dual) of F if and only if @G = {®1g; }ics is a dual (resp., an approzimate dual)
of ©'F = {07 fitier.

Proof. Let yi,y» € F and xy,25 € E with 1 = &7 !(y;) and 25 = &7 (ys).
Then p((z1, 22)) = (P(21), P(2)), 50 ({7 (y1), 2~} (12))) = (y1, ¥2), and conse-
quently = *((y1, y2)) = (D71 (y1), @ (y2)). Thus, ! is a unitary ¢ ~'-morphism.
Now the result follows from Corollary 2.10. O

Remark 2.13. It follows from Proposition 2.5 in [2] that if ¢ : A — B is a
morphism of C*-algebras and ® : £ — F'is a p-morphism, then Im & is a Hilbert
C*-module over the C*-algebra Im¢ C ‘B. Hence, if ® is not surjective, then
using Proposition 2.6 and Theorem 2.8, we can consider duality and approximate
duality of standard Bessel sequences in that Hilbert C*-module Im .

Example 2.14. Let 2, B, and € be three C*-algebras, and let ¢ : % — B and
1 B — € be morphisms of C*-algebras. If & : £} — Fj5 is a p-morphism and
U : Fy — FEj3 is a ¢-morphism, then ¥® : F; — FEj3 is a ¢p-morphism. Since
the composition of two injective (resp., surjective, invertible) ¢, ¢-morphisms is
injective (resp., surjective, invertible), using the results obtained in this section,
new duals and approximate duals can be constructed.

Remark 2.15. Tt follows from Example 2.2 and Lemma 2.4 in [2] that if & : E —
F is a ¢-morphism, then £~ can be considered as a Hilbert C*-module over =

Ker @ Ker ¢
andq: E — ¢ :f 3 1s a m-morphism, where g and 7 : A — %rso are the quotient

maps. Now since ¢ is surjective, the stability of standard Bessel sequences, frames,
duals, and approximate duals under ¢ can be studied. Moreover, the stability of
standard Bessel sequences, frames, duals, and approximate duals under ® can

be considered, where ® : s — F is defined by d(q(z)) = ®(x) and it is a

@-morphism with ¢ : Ki@ — B, o(m(a)) = p(a).

3. Construction of new approximate duals using p-morphisms

In this section, we construct new approximate duals using p-morphisms and
some concepts related to frame theory such as modular Riesz bases, canonical

duals, tensor products, and Bessel multipliers.
For a unital C*-algebra 2, ¢*(1,21), defined by

C(1,) = {{ai}iel CA: Zaiai* converges in || - ||},
i€l
is a Hilbert 2-module with inner product ({a;}ier, {bi}icr) = Y _;cs aib;.

For a standard Bessel sequence F = {f;}ic; with an upper bound By, the
operator T : (*(I,A) — E which is defined by Tr({a;}icr) = > ey aifi is
called the synthesis operator of F. It is adjointable with T5(x) = {(x, f) }ier,
and ||Tz|| < v/Br. T# is the analysis operator of F. Now we define the operator
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Sr:E — Eby Sr(x) = TrTr(x) = Y, (@, fi) fi- If Fis a standard (Ar, Br)
frame, then Ar.Idg < Sz < Br.Idg. The operator Sz is called the frame operator
of F.

It is easy to see that if F is an (Ar, Br) standard frame, then F = {SZ" fi }ics

is a (B1 7y L) standard frame with @ = 3",  (z,SZ' i) fi = >, (x, fi)S7" fi, for

each x € E. Hence, F= {S} fitier is a dual of F, called the canonical dual of F.

A standard frame {f;};c; for E is a modular Riesz basis if it has the following
property: if an 2-linear combination ), a;f; with coefficients {a; : i € Q} C A
and Q C [ is equal to zero, then a; = 0, for each i € Q (see [6]).

Theorem 3.1. Let ¢ : A — B be a surjective morphism of C*-algebras, let
®: E — F be a bijective o-morphism, and let F = {f;}ier be a modular Riesz
basis in E. Then ®F = {®(f;) }ier is a modular Riesz basis and if G = {g; }ier is
an approzimate dual of F, then ®F = {®f;}ic; = {300 ®(Idg — Sg.7)"Gi}ic;-

Proof. 1t follows from Proposition 2.6 that ®F is a standard frame. Now let 2 C I
and b; € B be such that ) ., 0;®(f;) = 0. If a; € A with ¢(a;) = b;, then the
injectivity of ® and the fact that F is a modular Riesz basis imply that a; = 0
and consequently b; = 0, for each ¢ € I. Therefore, ®F is a modular Riesz basis.
Also, by Proposition 2.6, {®f;}icr is a dual for ®F and since ®F is a modular
Rlesz basis, by Proposition 3.1 in [6], its canonical dual is the unique dual of ®F,
so OF = {CDfZ}ZGI Now the equality {@fz}zg = {30 ®(ds — Sg.7)"9i}ier
follows from Corollary 2.7 and the fact that Sg'% = >"° ((Idg — Sg 7)™ O

Proposition 3.2. Let & : E — F be a unitary @-morphism, and let 0 <
A, A <1, A,B,e >0, andK—)\l%—f—l-’\ﬂ(l\/%# If F =A{fitier is an
(A, B) frame and G = {g;}icr is a sequence satisfying

Hzaifi_zaigi Zaifi Zaigi +5szai‘2
i€Q i€Q ieQ icQ ieQ

for each subset Q in I, {a;}icq C A with K < 1, then OF is an approximate dual
of G = {Pgi}ier-

Proof. Tt follows from Proposition 3.8 in [10] that F = {f;}ic; is an approximate
dual of G. Hence, by Corollary 2.10, {@ﬁ»}ie ; is an approximate dual of ®G. It
just remains to show that OF = {@ﬁ}le 1- According to the definition of a unitary
w-morphism, ¢ is injective and & is surjective, so by Theorem 2.3 in [2], ® is also
injective and so it is invertible. By Proposition 2.6, ®F = {®f; };c; is a frame and
we have Cg(f\z/) = Sp7(®(f;)). Now one can easily obtain that Syr = ®S7'®~!
and consequently

<\ + A2

Ser(®(f))) = @S fi = ©(fy).
This means that ®F = {®(f;) }ics. O

Now we recall tensor products of C*-algebras and Hilbert C*-modules from [12]
and [9], respectively.
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Suppose that 21 and 2’ are two C*-algebras. Then 24 ® 2’ is a C*-algebra with
the spatial norm and for each a € 2 and a’ € A, we have ||a®d’|| = ||a||||a’||. The
multiplication and involution on simple tensors are defined by (e ® a’)(b® V') =
ab® a'tl and (a ® d')* = a* ® a'*, respectively.

Now let E be a Hilbert 2-module, and let E’ be a Hilbert 2'-module. Then
the tensor product £ ® E’ is a Hilbert (A ® 2’)-module. The module action and
inner product for simple tensors are defined by (a®da)(z®2") = (az)® (a’2’) and
(z@a,y®y') = (x,y)@(z’, y'), respectively. Let U and U’ be adjointable operators
on E and E’', respectively. Then the tensor product U ® U’ is an adjointable
operator on E® E'. Also (U@ U')* =U*®@ U’ and ||U @ U’'|| = [|[U||||IU’||. For
more results about tensor products of C*-algebras and Hilbert C*-modules, see
[12] and [9].

Assume that ¢ : A — B and ¢ : A" — B’ are morphisms of C*-algebras.
Then it is easy to see that o ® ¢ : ARA — B ® B’ is also a morphism. Now
suppose that ® : ¥ — F and ¥ : £ — F” are adjointable ¢- and ¢-morphisms,
respectively. Then using the relation

(P U)(z@2), (@0 V)(yey)) = (2(x),(y)) @ (¥(),¥(Y))
=(poy)(((ze),(yoy))),

for each z,y € F, 2’,y € E’ and continuity of ® ® U and ¢ ® 1, we can get that
¢ ® Vis a (¢ ® ¢)-morphism.

Here, using the above explanation, Proposition 3.6 in [10], and Theorem 2.8, we
present the following example to construct new approximate duals for the tensor
product of Hilbert C*-modules.

Ezxample 3.3. Assume that & and ¥ are the morphisms as stated above, and
assume further that they are isometric and surjective. Then it is easy to see
that ® ® ¥ is surjective and isometric. If G = {g;}ie; € E is an approximate
dual of F = {fiticr and G = {g}}jes C E' is a dual of F' = {f}};cs, then
{(P®¥)(g; ® gé-)}(i,j)gx] = {P(g;) ® \Ij(g‘;)}(i’j)ejxj is an approximate dual of
{(2®@U)(fi ® f})}uperxs-

Recall that ¢°(1,2() is {{ai}ier € A : [[{a;}ierlloo = sup{|jai]| : ¢ € I} < o0},
and Z(A) = {a € A : ab = ba,¥b € A} is called the center of A. Note that if
a€ Z(A), thena* € Z(A), andif a € Z(A) and T € £(E), then the operator a1 :
E — E which is defined by (aT')(x) = aT(x) is adjointable with (aT)* = a*T"*.
In the rest of this note, m is a sequence {m;};c; € (°(I,2) with m; € Z(2), for
each ¢ € I. Each sequence with these properties is called a symbol.

Let E; and E, be Hilbert 2-modules, and let F = {f;}ie; C E; and G =
{gi}ier € Ey be standard Bessel sequences. It was proved in [8] that the oper-
ator Spgr : E1 — E which is defined by Sy, g r(x) = > .c;mi(z, fi)gi, is
adjointable.

Definition 3.4. Sy, g r is called the Bessel multiplier for the Bessel sequences F
and G with symbol m. If m; = 1y, for each ¢ € I, then 5,, ¢  is denoted by Sg r.

We recall the following definition from [11, Definition 3.4].
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Definition 3.5. Let m be a symbol, and let a € Z(2). Let F and G be stan-
dard Bessel sequences in E. Then we say that G is an (a,m)-dual (resp.,
(a, m)-approzimate dual) of F if Idg = aS,, g 7 (resp., ||ldg — aSy 7| < 1).

Proposition 3.6. Let ¢ : A — B be a surjective morphism of C*-algebras, and
let & : E — F be a surjective p-morphism. If G is an (a, m)-dual of F in E,
then ®G is a (p(a),{e(m;)}icr)-dual of PF.

Proof. The surjectivity of ¢ yields that ¢(a) and the ¢(m;)’s belong to Z(8),
and clearly {¢(m;)}icr € €°(1,8). On the other hand, (a, m)-duality of G for F
is equivalent to saying that {am;g;}:c; is a dual for F. Now by Proposition 2.6,

{®(amigi) },e, = {e(a)p(mi)®(gi) },,
is a dual for ®F; equivalently, ®G is a (p(a), {p(m;) }ier)-dual of ®F. O

Similar to the proof of the above proposition and using Theorem 2.8, we obtain
the following result for approximate duals.

Proposition 3.7. Let ¢ : A — B be an isomorphism of C*-algebras, and let
®: E — F be a surjective o-morphism. If G is an (a, m)-approzimate dual of
F, then ®G is a (p(a), {p(m;)}icr)-approzimate dual of ®F.

Let £/ and F' be Hilbert C*-modules. For each z € E, y € F, the operator 0, :
F — E is defined by 6, ,(2) = (z,y)x. It is easy to check that 6,, € £(F, EF),
with (6,,)* = 0,,.. We say that an operator 7' € £(F, F) is compact if it is in the
closed linear subspace of £(F, E) spanned by {0, :x € E,y € F'}.

Theorem 3.8. Let E be a finitely generated Hilbert C*-module, and let F =
{fi}iy C E. Then for each x;,y; € E (1 < j <n), the following are equivalent:
(1) {3221 Ony ) fi}isy is a frame for E.
(ii) There ezists a frame G = {gi}j2y C E such that 337\ (f,;)Sg.7y; = [,
for each f € E.
(iii) There exist a frame G = {g;}1*, € E and a positive number K < 1 such

that || 3201 (f.25)Sg.7y; — fIl < K|S, for each f € E.
Proof. (i) == (ii) Since {(}_}_, 0x;4,)fi}i2, is a frame, it admits a frame dual
called G = {g;}",. Now for each f € E, we have

m

Z Z<fa )5, fi)gi = Z <f7 Z<fz‘,yj>$j>gi =f

=1 j=1 =1

equivalently,
n

> (f.x)Sery; = I

j=1
The implication (ii) = (iii) is trivial.
(ili) = (i) The relation || =7, (f, #;)Sg,7y; — f| < K[/ f| yields that

H i<f’i0xj:yj(fi)>gi - fH < K| fll,
i=1 j=1
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for each f € E. Hence, G is an approximate dual of {(_7_ 10% v ) fitie, and
because {(3_7_, 0, 4,) fi};~, admits an approximate dual, by [10, Corollary 3.3],
it is a standard frame. O]

Proposition 3.9. Let E and F be two finitely generated Hilbert C*-modules over
C*-algebras A and B, respectively. Suppose that ¢ : A — B is an injective
morphism, that ® : E — F is a unitary @-morphism, and that ®* : £(F) —
L£(F) is defined by ®T(T) = ®TP~L. Then for a sequence F = {f;}, in F and
zj,y; € E (1 <j<n), the followmg are equivalent:

(i) {@*(ZJ 1 0z,9,) i}y is a frame for F;

(ii) there ewists a frame G = {gi}i2y C F with Sg @ (3 7_ (@ (f), x;)y;) = f

for each f € F;
(iii) there exist a frame G = {g;}1", C F and a positive number K < 1 such

that ||Sg,;<I>(Z?:1(¢)*1(f),xj>yj) — fll < K||f|| for each f € F.

Proof. Using Proposition 2.11 in [2], we get @*(Zg 1 Ocs05) = D51 Oy a(y;)-
Now the result is obtained by Theorem 3.8 and using the relation

n

Z<f ®(x5))Sg. 7P (y;) Z‘P ), %)) Sq P (y;)

= Sg,fcb@@—l(f), )9;).

for each f € F. O

Proposition 3.10. Let E be a finitely generated Hilbert C*-module, and let F =
{fi}ir, € E be a standard frame. Then for each z;,y; € E (1 < 5 < n), the
following are equivalent.

(i) Every dual of {f:}", is an approzimate dual of{(zj 1 Oe, yj)f,}l .
(ii) The frame {f;}™, admits a dual which is an approzimate dual of

{00521 ) kil
(ili) There exists 0 < K <1 such that || 3_7_(f,z;)y; — fIl < K||f||, for each
fek.

Proof. The implication (i) = (ii) is clear, and the implications (ii) = (iii) and
(iii) — () can be concluded from the proof of Theorem 3.8 using the fact that if

= {¢;}/", is a dual for F = {f;}I",, then Sg = Idg and it is an approximate
dual for {(27:1 Oz, 4,) fi}ies if and only if there exists 0 < K < 1 such that

Hzf% fH—HZfl’J Sg.FY; — fH<KHfH

for each f € E. O

Corollary 3.11. Let E and F' be two finitely generated Hilbert C*-modules over
C*-algebras A and ‘B, respectively. Suppose that ¢ : A — B is an injective
morphism, that ® : E — F is a unitary @-morphism, and that ®* : £(F) —
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L£(F) is defined by @ (T) = TP~ . Then for a frame {f;}", in F and zj,y; € F
(1 < j <mn), the following are equivalent:
(i) Bvery dual of {fi}y is an approzimate dual of {®*(377_, 0u; ) fitis,
(ii) The frame {f;}7, has a dual which is an approximate dual of
{@T (51 Oy fiils-
(iti) There exists 0 < K < 1 such that [|(37_ (@~ f, z;)y;) — @~ f|| < K| ],
for each f € F.

Proof. The result is obtained using Propositions 3.9 and 3.10 and the fact that
® is an isometry because ¢ is injective. 0
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