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ABSTRACT. Let A, B be positive semidefinite nxn matrices, and let « € (0, 1).
We show that if f is an increasing submultiplicative function on [0, c0) with
£(0) = 0 such that f(t) and f2(t'/?) are convex, then

I GABNII® < £*( a—agyre) (s ) + (L= 0y B))

< [l[((1 = ) f(4) + afB) )

for every unitarily invariant norm. Moreover, if a € [0,1] and X is an n x n
matrix with X # 0, then

!Hf |AXB|)H|2
FUX1)

=X [laf?(A)X + (1 = a)XFAB)][|[|(1 — ) F2(A) X + aX f2(B)]]

for every unitarily invariant norm. These inequalities present generalizations
of recent results of Zou and Jiang and of Audenaert.

1. Introduction

Let M,,(C) be the algebra of all n x n complex matrices. For A € M,,(C), let
A(A), ..., An(A) be the eigenvalues of A repeated according to multiplicity. The
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singular values of A, denoted by s1(A),...,s,(A) are the eigenvalues of |A| =
(A*A)'/? arranged in decreasing order and repeated according to multiplicity.

A matrix norm ||| - ||| on M, (C) is said to be unitarily invariant if ||[UAV]|| =
I|A]|| for every A € M,,(C) and all unitary matrices U,V € M,,(C). A unitarily
invariant norm is a symmetric gauge function of the singular values of the matrix;
that is, |||Al|| = ®(s(A)), where ® is a symmetric gauge function defined on R".

A useful property of unitarily invariant norms says that ||| ABC||| <||A||||B]|| x
|C|| for all matrices A, B,C € M, (C). Here, || - || denotes the spectral (or the
usual operator) norm. (For basic properties of unitarily invariant norms, we refer
to [6], [12], or [15].)

Let x = (x1,...,2,) € R", and arrange the components of x in decreasing
order such that =+ = (z1,...,z%), where &t > --- >zt For = (1,...,x,) and
y=(y1,-.-,yn) € R" we say that x is weakly majorized by y, written as x <, v,
ifozlxj < Zleyj, k=1,...,n.

It was shown in [10] that if A, B € M,,(C) are positive semidefinite, then

4Bl < llia + By (11)

for every unitarily invariant norm. Recently, Zou and Jiang [20] obtained a natural
generalization of the inequality (1.1). They showed that if A, B € M, (C) are
positive semidefinite and « € (0, 1), then

I|AB|2 3 (e + (1= a)B)|||[[[((1 —a)A+aB)|||  (1.2)

< -
~ da(l -

for every unitarily invariant norm.
The arithmetic-geometric mean inequality for unitarily invariant norms (see
[9]) asserts that if A, B € M,,(C) are positive semidefinite, then

1
IABII < 51ll4* + B2l (1.3)

for every unitarily invariant norm. A generalization of (1.3) (see, e.g., [2], [7], [18])
asserts that if A, B, X € M, (C) such that A and B are positive semidefinite, then

1
IAX Bl < Slll4°X + X B| (1.4)

for every unitarily invariant norm.
The Cauchy—Schwarz inequality for unitarily invariant norms (see [16]) asserts
that if A, B € M,,(C) are positive semidefinite, then

ABI[* < (1A% 22 (1.5)

for every unitarily invariant norm. A generalization of (1.5) (see, e.g., [8]) asserts
that if A, B, X € M,,(C) such that A and B are positive semidefinite, then

IAXB([* < [lAX[l[Ilx B2 (1.6)

for every unitarily invariant norm. (For more details about the Cauchy—Schwarz
inequality, we refer to [14] and [17].)
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Recently, Audenaert [4] showed that if A, B € M, (C) are positive semidefinite
and a € [0,1], then

[IAB|I” < [[|aA® + (1 — ) B?||||||(1 — a) A% + aB?|]] (L.7)

for every unitarily invariant norm. The inequality (1.7) interpolates between the
inequalities (1.3) and (1.5). In fact, letting o = 1/2, we obtain (1.3), but letting
a=0or a =1, we obtain (1.5).

A generalization of (1.7) was recently obtained in [20]. The authors showed
that if A, B, X € M,,(C) such that A, B are positive semidefinite and « € [0, 1],
then

I[AX B> < |||ed?X + (1 — ) X B?|]||||(1 — ) A’X + aX B?||| (1.8)

for every unitarily invariant norm, which interpolates between the inequalities
(1.4) and (1.6). A refinement of (1.8) for the Hilbert—Schmidt norm was recently

given in [3]. (For related interpolating inequalities, the reader is referred to [1],
[5], [13], and [19].)

In this article, we give interpolating norm inequalities for functions of matrices.
In Sections 2 and 3, we generalize (1.2), (1.7), and (1.8) for certain functions of

matrices. Henceforth, we assume that every function is continuous.

2. A generalization of the inequality (1.2)

In this section, we generalize (1.2) for submultiplicative convex functions of
matrices. In order to do that, we need the following lemmas. The first lemma is
given in [4, p. 6]. The second lemma is a well-known fact about singular values
and increasing functions, while for the third lemma we refer our readers to [6,
p. 42]. First, for two positive semidefinite matrices A, B € M, (C), let C4 5(t) =
tA?+ (1 —1t)B% t € [0,1].

Lemma 2.1. Let A, B € M,,(C) be positive semidefinite, and let o € [0, 1], r > 0.
Then

(5;(JAB]”")) <uw (s?(CA,B(a))s;(CAyB(l —a))).
Lemma 2.2. Let A € M, (C), and let f be a nonnegative increasing function on

[0,00). Then f(s;j(A)) = s;(f(|A])) forj=1,...,n.

Lemma 2.3. Let ay, by, ..., a,,b, € R such that (ay, ..., a,) <y (b1,...,b,), and
let f be an increasing convex function on R. Then

(f(al)a s 7f(an)) <w (f(bl)v . af(bn))

Lemma 2.4. Let A, B, X € M,,(C) be positive semidefinite, and let p,q,r,c € R
such that p,q > 1 with % —I—% =1,r >0, and « € [0,1]. If f is an increasing
submultiplicative convex function on [0,00) with f(0) =0, then

[l (1ax Bl
< [l (2 Ca ()X ) )72 (X V2051 = )X 2)) ||

for every unitarily invariant norm.
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Proof. For j =1,...,n, we have
(s;(JAXBJ*))
= (s (|(AX"72)( ")
( (Xl/QC'A ( )X1/2) T(X1/2CAB( )XI/Q))
(by Lemma 2.1). (2.1)

The monotonicity and convexity of f implies that
(s; (F(1AXBI™)))
= (f(s;(JAXB|*))) (by Lemma 2.2)
<w (F(s5(XY2Cu5(a) X ?) 5 (X 2Cx 5(1 — ) X1/?)))
(by (2.1) and Lemma 2.3). (2.2)
Since f is submultiplicative, we have
F(SH(XY2Cp(a) X?) T (X204 5(1 — ) X1/?))
< F( (X2 5(0) X)) (55 (X12C 0 5(1 = 0) X))
= s (F((X2C0p(0) X ) ) s, (F(X2Cas(1 — )X 2))). (23)
The inequalities (2.2) and (2.3) imply that
(s;(f(1AXB)))
<o (55 (X2 Cam(@) X)) )5y (F((X2Ca (1 = )XI2)))). (24

In (2.4), applying Holder’s inequality for the symmetric gauge function ® associ-
ated with ||| - ||| (see, e.g., [0, p. 88]), we have

(s (f(|AXBI™)))
< (s (f (X2 Can(@)XY2)))s; (F((X2Cap(1 = ) X12)7)))
< (@7 (55 (F((X2Cap(a)X12)7)))
x ®1(s](f((XM2Ca5(1 = ) X'%))))).
This implies that
IlrQaxa)|
< (X2 Cam@X ) ) [l £ (X Can (1 = )X 2) ) [,

as required. O

We also need the following two lemmas. The first lemma is the inequality (2.3)
n [20], while the second lemma follows by using the polar decomposition and
some basic properties of unitarily invariant norms.

Lemma 2.5. Let A, B, X € M, (C) be positive semidefinite. Then
1 nle) 2] < lad?x + (1 - )]

for every unitarily invariant norm.
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Lemma 2.6. Let A, B, X € M,,(C), and let r > 0. If f is a nonnegative increas-
ing function on [0,00), then

lr(axB Pl = Il (a1 B) |l
for every unitarily invariant norm.

Now, we state our first main result.

Theorem 2.7. Let A, B, X € M, (C) such that A, B are positive semidefinite,
and let p,q,r,a € R such that p,q > 1 with %+% =1,r>0,anda € [0,1]. If f

is an increasing submultiplicative function on [0,00) with f(0) = 0 such that f(t)
and fP®O (7Y are convex, then

17 (Aax Bl
< 17 (Jar’x + (1 = a)x B[] (1 = ) 42X + ax B[]
for every unitarily invariant norm.

Proof. Let X = UDV™ be a singular value decomposition of X. In Lemma 2.4,
replacing A, B, X by the matrices AU, BV, and D, respectively, we have

£ QAx B[ = [[l£ (I(AT) D
= H|f(“AU|D|BV|’2T) H| (by Lemma 2.6)

< ({0l D)) |
X H}fq (D1/20|AU| \BV|(1 _ a)Dl/Q ml/q) (25)

1)

Since fP(t") is convex, we have

1|72 ((DY2C v v () D)) ||
< H|fp((’oz\AU| D+(1—« D|BV| | ))H| (by Lemmas 2.3 and 2.5)
= ||| f7(|eU*A*UD + (1 — ) DV*B*V|")
= [[|/7(JU* («A’UDV* + (1 — )UDV*B*)V|") |||
= Il (JU* (aA?X + (1 = )X B*)V]') [
= Il (V]ed’X + (1 — )X B*|V)')||
= [V /" (|aA’X + (1 — a)XB*|") V]|
= ||| /7(|eA’X + (1 — )X B*|")|]|- (2.6)

Similarly, we have
LD 21— D)) < (101~ )X + X B . (27
Now, the result follows from (2.5), (2.6), and (2.7). O]

An application of Theorem 2.7 can be seen in the following corollary.
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Corollary 2.8. Let A, B, X € M,,(C) such that A, B are positive semidefinite,
and let p,q,r,a € R such that p,q > 1 with%—l—% =1L, r>1,anda€0,1]. If f
is an increasing submultiplicative convex function on [0,00) with f(0) =0, then

[l (1ax )]
< Il (o + (= )X B[ (/ (1 = ) AX + ax B2 ||

for every unitarily invariant norm. In particular, lettingp = q =2 andr = 1, we
have

1 (1axBP)]
< (172 (Jad?X + (1 = )X B[] £2(](1 — ) 42X +aX B)[||'"

Proof. The convexity of f(t) implies that f™n®9 (") is also convex, and so the
result follows directly from Theorem 2.7. OJ

We also need the following lemma concerning singular values (see [11]).
Lemma 2.9. Let A, B € M, (C) be positive semidefinite, and let r > 0. Then
25, (AV*(A + BY BY?) < s,((A+ B)"™)
forj=1,...,n.
Remark 2.10. Let A, B € M, (C) be positive semidefinite, and let a € (0,1),

r > 0. In Lemma 2.9, replacing A and B by oA and (1 — «) B, respectively, we

have
1

5; (A2 Chis2 (@) BY?) < 2/a(l—a)

5j (Cﬂ/lz,gm ()

for j=1,...,n, and so

1| AY2C o e () BY2]]] <

1 T
N, |G g (@]

for every unitarily invariant norm. In particular, letting » = 1, we have

1 2
svall—a) [|Cz g ()|

}|‘A1/2CA1/2731/2(OZ)BI/QH‘ S (28)

for every unitarily invariant norm.

Our second main result in this section can be stated as follows. For a function
fR—=R let K(f;r,a)= fQ(W) for r > 0 and a € (0, 1).
Theorem 2.11. Let A, B € M,,(C) be positive semidefinite, and let p,q,r,a € R
such that p,q > 1 with % + % =1,r>0, and o € (0,1). If f(t) is an increasing
submultiplicative function on [0,00) with f(0) = 0 such that f(t) and f™n® (¢
are convez, then

17 ABP]
S K(fSTa O‘)‘pr(ciq/z,Bl/z(a))|H1/pH|fq(CiTl/27Bl/2(1 - 0‘)) H|l/q

for every unitarily invariant norm.
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Proof. In Theorem 2.7, letting X = AY2B'/2 we have
1 (ABPT) [ = (|| (|42 A2 B2 B2 )|
< (H}fp(‘aAS/2Bl/2 + (1 . O4)141/233/2’7)ml/p
<|[|72((1 = @) A% B> 4 2B || 1)
(by Theorem 2.7)
= (Il#7(| A2 Copso o) B
X ’qu(‘Al/2CA1/27B1/2(]_ — ()é)Bl/Q’T) H’l/q) (29)
On the other hand,
177 ([ A2 C sz gz () BY2[) |
CA1/2 31/2( ) 2r
< ||| o (AL
<\l (Crr=s))
< (a7 (e @)
=7 \la(l - )2 V2,12

(since f is submultiplicative)
= KP2(f;r,0)||| /7 (CFr e gz (@) ][] (2.10)

Similarly, we have

H (by (2.8) and Lemma 2.3)

(A2 Coare 1121 = @) B2

< qu(f;?“, a)“|fq(0i§/2731/2(1 - a)) H| (2.11)
Now, the result follows from (2.9), (2.10), and (2.11). O

We need the following lemma, which is a Jensen-type inequality. A more general
form of this lemma is given in Lemma 3.1.

Lemma 2.12. Let A, B € M,(C) be positive semidefinite, and let o € [0,1]. If
f R = R is an increasing convez function with f(0) =0, then

17 (Cavz prrz(@) | < (1€ 2oy (@

for every unitarily invariant norm.

Using Lemma 2.12, an application of Theorem 2.11 can be seen in the following
corollary:.

Corollary 2.13. Let A, B € M, (C) be positive semidefinite matrices, and let
p,q, 7, € R such that p,q > 1 with % —I—% =1,7r>0,and o € (0,1). If f is an
increasing submultiplicative function on [0,00) with f(0) = 0 such that f(t) and
frin®a) (¢7) are conver, then

1 £(1ABI>) ]
< K(fi1,0)[||Cpraazey goraceny @) | Careazey gorzimy (1 = ) |||

for every unitarily invariant norm.
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Proof. The convexity of the function f™®®(¢") implies that f7(t*") and f9(¢*")
are convex, and so Lemma 2.12 implies that

(@) I < NCpiomsmo@ll] (212
and that

17 2 (U = )| < |Cparaazey gwragen M=)l (2:13)
Now, the result follows from Theorem 2.11, (2.12), and (2.13). O

The following result is a considerable generalization of the Zou—Jiang inequality
(1.2) for functions of matrices. In fact, (1.2) can be retained by taking f(t) =

Corollary 2.14. Let A, B € M,,(C) be positive semidefinite, and let o € (0,1).
If f is an increasing submultiplicative function on [0, 00) with f(0) = 0 such that
f(t) and f2(t'/?) are conves, then

IFGABDII < 52 (73 3 ) 1€, i@ Crragay a0 = )|

for every unitarily invamant norm.

Proof. The result follows from Theorem 2.11 by taking p = ¢ =2 and r = % OJ
Corollary 2.15. Let A, B € M, (C) be positive semidefinite, and let p,q,a €
R such that p,q > 1 with %—I—% =1, and a € (0,1). If f is an increasing
submultiplicative convex function on [0,00) with f(0) =0, then

(1B

< K(f:1,0)|C” (@)[|[""]l|ce

o)l

f1/2 A2 f1/2 BZ f1/2 A2 fl/Q(BQ) ]-

for every unitarily invariant norm.

Proof. The convexity of the function f(¢) implies that f™®®%(¢) is convex. So,
the result follows from Theorem 2.11 by taking » = 1 and applying Lemmas 2.3,
2.12. 0J

Specializing Theorem 2.11 to some particular functions, we have the following
result.

Corollary 2.16. Let A, B € M,,(C) be positive semidefinite, and let ¢, p,q, 7, €
R such that ¢ > 1,p,q > 1 with %—k% =1,r>1,and a € (0,1). Then

[ (|ABP*" + )™ — cm1|||
< K(r,a) (||| ((Carsegrre(a) + )™ = em1)?|||
< || ((Carse.prre(1 = @) + )™ = m1)?|||'')

for every wunitarily invariant norm and for m = 2,3,..., where K(r,a) =
((W +¢)™ — d™)? and I is the identity matriz in M, (C).

Proof. Let f(t) = (t + ¢)™ — ¢™. Then the functions f(¢) and f™n®d(¢") are
increasing submultiplicative convex functions on [0, 00) with f(0) = 0. So, the
result follows by applying Theorem 2.11 to the function f(t). O
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3. Generalizations of the inequalities (1.7) and (1.8)

In this section, our goal is to generalize (1.7) and (1.8) for submultiplicative
convex functions. First, we start with generalizing (1.7). In order to do that, we
need the following lemma (see, e.g., [6, p. 119]). This lemma is a general form of
Lemma 2.12.

Lemma 3.1. Let A, B, X,Y € M, (C) such that A, B are positive semidefinite
and | X|* +|Y|> < I, and let f be an increasing convex function on [0,00) with
f(0) =0. Then

[ F(X*AX + Y*BY)||| < ||| X*F(A)X + Y*f(B)Y]]]
for every unitarily invariant norm.

The following result presents a generalization of (1.7).

Theorem 3.2. Let A, B, X € M,,(C) be positive semidefinite, let X be a contrac-
tion, and let p,q,r,a € R such that p,q > 1 with %—l—% =1,r>0, and o € [0,1].

If f is an increasing submultiplicative function on [0, 00) with f(0) = 0 such that
f(t) and fnPI () are convex, then

£ GAXBP) ] < (XY Cpnragam goragiony @)X 2|7
XXM 2C ars ey garsony (1 = ) X2 77)
for every unitarily invariant norm.

Proof. The convexity of the function f™™®a(¢") implies that f?(¢") is convex on
[0,00). Since X'/? is a contraction, Lemma 3.1 implies that

17 (X2 ) X)) |
— (X X 1 (1= x|
< [[XY2 (af (A7) + (1= o) f2(B2)) X 2|
W C—— < 5)
Similarly, we have
(X2 Cap(1 = ) X72)7)
< 1K (Cputa o gorsgony (1 — @) X2 | (3.2)
Now, the result follows from Lemma 2.4, (3.1), and (3.2). O

The following application of Theorem 3.2 is a considerable generalization of the
Audenaert inequality (1.7) for functions of matrices. In fact, (1.7) can be retained

by taking f(t) =
Corollary 3.3. Let A, B € M,,(C) be positive semidefinite, and let o € [0,1]. If

f is an increasing submultiplicative function on [0,00) with f(0) = 0 such that
f(t) and f2(t'/?) are conver, then

1£(ABDI]” < [[|Creysm @] Creas 1 = )]

for every unitarily invariant norm.
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Proof The result follows from Theorem 3.2 by taking X = I, p = ¢ = 2, and
r= 2 0

Specializing Corollary 3.3 to some particular functions, we have the following
result.

Corollary 3.4. Let A, B € M, (C) be positive semidefinite, and let ¢, € R with
c>1and o € [0,1]. Then
1(AB] +en)™ = 1|
< ([lla(((A+en™ =em0)* + (1= a) (((B+eD) — >)m
X H|(1—04)(((A+c[)m—cmf))2 (((B—i—c[ H|)

for every unitarily invariant norm and for m = 2,3,....

Proof. The result follows by applying Corollary 3.3 to the function f(t) = (¢t +
)" —cm. O

In the rest of this section, we generalize (1.8). Our first generalization can be
stated as follows.

Theorem 3.5. Let A, B, X € M,,(C) such that A, B are positive semidefinite
and X # 0, and let p,q,r,a € R such that p,q > 1 with Il) —1—5 =1,r>0, and
a € [0,1]. If f is an increasing submultiplicative function on [0, 00) with f(0) =0
such that f and f™*®9(t") are conver, then
‘AXBPT 2 2 1/p
f( )H(_ afP(A¥)X + (1 — o)X f2(B*)
I ) = g I
T T 1
x [l = @) 247X+ ax fo B[] 1)
for every unitarily invariant norm.

Proof. Let Y = UDV™ be a singular value decomposition of ¥ = ﬁ Then U,V

X
are unitary matrices and D is a positive semidefinite contraction. Consequently,

)

= |[[r(1AY B
= |||/ (|(AU)D(BV)"
— |Il7(|1AUIDIBV|*)|||  (by Lemma 2.6)
) DV|[”

gl

< ([[[BY2(Cporaqavier. porpyn (@

X ||| DY2(Crasaaviany, gorzqiven (1 — @) D27
(by Theorem 3.2). (3.3)
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Now,
[[DY2C o2 gaver) por2qvien) (@) DV

1
< S IPCw- prazmyoyz, - poieryvyr (@)

+ C(U*fp(AQ’”)U)l/Q,(V*fp(B2r)V)l/2 (OA)DH‘

(by (1.4))
= ||| Re(al* f(A*")UD + (1 — a)DV* f7(B*)V) ||
< [[lav P (ANUD + (1 = ) DV 1BV |
 llesreaznx + (1= a)x )|

by o4
Similarly, we have
1DY2C garaaory gareien (1 = @) D2 |
_ (L= @A) X + aX fo( | .
X
Now, the result follows from (3.3), (3.4), and (3.5). O]

An application of Theorem 3.5 can be seen in the following corollary.

Corollary 3.6. Let A, B, X € M, (C) such that A, B are positive semidefinite
and X # 0, and let p,q,r,a € R such that p,q > 1 with % —1—5 =1,r>0, and

a € [0,1]. If f is an increasing submultiplicative function on [0, 00) with f(0) =0
such that f(t) and f™"P9 (") are convex functions, then

1 (Ax B ]

< %(H!aﬁm%x + (1= )X fr(B*)[||""

x |11 = @) FUAT)X + aX f(B>)|||')
for every unitarily invariant norm.

Proof. Let Y = ﬁ and a = || X||. Then Y is a contraction with ||Y|| = 1, and
S0

[l (raxsPrl
= Il (a1 Ay BI){]
< f(@®)]||f(|AY B]*")||| (since f is submultiplicative)

_ 1)
=V

x |||(1 = @) f2(A2)Y + ay f(B>)|||')
(by Theorem 3.5)

(laf? A7)y + (1 = a)y fr(B>)|||”
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_ AP

1X]]

T T 1
x |11 = @) F1(AZ)X + aX po(B>)|||M),

(llof?(42)X + (1 — o)X f7 (B2

as required. O]

The following application of Corollary 3.6 is a considerable generalization of
the Zou—Jiang inequality (1.8) for functions of matrices. In fact, (1.8) can be
retained by taking f(t) =

Corollary 3.7. Let A, B, X € M,(C) such that A, B are positive semidefinite
and X #0, and let o € [0,1]. If f is an increasing submultiplicative function on
[0,00) such that f(t) and f2(t'/?) are convex with f(0) =0, then
SAXID
X
< [[|(1 = ) PAX +aX (B

s (Ax B < ([laf* ()X + (1 - a)X 2B

for every unitarily invariant norm.
Proof. The result follows from Corollary 3.6 by taking r = l andp=qg=2. U
To give another application of Theorem 3.5, we need the following lemma.

Lemma 3.8. Let Y € M, (C) be a Hermitian matriz, and let f : R — R be a
convez function with f(0) < 0. Then

(a) f(aY) <af(Y) for0<a <1,
(b) f(aY) > af(Y) for1 <a < .

Proof. Let Y = UDU* be a spectral decomposition of Y with D = diag(Ay, ...,
An), and let 0 < a < 1. Then

f(aY) =Uf(aD)U"
= U diag(f(ah),..., flar,))U" (3.6)
Also, we have
faX;) = f(aX; + (1 — a)0)
<af(A)+ (1 —a)f(0) (since f is convex)
<af(ly) (since £(0) <0) (3.7)
for j = 1,...,n. The relation (3.6) and the inequality (3.7) imply that

faY) <Udiag(af(M),...,af(M)U

=aUf(D)U

=af(Y).
This proves part (a). The proof of part (b) follows from part (a) by replacing Y
and o by aY and é, respectively. O

An application of Theorem 3.5 can be seen in the following corollary.
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Corollary 3.9. Let A, B, X € M,(C) such that A, B are positive semidefinite
and X 1is a contraction with X # 0, and let p,q,r,a € R such that p,q > 1 with
i + % =1,7>0, and o € [0,1]. If f is an increasing submultiplicative function
on [0,00) with f(0) =0 such that f(t) and f™"P9 (") are convez, then

P (AX B < (X127 [[af"(A7)X + (1= a) X f2(B¥)| |7
x |1 = @) F(AZ)X + X fo(B>)|||')
for every unitarily invariant norm.

Proof. Since X is a contraction, we have || X < 1 and so > 1. In Lemma

3.8(b), letting Y = A and o =

1
[RYES

IIXH2” we have

p(AXBEY  H0AXBE)

X[ X
and so
[AX B IIF(AXBPEOI
Gl 2 35)
m X1 X102
Now, the result follows from Theorem 3.5 and (3.8). O

We conclude this article with the following remark.

Remark 3.10. Inequalities for arbitrary matrices A, B € M,,(C), which are equiva-
lent to the inequalities given in Sections 2 and 3 for positive semidefinite matrices
can be obtained by replacing the matrices A and B by |A| and | B, respectively,
and then using Lemma 2.6. Indeed, results equivalent to Theorem 2.7 and Corol-
lary 3.6 can be stated as follows. Let A, B, X € M, (C) with X # 0, and let
p,q,r, & € R such that p,q > 1 with % —l—% =1,r>0,and a € [0,1]. If fis an
increasing submultiplicative function on [0, 00) with f(0) = 0 such that f(¢) and
fmin(a) (47) are convex, then

(1)
17 (Ax B < (7 (ol APX + 1 = )X | B[
< [l (1= ) APX + ax|BE[) [7)
for every unitarily invariant norm,
(2)
17 AX B

SAXTPEYD)
=X

<[l = a)fe (AP + ax s (B |||7)

(H\ POAP)X + (1= )X (1B

for every unitarily invariant norm.
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