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ABSTRACT. Let (Q,F,P) be a probability space, and let ¢ : Q x [0,00) —
[0,00) be a Musielak—Orlicz function. In this article, we establish the atomic
characterizations of weak martingale Musielak—Orlicz Hardy spaces WH ';(Q),
WH% (Q), WH:Z(Q), WP,(§), and WQ,(£). We then use these atomic char-
acterizations to obtain the boundedness of o-sublinear operators from weak
martingale Musielak—Orlicz Hardy spaces to weak Musielak—Orlicz spaces, as
well as some martingale inequalities which further clarify the relationships
among these weak martingale Musielak—Orlicz Hardy spaces. All these results
improve and generalize the corresponding results on weak martingale Orlicz—
Hardy spaces. Moreover, we improve all the known results on weak martin-
gale Musielak-Orlicz Hardy spaces. In particular, both the boundedness of
o-sublinear operators and the martingale inequalities, for weak weighted mar-
tingale Hardy spaces as well as for weak weighted martingale Orlicz—Hardy
spaces, are new.

1. Introduction

The weak Hardy space WH'(R™) was originally introduced by Fefferman and
Soria [9] to find out the biggest space from which the Hilbert transform is bounded
to the weak Lebesgue space WL'(R"). The oo-atomic decomposition of WH*(R")
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and the boundedness of some Calderén-Zygmund operators from WH'(R") to
WL'(R™) were also established in [9]. As is well known, for any p € (0,1], the
weak Hardy spaces WHP(R"™) naturally appear and prove a good substitute of
Hardy spaces HP(R™) when studying the boundedness of operators in the critical
case (see, e.g., [24], [3], [2]). It should also be pointed out that Fefferman, Riviere,
and Sagher [8] proved that the weak Hardy spaces are the intermediate spaces of
Hardy spaces in the real interpolation method.

Recently, various martingale Hardy spaces have been investigated (see, e.g.,
Weisz [33], [34], [36], Ho [13], [11], Nakai, Miyamoto, Sadasue, and Sawano in [29],
[30], and [31], Sadasue [32], Jiao [18], and Xie, Jiao, and Yang in [37] for several
different martingale Hardy spaces and their applications). Observe that weak
martingale Hardy spaces naturally appear when studying the interpolation spaces
between martingale Hardy spaces (see [34, Chapter 5] for more details). Moreover,
the theory of weak martingale Hardy spaces has also been developed rapidly.
Weak Hardy spaces consisting of Vilenkin martingales were originally studied by
Weisz in [35] and then later fully generalized by Hou and Ren in [14]. Inspired by
this earlier work, Jiao [16], Jiao, Wu, and Peng [17], and Liu, along with Zhou
and Peng in [26] and [25], investigated weak martingale Orlicz-Hardy spaces
associated with concave functions. In [41], Zhou, Wu, and Jiao introduced weak
martingale Orlicz-Karamata—Hardy spaces associated with concave functions and
established their atomic characterizations.

On the other hand, as a generalization of the Orlicz space and the weighted
Lebesgue space, the Musielak-Orlicz space has proved very useful in partial dif-
ferential equations and image filtering (see, e.g., [1], [19], and references therein).
As a suitable substitute of the Musielak—Orlicz space in dealing with some prob-
lems of analysis such as the boundedness of operators, Ky [21] introduced the
Musielak—Orlicz Hardy space, which plays a key role in establishing sharp end-
point estimates for the div-curl lemma and the boundedness of commutators
generated by Calderén—Zygmund operators and BMO(R™) functions (see, e.g.,
[5], [20], [40]). Very recently, Ho [12] and Fu and Yang [10] established the intrinsic
atomic and molecular characterizations, as well as the wavelet characterizations
of Musielak—Orlicz Hardy spaces, respectively. Moreover, Liang, Yang, and Jiang
[23] introduced and studied the weak Musielak-Orlicz Hardy space, which has
proved useful in establishing the endpoint boundedness of Calderén—Zygmund
operators (see [23], [40]) and parametric Marcinkiewicz integrals with rough ker-
nels (see [22]). We also refer the reader to the monograph [40] for a complete
survey of recent progress made on the real-variable theory of the Musielak—Orlicz
Hardy space on R".

The martingale Musielak—Orlicz Hardy space was also investigated in [37] and
[38]. In [39], Yang introduced weak martingale Musielak—Orlicz Hardy spaces
which are a generalization of weak martingale Orlicz—Hardy spaces (see, e.g., [17]).
Moreover, Yang also established in [39] the atomic characterizations of weak mar-
tingale Musielak—Orlicz Hardy spaces and the boundedness of o-sublinear opera-
tors from weak martingale Musielak—Orlicz Hardy spaces to weak Musielak—Orlicz
spaces.
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Let (€2, F,P) be a probability space. A function ¢ : 2x[0, 00) — [0, 00) is called
a Musielak-Orlicz function if the function ¢(+,t) is a measurable function for any
given t € [0, 00), and the function ¢(x,-) : [0,00) — [0,00) is an Orlicz function
for almost every given x € §2; namely, ¢(z,-) is nondecreasing, ¢(z,0) = 0,
o(x,t) > 0 for any t € (0,00), and limy_, p(z,t) = co. For any p € (0,00), a
Musielak—Orlicz function ¢ is said to be of uniformly lower (resp., upper) type p
if there exists a positive constant C{,, depending on p, such that

o(z,st) < CipysPo(x,t) (1.1)

for any x € Q and t € [0,00), s € (0,1) (resp., s € [1,00)) (see [40] for more
details).
Recall that the following assumption is needed through [39].

Assumption 1.A. Let ¢ be a Musielak—Orlicz function, and let ¢ be of uniformly
lower type p € (0,1] and of uniformly upper type 1.

Observe that Assumption 1.A is quite restrictive. Indeed, for any given p €
(1,00), if p(x,t) := t* for any = € Q and t € (0,00), then ¢ is of uniformly
lower type p and also of uniformly upper type p. However, in this case, ¢ is not
of uniformly upper type 1. Thus, under Assumption 1.A, all the results in [39)]
cannot cover the corresponding results on weak Lebesgue spaces WL, () with
any given p € (1,00) in [35] and [14].

On the other hand, Jiao, Wu, and Peng [17] studied weak martingale Orlicz—
Hardy spaces under the following assumption. For any ¢ € (0, 1], let G, be the set
of all Orlicz functions ® satisfying that ® is of lower type ¢ and of upper type
1 (see, e.g., [17], [29]). Let ® be a concave function, and let ®’ be its derivative
function. Its lower index and its upper index of ® are defined, respectively, by

setting
td'(t) td'(t)
= inf and = su .
e te(0,00) (I)(t) qe te(O,lzo) (I)(t)
All the results in [17] need the assumptions that ® € G, for some ¢ € (0, 1] and
gp-1 € (0,00), where @1 denotes the inverse function of ®. Observe that, when
o(x,t) == O(t) for any z € Q and ¢t € (0,00), ¢ satisfies Assumption 1.A if and
only if ® € G, for some ¢ € (0, 1].
The first goal of this article is to weaken Assumption 1.A of [39] and to remove
the unnecessary assumption gg-1 € (0, 00) of [17]. Indeed, instead of Assumption
1.A| in this article, we always make the following assumption.

(1.2)

Assumption 1.1. Let ¢ be a Musielak—Orlicz function, and let ¢ be of uniformly
lower type p for some p; € (0,00) and of uniformly upper type p; for some
P} € (0,00).

In this article, under Assumption 1.1, we first establish the atomic character-
izations of weak martingale Musielak-Orlicz Hardy spaces WH(92), WH y (Q2),
WH g (), WP,(Q), and WQ,(€?). Using these atomic characterizations, we then
obtain the boundedness of o-sublinear operators from weak martingale Musielak—

Orlicz Hardy spaces to weak Musielak—Orlicz spaces, as well as some martingale
inequalities which further clarify the relationships among WH? (), WH y (9),
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WH?;(Q), WP,(Q), and WQ,(€2). All these results improve and generalize the
corresponding results on weak martingale Orlicz-Hardy spaces (see [17]). More-
over, we also improve all the results on weak martingale Musielak—Orlicz Hardy
spaces in [39]. In particular, both the boundedness of o-sublinear operators and
the martingale inequalities, for weak weighted martingale Hardy spaces as well
as for weak weighted martingale Orlicz—Hardy spaces, are new.

To be precise, this article is organized as follows. In Section 2, we first recall
some notation and notions on Musielak—Orlicz functions, weak Musielak—Orlicz
spaces, and weak martingale Musielak—Orlicz Hardy spaces. Then we introduce
various weak atomic martingale Musielak—Orlicz Hardy spaces.

Section 3 is devoted to establishing the atomic characterizations of spaces
WH? (), WHQ/[(Q), WHg(Q), WP,(Q), and WQ,(2) (see Theorems 3.1, 3.2,
and 3.5 below). The above five weak martingale Musielak—Orlicz Hardy spaces
contain weak weighted martingale Hardy spaces, weak martingale Orlicz-Hardy
spaces as in [17], and weak variable martingale Hardy spaces as special cases
(see Remark 2.6 below for more details). Recall that, even for weak martin-
gale Hardy spaces in [35] and [14], only the oo-atomic characterizations are
known. Nevertheless, in this article we establish the g-atomic characteriza-
tions for any ¢ € (max{pJ, 1}, oc], where p? denotes the uniformly upper type
index of . Moreover, in [17] for weak martingale Orlicz-Hardy spaces and
[39] for weak martingale Musielak—Orlicz Hardy spaces, the results of atomic
characterizations need the index pf = 1. Differently from [17] and [39], we
allow p; € (0,00) in Theorems 3.1, 3.2, and 3.5 below. So, the classical argu-
ment used in the proofs of [14, Theorem 1] and [17, Theorem 2.1] does not
work here anymore. We overcome this difficulty by using some ideas from the
proof of [23, Theorem 3.5] and constructing some appropriate atoms (see the
proofs of Theorems 3.1 and 3.5). Moreover, our atomic characterizations of
weak martingale Musielak—Orlicz Hardy spaces cover weak variable martingale
Hardy spaces, weak weighted martingale Hardy spaces, and weak weighted
martingale Orlicz-Hardy spaces, which are also new (see Remarks 3.3 and 3.6
below).

In Section 4, we study the boundedness of o-sublinear operators on weak mar-
tingale Musielak—Orlicz Hardy spaces. Recall that, for a martingale space X and
a measurable function space Y, an operator T : X — Y is called a o-sublinear
operator if, for any {fx}ren € X and X € C,

T(X5) [Tl and TAN] < AT

The boundedness of o-sublinear operators from weak martingale Hardy spaces
to weak Lebesgue spaces was studied in [14] and [35], and from weak martingale
Orlicz-Hardy spaces to weak Orlicz spaces in [17]. All these results need the
assumption that o-sublinear operators 7" are bounded on L?(£2) for some g € [1, 2]
or some ¢ € [1,00). In particular, Yang [39, Theorem 4.2] also gave some sufficient
conditions for a o-sublinear operator 7' to be bounded from weak martingale
Musielak—Orlicz Hardy spaces to weak Musielak—Orlicz spaces. In what follows,
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for any measurable set £ C Q2 and ¢ € [0, 00), let

o(E,t) ::/Ew(x,t)dIP’.

The following assumption on ¢ is needed in Yang [39, Theorems 4.2-4.5].

Assumption 1.B.

(i) Let T be a o-sublinear operator bounded on L?((2).

(ii) Let ¢ be a Musielak—Orlicz function satisfying Assumption 1.A, and sup-
pose that there exist two positive constants B and D such that, for any
measurable subset £ C Q, z € Q and t € (0, 00),

Be(x, t)P(E) < (E,t) < Dp(x, t)P(E). (1.3)

Observe that (1.3) is also quite restrictive. Indeed, using (1.3) with £ = Q, we
find that, for any x € Q and ¢ € (0, 00),

1 1
—o(Qt) < < Z (1),
Dso( ,t)_so(x,t)_BsO( 1)

Thus, Assumption 1.B(ii) requires ¢ to be essentially an Orlicz function. More-
over, [39, Theorems 4.2-4.5] do not cover the very important case, namely, the
weighted case.

Note that all these assumptions for the boundedness of o-sublinear operators
used in [14], [17], [35], and [39] ensure that T is bounded from some martin-
gale Hardy spaces to some Lebesgue spaces, which, together with the fact that
Musielak—Orlicz functions unify Orlicz functions and weights, motivates us to
introduce the following assumption.

Assumption 1.2. Let ¢ be a Musielak—Orlicz function satisfying Assumption 1.1.
Let T be a o-sublinear operator satisfying one of the following:
(i) For some given ¢ € (p;f, 00), there exists a positive constant C' such that,
for any (¢, 00)s-atom a and any ¢ € (0, 00),

|7a < Cllal

) HL‘Z(Q,<p(~,t) dP) Hg (Qp(5t) dP)-

(ii) For some given q € (p, 00), there exists a positive constant C' such that,
for any (p, 00)s-atom a and any t € (0, 00),

HT(G)HL(](Q7SO(.,75) dP) < CHaHHf(Q#P(',t) dP)-

(iii) For some given ¢ € (p;f, 00), there exists a positive constant C' such that,
for any (p, 00)y-atom a and any t € (0, 00),

HT(G)||L‘1(Q,@(~¢) ) < Cllallay s a):
(See Section 2 for the definitions of these spaces and atoms.)

In Section 4 of this article, under Assumption 1.2, we obtain the boundedness
of g-sublinear operators from WH? () (resp., WH%(Q), WHi(Q), WP,(), or
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WQ,(Q)) to WL,(2) (see Theorems 4.1, 4.2, and 4.3 below). In particular, we
obtain the same results as in [39] via replacing Assumption 1.B by Assump-
tion 1.2.

Observe that Assumption 1.2 is much weaker than Assumption 1.B. Indeed,
Assumption 1.1 is weaker than Assumption 1.A, and (1.3) in Assumption 1.B is
not needed in Assumption 1.2. Moreover, under Assumption 1.B, we find that
p; = 1 and the weighted Hardy space H3(2, ¢(-,t) dP) (vesp., HJ (€2, ¢(-,t) dP)
or HY(Q,¢(-,t) dP)) becomes the martingale Hardy space H3(Q) (resp., Hy(Q)
or H3(Q)), which, together with the boundedness of 7' on L?(Q2) and the bound-
edness of the operator s (resp., S or M) on L*(2) (see, e.g., [34, Proposition
2.6, Theorems 2.11-2.12]), further implies that Assumption 1.2 holds true. Thus,
compared with Assumption 1.B, Assumption 1.2 is much weaker. In particular,
Theorems 4.1, 4.2, and 4.3 of this article indeed improve [14, Theorems 4-6], [17,
Theorem 3.1, Remark 3.2], and [39, Theorems 4.2-4.4], respectively (see Remark
4.4 below for more details).

Also, in this section, using Theorems 4.1 and 4.2, we obtain some martin-
gale inequalities among the spaces WH? (), WHi\f(Q), WH:Z(Q), WP,(), and
WQ,(£2), which further clarify the relations among these spaces, in Theorem 4.6
below. Moreover, Theorem 4.6 generalizes and improves the corresponding results
on weak martingale Orlicz-Hardy spaces in [17, Theorem 3.3] (see Remark 4.7
below for details).

In Section 5, the last section of this article, we obtain some bounded conver-
gence theorems and dominated convergence theorems on weak Musielak—Orlicz
spaces WL, () (see Theorems 5.8 and 5.9 below), which are of independent inter-
est.

Finally, we describe some conventions on notation used throughout this article.
We always let N := {1,2,...}, Z; := NU {0}, and we let C' denote a positive
constant, which may vary from line to line. We use the symbol f < g to denote
that there exists a positive constant C' such that f < C'g. The symbol f ~ g is
used as an abbreviation of f < g < f. We also use the following convention. If
f<Cgand g=horg<h,wethen write f S g~ hor f < g < h, rather than
f<g=hor f<g<h. For any subset E of 2, denote by 1g its characteristic
function. For any p € [1,00], let p’ denote the conjugate number of p, namely,

1/p+1/p =1

2. Preliminaries

In this section, we first recall some notation and notions on Musielak—Orlicz
functions, weak Musielak—Orlicz spaces, and weak martingale Musielak—Orlicz
Hardy spaces, and then we introduce various weak atomic martingale Musielak—
Orlicz Hardy spaces.

Let L°(Q) denote the set of all measurable functions f on Q. Now we introduce
the notion of the weak Musielak—Orlicz space.

Definition 2.1. Let ¢ be a Musielak-Orlicz function. The weak Musielak—Orlicz
space WL,(Q) is defined to be the set of all f € LY(Q) such that
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I fllwe,@) == inf{)\ € (0,00) : sup go({x eN: |f(x)‘ > a},%) < 1}

ae(0,00)
is finite.
Let p € (0,00), and let ® be an Orlicz function. If p(z,t) := t? or ®(t) for
any v €  and ¢t € (0,00), then WL,(€) becomes the weak Lebesgue space

WL,(Q) (see, e.g., [35]) or the weak Orlicz space WL (2) (see, e.g., [L7]). Here
and thereafter, WL,(2) denotes the set of all f € L°(2) such that

[ fllwe,) == sup a[P({zeQ:|f(x)] >a})]

a€e(0,00)

3=

is finite, and WLg(2) denotes the set of all f € L°(Q) such that

| fllwee@) == inf{)\ € (0,00) : aes(t;&)@(%)l?’({x eN: ‘f(ac)| > a}) < 1}
is finite.
Remark 2.2.

(i) If a Musielak—Orlicz function ¢ is of uniformly upper type p;j for some
p; € (0,00), then there exists a positive constant C' such that, for any
measurable functions f and g,

If + gllwe,@ < Ol fllwea@ + lgllwe.@)-
Indeed, by the uniformly upper type p;‘j property of ¢, we find that, for

any A € (0, 00),
sup cp({xEQ: |f(x)+g(x)‘ >a},g>
a€e(0,00) A
< : |l @
S a:}é&)w({x €Q:|f(z)] > 2}, 2)\)

+ sup go({:p e Q: ‘9(95)‘ > %}’%)

a€(0,00)

~ sup 90<{5” €Q:|f(x)] > a}’%>

a€e(0,00)

+ sup go({x € Q:g(x)| > a}, %)
a€(0,00)
Then the above claim follows immediately.

(ii) Obviously, if ¢ is both of uniformly lower type p; and of uniformly upper
type pa, then p; < po. Moreover, if ¢ is of uniformly lower (resp., upper)
type p, then it is also of uniformly lower (resp., upper) type p for any
p € (0,p) (resp., p € (p,00)).

(iii) Let ¢ be a Musielak—Orlicz function satisfying Assumption 1.1. If there
exist an Orlicz function ® and two positive constants B and D such that,
for any = € Q and t € (0, 00),

Bo(t) < p(x,t) < DO(t),
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then, for any f € WL,(Q), || fllwz, ~ [Ifllwie) with the positive
equivalence constants independent of f.

Let {F.}nez, be an increasing sequence of sub-o-algebras of F, and let
{E,}nez, be the associated conditional expectations. Let w be a strictly positive
function satisfying fQ w(z)dP < oo. The weight we consider in this article is
a special weight {E,(w)}nez,, the martingale generated by w, with respect to
(Q, F,P,{F.}nez,). In what follows, with an abuse of notation, we denote this
weight simply by w = {E,(w)}nez,. In particular, if ¢ is a Musielak-Orlicz
function which is strictly positive and satisfies sup;¢ (g ) Joe(z,t)dP < oo, we
then write ¢(-,t) := {©n(-,t) tnez, = {En(@(:, 1)) tnez, for any t € (0,00).

The following weighted condition is due to Izumisawa and Kazamaki [15, p.
115].

Definition 2.3. Let q € [1,00). A positive Musielak—Orlicz function ¢ : Q X
[0,00) — [0,00) is said to satisfy the uniformly A,(Q) condition, denoted by
p € Ay (Q), if there exists a positive constant K such that, when ¢ € (1, 00),

sup sup En(gp)(-7t)[En(@_ﬁ)(.7t)]q_lSK P-a.e.

n€Zy te(0,00)
and, when ¢ = 1,

1
sup sup E,(¢)(,t)—— < K P-a.e.
n€Zy te(0,00) ( )< ) @('7 t)
A positive Musielak-Orlicz function ¢ is said to belong to A (£2) if ¢ € A (Q)
for some ¢ € [1,00).

The following S condition arises naturally when dealing with weighted mar-
tingale inequalities. We refer to Doléans-Dade and Meyer [7] and Bonami and
Lépingle [6] for more details.

Definition 2.4. Let t € [0,00). The martingale (-, t) := {@n (-, t) }nez, is said to
satisfy the uniformly S condition, denoted by ¢ € S, if there exists a positive
constant K such that, for any n € N, t € (0, 00) and almost every x € €,

1
?Sonfl(%t) < onlr,t) < Kopoa(,t). (2.1)

The conditions S~ and ST denote two parts of S satisfying only the left-hand or
the right-hand sides of the preceding inequalities, respectively.

Let w be a special weight on Q, and let ¢(z,t) := w(x) for any x € 2 and
t € (0,00). Then Definitions 2.3 and 2.4 go back to the original weighted definition
(see, e.g., [7], [19]).

Denote by M the set of all martingales f := (fn)nez, related to {F,}nez,
such that fo = 0. For any f € M, denote its martingale difference sequence by
{dnf}nen, where d,,f := f, — fn_1 for any n € N. Then the mazimal functions
M, (f) and M(f), the quadratic variations S,(f) and S(f), and the conditional
quadratic variations s,(f) and s(f) of the martingale f are defined, respectively,
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by setting
M, (f) = sup |fil M(f) = Sup | fal
Sulf)i= (Do) S = (Xl
i=1 =1

= (i Ei—1|dif|2>% and s(f) = <§: Ei—1|d¢f|2>é‘
=1 i=1

Definition 2.5. Let ¢ be a Musielak-Orlicz function. The weak martingale
Musielak—Orlicz Hardy spaces WH%(Q), WH;Z(Q), and WH(Q) are defined,
respectively, as follows:

WH%(Q) = {f eEM: Hf“WHfgf(Q) = ||M<f)
WHE(Q) == {f € M: | fllus = ||S(f)

H WL, () < oo},

}|WL¢(Q) < oo},

and

WH(Q) == {f € M: || fln

5 Hs(f)HW@,(Q)

< 00}

Let A be the collection of all sequences (A,)nez, of nondecreasing, nonnegative
and adapted functions (namely, for any n € Z,, A\, is F,, measurable). Let A, :=
lim,, .o A,. For any f € M, let

AIVPA(E) = {Oncze € A5 £l € At (0 € N), A € WE(2))
and
AWQ(f) = {(An)nez, € Az Su(f) < Anor (n € N), Ao € WL (Q) .
The weak martingale Musielak—Orlicz Hardy spaces W P,(€2) and WQ,(Q2) are

defined, respectively, as follows:

WP,(Q) := : = inf Ao
o) = {f € M fllwr.o Ohnez, AW PL(@)] Al @) < o0}

and

W = e M: = inf Moo < .
Qu() = {f | fllwee@ (An)n%lenA[WQw(m]” lwe, @) < oo}

Remark 2.6. Several known weak martingale Hardy spaces can be regarded as
special cases of the above five weak martingale Musielak—Orlicz Hardy spaces. For
example, let p € (0,00), let ® be an Orlicz function on (0, 00), let w be a weight,
and let p(-) : Q — [1, 00] be a measurable function. If p(z,t) := 7, ®(t), t*@) or
w(z)®(t) for any z € Q and t € (0,00), then the corresponding weak martingale
Musielak—Orlicz Hardy space becomes, respectively, the weak martingale Hardy
space (see [14], [35]), the weak martingale Orlicz-Hardy space (see [17]), the weak
variable martingale Hardy space, or the weak weighted martingale Orlicz—Hardy
space.



WEAK MARTINGALE MUSIELAK-ORLICZ HARDY SPACES 893

In what follows, for any ¢ € [1,00], any measurable set B C 2, and any
measurable function f on €2, let

IRl o Supte(O,oo)[go(é,t) fQ |f(@)]7p(z, 1) dP(x)]l/q when ¢ € [1,00),
Ly(B) *— B
| fll 2o @) when ¢ = oc.

Let T be the set of all stopping times related to {F,}necz,. For any v € T,
let

B, :={ze€Q:v(z) < oo}

Now we introduce the notion of atoms associated with a Musielak—Orlicz func-
tion.

Definition 2.7. Let q € (1,00], and let ¢ be a Musielak—Orlicz function. A mea-
surable function a is called a (¢, q)s-atom if there exists a stopping time v relative
to {Fn}nez, (v is called the stopping time associated with a) such that

(i) ap :=E,a=0a.e.on {x € Q:v(x) >n},

(i) 150 ey < 15,70
Similarly, (¢, q)s-atom and (g, q)r-atom are defined via replacing (i) in the
above definition, respectively, by

HS(GJ)HL?;,(BV) < ||1Bu||2;(ﬂ)

and
HM(G>HL‘30(B,,) < H]'BVHZ;(Q)

Via (@, q)s-atoms, (¢, q)s-atoms, and (¢, q)y-atoms, we now introduce three

weak atomic martingale Musielak-Orlicz Hardy spaces WHZ%*(Q), WHZ%°(Q),
and WHEM(Q), respectively, as follows.

Definition 2.8. Let ¢ € (1, 00], and let ¢ be a Musielak—Orlicz function. The weak
atomic martingale Musielak-Orlicz Hardy space WHE%*(Q) (vesp., WHZ®(Q)
or WH%M(Q)) is defined to be the space of all f € M satisfying that there
exist a sequence of (¢, ¢)s-atoms (resp., (i, q)s-atoms or (¢, q)y-atoms) {a*}rez,

related to stopping times {v*},cz, and a positive constant C, independent of f,
such that, for any n € Z,

Zukaﬁ = fn P-ae,

kEZ

where p* = C~'2k||lBuk | ¢ (o for any k € Z, and

Hf” WHET5 () (reSp-> ”f” wH %S (@) OF ||f|| WHft’q’M(Q))
k

= inf{inf [)\ € (0,00) : supw(Byk, %) < 1}} < 00,

kEZ

where the first infimum is taken over all decompositions of f as above.
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Let p € (0,00), and let w be a special weight. Recall that the weighted Lebesgue
space LP(Q2,w dP) is defined to be the set of all measurable functions f on {2 such
that

| fll 2o, apy = [/Q‘f(xﬂpw(x) dIP’(x)]; < 00.

Moreover, the weighted martingale Hardy spaces Hy (2, w dP), HE(Q, wdP), and
Héw (Q,w dP) are defined, respectively, as follows:

Hy(QwdP) :={f € M: Hs(f)HLP(Q,deP
HY(QwdP) :={f € M:|S(

) < 0o},

f)HLP(Q,w ap) < oo},

and
M o :
H) (Q,wdP) = {f e M: ||M<f)HLP(Q,deF’)
If w = 1, then the weighted Hardy space H3(Q,wdP) (vesp., H; (€, wdP) or
Héw (92, w dP)) becomes the classical martingale Hardy space H,(€2) (resp., H;f (Q)
or H)(Q)) (see, e.g., [34, p. 6]).

<00}

3. Atomic characterizations
In this section, we establish atomic characterizations of the weak martin-

gale Musielak-Orlicz Hardy spaces WH (), WH%(Q), WH:Z(Q), WP,(), and
WQ,(£2). We begin with the atomic characterization of WH? (€2).

Theorem 3.1. Let g € (0,00), and let ¢ be a Musielak-Orlicz function satisfy-
ing Assumption 1.1. If ¢ € (max{p},1},o00], then WHE(2) = WHZ(2) with
equivalent quasinorms.
Proof. We prove this theorem in two steps.

Step 1: Prove WHZ"*(Q) C WH(€2). To this end, let f € WHZ"*(S2). Then,
by Definition 2.8, we know that there exists a sequence of (¢, q)s-atoms, {a*}rez,
related to stopping times {v*}rez such that, for any n € Z .,

fn= Z,ukafl P-a.e.,

keZ

where p* = 52k||1Bykl|Lw(Q) for any £ € Z and C is a positive constant inde-
pendent of f. To show the desired conclusion, by the definitions of WH? (£2) and
WHZ%(Q), it suffices to prove that, for any «, A € (0, c0),

2k
gp({xeﬂzs(f)(x) >a},g> gsup<p<B,,k,—). (3.1)
A keZ A
To this end, for any fixed a € (0, 00), let ky € Z be such that
2k < o < 2Rt

Combining this and the subadditivity of the operator s, we conclude that, for any
A € (0,00),
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«
go({x € Q:s(f)(z) > al, X>
< Q: Fs(a > } g)
<e({zeQ: Y us(@)@) > a}, S

kEZ
(e £ s 2
+ s@({x eq: go pbs(a®)(x) > 2k°_1}’ ril)

= Ia,l + Ia,2'

Thus, in order to show (3.1), we only need to estimate I, ; and I, o.

We first estimate I, ;. For any r € (max{p},1},00) and £ € (0,1 — %),
by the Hélder inequality, we know that, for any A € (0, c0),

k‘o-i-l

Lot < 51y | L:Z_m s(at) @) o (v, ) aP

ko—1 ”
s

< ﬁ( Z 2k:£r'> v
" 2 s @) (o

k=—o00
< / {
Q=0

S 2—7“(]60—1)(1—()(1 o 2—61”’)—7‘/1”’

ko—1

= kt k kN 2k0+1
X Z 27 (1Y ||s(a )’ L;(Q)/B gD(l‘, \ )dP, (3.2)
kZZ—OO l/k

where, in the last inequality, we used the fact that

ko—1
Z 2’6(7"/ — 2(160—1)(7‘/(1 _ 2—57’/)—1’

k=—o00

the monotone convergence theorem, and the definition of L7 (€2). For the case
q € (max{p},1},00),let 7 := q. From (3.2), the uniformly upper type p, property
of ¢, and the fact that a” is a (¢, q)s-atom for any k € Z, we deduce that, for any
A€ (0,00),

I, < qu(krl)(lff)(l _ Q*Zq’)fq/q’
ko—1 oko+1

< 2y [ o ) e

k=—o00 vk
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896
< qu(krl)(lff)(l _ 2*€q’)fq/q’
ko—1 2k
X Z 9kl OQk)QQ (ko+1-k)pg supgp(Bl,k ),
= kez A
which, together with (1 — £)q > pf, implies that, for any A € (0, c0)
I, < (é)qQ—Q(ko—l)(l—f)(l _ Q—Kq’)—q/q’Q(ko-H)ﬁ

ko 1 Qk
% okl(1-0a—p] gy ( B, >

kz_oo keggp D)

-~ ! / Qk
(@ =2yl 0w o (B, ). (33

3), we conclude that, for any given

Letting ¢ := (1 — max{p} /q,1/q}) in (3.
q € (max{p},1},00) and any A € (0, 00),

2k
o1 Ssupyp (B > :
keZ T A

(3.4)

For the case ¢ = oo, notice that, for any k € Z, ||s(a")||r ) < ||s(a”)||e()
), similarly to the estimation of (3.3), we know that, for

Combining this and (3.2
any r € (max{p},1},00), £ € (0,1 — %pgl}) and A € (0, 00),

! / 2k
Ia,l S (1 - 2_£T )—T/T [1 - 2p:£—(1—é)7“] SUpQO(Bl,k, _> .
keZ A
Letting 7 := pf + 1 and ( := (1 — max{-* ++1, +1+1 }) in the above inequality, we
(0, 00),

finally find that, for any A €

(3.5)

2k
Ioz,l 5 sup @(Buka _> .
keZ A

Now we estimate 1,5. For any k € Z, by the definition of a”, we have
{z € Q:s(a")(x) #0} C By

From this, it follows that

Zus ZMS 1Bk7

0<Sfa2
k=ko k=ko

which implies that
{z€Q:s(fan)(@) #0} € | Bor

k=ko
Combining this and the fact that ¢ is of uniformly lower type p_ and of uniformly

upper type p}, we obtain, for any A € (0, 00)
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ko

> 2kot1 > + 2
Ia72 < Z gD(BVk, T) 5 Z 2p<ﬂ('p<BVk, T)

k=k‘0 k:kO

- - 2k 2"
<28 3 ot (B, L) Ssupe(Bu ). (3.6)
= A keZ A
=Ko
From (3.4), (3.5), and (3.6), it follows that, for any a, A € (0,00), (3.1) holds
true, which further implies that [|f|lwrs@ < |Ifllwaees@). Thus, we have
WHZ"*(Q) € WH,(Q). This finishes the proof of step 1.
Step 2: Prove WH(Q) € WHZ"*(S2). To this end, let f € WH (). For any
k € Z and x € €, let

Vi(z) == inf{n € N: s,1(f)(z) > 2*} and  pf = 2"’+1||13Vk | Lo ()

Then (v*)rez is a sequence of nondecreasing stopping times. Moreover, for any
keZandn € Z,, let

k+1 k
e I
n k

if p* # 0;

a

otherwise, let a® := 0. Then we have

fn = Z prak P-ae.

kEZ

Now we claim that, for any k € Z, a* := (af)nez, is a (¢, q)s-atom. Indeed, for
any k € Z, it is clear that a* is a martingale. When v* > n, we can easily see that
a® = 0. Thus, a* satisfies Definition 2.7(i). Similarly to the proof of [37, Theorem
1.4], we know that, for any k € Z.

Hs(ak)HLoo(Q) < ||1Buk ||Z;(Q)

This implies that a” is an L?*(Q)-bounded martingale and hence (a%),ecz, con-
verges in L%(€)) as n — oo. Denoting this limit still by a*, we have that E, (a*) =
af for any n € Z, . Moreover, for any given ¢ € (0,00] and any k € Z,

Hs(ak)Hng(Byk) < ||S(a“k)HLoo(Q) < HlBkaZ;(Q)'

Thus, a* satisfies Definition 2.7(ii) and hence a” is a (i, ¢),-atom. This proves
the above claim. On the other hand, for any k € Z, we have {z € Q : s(f)(z) >
2%} = B, x. From this, it follows that, for any A € (0, c0),

ok ok
ilégg@(Byk, T> = iléggp<{x €Q:s(f)(z) > 2"}, X)
a
< sw o(fre (@) > a} T),

which implies that f € WHZ"*(Q) and [/ f||waees @) < || was o). This finishes
the proof of step 2 and hence of Theorem 3.1. O
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Theorem 3.2. Let ¢ be a Musielak—Orlicz function satisfying Assumption 1.1.
Then WP,(Q) = WHE™M(Q) and WQ,(Q) = WHE™S(Q) with equivalent
qUasINOTMS.

Proof. This proof is just a slight modification of the one given for Theorem 3.1.
Details are provided for the reader’s convenience. We only give the proof for

W P,(2) because the proof for WQ,(£2) is similar.
We first prove W P,(Q) € WHE™M(Q). To this end, let f € W P,(Q). For any
keZ,neNandz e, let

Vi(z) == {n € Zy : Ay(z) > 2¥}, uh =3 2kH]_BkaL<P(Q),

and

. f:;k-kl _ f;ljk

n T

if u¥ # 0; otherwise, let a% := 0, where (\,)nez, € A[WP,](f). Then, using the
same method as that used in the proof of Theorem 3.1, we can prove that, for any
ke Z, |M(a¥)| =@ <15, ||Z;(Q)7 a® is a (i, 00)-atom and ||f||WH:€oo,IW(Q) <

a

£ llw -
Conversely, let f € WH™™M(Q). Then there exist a sequence of (g, 00) -

atoms, {a*}rez, related to stopping times {v*}icz and a positive constant C,
independent of f, such that, for any n € Z,,

Jn= ZOQkHlBuk HLLP(Q)(ZZ P-a.e.
keZ
For any n € Z, let A\, := 3", ., 52k1{x69:yk(x)gn}. Then, by the definition of a*,
we know that (A,),ez, is a nonnegative adapted sequence and, for any n € N
and almost every = € (),

|fa(@)] <D0 C2(15 , llLe@llak L@ peamt @)<n-1y (€) < Ana(2).
keZ

Now we show that ||Aso|lwz, @) S ||f||WHLpt,oo,]M(Q). For any fixed o € (0, 00), let
ko € Z be such that 2% < o < 2K+ Similarly to the estimations of (3.5) and
(3.6) via replacing p*s(a*) by C2¥1p , , we conclude that, for any v € (0, cc),

cp({x €Q: Ao(z) > a},%)

L k ko—1 kot
ggp<{a:e§2: C2"1p x>2°*},—>
k:Z_OO (@) .
° N 2k0+1
+ go({x e: Y 021y, (0) > 2k0—1}, —)
” gl
k=ko

2k
5 Sup@(Bukv _> .
kez Y
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This implies that f € WP,(Q) and || f|lwp, @) < [[Aollwr, ) S ||f||WH:t,oo,M(Q)7
which completes the proof of step 2 and hence of Theorem 3.2. O

Remark 3.3.

(i)

(i)

(iii)

(iv)

For any given p € (0,00), when ¢(z,t) := t? for any x € Q and ¢ €
(0, 00), in this case, Theorem 3.1 with ¢ = oo for Vilenkin martingales was
investigated by Weisz [35, Theorem 1], and then Theorem 3.1 with ¢ = oo
and Theorem 3.2 were obtained by Hou and Ren [14, Theorems 1, 2, and
3]. Observing that Theorem 3.1 includes the g-atomic characterization
of WH(Q2) for any ¢ € (max{p,1},00), Theorem 3.1 generalizes and
improves [35, Theorem 1] and [14, Theorem 1]. Moreover, since ¢ is of
wide generality, we know that Theorem 3.2 generalizes [14, Theorems 2
and 3].

Let ® be an Orlicz function. Theorem 3.1 with ¢ = oo and Theorem 3.2
when @(z,t) := ®(t) for any x € Q and t € (0,00) were obtained by Jiao,
Wu, and Peng [17, Theorems 2.1 and 2.4] under some slightly stronger
assumptions. Indeed, [17, Theorems 2.1 and 2.4] require that ® € G,
for some ¢ € (0,1] and the upper index gp-1 € (0,00) (see (1.2) for its
definition); however, Theorems 3.1 and 3.2 in this case only need ® € G, for
some ¢ € (0,00). Moreover, in Theorem 3.1, ¢ € (max{pg, 1}, 0o is much
more difficult and important than the endpoint case ¢ = oo. Therefore,
Theorems 3.1 and 3.2 generalize and improve [17, Theorems 2.1 and 2.4].
Theorem 3.1 with ¢ = oo and Theorem 3.2 were first proved by Yang
[39, Theorems 3.1, 3.2, and 3.3] under Assumption 1.A. However, Theo-
rems 3.1 and 3.2 only need Assumption 1.1 which is much weaker than
Assumption 1.A. Thus, Theorems 3.1 and 3.2 indeed essentially improve
[39, Theorem 3.1] and [39, Theorems 3.2 and 3.3], respectively.

Let p(-) be a measurable function on € satisfying

0<p :=inf p(x) < p':=supp(x) < cc.
e zeQ

Let ¢(x,t) := t?@) for any x € Q and t € (0,00). Observe that, in this
case, ¢ is of uniformly lower type p~ and of uniformly upper type p™.
From this and Remark 2.6, it follows that Theorems 3.1 and 3.2 give the
atomic characterizations of weak variable martingale Hardy spaces, which
are also new.

Now we establish the atomic characterizations of WH i(Q) and WH 24 (). To
do this, we need an additional notion. The stochastic basis {F,},ez, is said to
be regular if there exists a positive constant R such that, for any n € N,

fn < Rfnaa (3.7)

holds true for any nonnegative martingale (f,)nez, . Clearly, if {F,}nez, is regu-
lar, then any special weight automatically satisfies the condition ST. Moreover, it
was proved in [28, Proposition 6.3.7] that, if {F,},cz, is regular, then any special
weight from A (£2) satisfies the condition S.

The following technical lemma was proved in [38, Lemma 4.7].
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Lemma 3.4. Let w := (wy)nez, € S™ be a special weight. If the stochastic basis
{Fintnez, is regular, then, for any nonnegative adapted process v = (Yn)nez, and
any X € (||l L), 00), there exists a stopping time 7y such that, for anyn € Z.,

sup Yo(x) = M. v(z) <A, VzeQ,

n<r(z)
{zeQ: My(z) >} C{zeQ:n(z) < oo},
and
w({z € Q:7\(z) <oo}) < KRw({z € Q: My(z) > A}),
where K and R are the same as in (2.1) and (3.7), respectively. Moreover, for
any A1, A2 € (0,00) with Ay < Ag, Tr, < T, -

Theorem 3.5. Let g € (0,00), and let p € S~ be a Musielak—Orlicz function sat-
isfying Assumption 1.1. If ¢ € (max{p{, 1}, oc] and the stochastic basis {Fp}nez,
is reqular, then WHi(Q) — WHZ%5(Q) and WH (Q) = WHEPM(Q) with equiv-
alent quasinorms.
Proof. We only prove this theorem for WH i (), because the proof for WH y (Q)
only needs a slight modification. We proceed in two steps.
Step 1: Prove WH:;(Q) C WH%%(Q). To this end, let f € WHi(Q). For any
k € Z and for the nonnegative adapted sequence {S,,(f)}nez,, by Lemma 3.4, we
know that there exists a stopping time v* € T such that
{zeQ:5(f)(z) >2*} C{z e Q:v¥(z) < oo},
S(f)(z) <2F, Vreq, (3.8)
and, for any ¢ € (0, 00),
e({z € Q:1(2) < 0}, t) < KRp({z € Q:S(f)(z) > 2°},1), (3.9)

where K and R are the same as in (2.1) and (3.7), respectively. Moreover, for any
keZ, vk <vktland vk — 0o as k — co. Forany k € Z and n € Z, let

k+1 k
T A i

Mk = 2k:+1||1Byk||L¢(Q) and a, : o
if % # 0; otherwise, let af := 0. Then, for any n € N, f,(z) = ZkeZ:u ak(z) for
almost every = € 2. Now we claim that, for any fixed k € Z, a* := (a¥),ez, is a

(¢, q)s-atom. Indeed, it is clear that (a )nez . is a martingale. Moreover by (3.8),

we know that
2 1% 1%
=Y |dadt P = 2§mdf —d, fP?

neN neN

1 2
= e Z | f 1 {zequk (@) <n<ib+1 (@)}

neN

MMﬂﬁf§<%jY- (3.10)

(k)2 1
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From this, it follows that a” is an L?*(Q2)-bounded martingale and hence (a¥),ez,
converges in L*(€) as n — oo. Denoting its limit still by a*, then E, (a*) = aF.
For any n € Z, and z € {x € Q : v*(z) > n}, by the definition of f**, we know

that a®(x) = 0. Thus, a” satisfies Definition 2.7(i). From (3.10), it follows that

HS(ak’)HLg(Byk) < ||S(ak)HL°°(Q) < HlBukHZi(Q)’

k

which implies that a* satisfies Definition 2.7(ii) and hence a” is a (y, ¢)s-atom.

This proves the above claim.
Now we show that f € WHZ%%(Q). From (3.9), we deduce that, for any k € Z
and A € (0, 00),

k

go(Bl,k, 2—) < RK<p<{a? €Q:S(f)(z) > 2}, 2;)

A
< RK sup gp({x €eQ:5(f)(z) > a},%).

a€e(0,00)
This implies that
||f||WHft’q’S(Q) 5 ||f||WH§(Q)7

which completes the proof of step 1.
Step 2: Prove WHZ®(Q) C WHg(Q) To prove this, let f € WHZ(Q).
Then there exists a sequence of triples, {u*, a*, ¥} ez, such that

f= Zukak a.e.,

keZ

where {a*}rcz are (i, q)s-atoms, {v*},cz are the stopping times associated with
{a*}rez, pF = 52k|’1Byk||Ls@(Q) for any k € Z, and C is a positive constant
independent of f.

Now we prove that f € WH:Z(Q). For any fixed a € (0, 00), let ky € Z be such
that 2% < o < 2%+ Then by arguments similar to those used in the estimations
of (3.4), (3.5), and (3.6), we find that, for any A € (0, 00),

go({x €eQ:S(f)(z) > a}, %)

< gp({x € :()Z:;ukS(ak)(x) > 2k°_1}, 2k§\+1>
+ g&({x SRY) ’:z%ukS(ak)(x) > 21@0—1}’ k;+1>
Sqe(a ),

which implies that ||f||WH§(Q) < ||f||WH¢t,q,s(Q) and hence f € WHg(Q). This
finishes the proof of Theorem 3.5. O
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Remark 3.6.

(i) Let ® be an Orlicz function. Theorem 3.5 with ¢ = oo, when ¢(z,t) :=
O(t) for any z € Q and t € (0,00), was proved by Jiao, Wu, and Peng in
[17, Theorem 2.3] under the regularity assumption and the assumptions
that ® € G, for some ¢ € (0,1] and the upper index gp-1 € (0, 00).
However, Theorem 3.5, in this case, only needs ® € G, for some ¢ €
(0,00) and the regularity condition. Moreover, Theorem 3.5 includes the
g-atomic characterizations for any ¢ € (max{p},1},oo]. Thus, Theorem
3.5 generalizes and improves [17, Theorem 2.3].

(ii) Let p € (0,00), and let w be a special weight. If p(z,t) := w(x)t? for any
r € Q and t € (0,00), then Theorems 3.1, 3.2, and 3.5 give the atomic
characterizations of weak weighted martingale Hardy spaces, which are
also new.

4. Boundedness of o-sublinear operators

In this section, we first obtain the boundedness of o-sublinear operators from
WH? () (vesp., WH ) (Q), WH(Q), WP,(2), or WQ,()) to WL,(2), and then
clarify relations among these weak martingale Musielak—Orlicz Hardy spaces.

Theorem 4.1. Let ¢ be a Musielak—Orlicz function satisfying Assumption 1.1,
and let T : WH;(Q) — L°(Q) be a o-sublinear operator satisfying Assumption
1.2(i). If there exists a positive constant C' such that, for any (v, 00)s-atom a and
any t € (0,00),

e({z € Q:|T(a)(z)] > 0},t) < Cop(B,,1), (4.1)

where v is the stopping time associated with a, then there exists a positive constant

C such that, for any f € WH? (€2),

1T fllwep) < Clfllwas @) (4.2)

Proof. Let f € WH(S2). By step 2 of the proof of Theorem 3.1, we know
that there exists a sequence of (i, 00)s-atoms {a*}iez, related to stopping times
{v*} ez, such that, for any A € (0, 00),

f= Zukak a.e.

ke
and
2k a
supgp(BVk, —> < sup go({x € Q:s(f)(z) > a}, —),
keZ A a€(0,00) A
where p* = 52k||1Byk”ch(Q) for any £ € Z and Cis a positive constant inde-

pendent of f. Thus, in order to prove (4.2), we only need to prove that, for any
a € (0,00) and A € (0, 00),

go({xEQ: ‘T(f)(x)‘ >a},§> giléggﬁ(Byk,Q—;>. (4.3)
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For any fixed o € (0,00), let ky € Z be such that 2% < o < 2%*! Then, from
the definition of 7', it follows that, for any A € (0, 00),

gp({x €0: |T(f)(x)| > a}, %)

Se({ree: ¥ wiraw|>5}.5)
+<,0<{$ c0: f: | T (a¥) ()| > %}’ %)

k=Fko
ko—1 I 2ko+1
so({zeqs 2 W@ > 2 b o)
0 - 2k0+1
+90<{x69:kz];/ﬁ|T(ak)(x)‘>2k° 1}, By )
=ko

= Il —+ IQ.
Thus, to show (4.3), we only need to estimate I; and Iy, respectively.
To estimate I;, we consider two cases.
Case 1: q¢ € (1,00) N (p},00). In this case, for any £ € (0,1 — p—“") by the

Holder inequality, the fact that S0 " k4" = o(ko=1)td' (1 — 9=44')=1 the mono-
tone convergence theorem, and the boundedness of 7', we know that, for any
A€ (0,00),

ko—1

<1 k k q 2ko+1
L S Q(ko_l)q/ﬂ[kz 2 ‘T(G )(ZL‘)H ¢<$,T> dP
1 ko—1 q
< keg' \ ¢
~ 2(k0*1)q( Z 2 )
k=—00
-« ke q 2ko+1
<[ 3D 2T o) () ap
Qk*—oo
ko—1
< 2_Q(k0—1)(1—z)(1 o 2—Zq’)_q/q/ Z 2—k€q<ﬂk)q
k=—o00

X /Q‘s(ak)(x)}qgo(x, ?) dP.

From this, ¢(1 — ¢) > p and the fact that, for any k € Z, a® is a (i, 00)s-atom,
we deduce that, for any A € (0, 00),

I, < 2*(1(’6071)(1*5)(1 _ Qféq/)fq/q’

ko—1

—klq/ K 2hot!
<30 2|50 [, 0 (Bt )

k=—o00
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< 2*(1(’6071)(1*5)(1 _ Q*Zq’)fq/q’

ko—1

2k
% 2—k€q2k’q2(k0+1—k)p$ <B —>
kzzoo 2 vk h\
/ / + Qk
< (1 —27%)=9/d ] — gre—1-09) supgo(Bl,k, —)
kel A
Letting ¢ : %( — %) in the above inequality, we conclude that, for any \ €
(0,00),
2k
I < supgo(Bl,k, —) (4.4)
kel A

Case 2: q € (0,1] N (p},00). From the boundedness of 7" and the uniformly
upper type p; property of ¢, it follows that, for any A € (0, 00),

ko—1

1 k ) a Qhot!
b Sgwo—n/ﬂ[kz #H T a) 90(“””’ )
’fO 1 ko+1
1 2 0
< -
ko—1 ko+1
1 . 9ko
< 2(k0 1)q z : H ” oo ( (BV’“’ A )
ko—1 k
1 4 2
< __* kao(ko+1-k)pE ( _)
~ lo—Da k:ZOOQ 2 sup (B
2k
~ Sup gp(Byk, —> (4.5)
kez A

Now we estimate I5. Clearly,

{xEQ ZM‘T >2kO 1}

k;ko

CU{JSEQ |>O}

k=ko

Combining this, (4.1) and the fact that ¢ is of uniformly lower type p and of
uniformly upper type p}, we find that, for any A € (0, c0),

IQNZ ({ze0:|T@ )(m)|>0},¢>

k=ko
o k 2k

4 2ko - - 2
S) 2Pe Z ()0<Buk7 T) ,S Z Q(ko k)pLPSO(BV’“u X) 5 SupQO(Byk, X)u

k=ko k=kg keZ
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which, together with (4.4) and (4.5), further implies that (4.3) holds true. This
finishes the proof of Theorem 4.1. O

Using Theorems 3.2 and 3.5, we can also show that the o-sublinear operator T’
is bounded from W P,(Q) (resp., WQ,(S2), WH3(Q), or WHY (Q)) to WL,(2).
The proofs are similar to that of Theorem 4.1. We omit the details.

Theorem 4.2. Let ¢ be a Musielak—Orlicz function satisfying Assumption 1.1,
and let T : WQ,(Q) — L%Q) (resp., T : WP,(Q) — L°(Q)) be a o-sublinear
operator satisfying Assumption 1.2(ii) (resp., Assumption 1.2(iii)). If there exists
a positive constant C' such that, for any (p, 00)g-atom (resp., (p,00)r-atom) a
and any t € (0, 00),

p({x € Q:|T(a)(x)| > 0},t) < Co(B,,1), (4.6)

where v is the stopping time associated with a, then there exists a positive constant
C' such that, for any f € WQ,(Q) (resp., f € WP,(2)),

ITfllwe,@) < Cllfllwao  [resp 1T fllweo@ < Cllfllwe,@)]-

Theorem 4.3. Let ¢ € ST be a Musielak—Orlicz function satisfying Assump-
tion 1.1, and let T : WHi\f(Q) — LY(Q) (resp., T : WHg(Q) — L%)) be a
o-sublinear operator satisfying Assumption 1.2(ii) (resp., Assumption 1.2(iii)).
If the stochastic basis {F,}nez, s reqular and there exists a positive constant C
such that, for any (p,00)s-atom (resp., (¢, 00)p-atom) a and any t € (0, 00),

go({x cO: ‘T(a)(:c)| > O},t) < Cp(By,t),

where v is the stopping time associated with a, then there exists a positive constant

C' such that, for any f € WH?(Q) (resp., [ € WH:Z(Q)),

ITfllwe) < Cllflwrny  [resp- ITfllwep@) < Cllflwes@]-

Remark 4.4.

(i) For any given p € (0,00), when ¢(z,t) :=t? for any 2 € Q and ¢ € (0, 00),
Theorem 4.1 for Vilenkin martingales was originally obtained by Weisz
[35, Theorem 2|. Then Theorems 4.1 and 4.2, in this case, were proved by
Hou and Ren [14, Theorems 4, 5, and 6]. Observe that the assumptions
of Theorem 4.1 in this case are weaker than those of [14, Theorem 4].
Indeed, the assumptions of [14, Theorem 4] require that 7" be bounded on
L1(Q) for some ¢ € [1,2] N (p,00) and that (4.1) holds true in this case.
Therefore, to prove our claim, we only need to show that the boundedness
of T on L%(2) for some ¢ € [1,2] N (p,o00) implies the boundedness of T'
from H(€2) to LI(§2). This follows immediately from the well-known fact
that, for any f € L%(Q) with g € (0,2] (see [34, Theorem 2.11(i)]),

1/l oy < CI /]

where C' is a positive constant independent of f. Similarly, we can also
deduce that the assumptions of Theorem 4.2 in this case are weaker than
those of [14, Theorems 5 and 6]. Thus, Theorems 4.1 and 4.2 generalize
and improve [14, Theorem 4] and [14, Theorems 5 and 6], respectively.

Hg(Q)7
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(ii) Let @ be an Orlicz function. Theorems 4.1 and 4.2 when ¢(z,t) := ®(¢)
for any = € Q and t € (0, 00) were proved by Jiao, Wu, and Peng in [17,
Theorem 3.1 and Remark 3.2] under the assumptions that ® € G, for some
¢ € (0,1], pg-1 € (1,00) and gg-1 € (0,00) (see (1.2) for the definitions of
pe-1 and gg-1). However, on the assumption on ®, Theorems 4.1 and 4.2
in this case only need that ® € G, for some ¢ € (0, 00). Thus, in this sense,
Theorems 4.1 and 4.2 essentially improve and generalize [17, Theorem 3.1
and Remark 3.2], respectively.

(iii) Replacing Assumption 1.2 by Assumption 1.B, Yang [39, Theorems 4.2,
4.3, and 4.4] also proved Theorems 4.1 and 4.2. Clearly, Assumption 1.2 is
quite weaker than Assumption 1.B. Thus, Theorems 4.1 and 4.2 essentially
improve [39, Theorem 4.2] and [39, Theorems 4.3 and 4.4], respectively.
In particular, Theorem 4.3 is new.

(iv) Recall that, in [35, Theorem 2| and [14, Theorems 4, 5, and 6], it was
proved that the o-sublinear operator 7', originally defined on LP(€2) for
some p € [1,2], is bounded from WH?(Q) (or WP,(2) or WQ,()) to
WLP(QY). These results might be problematic because LP(€2) is not dense
in WLF(Q2) (or WP,(Q2) or WQ,(2)) and hence T cannot automatically
extend to the whole WLF(Q) (or WP,(2) or WQ,(2)). The same gap
appears in very recent articles [17, Theorem 3.1 and Remark 3.2], [39,
Theorems 4.2, 4.3, and 4.4], and [41, Theorems 4.1 and 4.3]. (We thank
the referee for reminding us of this gap.)

(v) Let p € (0,00), and let w be a special weight. If, for any = € Q and
t € (0,00),

o(x,t) = w(x)t?,
then Theorems 4.1, 4.2, and 4.3 give the boundedness of o-sublinear oper-

ators from weak weighted martingale Hardy spaces to weak weighted
Lebesgue spaces, which are also new.

The following weighted martingale inequalities come from Bonami and Lépingle
[6, Theoréme 1] and Long [28, Remark 6.6.12, Theorems 6.6.11 and 6.6.12].

Theorem 4.5. Let w be a special weight.

(i) Ifw € A(2)NS(Q) and p € [1,00), then there exists a positive constant
C such that, for any f € H)(Q,wdP),

1
5||f||HgI(Q,w ) < || fll s @uwapy < Cll fllay . ap)- (4.7)

(ii) Ifw € ST(Q) and p € [2,00), then there exists a positive constant C such
that, for any f € Hy(Q,wdP),

I.f]

(iii) If w € ST(Q) and p € (0,2], then there exists a positive constant C' such
that, for any f € H (2, wdP),

1 | ezs w apy < C f]

my@wdp) < Cllf 50w ap)- (4.8)

Hy(Q,w dP)- (4.9)
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(iv) If w € Ao (2) NS(R2) and p € (0,2], then there exists a positive constant
C such that, for any f € Hy(Q,w dP),

[ et apy < Cl I 30,0 a)- (4.10)

Theorem 4.6. Let ¢ be a Musielak—Orlicz function satisfying Assumption 1.1.

(i) If ¢ € ST(Q2) and pj € (0,2), then there exists a positive constant C' such
that, for any f € WH?(Q),

1 lwas@y < Clflwag@)- (4.11)
(ii) If p € A(Q) NS(Q) and pf € (0,2), then there exists a positive constant

C such that, for any f € WH (§2),
1w ) < Clflwas - (4.12)
(ili) There exists a positive constant C such that, for any f € WP,() (resp.,
feWwQu()),
Il wrs@) < Clflwe.  (resp, [ fllwase < Cllfllwe.@)- (4.13)

(iv) If ¢ € A(2) N'S(R2), then there exists a positive constant C' such that,
for any f € WP,(Q) (resp., f € WQ,(Q)),

I lwasy < Clfllwe. and  |[fllwas@) < Cllfllwe@
(TGSP-; ||f||WH{y(Q) < C||f||WQ¢(Q))' (4.14)
(v) If ¢ € ST(Q), then there exists a positive constant C' such that, for any
f e WQe(),
[ fllwas @) < Cllfllwe,@)- (4.15)

(vi) If ¢ € A (2)NS(Q) and p € (0,2), then there exists a positive constant
C' such that, for any f € WQ,(Q),

1
clflwe.@ < Iflwr.@ < Cllfllwa,«- (4.16)
Moreover, if {Fn}nez, is reqular and ¢ € A (), then
WIT(Q) = WHY(Q) = WHE(Q) = WP,(Q) = WQ,(Q).

Proof. In order to prove (4.11) and (4.12), we use Theorem 4.1 with the operator
T := S or M. From Definition 2.7(i), it follows that, for any (¢, q)s-atom a,

0< 1{:069:1/(:(3):00} [S(a)} ? = 1{1:6(2:1/(x):oo} Z |dna|2

neN

neN

which implies that {x € Q : S(f)(x) > 0} C B, and hence the operator S satisfies
(4.1). Clearly, the Doob maximal operator M also satisfies (4.1). By this, (4.9),
(4.10), and Theorem 4.1, we obtain (4.11) and (4.12).
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Inequalities (4.13) follow immediately from the definitions of WF,(£2) and
WQ,(£2). To prove inequalities (4.14) and (4.15), we apply Theorem 4.2, respec-
tively, to the operator T' = S, M or s. Observe that operators M, S, and s all
satisfy the condition (4.6). From (4.7) and (4.8), it follows that, for any ¢ € [2, 00)
and t € (0, 00),

s HY (Q, (-, 1) dP) — LY(Q,¢(-,1))
is bounded. Combining this, (4.7), (4.8), and Theorem 4.2, we obtain (4.14) and
(4.15).

To show inequalities (4.16), let f € WQ,(€2). For any € € (0, 00), there exists

an adapted process {)\7(11)}7162+ € A[WQ,|(f) such that, for any n € N,

Su(H <ML and AP wraw) < [ fllweaw + &
By this, we find that, for any n € N,
[Fal < Mo () + daf| € Moca(F) + SulF) < Muca () + 2
Combining this and (4.14), we know that
1 llwra) S I lwasre) + 1AL lwrp@) S 1 llwe,@ + e

which, together with letting ¢ — 0, implies that || f|lwp,) S |Ifllwe.@ and
[ € WP,(). Moreover, for any € € (0,00), there exists an adapted process

{)\512)},16@ € A[WP,|(f) such that, for any n € N,
Fl A2 and A2l weg) S If lweae +e,
which implies that, for any n € N,
SulF) < Suca(f) + ldaf] < Suca(F) +207.
From this and (4.14), it follows that
1flweu@ S I lwrs@ + MOl wea@) S 1 fllwea) + ¢

and hence, by letting ¢ — 0, || fllwo.) S |Ifllwp, ). Thus, we conclude that
the inequalities (4.16) hold true.

Finally, assume that {F, }nez, is regular. From this and ¢ € A(Q), it follows
that ¢ € S (see [28, Proposition 6.3.7]). Then, by Theorems 3.2 and 3.5, we have

WQu(Q) = WHI(Q) and  WP,(Q) = WHY(Q).
Combining this and (4.14), we know that
WQ,(Q) = WH(Q) = WHY (Q) = WP,(Q) C WHE(Q).

Thus, to complete the proof of this theorem, we only need to show WH? (€2) C
WH?S(S). By the regularity and [34, Lemma 2.18], we have |d,, f[* < E,—1(|d. f]?)
for any n € N. From this, it follows that S(f) < s(f) and hence

HfHWH;j(Q) 5 HfHWHj,(Q)

Thus, WH (2) € WH i (), which completes the proof of Theorem 4.6. O]
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Remark 4.7.

(i) For any given p € (0,00), if ¢(x,t) := t? for any x € Q and t € (0, 00),
then Theorem 4.6 in this case coincides with [14, Theorem 7].

(ii) Let ® be an Orlicz function. Theorem 4.6 when @(z,t) := ®(t) for any
r € Qand t € (0,00) was proved by Jiao, Wu, and Peng in [17, Theorem
3.3] under some slightly stronger assumptions. Indeed, [17, Theorem 3.3]
needs the condition that ® be of lower type pg for some pg € (0, 1] and of
upper type ps := 1, and gg-1 € (0,00). However, the conclusions (4.11),
(4.12), and (4.16) of Theorem 4.6 only need pj € (0,2). Thus, Theorem
4.6 essentially generalizes and improves [17, Theorem 3.3].

(iii) Under Assumption 1.B, Yang [39, Theorem 4.5] also proved the martingale
inequalities among spaces WHQ/[(Q), WHg(Q), WH? (), WP,(Q), and
WQ,(£2). By Assumption 1.B and Remark 2.2(iii), we know that Theorem
4.6 essentially improves [39, Theorem 4.5].

(iv) Similarly to the discussion of Remark 4.4(iv), Theorem 4.6 is also new on
weak weighted martingale (Orlicz) Hardy spaces.

5. Convergence theorems

In this section, we obtain bounded convergence theorems and dominated con-
vergence theorems on weak Musielak-Orlicz spaces WL, (€2). We begin with the
following notion of the absolute continuity of the weak Musielak—Orlicz norm (see
also the monograph [4] of Bennett and Sharpley for more details on the absolute
continuity of Banach function norms).

Definition 5.1. Let ¢ be a Musielak-Orlicz function. A function f in WL,(Q) is

said to have absolutely continuous quasinorm if
Tim || 1 peaip@)>ny Wi = 0.

But, not every function in WL,(Q2) has absolutely continuous quasinorm even
when ¢ satisfies Assumption 1.1. For example, let 2 := (0,1], and let P be
the Lebesgue measure. For any given p € (0,00) and any = € (0,1] and ¢ €
(0,00), let p(z,t) = t? and f(x) := a (see, e.g., [27, Example 2.5]). Via
a simple calculation, we know that || f|wz, ) = 1 and that ¢ is of uniformly
lower type p and of uniformly upper type p. However, for any n € N, we have
| fL{zeq:f@)>n}llwi,@) = 1. Thus, f has no absolutely continuous quasinorm.

Definition 5.2. Let ¢ be a Musielak—Orlicz function. The absolutely continuous
part of the weak Musielak—Orlicz space W L, () is defined as follows:

WL(Q) = {f € WLo(Q) : T [| 1 zequis@>n [ wi,@ = 0}

The proof of the following lemma is similar to that of [4, Theorem 3.8]. For the
convenience of the reader, we give some details here.

Lemma 5.3. Let ¢ be a Musielak—Orlicz function with uniformly upper type p;
for some p; € (0,00).
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(i) For any measurable functions g € WL,(2) and h € WL,(Q), if |g| is
pointwise P-a.e. bounded by |h|, then g € WL,(L).
(ii) If g, h € WL,(Q), then, for any complex numbers c; and ¢z, ¢19 + coh €
WL,().
(i) If {gntnen C WLL(Q) and there exists a measurable function g such that
llmn*)m Hgn — g’|WL¢(Q) = 0, then g € W;Cw(Q)

Proof. 1t is clear that (i) and (ii) hold true. Now we prove (iii). For any fixed
€ (0,00), by the condition that lim,_,« ||g» — gl wz, @) = 0, we know that there
exists a positive integer Ny such that, for any n € NN (Ny, 00),

lgn — gllwr, @) <€ (5.1)

Moreover, for any fixed ng € NN (Ny, 00), since g,, € WL,(Q2), we find that there
exists a positive integer kg such that

G0 L {ze|gn, ()5 ko} | WL (@) < € (5.2)

Combining this and the definition of WL,(2), we conclude that

sup / gp(:l:, g) dP < 1.
€(0,00) /{2 €S%|gng ()| >} @€ gng ()| >ko} <

From this, it follows that

sup / go(x, g) dP < 1. (5.3)
a€(ko,00) J{z€Q:|gn, ()| >a} €

On the other hand, since ng € NN (Ny, 00), from (5.1), it follows that

k
/ go(x, —O> dP
{2€Q:|gng (x)—g(x)|>ko} €

< sup / o(e,2) P <1,
a€(0,00) J{z€Q:|gng (x)—g(z)|>a} €

which, together with (5.3), implies that, for any & € NN (2ko, 00),

(6%
sup / gp(m, —) dP
a€(0,00) J {2€D: gng () |> AN {2ED: gng (2)—g(w)|>/2} €

(0%
gmax{ sup / 90(377—> dP,
a€(0,ko] J {2 €| gng (2)—g(2)|>k/2} <

sup / go(a:,g) d]P’}
a€(ko,00) J{z€Q:|gn, (z)|>a} €
ko

< max{/ gp(a:, —) dP, 1} <1
{z€Q:[gng (z)—g(x)[>ko} <

By this and the definition of WL, (2), we find that, for any & € NN (2ko, 00),

1910 Liwe|gny (2)—g(2)>k/23 Wi @) < €
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Combining this, Remark 2.2(i), (5.1), and (5.2), we conclude that, for any k €
NN <2k0, OO),

||91{w69:|g(z)l>k}|| WL, () S gne — 4l WL, (Q) T Hgn01{$€§2:\gn0(x)|>k/2}H WL, ()
+ 1[9n0 Lweuigny (@) —g(@)>k/2} WL, (@)
Se.

Thus, we have limy . |91 {ze0ig(@) >k} || Wi, = 0, which completes the proof of
(iii) and hence of Lemma 5.3. O

Remark 5.4. Let ¢ be a Musielak—Orlicz function with uniformly upper type p;’j
for some pf € (0,00). From Lemma 5.3, we deduce that WL, () is a closed
subspace of WL,(€2).

The following lemma is just [23, Lemma 3.3(ii)].

Lemma 5.5. Let ¢ be a Musielak—Orlicz function satisfying Assumption 1.1.
Then, for any f € WL,(Q) satisfying || f| wr,) # 0,

sup gp({x €Q:|f(z)] > a},m) =1

a€e(0,00)

For any measurable function f, let

po(f) = s(tép )(p({x €N ‘f(:c)| > al,a).
ac (0,00
Lemma 5.6. Let ¢ be a Musielak—Orlicz function satisfying Assumption 1.1.
Then, for any measurable functions {hy fnen, imy oo || Pnllwr, @) = 0 if and only
if imy, 00 py(hy) = 0.

Proof. If lim, o ||hn|| wi, ) = 0, then, for any fixed ¢ € (0,1), there exists a
positive integer Ny € N such that, for any n € NN (Ny, 00), ||hnllwr, @) < €.
From this, Lemma 5.5 and the fact that ¢ is of uniformly lower type p_, we
deduce that, for any n € NN (Ny, 00),

pe(hn) S [hallwo, @] sup / s@(:c, L) dP < ePe.
a€(0,00) J {2€ hn (2) >0} 1Pl w2
This implies that lim,_, p,(hn) = 0.

Conversely, if lim, o ||An||wr, @) = 0 is not true, then there exist a constant
g0 € (0,1) and a sequence {hy, }ren of measurable functions such that, for any
k € N, [|hn,||wr,@) > 0. Combining this, Lemma 5.5 and the uniformly upper
type p;‘j property of ¢, we find that, for any k € N,

1< sup go({xEQ: |, ()| >0¢},g)
a€(0,00) €o
+

Sep”” sup o({z € Q:|hy, (2)| > a},a),
a€e(0,00)

which implies that, for any k € N, p,(hy,,) 2 518; This contradicts
lim py,(h,) = 0.

n—o0
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Thus, we have
nll_>Holo ||hnH WL,(Q) = 0,
which completes the proof of Lemma 5.6. |

Remark 5.7. Let ¢ be a Musielak—Orlicz function. Since sup;e g o) Jo ez, t)dP <

00, it follows that, for any ¢ € (0, 00), dP, = ©(+,t)dP is a finite measure on
(Q, F,P). Now we claim that, for any F' € F and t € (0, 00),

Py(F) =0 < P(F) = 0.

To show this, it suffices to prove that, for any t € (0, c0), I@(F) = 0 for some F €
F implies that P(F) = 0. Indeed, for any ¢t € (0,00), 0 = P,(F) = [ ¢(-,t) dP.
From this and the fact that (-, ) is strictly positive, we deduce that P(F') = 0.

This proves the above claim.
We now state the following bounded convergence theorem.

Theorem 5.8. Let ¢ be a Musielak—Orlicz function satisfying Assumption 1.1.
Let h be a measurable function on 2, and let {h,}nen C WL,(2) be a sequence
of measurable functions such that h, converges to h almost everywhere on )
as n — oo. If there exists a positive constant M such that, for any n € N,
|hn(z)| < M for almost every x € ), then

lim ||hn - h||WL¢(Q) = 0.
n—r00

Proof. For any fixed ¢ € (0, 00), let

T
:= min s
2C 0l Dl e 2

here and thereafter, C(p;) is the positive constant same as in (1.1). For any n € N|
we have

polhn —h) = sup

/ o(z, a) dP
a€(0,00) J{zeQ:|hn (z)—h(z)|>a}

= max{ sup o(x,a) dP,

a€(0,4] /{er:hn(x)—h(a:)|>a}

sup oz, a) dIP’}

a€(d,00) /{zGQ:|hn(m)—h(m)|>a}
=: max{J, 1, Jno}

We first estimate J,, 1. By the uniformly lower type p, property of ¢, we know
that, for any n € N,

o1 < / o(x,d)dP < C’(p;)(Sp; / o(z,1)dP < e. (5.4)
Q Q

Now we estimate J,, 2. Since, for any n € N, |h,| is pointwise P-a.e. bounded by
M and h,, converges P-a.e. to h as n — oo, we know that |h| is pointwise P-a.e.
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bounded by M. From this, we deduce that, for any n € N,

Jn2 < sup / o(z, [ha(z) — h(x)‘) dP
a€(8,00) J{z€Q:|hn(z)—h(x)|>a}
<o({z eQ: |h(x) — h(z)| > 6}, 2M). (5.5)

Moreover, there exists a measurable set £ € F such that P(F) =0 and h,, — h

on E as n — oo. From this and Remark 5.7, it follows that Py (E) = 0 and

@(Q) < 0o. Then we have that h,, converges to h in measure Py; that is, for
every o € (0,00),

lim o({z € Q: |h,(2) — h(z)| > 0},2M) = 0.

n—00

Combining this and (5.5), we find that there exists a positive integer Ny such
that, for any n € NN (Ny, 00), J,2 < &, which, together with (5.4), implies that,
for any n € NN (Ng, 00), pyo(hy, — h) < €. By this and the arbitrariness of ¢, we
find that

lim p,(h, —h) = 0.

n—oo

From this and Lemma 5.6, it follows that lim, o ||hn — hlwz, ) = 0, which
completes the proof of Theorem 5.8. O

Finally, we establish the following dominated convergence theorem.

Theorem 5.9. Let ¢ be a Musielak—Orlicz function satisfying Assumption 1.1.
Let {hy }nen be a sequence of measurable functions that converges P-a.e. to a mea-
surable function h. Suppose that there exists a measurable function g € WL,(2)
such that |hy| is pointwise P-a.e. bounded by g for any n € N. Then

lim ||hn - h||WL¢(Q) =0.
n—00

Proof. For any € € (0,00), since ¢ € WL,(2), we deduce that there exists a
positive integer Ny such that

191 {oe0iig@)>No} Wi, () <€

Combining this, Remark 2.2(i) and the fact that {h, },en converges P-a.e. to h
as n — 00, we obtain

[[(hn = W)L aeaig@)>No | wr,, ) < 1291 entg@i>mallwe @ Se. (5.6)

On the other hand, notice that |h,(z)| < Ny for P-almost every z € {x €

Q:|g(z)| < No}. Then, by Remark 2.2(i) and Theorem 5.8, we know that there
exists a positive integer N such that, for any n € NN (N, 00),

[ (P = W) zearigmi<not| wLe@) <&
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From this, (5.6) and Remark 2.2(i), it follows that, for any n € NN (N, 00),

| — h||WL¢(Q) S H(hn - h)l{xeﬂilg(w)b%}H WL, ()
+{[(hn = ) eaig@i<no | wr, @)

Se.
By this and the arbitrariness of ¢, we have lim,_, ||hn — h||wr, @) = 0. This
finishes the proof of Theorem 5.9. OJ
Remark 5.10.
(i) Let ¢ be a Musielak—Orlicz function satisfying Assumption 1.1. We then
let
WH(Q) = {f = (fu)nez, € M :s(f) € WL,(Q)},
WHS(Q) = {f = (fadnez, € M : S(f) € WL(Q)},
and
W%M {f fn neEZy € M M(f) € W‘CSD(Q)}

From Remark 5.4 and the sublinearity of the operator s, we deduce
that WH?(Q2) is a closed subspace of WH (2). Similarly, W’HQE(Q) and
WH) () are the closed subspaces of WH i(Q) and WH 3,4 (), respec-
tively.

If f e WH(Q) C WH(Q), then, by Theorem 3.1, we have f €
WH£,%°(€)). Thus, there exists a sequence of triples, {u*, a* Vk}kez;, such

that f = ZkeZ u"’a"“’ P-a.e. Now we claim that the sum Y& z*a* con-
verges to f in WH (§2) as m — —oo and £ — oo. Indeed, for any m, ¢ € Z
with m < £, we have

V4
T e A

k=m

and

[s(f = )7 = [s(H]* = [s(F7H]" (5.7)

Thus, we obtain s(f — f*"") < s(f) and s(f*") < s(f). From this, (5.7),
the fact that, for P-almost every x € ,
lim s(f — 7)) =0,  lim s(f"")(x)=0

f—00 m——o00

and Theorem 5.9, we deduce that

PP i REE PP

Combining this, Remark 2.2(i) and the sublinearity of the operator s, we
complete the proof of the claim.
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(ii) Let ¢ be as in Theorem 3.5, and let f € WHS(Q) (resp., WHY(Q)).
Analogously to (i) of this remark, from Theorem 5.9, we deduce that, in
step 1 of the proof of Theorem 3.5, the sum Zf;:m pFak converges to f in
WH () (resp., WHg(Q)) as m — —oo and ¢ — oo, which may be of
independent interest.
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