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ABSTRACT. For e > 0 and a bounded linear operator T" acting on some Hilbert
space, the e-pseudospectrum of T is 0. (T) = {z € C : ||(zI =T)7!|| > 1/¢} and
the e-pseudospectral radius of T'is r-(T) = sup{|z| : z € 0-(T)}. In this article,
we provide a characterization of those operators T satisfying r.(T) = r(T) +¢
for all € > 0. Here r(T") denotes the spectral radius of 7T'.

1. Introduction and preliminaries

As usual, we let N, C denote, respectively, the set of positive integers and the
set of complex numbers, and H will always denote a complex separable infinitely
dimensional Hilbert space endowed with the inner product (-, -). Denote by B(H)
the Banach algebra of all bounded linear operators on H.

The spectrum of an operator T € B(H), defined as

o(T) = {z € C: zI — T is not invertible in B(H)},

is an important invariant which provides much information about the operator.
In general, the operation 7"+ ¢(7") is not continuous, which makes it difficult to
determine the spectrum of an operator. To estimate spectra of operators, some
have proposed the study of pseudospectra of operators. Given T' € B(H) and
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e > 0, the e-pseudospectrum of T is defined as
o.(T)={2€C: ||z =T)7"|| >e'}.

Conventionally, it is assumed that ||(z] — T)7!|| = oo if 2 € o(T). (See [8] for
other equivalent definitions of the e-pseudospectrum. Pseudospectra can also be
defined for elements in a Banach algebra; see [7].)

The properties of pseudospectra differ substantially from those of the spectrum.
It is trivial to see that the e-pseudospectrum of T is always open and that

()o=(T) = o(T).

e>0

Moreover, it is known that the map (¢,7) — o.(T) is continuous (see, e.g., [3,
Proposition 2.7]). Thus, by examining the e-pseudospectrum of 7', one may give
better estimates of its spectrum. Various nice properties of the e-pseudospectrum,
including those mentioned above, make it an effective tool in both matrix analysis
and operator theory. Among other things, we mention that the e-pseudospectrum
can be used to give concrete characterizations of special operators, such as nilpo-
tent operators and self-adjoint operators (see [2], [3]).
For T' € B(H) and ¢ > 0, it is known that

o(T) + B(0,¢) C 0.(T),

where the converse inclusion in general does not hold. Here B(0,¢) denotes the
set {z € C: |z] < e}. For example, if an operator A € B(H) is nilpotent of order
2, then o.(A) = B(0, /€2 + ||Alle) (see [3, Proposition 2.4]), and

o(A) + B(0,2) = B(0,2) C 0.(A).

In this article, we are interested in the relation between the spectral radius and
the pseudospectral radii of a Hilbert space operator. Let T' € B(#H). The spectral
radius of T'is r(T') = sup{|z| : z € o(T)}. For € > 0, the e-pseudospectral radius
of T'is r(T) = sup{|z| : z € 0.(T)}. Then, by the discussion in the preceding
paragraph, we have r.(T) > r(T) + ¢ for € > 0, and the inequality is often strict.
Thus a natural question arises.

Question 1.1. When does an operator T' satisfy
ro(T)=r(T)+¢e foralle>07 (1.1)

We note that each normaloid operator T satisfies (1.1). Recall that 7T is said to
be normaloid if ||T'|| = r(T). In fact, for any € > 0, we have o.(T") C B(0, | T||+¢).
Hence r.(T) < ||T'|| +& = r(T) + €. It follows that r.(T") = r(T') + . Thus many
special classes of operators, including normal operators, hyponormal operators,
and Toeplitz operators, satisfy (1.1). For convenience, we say that an operator T’
is pseudo-normaloid if r.(T") = r(T) + € for all € > 0. Thus a normaloid operator
is always pseudonormaloid.

In this article, we explore and characterize the structure of pseudonormaloid
operators on Hilbert spaces. Our result depends on an intensive analysis of normal
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approximate eigenvalues. A complex number A is called a normal approrimate
eigenvalue (see [5]) of A € B(H) if there exists a sequence {z,, },>1 of unit vectors
such that

H(A — )\):L’nH + H(A — )\)*xn” — 0.

We will prove that a pseudonormaloid operator has at least one normal approxi-
mate eigenvalue.

To state our main result, we need an extra definition. Two operators A and B
are said to be approzimately unitarily equivalent (write A =, B) if there exists
a sequence of unitary operators U, such that lim, UfAU, = B. If A =, B, then
it is easy to see that o.(A) = o.(B) for all ¢ > 0. Our main result here is the
following theorem, which gives an answer to Question 1.1.

Theorem 1.2. An operator T is pseudonormaloid if and only if T is approzi-
mately unitarily equivalent to an operator of form N @& A, where N is normal and
re(A) < r(N)+e for all e > 0. In particular, it can be additionally required that
o(N)={z€a(T):|z| =r(T)}.

By the above result, if T" is pseudonormaloid, then T" “has” a normal part N
satisfying
re(T) =r.(N), Ve>0;

in particular, 7(7") = r(N). This shows that pseudonormaloid operators possess
a weakened normality. Using Theorem 1.2, one can construct various examples of
pseudonormaloid operators. We will provide an example to show that our result
is sharp (see Example 2.10). This example also shows that the set of normaloid
operators is a proper subset of the set of pseudonormaloid operators.

In the rest of this section, we fix some notation and terminology which will be
used later. Let T € B(H). We denote by ker T" and ran 7" the kernel of 7" and the
range of T', respectively. If ranT" is closed and either ker 7" or ker 7™ is of finite
dimension, then T is called a semi-Fredholm operator. The following set

one(T) = {A € C: T — X is not semi-Fredholm}

is called the Wolf spectrum of T. Denote by oo(T) the set of normal eigenvalues
of T, that is,

0o(T) = {A € C: X is an isolated point of o(T) and A & o1,.(T) }.

(The reader is referred to [1, p. 210] or [6, p. 5] for more details about normal
eigenvalues.)

For T' € B(H), we let 0,(T') denote the approzimate point spectrum of T, that
is,

0.(T)={\ € C: A —T is not bounded below}.

2. Proof of Theorem 1.2
Proof of sufficiency for Theorem 1.2. For € > 0, note that
0(T)=0.(NDA) =0.(N)Uo.(A).
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Thus
re(T) = max{r.(N),r-.(4)} =r.(N) =r(N) +e < r(T) +¢.
It follows that r.(T) = r(T) +e. O

To give the proof of necessity for Theorem 1.2, we need several auxiliary results.

Lemma 2.1 ([3, Lemma 2.1]). Let T € B(H) and let X\ € 0,(T). If ker(A — T)
is not a reducing subspace of T, then there exists r > ¢ > 0 such that B(\,r) C

o.(T); in particular, r-(T) > || + €.

Corollary 2.2. Let T € B(H) be pseudonormaloid, and let A € o(T) with |\| =
r(T). If ker(T — X\) Uker(T — \)* # {0}, then ker(T — \) = ker(T' — \)* reduces T.

Proof. Assume that ker(T' — ) # {0}. If ker(T" — A) does not reduce T', then,
by Lemma 2.1, r.(T') > |\ +& = r(T) + . This contradicts the fact that T
is pseudonormaloid. Thus ker(T" — \) reduces T" and ker(T — \) C ker(T — \)*.
So ker(T' — A\)* # {0}. Note that 7™ is also pseudonormaloid. Using a similar
argument as above, one obtains ker(7" — A\)* C ker(T" — A).

When ker(T"— A\)* # {0}, the proof follows similar lines. O

For e, f € H, we let e ® f denote the rank 1 operator on H: x — (z, f)e.

Lemma 2.3. Let T € B(H) and let A € 0,(T). If X is not a normal approximate
eigenvalue of T, then there exists 6 > 0 such that, given € > 0, there exists
K € B(H) with |K|| < e such that T + K can be written as

A exf\ Ce
0 A )(Cet

where e € H is a unit vector, f € (Ce)* with ||f]| > 8, and A acts on (Ce)*.
Proof. Since A € 0,(T), there exist unit vectors {e; }32, such that ||[(T—\)e;|| — 0.
Note that A is not a normal approximate eigenvalue of T'. Thus ||(T'— X)*e;|| - 0.
Then there exists 0 > 0 such that limsup, ||(T" — \)*e;|| > 0. For any € > 0, we

can choose n such that |[[(T'— Ne,|| < e and ||(T — N)*e,|| > J. Set e = e, set
f=(T—MN*e,, and set h = (T — Ne,. Thus ||h]| < e, ||f|| > ¢, and

T:( A e®f> Ce

T+K:(

h@e A ) (Ce)t

0 0\ Ce
K:‘(h®eo>@@L

Then K is compact with || K| < € and

(A e f) Ce

T+K—(o A.)@@r
So K satisfies all requirements. O
Proposition 2.4. Let T € B(H) and let A € o.(T). If X is not a normal approz-

imate eigenvalue of T, then, given ¢ € (0,1), there exists r > ¢ > 0 such that
B(\,r) C 0.(T); in particular, ro(T) > || + €.

Set



478 B. JIA and Y. FENG

Proof. Set
oy = sup{||z = T|| + 1: |2| < [T +2}.

By Lemma 2.3, there exists d, > 0 such that, given ¢; € (0,1), there exists
K € B(H) with |K|| < e; such that T'+ K can be written as

(A e®f) Ce
T+K_(O A )(Ce)b

where e € H is a unit vector, f € (Ce)t with ||f|| > d2, and A acts on (Ce)> .

Thus
1 =N =N "He® f)lz—A)!

and

|z =T - K)1 > H ((2 _O)\)_l (2= A)"'(e @8 Nz - A)_l) H

= |z — Ay—l\/1 + ||z = A
Set 0 = min{3/2, /1+ (02/61)°}. B
For any ¢ € (0, 1), choose § € (1,6) and set € = d/d. Then € < ¢ < 1 and
o:(T+K)C{zeC:|z| <|T| +2}.
If z€ C\o(T+ K) and |2| < ||T|| + 2, then 2z — T — K and z — A are both

invertible, and

A Wl
—AT - A

S 1 R ) ey
||Z—T—K|| (51 (51

IG= 7=

and
[(z =T = K)7M| = |2 = A1+ (02/61)2 > |2 = M| 76 (2.1)
Note that
o:(T+K)={2€C:||(z=T-K)™'|| > 1/¢}
={2eB(0,[T|+2):||(z—-T-K)"|| > 1/&}.
By (2.1), we have
o:(T+ K) D o(T+K)U{ze B(0,|T|| +2) \o(T + K) : |z = \| 7' > 1/&}
S {2 B(0,|T| +2): |- A% > 1/2}
={z€B(0,|T||+2): |z — A < gg}
={zeC:|z- )< gg} (since & < 3/2)
= B(\, 02).
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Thus if |z — A\| < 62, then ||(z —T — K)7Y| > 1/&. Since | K|| < &; and &, € (0,1)
could be chosen arbitrarily, we deduce that ||(z — T)7!|| > 1/&. Note also that
de = ¢ and that ¢ > £. By the preceding discussion, if |z — A\| < dg, then
|(z = T)7Y] > 1/e. Thus B(\,de) C o.(T). Set r = de. Thus the proof is
complete. O

Corollary 2.5. Let T' € B(H) be pseudonormaloid. If X € o(T) with |\ = r(T),
then X is a normal approximate eigenvalue of T'.

Proof. Obviously, A lies in the boundary of o(T"). So A € o,(T). If A is not a
normal approximate eigenvalue of 7', then, by Lemma 2.4, there exists € > 0 such
that r.(T) > |A| +¢& = r(T) + ¢, which is a contradiction. O

Lemma 2.6. Let T € B(H) with ker T' = {0} = ker T™*. If 0 is a normal approz-
imate eigenvalue of T', then there ezists an orthonormal sequence {f,}n>1 in H
such that

(|7 full + |77 £a]]) = 0.

Proof. Since 0 is a normal approximate eigenvalue of T, we can find unit vectors
{e,} such that

117?1(\|Ten|\ + || T*en||) = 0. (2.2)
Assume that 7' = U P is the polar decomposition of 7', where P = |T'|. Denote by
E(-) the projection-valued spectral measure corresponding to P. Since kerT' =

{0} = ker T*, one can check that U is unitary and E({0}) = 0. Thus, given & > 0
and x € H, there exists § > 0 such that

|E([0,0))z]| + || E(]0,6))U*x

| <e. (2.3)
Claim. Given ¢ > 0 and € > 0, there exists N large enough such that
1B AT enll + 1 B0 171U en]| < .
In fact, we note that
(Teall = 1Penll = | E([0 1T11]) Penl| = [ PE(SNTI])en]l = o[ E(S IT1])en]
and that
[Teull = 1PU*eall = [ PE([S.IT1]) U ew | ~ | PE(0.8)U%e. |
> 8 ([6,IT1))Uen | — | E(0.8)) PUe |
2| E(0ANTINU enl| = || PUen]

In view of (2.2), one can see that the claim holds.
Set s; = 1. By the claim, there exists n; such that

B 1T |+ BT/, IO | < 172
In view of (2.3), we can find ¢; > s; such that

|E([0,1/t1))en, || + | E([0,1/t1)) Uren, || < 1/2°.
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Set sy = t; + 1. By the claim, there exists ny > n; such that
B 5o Wl + (1 s U] < 172
In view of (2.3), we can find 3 > so such that
| E(10,1/t2))en, || + || E([0,1/82)) U¥en, || < 1/2°.

Then, proceeding by recursion, there exist {n; : ¢ > 1} and {s;,¢; : i > 1} such
that s; < t; < Sit1,

IE([1/s5IT11])en, cizn

+[E([1/s0, I TI]) U en,

and
| E([0,1/t:))en,
For each i > 1, we have
|E([1/ti,1/5:))en|| = |lens — E([1/5, ITN]) en, — E([0,1/t:)) €n ||
>1—||E([1/s ITI])en|| — || E([0.1/t:))€n,]| > 1 —1/2°.

+||E([0,1/t,))U%ey,|| < 1/27H.

Similarly,
|E([1/t:,1/5:))U%en, || > 1 —1/2".
That is,
mm{HE 1/751,1/3 en,
For each i > 1, set

NE(L/t,1)s:))Uren, ||} >1—-1/2", Vix>1. (2.4)

fi— E([1/ti,1/si))en

b IE(L/ 1 si))en )
Thus {f;} is an orthonormal sequence, since {[1/t;,1/s;) : ¢ > 1} are pairwise
disjoint. In view of (2.4), we compute to see that

ITE([1/ti,1/si))en |l _ [IPE([L/ti, 1/s:))en,]]

ITfill <

1—1/2 1—1/2
B/t /s)Penll _ 1Penll
1—1/2i 1—1/2
and
% PU*E([1 tz,]_ Si))€En,;
I £ < I ([1/ / ))en,||
1—1/2
< PUen || [IPUTE(1/t,1/5i))en — enl)|
= 1-1/2 1—1/2i

< PUen | (12T

- 1-1/2 1—-1/2

Thus the proof is complete. 0
We let K(H) denote the ideal of compact operators on H.

— 0.

Lemma 2.7. Let T € B(H), and let A be a normal approzimate eigenvalue of T
If ker(\ —T') = {0} = ker(M —T)*, then T =, T & Al.
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Proof. By Lemma 2.6, we can find an orthonormal sequence {e,},>; in H such
that

i ([[(T = New|| + [|(T = A)en]) =

Denote by C*(T') the unital C*-subalgebra of B(#H) generated by T and the
identity /. Given a polynomial p(z,w) with two free variables z,w, it is easy
to verify that lim, (p(T*,T)e,, en) = p(\, A). Hence lim, (Xe,,e,) exists for all
X € C*(T). Define ¢(X) = lim,(Xe,, e,) for X € C*(T). Then this defines a
complex x-homomorphism of C*(T") and ¢(T") = A. Since {e,} is orthonormal, it
is easy to see that

H(K) = liyrln(Ken, en) =0, VK eC'(T)NK(H).

Using Voiculescu’s theorem (see [9, Theorem 1.3] or [4, Corollary I1.5.5]), we
obtain T'"=Z, M ®T. O

Theorem 2.8. Let T' € B(H) be pseudonormaloid. If N is a normal operator on
some Hilbert space with o(N) C {z € one(T) : |z| =r(T)}, then T =, T G N.

Proof. Denote I' = {z € oy,.(T') : |z| = r(T)}. By Corollary 2.5, each A € " is a
normal approximate eigenvalue of T'.

Claim 1: T =, T @& M for any A € ', where I is the identity operator on H.
Let A € I'. If ker(T" — \) = {0}, then, by Corollary 2.2, ker(T"— \)* = {0}. Since
A € I' is a normal approximate eigenvalue of 7', it follows from Lemma 2.7 that
T=,T®dMN.

If0 < dimker(T'—AI) < oo, then, by Corollary 2.2, T' = AL &T, where I is the
identity on ker(T M) and T = T'|yer(r—xr)+- Hence ker(T — ) = ker(T — \)* =
{0}. Still, T is pseudonormaloid, A € Jlre(T), and |\| = r(T). By the discussion

in the preceding paragraph, we have T~Ta Ay, where I, is the identity on
ker(T — AI)*. Thus

T=M,&T 2 NLEOT AN, =TONL,=T O M.

If dimker(T — AI) = oo, then, by Corollary 2.2, T = Al; & T, where I; is the
identity on ker(T" — AI) and T' = T|ye(r—xr)+- Since dimker(T" — AI) = oo, it
follows that

T=XM,eT=\Na X, aT=\NaT.
This proves Claim 1.

Without loss of generality, we may assume that {\; : ¢ = 1,2,...} is a dense
subset of I'. Then, by Claim 1, we have

T%’aT@)\l]%’aT@)\g]@/\lI%a---%’aT@(@AJ)

for each n > 1. Using an argument similar to that used in the proof of [10
Theorem 3.1], one can prove that T2, T'@® N. For the reader’s convenience, we
repeat the argument from [10, Theorem 3.1].



482 B. JIA and Y. FENG

Claim 2: T =2, T & (B;, Mil). Given € > 0, note that {B(\;, £)}2, is an open
cover of I'. Then there exists k > 1 such that {B()\;,¢)}X_, is an open cover of T'.
Then there exists an operator Y on ;- H with ||Y|| < e such that

[e%s) k
T® <E—Bl“) LY >Te (6_?)\[) ~ T

It follows that T' @ (P;-, \iI) =, T. This proves Claim 2.

Since ~ N
a(@ )\Z-I) - alre<§? M) —T

and N is normal with o(N) C I', by [4, Theorem I1.4.4], we have

N (é M) ~ é Al
=1 =1

Therefore, we conclude that

TeN, (TEB (éu)) ON
=1

Now the proof is complete. O]
Lemma 2.9 ([1, p. 366]). Let T' € B(H). Then 0o(T) C [o0(T) U owe(T)].
Now we are ready to complete the proof of Theorem 1.2.

Proof of necessity for Theorem 1.2. Denote I' = {z € o(T) : |z| = r(T)}, T1 =
{z € 01e(T) : |2| =r(T)}, and Ty = T'\T';. Note that T'g C 9o (T) \ o1e(T). Then,
by Lemma 2.9, 'y C 0o(T"). Obviously, 0o(7T") is at most countable. Without
loss of generality, we assume that I'y = {\; : ¢ = 1,2,3,...}. In view of [I,
Proposition XI1.6.9], each A € I’y is an eigenvalue of 7. By Corollary 2.2, T" has
a reducing subspace M such that Ty, is a diagonal operator with eigenvalues
{Ni:i=1,2,3,...}. Denote Ny = T'|y,.

On the other hand, choose a normal operator N; with o(N) = I'y. Then, by
Theorem 2.8, T'=, T & N;. Set N = Ny & Ny. Then o(N) =T Uy =T and

T TSN =T|yr ®No® N, =T|p. & N.
Set A =T|p+. Thus
re(A) <r.(T)=r(T)+ec=r(N)+e=r(N), Ve>D0.
Therefore the proof is complete. O



ON PSEUDOSPECTRAL RADII OF OPERATORS 483
Example 2.10. Let S be the unilateral shift on [?(N) defined by
(al, a9, (3, . . ) — (O, o, 09,03, .. )

Since S is subnormal (and hence normaloid), we have 7.(S) = 7(S) +e=1+¢.
Let R € B(C?) be the operator on C* determined by the matrix

0 2
0 0/
Then, by [3, Proposition 2.4], .(R) = Ve 4+ 2¢ < 1+4¢ = r.(S).

Set T=S@R. Then |T|| =2 > 1=r(T). So T is not normaloid. However, T’
is pseudonormaloid, since

re(T) = max{r.(S),r-(R)} =r.(S) =1+e=r(T)+¢
for e > 0.

Remark 2.11.

(i) The preceding example shows that the equivalence relation “approximate
unitary equivalence” in Theorem 1.2 cannot be replaced by “unitary equiv-
alence,” since the operator T in Example 2.10 is abnormal; that is, T’
admits no nonzero reducing subspace M such that 7’|, is normal.

(ii) Let T be the pseudonormaloid operator in Example 2.10. By Theorem 1.2,
there exists a normal operator N such that T"=, N & A. We claim that
o(N) C{z € a(T) : |z| = r(T)}. In fact, since T is essentially normal
(i.e., T*T — TT* is compact), by [6, Proposition 4.27|, we have

o(N) Cope(T)={2€C:|z]=1} ={z€0(T):|z| =r(T)}.

This shows that the spectrum of the normal operator N in Theorem 1.2
in general cannot exceed the set {z € o(T) : |2z| = r(T)}.

We conclude this section with the following observation.
Proposition 2.12. The set of pseudonormaloid operators is norm-closed.

Proof. Assume that {A,} are pseudonormaloid operators and that A, — A. For
any € > 0, by the continuity of the e-pseudospectrum, we have r.(A,) — r.(A)
(see [3, Proposition 2.7]). By the upper semicontinuity of the spectrum, we have
lim sup,, 7(A,) < r(A). Thus

re(A) =limr.(A,) = lim(r(A,) + &) <r(A) +e.
It follows that r.(A) = r(A) +e. O
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