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ABSTRACT. In this article, given some positive Borel measure p, we define two
integration operators to be

L(f)() = /D F(w) K (2, w)e ™) dpu(u)
and
1)) = /D £ () K (2, w)|e™2® dp(w).

We characterize the boundedness and compactness of these operators from the
Bergman space A, to LY for 1 < p,q < oo, where ¢ belongs to a large class W,
which covers those defined by Borichev, Dhuez, and Kellay in 2007. We also
completely describe those p’s such that the embedding operator is bounded or
compact from A? to LZ(du), 0 < p,q < 0.

1. Introduction

Let D be the unit disk in the complex plane, and let dA be the normalized area
measure on D. Denote by Cj the set of all continuous functions p on D satisfying
lim|;1 p(2) = 0. Suppose that p is a real-valued function on D. If p € C; with

ol = sup Ll o
z,weD, z#w ‘Z - w|
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then we say that p belongs to the class L. Let £ consist of those p € £ with the
property that for each € > 0 there is a compact subset £ C D with

19(2) — plw)| < elz — ]

whenever z,w € D\ E. The class W) is the family of all real-valued functions
¢ € C*(D) such that

1

~ p.

VAyp
Here and throughout, A ~ B means there exists some constant C' > 0, indepen-
dent of the variables being considered, such that C~'A < B < CA.

Two classes of weight functions closely related to ours merit discussion. Pre-

cisely, Oleinik [11] and Oleinik and Perel'man [12] considered ¢ € C?*(D) such
that Ap > 0 and p = \/%w, where p satisfies that there are constants a, Cy, Cy > 0

and C3 € (0,1) such that
p(2) — p(w)| < Ci]z —w| for all z,w € D,
p(z) < Cy(1 —|2]) forall z,w € D,

Ap >0 and dp € Ly such that

and
p(w) < p(z) + Cs)]z —w| for z,w € D.
For such ¢, we denote ¢ € OP for short. As discussed in [8, Section 2],
Wo\OP#0 and  OP\W, #0.
In 2007, Borichev, Dhuez, and Kellay [4] studied the radial weight p € C*(D)
satisfying
Ap > 1, p(r) (0 asr—1, lim p'(r) = 0.

r—1

Furthermore, either
p(r)(1 — )~ increases for some constant C' and r close to 1,
or
lim p'(r) lo Lo 0
r—1 p & p(r) -
Using BDK to denote the class of the weights satisfying Borichev, Dhuez, and
Kellay’s conditions, as mentioned in [8, Section 2], we have

BDK CW, and W, \BDK #0.

Given p € Wy and 0 < p < oo, the space LE, consists of all Lebesgue measurable
functions f on D satisfying

£l = ([ |70 9P da(2)) " < .

Let H(D) be the set of holomorphic functions on D. The Bergman space is defined
by
AP = LP N H(D).
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For ¢ € OP, the Bergman space A? has been studied in [2], [3], [9], [I1], and
[12]. The Bergman space A? with ¢ € BDK has been considered by many authors
(Seea e.g., [1]7 [4]7[()]7 [13]7 [l_l])

For ¢ € W), denote by K(-,-) the Bergman kernel for A?. As mentioned in [8,
Corollary 4.2],

K =span{K(-,z): z € D}

is dense in A? under the A?-norm for all p > 1. The orthogonal projection
P: Li — A?D is defined by

Pf(z) = /Df(w)K(z,w)e_QSD(w) dA(w), ze€D.

Suppose that p is a positive Borel measure on D (denoted as p > 0) satisfying
the condition

/D}K(ZW)\%_Q“"“”) dp(w) < oo (1.1)

for all z € D. Then the integral operators on A? (p > 1) can be densely defined
to be

L) = [ )R (e w)e ™ du(w) (1.2)
and

J,()(z) = /D | F(w) K (2, 0)] e dps(ao), (1.3)

since I, and J,, are well defined on K, which follows from (1.1) and the Cauchy—
Schwarz inequality. If du = dA, then the operator I, is just the Bergman pro-
jection which has been studied on L, for some restricted ¢ and p > 1 (see, e.g.,
2], [5], [10], [16]). In 2016, Peldez and Rattya [15] considered the boundedness
of these two operators for dyu = dA on LZ for some different weights ¢ and ¢ for
p> 1

The purpose of this article is to study the boundedness and compactness of two
types of integration operators from AP to L for 1 < p,q < co. In Section 2, we
completely describe those positive Borel measures p on D such that the embed-
ding operator i is bounded (or compact) from AP to L%(du), 0 < p,q < oo.
Section 3 is devoted to a discussion on the boundedness and compactness of
these integral operators in terms of Carleson measures. We can obtain the main
result as follows.

Theorem 1.1. Let 1 < p,q < o0, let ¢ € W)y, and let p > 0 with hypothesis
(1.1). Set 1/s =1—1/q+ 1/p. Then the following statements are equivalent:
(A) I, : AP — A% is bounded (or compact),
(B) Ju: A, — L is bounded (or compact),
(C) w is an s-Carleson measure (or vanishing s-Carleson measure).
In what follows, we always assume that ¢ € W,. We use C, C, Cy and ¢y, ¢

to denote positive constants whose value may change from line to line, but do
not depend on the variables being considered.
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2. Carleson measures

In this section, we give the characterizations on Carleson measures for Bergman
spaces. We begin with some notation and preliminaries. For z € D and r > 0, set

D(z,r)={weD:|w—z<r} and D" (z) = D(z,rp(z)).

Regarding this disk, we have the following lemma which can be found in [8,
Lemmas 3.1, 3.2].

Lemma 2.1. Let p € L be positive. Then there exists a > 0 with the following
properties.

(1) There exist constants Cy and Cy such that

Cip(w) < p(2) < Cop(w)
for z € D and w € D*(z).
(2) There exists a constant B > 0 such that
D"(z) € DP"(w), D" (w) C DP"(2) (2.1)
forw e D" (z) and 0 <71 < a.
Throughout this article, we always assume « to be chosen as in Lemma 2.1.

Then there is some s > 0 such that for 0 < r < «, there exists a sequence
{zn}n>1 C D satisfying

(1) D= UnZl Dr(zn),

(2) D*(z,) N D" (zy,) = 0 for m # n.
With these two hypotheses, it is easy to check that

(3) there exists a positive integer N depending only on B, r such that

1< ZXDBr(ak)(Z> < N forze€D,
k=1

where x g is the characteristic function of set E. A sequence {z,} satisfying (1)—(3)
will be called a (p,r)-lattice. The (p,r)-lattice exists (see [8, Lemma 3.2] for
details).

Let ¢ € Wy with p ~ \/%90. The distance d, between z and w is defined by

, o dt
iz =it [ O]

where the infimum is taken over all piecewise C! curves v : [0,1] — D with
7(0) = z and v(1) = w. Denote K,(-) = K(-, z), and denote by k, . the normalized
Bergman kernel for A?; that is, k, . = K./||K.||,,. We have the following lemma.

Lemma 2.2. The Bergman kernel for AY, satisfies the following properties.
(1) There exist positive constants o,C" such that

|K( )‘ Ces@(Z)er(w) diew) b (2.2)
zow)| < C————e 7% for z w € D. )
p(z)p(w)
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(2) There exist some constants C' > 0 such that

Kew)] = €SO o dy e 23)
z,w)| 2 U———— for z,w) < a. .
p(z)p(w) ’
(3) For 0 < p < oo, there is
K.l = e*@p(2)2 %,z €D, (2.4)

(4) For 0 < p < oo, ky, — 0 uniformly on any compact subsets of D as
|z| — 1.

Proof. The estimates of (2.2), (2.3), and (2.4) can be found in [8, Section 3].
Since ¢ € W, there exists r € (0,1) such that |p(z) — p(w)| < €]z — w]| for
z,w € D\ D(0,r). Letting w — 7> by p € Co we have

p(z) <e(1—|z]).

Fixing M > 0 with 1+ M —2/p > 0, (2.4) and Theorem 3.3 in [8, Theorem 3.3]
show that

Ufp,z(w)‘ < Cew(w)p(w)1p(z)12/p<min{p(z), p(w)}>M'

|2 = wl

If w is in any compact subset of D and |z| tends to 1, there is some C' > 0
independent of z such that

|k ()] < Cp(2) M2 < O(1 = |2) 2P S0,
The proof is completed. 0

Suppose that © > 0. Given any t > 0, the t-Berezin transform of pu is defined
to be

u(2) = [ [etw)'e " du(w), 2 € D.
D

Note that jis is just the classical Berezin transform. For 0 < r < a, the average
of 1 at the point z € D is defined as

(=) = p(D7(2))JA(D' ().

Lemma 2.3. Let 0 < p < 0o. There exist positive constants o and C' such that,
for0<r <aand f € HD),

1)
Ne—v@p <« C e P 4 Al .
50N < gy [, M@ ) (25)
2)
Liroe P aun < [ e P mE e eo)

for u>0.
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Proof. Estimate (2.5) can be found in [8, Lemma 3.3]. By (2.5) and (2.1), there
is B > 0 such that

L@ dut:
- - w)e Pw P w P
<¢ [ s ))/DBT()W ) ” dA(w) du(2)

_ pf XD"" Z)dﬂ()
<pw) D w
= J ey A

/\f ) #) " (1) dA(w).

This completes the proof. Il

Denote by LP the usual pth-Lebesgue space, that is,

LP = {f is Lebesgue measurable on D : || f||z» = </D’f(z){p dA(z))l/p < oo}
Define the operator T" to be
Tf(z) =e @ /D|K(z,w)‘f(w)e_“0(w) dA(w), =ze€D. (2.7)
We can get the boundedness of T" on L? as follows.

Lemma 2.4. Suppose that 1 < p < co. Then the operator T is bounded on LP.

Proof. 1t is trivial that T" is well defined on L? by Holder’s inequality and (2.4).
For f € LP, there holds

71 < [ e[ |G )= daqw) dAe)
//’f Hsz’e“” dA( )HKle_W dA(z)
<O/ /\f )| K (2, 0) |e™#™) dA(w) dA(2)

< C’/D}f(w)|pe_‘pw dA(w)/D‘K(z,w) e_“p(z dA(z)

< ClFILy

which follows from (2.4), Hélder’s inequality, and Fubini’s theorem. The proof is
completed. 0

Lemma 2.5. Let {ay}r be a (p,r)-lattice, 0 < r < «, and let 0 < p < oo. For

{)\k}k € lp, set
2) =3 Mka,(2)p(a) 77, z€D.
k=1

Then f € AY and || fllpe < Cl{ e}l
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Proof. From (2.4), there holds
11 < D 1Akl p(an)” 2 kgl = D (AP
k=1 k=1

if 0 <p <1 Forl<p< oo, define F(z) =3 1, |>\k|p(ak)_%XDr(ak)(z). It is
clear that

oo
1FI <> Il < oo
k=1

With (2.5), we get
‘f(z)|e_“"(z) < Ce ) Z |/\k|p(ak)2_% |K (=, ak)|e_"9(a’“) < CTF(z),

k=1

where T is defined as in (2.7). By Lemma 2.4, we see that

1llp.e < CITF 2o < ClIFlle < Cl{Ak}x ][ -

This completes the proof. O

Carleson measures have been extensively applied to various problems in holo-
morphic function spaces. In the setting of classical Bergman spaces, Carleson
measures have been well studied (see, e.g., [17], [18]). As in [7], we will introduce
Carleson measures for the weighted Bergman space AL.

Let 0 < p,q < oo, and let > 0. We call u a (p, q)-Carleson measure if the
embedding operator i : AP — L%(du) is bounded, where LZ(dpu) consists of all
p-measurable functions f on D for which

£l = ([ 10 du)) " < .

Also, we call u a vanishing (p, q)-Carleson measure if

lim / ’fj(z)e’“o(z)’qdu(z) =0
]-}OO D
whenever {f;}32, is a bounded sequence in AP that converges to 0 uniformly on
any compact subset of D as j — oo.

Similar to the proof in [7, Section 3], we can characterize (vanishing) (p, ¢)-Carleson
measures for all possible 0 < p, ¢ < oo in terms of Berezin transforms and average
functions, which follows from Lemmas 2.1-2.5.

Theorem 2.6. Let 0 < p < g < oo, and let p > 0. Set s = p/q. Then the
following statements are equivalent:

(A) pis a (p,q)-Carleson measure,
(B) 110> =Y*) is bounded on D for some (or any)t > 0,
(C) 1isp*Y=Y*) is bounded on D for some (or any) § € (0,al,
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(D) {7ir(ar)p(ag)?I=19}22 is bounded for some (or any) (p,r)-lattice
{ar}2,, r € (0, ). Furthermore,

2(171/3)”[/00 2(171/s)HLOO

[z HA”—>Lq (dp) — ~ |[fuep ~ ||sp
|| Ao o

Theorem 2.7. Let 0 < p < q < oo, and let p > 0. Set s = p/q. Then the
following statements are equivalent:

(A) p is a vanishing (p, q)-Carleson measure,

(B) f1¢(2)p(2)?3=19) — 0 as z — oo for some (or any) t > 0,

(©) /76( )p(2)20719) — 0 as z — oo for some (or any) & € (0,al,

(D) iy (ar)p(ap)® =9 — 0 as k — oo for some (or any) (p,7)-lattice {a,}3o,,
r € (0,q].

Theorem 2.8. Let 0 < ¢ < p < 00, and let p > 0. Set s = p/q, and let s' denote

the conjugate index of s. Then the following statements are equivalent:

A) pis a (p,q)-Carleson measure,

p s a vamshmg (p, q)-Carleson measure,

fie € L* for some (or any) t >0,

fis € L* for some (or any) de (O al,

{7, (ar)p(ar)¥* Y5, € 15 for some (or any) (p,r)-lattice {ar},, r €
(0, @] and furthermore,

o = |7 (aw) plar)®* },

Remark 2.9. For ¢ € BDK, Pau and Peldez [13] considered the embedding oper-
ator from AP to LZ(dpu). The theorems above generalize their results. By Theo-
rems 2.6, 2.7, and 2.8, we show that (vanishing) (p, ¢)-Carleson measures depend
only on the value of p/q. For simplicity, we call them (vanishing) p/g-Carleson
measures instead of (vanishing) (p, ¢)-Carleson measures, and we denote

110 s pa gy = el Lo > 1725 o

llora = 171111

3. Integration operators

Recall that K(-,-) is the Bergman kernel for A2. Given y > 0 with hypothesis
(1.1), the integral operators [, and J,, as in (1.2) and (1.3) can be densely defined
on AP for p > 1. In this section, we focus on discussing the boundedness and
compactness of these two operators from A? to L for all 1 < p,q < oo in terms
of Carleson measures, and we obtain Theorem 1.1 as our main result. To prove
it, we will divide Theorem 1.1 into two separate theorems.

In the case of p > ¢, we need Khintchine’s inequality. Let v, be the Rademacher

function defined by
1 ifo<t—Jt]<?
t) = = 2
ot) {—1 ifl<t—[]<1
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and v (t) = v(2%t) for k = 1,2,..., where [t] denotes the largest integer less
than or equal to ¢. For 0 < p < oo, there exist two positive constants C'; and C,
depending only on p such that

G (Z‘bk‘ / ‘Z bk (t) t Cdt < CQ(Z‘bk‘ )p/2

for all m > 1 and complex numbers by, bs, ..., b,,.

Theorem 3.1. Let 1 < p,q < oo, and let p > 0 with hypothesis (1.1). Set
1/s =1—=1/q+ 1/p. Then the following statements are equivalent:

(A) I, : AL — AL is bounded;
(B) Ju: AL — LY is bounded;
(C) w is an s-Carleson measure and furthermore,
Hullag—ag = [ Jullag -y = [lpls. (3.1)
Proof. The implication (B) = (A) is trivial and
ullag—az < I Jullagzg- (3.2)

We only need to show that (A) = (C) and (C) = (B).
First, we deal with the case p < ¢. To prove (A) = (C), we assume that
I, : AP — A% is bounded. For any 2 € D, by (2.5) and (2.4) we have

Ti2(2)p(2 )2(10 0/r1 < Cp(z 2/q|[ kp. )’6790(2)

sc(/ |1k - (w e“”(“’)|qu(w))1/q

< C||IN||A$~>A$||ICP73||ZMP'

This shows that

sup fio(2)p(=)*7 "7 < O, L. (3.3)
zE

Note that s <1 and that 1 —1/s=1/¢—1/p = (p — q)/pq. By Theorem 2.6 and
(3.3), p is an s-Carleson measure and

liells < Ol 4 ag- (3.4)

To show (C) = (B), we suppose that p is an s-Carleson measure. Since s < 1,
Theorem 2.6 tells us that jisp?®~9/P4 is bounded on D. We claim that there is
some positive constant C' such that

[0l = € [ Lrtw)le i) dAw) (35)
for f € AP. In fact, using (2.5), Holder’s inequality, and (2.4), we obtain
|J flz |q€ qe(2)

< O Bl ] [, aa(w)’
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<C’/|f |q_q“" |sze‘”(e"’ ‘dA
a/d
/ | K (w, z)e P e"P(Z)| dA(w))

< C/ |f |q —ae(w)g |K (w, z)e ?W =Pz ‘dA

Integrating both sides above and applying Fubini’s theorem and (2.4), we get
(3.5). Since p < ¢, (3.5) and (2.5) imply that

1. 115 <C/|f PP s (w) (p(w) 2P| Fllpe) " dA(w)

< C||fsp® =P G| £11
~ [l ELF115.,
Therefore, J,, is bounded from A to LY and

[ Jullaz 22 < C|pelfs- (3.6)

For p > ¢, suppose that I, : A? — A% is bounded. For any (p,r)-lattice {a}r
and sequence {\z}r € [P, set f as

2) = > MmOk (2)plar) 7,

where 0 < r < a. Lemma 2.5 shows that f € AP with || fil[,, < C[[{\e}r]ir. The
boundedness of I, gives

LGN < Ml a2 < O [

Note that 1,(k,,) € H(D). Fubini’s theorem, Khintchine’s inequality, and (2.5)
yield

L, a
0

= [ 2 ot i aae)
/ ( / 1Zm (o) 7Lk, )(2)| dt )19 dA(2)
2 | (0 Wefton k) e

_gz/

Dr(aj)

Z M@ 1, ) (2)[) e dA )

> CZ I\ |9p(a 2+q 2q/p‘[ )(aj)’qequ(aj)
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> O [N l%p(a)* 2200w
j=1

q
/ ‘K(w, aj)|26—2so(w) dp(w) e~ 2a¢(aj)
Dr(a;)

> O N1 B (ag)  plag)* 207,
j=1

where the last inequality follows from (2.3). Take 8; = |\;|?. Then {f;}32, € I
with p/q > 1, and

>~ Bifiela)1pl(a;)* 2 < Ol 1Y 5
j=1

= Ol Ll ag {85l

The duality argument shows that {i,(a;)?p(a;)*24/P}2, € IP/*~9, and

{7 (a3)7p(a;)* %} oo < ClLullp s e
This gives
14700007} iy < Cllullaz sy (3.7)

Note that the conjugate index of pg/(p — ¢q) is s. From Theorem 2.8 and (3.7), we
know that p is an s-Carleson measure and that (3.4) is true.

Assuming that p is an s-Carleson measure, Theorem 2.8 gives jig € LP%/(=9)
for some ¢ € (0, ). Since p/q > 1, (3.5) and the Hélder’s inequality imply that

q 4 —qp(w)\P/4 a/p ” pa/(p—q
19,15 < €4 [ () l'e ) anq) )™ { [ w0 aaw)
< CHﬁt;H%pq/(p*q)Hng,w

for f € A?. Hence, J, is bounded from A? to L% and (3.6) holds, which tells us
that (C) = (B) for p > ¢. The estimate (3.1) comes from (3.2), (3.4), and (3.6).
The proof is completed. [

(p—q)/p

Theorem 3.2. Let 1 < p,q < oo, and let p > 0 with hypothesis (1.1). Set
1/s=1—=1/q+ 1/p. Then the following statements are equivalent:

(A) I, : AP — A% is compact,

(B) Ju: AL — L is compact,

(C) p is a vanishing s-Carleson measure.

Proof. It is easy to check that (B) = (A). Suppose that [, is compact from AP
to AL. If p > ¢, then Theorem 3.1 implies that p is an s-Carleson measure, where
s > 1. By Theorem 2.8, 1 is also a vanishing s-Carleson measure. If p < ¢, then
s < 1. Similar to the proof in Theorem 3.1, by Lemma 2.2(4), there is

Tia(2) () 2P~ D/P1 < C’(/

D2(z)
< C||I#(kp,Z)Hq7<p —0

‘[F‘(kp,z) (w)e_SD(UJ) }q dA(w)> 1/q
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as |z| — 1. Hence,
lim ﬁ2<z)p(z)2(p—q)/pq = 0.
Z—r00

Theorem 2.7 shows that p is a vanishing s-Carleson measure.
To show that (C) = (B), we assume that statement (C) is true. Given R €
(0,1), pg is defined by

nr(E) = p(END(0,R)) for E C D measurable.

It is easy to check that y — pug > 0 and that J,, is compact from A7 to L. By
Theorems 2.7 and 2.8 and (3.6), we have

1w = Jurllaz sz < Cllp = prlls =0

as R — oo. Therefore, J,, is compact from A? to LL. The proof is completed. [
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