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ABSTRACT. We introduce Banach spaces of vector-valued random variables
motivated from mathematical finance. So-called risk functionals are defined in
a natural way on these Banach spaces, and it is shown that these functionals are
Lipschitz continuous. Since the risk functionals cannot be defined on strictly
larger spaces of random variables, this creates an area of particular interest with
regard to the spaces presented. We elaborate key properties of these Banach
spaces and give representations of their dual spaces in terms of vector measures
with values in the dual space of the state space.

1. Introduction

In the first part of this article, we introduce Banach spaces for vector-valued
random variables. These spaces extend rearrangement spaces for functions in two
ways. First, random variables are considered on a probability space, and second,
we extend them to vector-valued (i.e., R%, or more general Banach space-valued)
random variables.

It is natural to address differences and similarities between L'- and LP-spaces,
and we elaborate on extensions in the second part of the article. We fully describe
the duals of the new spaces. The duality theory for these spaces differs essentially
from LP-spaces. The new spaces are larger than L°°, but are not LP-spaces in
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general, and furthermore, their duals are not even similar to those of LP-spaces.
However, they are reflexive. The duality theory is particularly nice when the dual
of the state space enjoys the Radon—Nikodym property.

An important motivation for considering these spaces derives from recent devel-
opments in mathematical finance. Vector-valued functions or portfolio vectors are
naturally present in many real-life situations. To give one example, consider a
portfolio with investments in d, say, different currencies. The random outcome
is in R? in this motivating example, and the related random variable is said to
be vector-valued. Here, we consider more generally Banach space-valued random
variables. The spaces can be associated with risk functionals, and we demonstrate
that the spaces introduced are as large as possible such that the associated risk
functionals remain continuous.

Riischendorf [29] first introduced and considered vector-valued risk function-
als. Svindland [30], Filipovi¢ and Svindland [14], Kupper and Svindland [18], and
many other authors have considered and discussed different domain spaces for risk
measures on portfolio vectors, for example, Orlicz spaces (as done in Cheridito
and Li [6] and Bellini and Rosazza Gianin [4]). Ekeland and Schachermayer [13]
considered the domain space L™ for these risk measures. Ekeland, Galichon, and
Henry [12] provided the first multivariate generalization of a Kusuoka represen-
tation for risk measures on vector-valued random variables on L?. In contrast,
the present article extends these spaces and presents the largest possible Banach
spaces for which those functionals remain continuous. The resulting spaces are
neither Orlicz nor Lebesgue spaces, as considered in the earlier literature.

The spaces that we consider are in a way related to function spaces (rearrange-
ment spaces) introduced by Lorentz [20], [21], following earlier results obtained
by Halperin [16]. For unexplained notions from the theory of vector measures, we
refer the reader to Diestel and Uhl [11].

Outline of the paper. The following section (Section 2) provides the mathemat-
ical setting including the relation to mathematical finance. The Banach spaces
L?(P, X) of X-valued random variables, introduced in Section 3, constitute the
natural domains of risk functionals. We demonstrate that risk functionals are con-
tinuous with respect to the norm of the space introduced. In Section 4, we give a
representation of the dual spaces of these Banach spaces in the scalar-valued case.
This representation is used in Section 5 to derive representations of the duals in
the general vector-valued case.

2. Mathematical setting and motivation

We consider a probability space (2, F, P) and denote the distribution function
of an R-valued random variable Y by

Fy(q) =P <q)=P({w:Y(w) <q}).
The generalized inverse is the nondecreasing and left-continuous function
Fy'(a) = nf{q: P(Y <) > a},

also called the quantile or value-at-risk.
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We denote by X = (X, ||-||) a Banach space, and we denote by X* its continuous
dual space. We use the notation (p,z) for p(z), ¢ € X* and x € X. As usual,
we denote for p € [1,00) by LP(P, X) the Bochner—Lebesgue space of p-Bochner
integrable X-valued random variables Y on (2, F, P) whose norm we denote by
| - ||,- Recall that for Y € LP(P, X),

1Y), = (/01 N (/OO (1= Fy)dt) ()

0

In this article, Banach spaces of vector-valued, strongly measurable random
variables are introduced by weighting the quantiles in a different way than (1).
The present results extend and generalize characterizations obtained in Pich-
ler [26], where only real-valued random variables and p = 1 are considered (and
elaborated in a context of insurance).

Remark 1. We will assume throughout the paper that the probability space
(2, F, P) is rich enough to carry a [0, 1]-valued, uniform distribution.' If this
is not the case, then one may replace Q by Q = Q x [0,1] with the product
measure P(A x B) := P(A) - Lebesgue measure(B). Every random variable Y
on Q extends to Q by Y (w,u) := Y (w), and U(w,u) := u is a uniform random
variable, as P(U < u) = P(Q x [0,u]) = u. We denote the set of [0, 1]-valued
uniform random variables on (2, 7, P) by U (0, 1).

With an R-valued random variable Y one may further associate its generalized
quantile transform

Fyu) = (1—w) lm Fy(y) +u- Fr(y).
The random variable F(Y,U) is uniformly distributed again and F(Y,U) is
coupled in a comonotone way with Y that is, the inequality (F(Y,U)(w) —
FY,U)(w))(Y(w) =Y (w')) >0 holds P® P almost everywhere (see, e.g., Pflug
and Romisch [25, Proposition 1.3]).

Relation to mathematical finance: Risk measures and their continuity
properties. Risk measures on R-valued random variables have been introduced
in the pioneering work by Artzner et al. [3]. An R-valued random variable is
typically associated with the total, or accumulated, return of a portfolio in math-
ematical finance. (The prevalent interpretation in insurance is the size of a claim,
which happens with a probability specified by the probability measure P.)

The aggregated portfolio is composed of individual components such as stocks.
From the perspective of comprehensive risk management it is desirable to under-
stand not only the risk of the accumulated portfolio, but also its components.
These more general risk measures on R%valued random variables were consid-
ered first in Burgert and Riischendorf [5], and further progress was made, for
example, by Riischendorf [29], Ekeland, Galichon, and Henry [12], and Ekeland
and Schachermayer [13].

LU is uniform, if P(U < u) = u for all u € [0, 1].
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Ekeland and Schachermayer [13, Theorem 1.7] obtain a Kusuoka representation
(see [19]) for risk measures based on R?-valued random variables. The risk func-
tional identified there in the “regular case” for the homogeneous risk functional
on random vectors is

pz(Y) :=sup{E(Z,Y") : Y ~ Y}, (2)

where Y ~ Y’ indicates that Y and Y’ enjoy the same law in R?.? The measure
pz is called the mazximal correlation risk measure in direction Z.

The rearrangement inequality (see, e.g., McNeil, Frey, and Embrechts [22, The-
orem 5.25(2)], also known as Chebyshev’s sum inequality (see Hardy, Littlewood,
and Pdlya [17, Section 2.17]), provides an upper bound for the natural linear form

n (2) by
\WZYM<MMIMW<EKHMWHWVJ¥/ (0P 0 du, 3

where the norms || - || and || - ||* are dual to each other on R? (here, K > 0 is the
constant linking the norms by || - |[* < K - || - || on (the dual of) R%).

The maximal correlation risk measure (2) employs the linear form E(Z Y),
which satisfies the bounds (3). This motivates fixing the function

o) = Fijf, (), (4)

and to consider an appropriate vector space of random variables endowed with

(see Pichler [27], [28] and Ahmadi-Javid and Pichler [2])

Wl = [ o) F ) du

It turns out that || - ||, is a norm (Theorem 4 below) on this vector space of
random variables and that the maximal correlation risk measure is continuous
with respect to the norm (see Proposition 7).

3. The vector-valued Banach spaces L2(P, X)

Motivated by the observations made in the previous section, we introduce the
following notions.

Definition 2. A nondecreasing, nonnegative function o :10,1) — [0,00), which is
continuous from the left and normalized by fo u)du =1, is called a distortion
function (also occasionally referred to in the hterature as a spectrum function;

see Acerbi [1]).

Definition 3. For a distortion function o, a Banach space (X, ||-]|), and a probabil-
ity space (2, F, P), we define for p € [1,00) and a strongly measurable X-valued
random variable Y on (Q, F, P),

Vi, = sup Eo@)|Y["= sup /U(U(w))HY(w)deP(w)

U uniform U uniform JQ

2That is, P(Y1 < y1,...,Ya <wa) = P(Y{ <wy1,...,Y) <wyg) for all (y1,...,y4) € R%
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where the supremum is taken over all U € U (0, 1), that is, over all [0, 1]-valued,
uniformly distributed random variables U on (€2, F, P). Moreover, we set

LE(P,X) :={Y : Q — X strongly measurable and ||V < oo},

where as usual we identify X-valued random variables which coincide P-almost
everywhere.

Obviously, for ¢ = 1 one obtains the classical Bochner—Lebesgue spaces
LP(P, X) which are well known to be Banach spaces.

Theorem 4. We have that LE(P,X) is a vector space and that || - ||, is a
norm on LP(P,X) turning it into a Banach space which embeds contractively
into LP(P, X).

Moreover, for each X-valued, strongly measurable Y on (2, F,P) and every
U e U (0,1) which is coupled in a comonotone way with ||Y||, it follows that

|wmfﬂMdmmwv:Aawmawym. (5)

Proof. We denote the probability measure on (2, F) with P-density o o U for
some U € U (0,1) by ¢(U)P, and we denote the expectation of a nonnegative
random variable Z on (2, F,c(U)P) by Ey(Z). We obviously have

Y5, = sup Ey[[Y]P,
UEU (0,1)

which implies that L?(P, X) is a subspace of the intersection of Banach spaces
Nveu 1) LP(0(U)P, X) and that || - [|5, is a seminorm on L2(P, X).
By the rearrangement inequality (see, e.g., [22, Theorem 5.25(2)]) and the

well-known fact that Fg_(lU) = o0 and (F”_Yl”)p = F”}l”p, it follows that for every

U € U (0,1) and each X-valued, strongly measurable Y on (2, F, P), we have

Ee@WIIVIP) < [ o) P o) du
so that )
HW%SAawﬂﬁw%w (6)

Moreover, if we fix for an X-valued, strongly measurable Y on (2, F, P) some
U € U (0,1) such that U and ||Y|| are coupled in a comonotone way (such U
exists due to our general assumption on (2, F, P) made in Remark 1), then (see
Kusuoka [19])

E(a(U)|Y|?) :/0 a(u)FH}l”(u)pdu.

Together with (6) we obtain that for each X-valued, strongly measurable Y on
(Q, F, P) there is U € U (0, 1) such that

VI, = E@@IVIP) = [ owF) 7 du

proving (5).
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In order to see that the seminorm || - ||,, on LZ(P, X) is in fact a norm, we
apply the continuous version of Chebyshev’s inequality (see, e.g., Gradshteyn and
Ryzhik [15, (12.314)]) to the nonnegative, nondecreasing functions o and (F’lu)p

I
on [0,1) to obtain

/0 a(u)]ﬂl_yl”(u)p du > /0 o(u) du~/0 F||_Y1”(u)p du = /0 FH}lH(u)p du =E(||Y[]),

where the last equality follows from (F”_Y1||)p = F”_Y1”p. In particular, together

with (5) we obtain for every X-valued, strongly measurable Y,

E(YI7) < 1Y

U7p’

which proves that L2(P, X') embeds contractively into L?(P, X) and that ||Y||,, =
0 implies Y = 0 so that || - ||, is indeed a norm.

Finally, in order to prove that L2(P, X) is a Banach space when equipped with
the norm ||+ ||, we first note that a Cauchy sequence (Y, )nen in L2(P, X) is also a
Cauchy sequence in LP(P, X)) so that there is Y € LP(P, X) with Y = lim,,,» Y,
in LP(P, X). From this we conclude that Y = limj_,., Y;, P-almost everywhere

on 2 for some subsequence (Y, Jken Of (Y,,)nen. Since for each € > 0 there is
N € N such that for all U € U (0, 1),

e > E(o(U)|[Y, — Youl)

whenever n,m > N, it follows with Fatou’s lemma that for every U € U (0,1)
and each n > N, we have

E(o(U)[[Y =Y, [?) = E(lim o(U)][Y, ~Ya ") < liminf E(o(U) Y, ~YalF) < e

that is, ||Y — Y,,|lo, < P for every n > N. Thus, we conclude that
Y = (Y — Yx) + Yy € L2(P, X)
and that (Y},),en converges to Y in L?(P, X). O

Remark 5. By (5), L2(P,X)-membership of Y only depends on the quantile
function FH}lH so that L2(P, X) is invariant with respect to rearrangements. From

the definition of || - ||,,, it follows immediately that L?(P, X) is an L>(P)-module
and that [|[aY ||y < [|@|lco||Y|sp for all @ € L>(P) and each Y € L2(P, X).

Next we show that the LP(P, X)-spaces behave like the classical Bochner—
Lebesgue spaces LP(P, X)) when one varies the exponent p € [1, 00).

Proposition 6. Let p, p' € [1,00) be such that p < p'.
(i) LZ(P,X) C LE(P,X) and ||Y||sp < ||Y ||y for every Y € LE (P, X).
(ii) If with r := p'/(p' — p) the distortion function o satisfies fol o"(u) du <
00, then even LV (P, X) C L2(P,X) and ||Y|op < |Y]ly for every Y €
LY (P, X).
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Proof. Setting r := p'/(p'—p), it follows from (5), 1/r+1/(p'/p) = 1, and Holder’s
inequality that for each X-valued, strongly measurable Y on ({2, F, P),

1

1
i, = / o (W) (u) F5h (w)? du

<( /0 otwyan)”( /0 otwF @ a)” < v,

which proves (i), while (ii) follows from (5), 1/r + 1/(p'/p) = 1, and Holder’s

inequality since
, 1 o . 1/r 1 1t p/p
iz, = | otor@rdes ([ o@an)” ([ Ry r® du)
0 0
1 1/r /
r "\p/
([ cwa) " @y

0
holds for each X-valued, strongly measurable Y on (2, F, P). O

1

/

For a Banach space X with (continuous) dual space X* we write, as usual,
(x*,x) = x*(x), v € X, 2* € X*. The dual norm on X* will also be denoted
by || ||. If Z is an X*-valued, Bochner integrable random variable on (€2, F, P)
such that E||Z]| = 1, then o4 := F||_Z1H is a distortion function. For two X-valued,
strongly measurable Y7, Y3 on (2, F, P) we write Y7 ~ Y5 if they have the same
law, that is, if PY1 = P2,

Proposition 7. Let X be a real Banach space, and let Z be an X*-valued,
Bochner integrable random variable on (2, F, P) such that E|Z|| = 1. Then,
for every p € [1,00),

pz:LE (P,X) =R, Y —sup{E(ZY'):Y ~Y'}

is a well-defined subadditive, convex functional. Moreover, for Y1, Y, € L? (P, X)
we have

p2(Y1) = pz(Ya)| < Y1 = Yol

Proof. 1t follows from Y ~ Y’ that F||7Y1|| = F’H’Yl,H. Hence, Y’ € L? (P, X) when-

ever Y € L? (P, X) by (5) in Theorem 4. From the strong measurability of Z and
Y € Lt _(P,X), it follows immediately that w +— (Z(w), Y (w)) is an R-valued ran-
dom variable on (€2, F, P). The rearrangement inequality, the definition of o, (5)
in Theorem 4, and Proposition 6 imply that for Y’ ~Y € LE (P, X),

1
B2 Y| <E(IZ]Y']) < / 0 () Fity () du = (| |og < 1Y [

which proves that p; is well defined and that
p2(Y)| < 1Y o (7)

Obviously, pz(AY) = Apz(Y) for all A > 0. Moreover, from the definition of py
and strong measurability, it follows immediately that p; is subadditive. Therefore,

pz(Y1) = p(Ya + Y1 = Y2) < pz(Ya) + pz(Y1 — Y2).
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Interchanging the roles of Y7, Y5 in the above inequality gives

p2(Y1) = pz(Ya)| < pz(Y1 = Ya),
which together with (7) proves |pz(Y1) — pz(Y2)| < ||Y1 — Y2|lop- O

In the remainder of this section, we will provide a closer look at the Banach
spaces LP(P, X).
Proposition 8. Let X # {0}. Then the following are equivalent.
(i) For all p € [1,00), the spaces LY(P, X) and LP(P,X) are isomorphic as
Banach spaces.
(ii) There is p € [1,00) such that LE(P,X) = LP(P, X) as sets.
(iii) We have that o is bounded.
Proof. Obviously, (i) implies (ii). By Theorem 4, L?(P, X) embeds contractively

into LP(P, X). Thus, if (ii) holds, this embedding is onto so that by Banach’s
isomorphism theorem, there is C' > 0 such that

VY € LP(P, X): Uesdl(% 1)/QU(U(OJ))HY(CU)deP(w) < O/QHY(w)deP(w),

where U (0,1) is defined as before. Choose f € L'(P,R) and z € X with ||z| = 1.
Then Y(w) := |f(w)|*/Pz defines an element of LP(P,X) so that for any U €
U (0,1), we have

’/QU(U(w))f(w) dP(w)‘ S/QJ(U(w))HY(w)deP(w)
< C/QHY(w)deP(w)

= C’/Q | f(w)] dP(w) < oc.

Since f € L'(P,R) was chosen arbitrarily, it follows that coU € L*>(P,R), which
by U € U (0,1) and by the fact that o is nondecreasing implies boundedness of o.
Thus, (iii) follows from (ii).

Finally, (iii) and the fact that L?(P, X') embeds contractively into L?(P, X)) for
any p € [1,00) implies (i) by Theorem 4. O
Proposition 9. We have the following.

(i) For every p € [1,00), L>®°(P, X) embeds contractively into LY(P, X).
(ii) Simple functions are dense in LE(P, X)) for every p € [1,00).
Proof. 1t follows from the definition of quantile functions that 0 < F\Bflu <Y |lo

for every X-valued, strongly measurable Y on (€2, F, P), which implies by (5) in
Theorem 4 that

1
i, = / o (u) Fishy (u)P du < Y],

proving (i).
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In order to prove (ii), let Y € L?(P, X), and fix ¢ € (0,1). We choose u. € (0,1)
such that fulsa(u) HYH( u)Pdu < €P. By the strong measurability of Y there
are N € F with P(N) = 0 and a separable, closed subspace X; of X such
that 1ycY is Xj-valued. Let {z;;7 € N} be a dense subset of X;. Denoting
the open ball about x; with radius ¢ in X by B.(z;), we choose Borel subsets
Ej C Be(x;) such that X; C (J;cy Ej and such that the Ej’s are pairwise dis-
joint. Then ((1yeY) '(E;))jen is a pairwise disjoint sequence in F such that
P(U,en(IneY) " (E;)) = 1. Let n € N be such that

ZP (LneY)HE))) > ue, (8)

and set F := U?Zl(lNcY)_ (E;).
Obviously, for t > 0 we have {1lge
Fie vy (t) > Fjyp(t). Therefore,

Vue [0,1): {t =0 Pryp(t) 2 up 2 {t = 0; iy (t) > u,

Y|P < t} D {||[Y]? < t} so that

which implies F vy S FIIYlllp Furthermore,
Fiepvp(0) = P(1g||Y]? = 0) > P(E)

so that F° 1HYHP( u) = 0 for every u € [0, P(E)], which together with F”Y”p =
(F”Y”) and (8) yields for all u € [0, 1],

I, 1C\|YHP< u) < 1(P(E)71}(“)F||7Y1||<“)p < L (U>F\B}H(U)p- (9)

Defining Y, = ijl layev)-1(E;)Tj, it follows from the definition of E that
|1neY — Y]] < e on E while Y. = 0 on E°. For every U € U (0, 1), we obtain

[ oty ~vlrap = [ a@yteliey - v ar+ [ ot
Q Q Q

Y|?dP
Sgp/Q“(U)dP“L/O (W) Fyyp (w) du

1
<eP —i—/ a(u)Fn_Ylnp(u)p du < 2€?,

where we used the rearrangement inequality (see [22, Theorem 5.25(2)]) in the
first inequality and (9) in the second one, while the last inequality follows from
the choice of u.. Thus, ||Y — Y.|| < ¥/2¢, proving (ii). O

Theorem 10. For X # {0}, the following are equivalent.
(i) LE(P,X) is a Hilbert space.
(ii) X is a Hilbert space, p =2, and o =1 on (0,1).
Proof. Obviously, (ii) implies (1).
Let E, € F be chosen with P(E,) = a. For « € (0,1) and = € X, a straight-
forward calculation gives for Y = 1g x that F||Y|| = ||z||1a-an)- Moreover for

Ty, o € X with |21 = |lz2|| = 1 and V) := 1g,21,Y5 := 1pcx,, we have
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Y1 + Y3||,p = 1. Thus, by the parallelogram identity and (5), we obtain for
arbitrary a € [0, 1],

1 1
L= 21V = a2, + 5%+ I, = U2, + ¥l (10)

= (/11 o(u) du)z/p + </(:U(u) du>2/p.

—

Pick o € (0,1) so that 0 < [;"o(u) du < 1. If p > 2, then
1 2/

1:</ a(u)du) p—l—(/

1—-a a

> /11a0(u) du+/ala(u) du

z/oaa(u)du+/ala(u)du=1>

as o is nondecreasing. This is a contradiction, and hence p < 2.

Define the function X
fla) = (/a o(u) du o (11)

Since o is continuous from the left, f is differentiable from the left with increasing
left derivative; thus f is convex. Furthermore, we have f(a)+ f(1—a«) = 1 by (10)
so that f is concave as well. Hence, f is affine, that is, f(a) = b+ ¢- «, and we
deduce from f(1) =0, f(0) =1 and (11) the particular form

1

o(u) du) o

o(u) = £(1—u)i ™, (12)
which implies fll—a o(u) du = a?/?,
Next consider measurable sets A and B with A C B. The parallelogram
law (10), applied to the random variables Y] := 1,2 and Y, := 1px, reads

%(P(B) — P(A)) + %(P(B)p/z — P(A)P? + 2pP(A)p/2)2/p = P(A) + P(B),
that is,

P(BYP* + (20 — 1)P(A)""? = (3P(A) + P(B))"*.
We may specify the sets further by P(B) = 4P(A). Then the latter equality
reduces to
4r2 4 (P — 1) = P2,
so that we are left with solving the equation

log 7
97 — 1 = g7los?

for x = 2P.
log 7
The convex function xlogg 17 does not have more than two intersections with
the line 2z — 1, and these are x+ = 1 and z = 4, that is, p = 0 and p = 2.
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The intersection p = 0 does not qualify, and the distortion function for p = 2 is
o(-) =1, by (12). This concludes the proof. O

4. The dual space in the scalar-valued case

In this section, we are going to determine the dual space of L? := LP(P) :=
L2(P,K), K € {R,C}. For ¢ € LZ(P)*, we denote the dual norm of o by [[¢]|; .
Some of the results presented in this section are inspired by Lorentz [21].

Definition 11. As usual, we denote by L(P) the set of K-valued random vari-
ables on (€, F, P), where random variables which coincide P-almost surely are
identified. We define the Kithe dual of LE(P) as

LY(P)*:={Z e L°(P);VY € LX(P): ZY € L'(P)}.
Since L*(P) C LP(P) for all p € [1,00), it follows from taking ¥ = 1{27&0}%
that Z € L'(P) whenever Z € L?(P)*.
Proposition 12. For every Z € L?(P)*,

p < 1} < 0.
Moreover,
vz Ly(P) =K, ¢z(Y)=E(ZY)
belongs to LP(P)* and
O LP(P) — LE(P)", Zw— ¢y
s a linear isomorphism with

VZ e L2(P)*: ||®(2)

» <1} (13)

o,p

Proof. Obviously, ¢z is a well-defined linear functional on L?(P) for every Z €
L?(P)*. The assumption

00 = sup{|]E(ZY)}; 1Y |lop < 1}
implies the existence of a sequence (Yj)gen in the unit ball of L?(P) such that
VkeN: k> < |E(Z2Y))| <E(1Z2Y4]).

Because Y;, := 1{Zyk#o}%yk belongs to the unit ball of L?(P), k € N, the com-

pleteness of L2(P) implies that (D>, _, k—g?k)neN converges in L?(P) to some Y.
As Z € LP(P)*, it follows that ZY € L'(P).

But on the other hand, since L2(P) embeds contractively into LP(P) by Theo-
rem 4, it follows that some subsequence (3, k—gffk)leN also converges P-almost
surely to Y. Therefore, P-almost surely we have

ZY = 7 lim (Z kQYk> = lim Z 2%, = lim Z 2%, (14)
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and by an application of the monotone convergence theorem, we conclude that

n

. | N O
B(ZY) = B(Jim 3 512%]) = fim 3 gB(2%) 2 fim 321,

which contradicts ZY € L'(P). Hence,
0o > sup{|E(ZY)|; IV || < 1}

so that ¢, € L2(P)* with
lezll7, = sup{|E(ZY)

This implies that ® is a well-defined linear mapping which satisfies (13). In order
to show that @ is injective, choose Z € L?(P)* with ®(Z) = 0. We set Y :=
1{Z¢0}%. Since simple functions belong to LP(P), it follows easily that Y €
LP(P). It follows that

; HY”a,p < 1}' (15)

0=2(Z)(Y)=E(|Z]),

so that Z = 0.
In order to prove the surjectivity of ®, let ¢ € L2(P). For E € F and Y = 1p,
we have FI;T = 1u—p(m),1 so that by (5),

! 1/p
[olLe)| < et Lelon = ol ([ otwyau)”
1-P(E)

Using this inequality, it is straightforward to show that
p:F =K p(E) = ¢(lg)

is a complex measure which is P-continuous; that is, u(E) = 0 whenever
P(E) = 0. An application of the Radon-Nikodym theorem yields some Z € L'(P)
such that u(E) = [,1pZ dP = E(Z1g) for all E € F. For simple functions Y,
it follows that p(Y) = E(ZY). As soon as we have shown that Z € L2(P)*, it
follows from the above and Theorem 9 that p = ®(Z).

In order to show that Z € L?(P)*, we first observe that Y € L?(P) and
oY |lop < llaloo]|Y ||op for every Y € LE(P) and each a € L*(P). Therefore, by
setting F,, := {|Z| < n},n € N, we have ||15,Y||,p < ||Y|lop for each Y € L2(P),
which implies o, € LZ(P)* and [|o,[5, < [lolls,, where 0, (Y) = ¢(1g,Y)
For simple functions Y, we have ¢, (Y) = E(Z1g,Y). Additionally, by Hélder’s
inequality and Theorem 4, we obtain for arbitrary Y € L2(P),

E(1Z1p,Y]) < nE(|Y]) < nl[Yllop,

so that Z1g, € L2(P)*. Because simple functions are dense in L2(P) by Theo-
rem 9, we conclude from the above that ®(Z1g, ) = ¢,. Finally, since

ZY

U?p

zZY \
en(Levs Y| < el

< [lllop[1Yllop,
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it follows with the aid of the monotone convergence theorem that

E(2Y]) = lim B(1Z1£,Y]) < [elloalY

for each Y € LP(P) so that Z € LP(P)*. O

Remark 13. Given the fact that for « € L*>°(P) the linear mapping Y — aY is
well defined and continuous from L?(P) into itself, it is straightforward to see that
|Z] € LE(P)* whenever Z € LZ(P)* and that in this case [|oz][|} , = [l¢z/ |5,

Our next aim is to give a representation of L?(P)* and thus of the dual space
of L?(P). For this purpose, we introduce the following notion.

Definition 14. For a distortion function o, we define

1
S, =S [0, >R, Sy(a)= / o(u) du.

Remark 15. Obviously, S is a continuous, nonincreasing function with S(0) = 1,
S(1) = 0. If we set ug := inf{u > 0;0(u) > 0}, we have ug < 1, Sjpu, = 1, and
S|uo,1] I8 an increasing bijection from [ug, 1] to [0, 1]. By abuse of notation, we
denote the inverse of S|y,,1) by S -1

For ay, as € [0,1], a1 < g, and X € (0, 1), it follows from the fact that o is
nondecreasing that

)\al—l—(l—)\)az
S(Aar+ (1= Naz) — S(ag) = — o(u) du

>—o(Aay + (1= Naz) (1 — N)(az — ay)

and
Saz) = S(Aar + (1 = Nan) = — / o(u) du
)\a1+(17)\)a2
g—a()\al +(1- )\)ag))\(ag —ay)
so that

S()\O./l + (]_ — /\)O{Q) — S(Ozl)
(1 - )\)(062 - 041)

> —o(Aaq + (1 = Naw)

S S(ag) — Sy + (1 — N)aw)
- /\(042 — Ozl)

9

which implies S(A oy + (1 — X)) > AS(aq) + (1 — X)S(ay); that is, S is concave.
In particular, S is differentiable from the left and from the right on (0, 1] (resp.,
on [0,1)) and since o is continuous from the left, it is straightforward to show
that for the left derivative we have Sj(a) = —o(u),u € (0, 1].

Recall that for a nonnegative random variable Z the average value-at-risk of
level a € [0,1) is defined as AVAR,(Z) = = [ F;!(u) du.
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Definition 16. For a distortion function o, Z € LY(P), and « € [0, 1), we define

11
. AV@R,(|Z Jo Fizj () du
|Z|C,7oo = sup 1—“(: sup 1‘#) (16)
aclo)) TS5 () a€l0,1) fa o(u)du

Moreover, we say that Z' € L%(P) o-dominates Z (in symbols Z' .= Z) if there
is a uniform random variable U € U (0, 1) such that

AVGR, (o(U)|Z'|) > AVGR,(Z]) for all a < 1. (17)
Furthermore, we define, for p € (1, 00),
Z|5 = f{[|Z o : Z' o= Z}, (18)

where ¢ € (1,00) is the conjugate exponent to p, that is, 1/p + 1/q = 1, and
where as usual inf () := co.

Finally, for p € [1,00) with conjugate exponent ¢, that is, 1/p+ 1/q = 1, we
set L (P) :={Z € L°(P);|Z]}, < oo} (and we identify random variables which
coincide P-almost everywhere).

From the definition of quantile functions, it follows for Z;, Z € L%(P) with
|Z1| < |Z5| that F|Z| < F|};|, which implies [Z[} , < |Zy]; . Since also P];IZH =
|a|F‘Z‘ for a € K, it follows also that [aZ[; , = [a|[Z1]; . Since AVAR,, is sub-
additive (see Pflug and Romisch [25]), it follows easily that L} (P) is a subspace
of L(P).

Remark 17 (Stochastic dominance of second order). The definition of | - |}
reflects the duality of risk functionals. Indeed, the supremum (16) can be restated
as

1
|Z|Zoo=inf{n20:AV@Ra(|Z|) §1L/ o (u) du for alla<1}.
, /.

By the rearrangement inequality (see [22, Theorem 5.25(2)]), this equivalent for-
mulation involves the statement

AV@R,(|Z]) < AV@R, (5o(U)), (19)

where U € U (0,1). Choosing U to be coupled in a comonotone way with |Z], it
follows that

Z]; o =inf{n>0,U € U (0,1) : AV@R,(|Z]) < AV@R,(no(U)) for all a < 1}.

Following Ogryczak and Ruszczyriski [23], (19) is equivalent to saying that |Z] is
dominated by || Z]|% - (U) in second stochastic order.”

Remark 18.
(i) By the choice @ = 0 in (16), it follows that

7z () du=E|Z| = || Z], (20)

1
20500 2 AVERY(12) = [ F
0

so that L} (P) C L'(P).

3See Dentcheva and Ruszezytiski [7]-]9] for stochastic dominance of second order.
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(i) Since for Z, Z' € L°(P) with Z’ .= Z we have, for p € [1, 00) with Propo-
sition 0,

1 1
121l :/0 F (u) du </0 o(u)Fp(u) du= || Z']lo1 < [ Z']los,
it also follows that L} (P) C L'(P).

Proposition 19. For Z € L°(P), we have

1Z 500 = inf{n > 0;VF :[0,1) = [0,00) nondecreasing:

/O 1 Fiyl (W) F(u)du <7 /0 1 o(u)F(u) du},

and for p € (1,00), we have

Z]5, = inf{||Z’||07q; 7' € L°(P) such that VF : [0,1) — [0, 00) nondecreasing:

/ ) P du < / o) () F(w) ),

where as usual 1/p+1/q = 1.

Proof. Since 1}, is a nondecreasing, nonnegative function for every a € [0, 1),
it follows that

{77 > 0;VF :[0,1) — [0, 00) nondecreasing:
1
/O Fo(w)F () du < n/ du}
1 1
g{nzO;VaE[O,l):/ |Z| /0

«

On the other hand, if for some 1 > 0 we have

Va € [0,1): /061F|Z|()du<77/al (u) du,

it follows for all v,...,7, € [0,00) and every choice of oy < -+ < a,, € [0,1)

that
1 n
/ ‘Z‘ ny]l[a 1)(u) du < 77/ o(u) Z’le[aj,l] (u) du
0 o

Since every nonnegative, nondecreasing function F': [0,1) — [0, 00) is the point-
wise limit of a nondecreasing sequence of such step functions Z;‘:l ViLlia; s 1t
follows from the monotone convergence theorem that

/01 A (w) F(u) du < n/()l o (u) F () du
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for all such F'. Hence, it also holds that

{77 > 0;VF :[0,1) — [0, 00) nondecreasing:

/01 Fi(w) F(u) du < n/(]l o (u) F(u) du}

) {77 > 0;Va €1[0,1) : /al F|}|1(u) du < 77/ o(u) du},

«

which proves the first claim. The rest of the proposition is proved mutatis mutan-
dis. 0

Proposition 20. For a distortion function o and p € [1,00), we have L}, ,(P) C
LY2(P)* and

sup{|E(ZY)[;Y € LY(P),|[Ylsp < 1} < |Z[3, (21)
for every Z € L;q(P), where q 1s the conjugate exponent to p.

Proof. Let p = 1. For Z € L (P) it follows for arbitrary ¥ € L.(P) from the
rearrangement inequality combined with Proposition 19 that

1 1
E(|ZY]) S/o F‘}‘I(U)F';T(u) du < |Z|Z',oo/0 a(u)FD_/‘l(u) du
= 12150 I¥]lo1-

Hence, Z € LL(P)* and the above inequality also implies that |2 |~ 18 an upper
bound for sup{|E(ZY)[;Y € LL(P),||Y |lox < 1}.

Next let p € (1,00), and let ¢ be the corresponding conjugate exponent. For
Z e L (P), let Z' € LL(P) with Z' ;3= Z. For arbitrary Y € L.(P), it follows
from the rearrangement inequality combined with Proposition 19 and Holder’s
inequality that

1 1
B(2v) < | AR < [ o @) d
<NZ oY o

Thus, Z € LP(P)* and because Z' € L4(P) with Z’ ;= Z was chosen arbitrarily,
it follows that sup{|E(ZY);Y € LL(P), ||Y||op < 1} is bounded by |Z]7 . O

In order to show that in fact L} (P) = LEZ(P)* holds as well as equality in
inequality (21), we have to distinguish the cases p = 1 and p € (1, 00). We begin
with the case p = 1.

Proposition 21. For a K-valued random variable Z on (2, F, P) and « € [0,1),
there is E, € F such that P(E,) =1 — «a and

1
AVER, (12]) = -——E(Z|1z,).

—
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Proof. Let F € F with
{1Z] > F;{ (@)} € EC{|Z] > Fz(a)}

be arbitrary. Denoting the positive part of an R-valued function f as usual by
f+, it follows that

1 1
AV@RQ(|Z|) Im/a EZ‘( )du

= Fpl()+ 1= | (i) = Fil(e), du

1 -«
F|}|1(oz) 1 i E((12] - \Z\( a))lp) (22)
R @)+ T E(215) — -2 F (@) P(B)
1

1
= —E(|ZILp) + (1 - ——P(E)) Fj} ().
From the definition of F| 7]+ 1t follows immediately that

P(|Z] < F,/(0) < a < P(|Z] < F{(a))

\Zl
so that
P(|Z] > |Z|( @) <l-a and P(|Z] > ‘Z‘( @) >1-a.

Let U be a [0, 1]-valued, uniformly distributed random variable on (2, F, P). We
define

Eg = {|Z| > F/ (@)} U ({1Z] = Fl;{(0)} n{U € [0,5]})
for 8 € [0, 1] and set
f:10,1] = [0,1],  f(B) == P(Ejp).

From the properties of a probability measure, it follows easily that f is continuous
as well as

() = P(1Z] > Fgi(e) S1-a  and  f(1) = P(1Z] = Fizj(a)) 21 - a.

Hence, there is 5 € [0, 1] such that for Ez, we have P(Eg,) = 1 —« and it follows
from (22) that Ejs, has the desired property. OJ

For the case p = 1 we can now give the desired intrinsic description of L. (P)*.

Proposition 22. For a distortion function o, it holds that L,(P)* = L} (P)
and for every Z € LL(P)* we have

*
|Z|U,oo -

o(P) Y o0 < 1},
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Proof. Let Z € L!(P)*. By Proposition 21, for any « € [0,1) there is F, € F such
that AV@R,(|Z|) = {=E(|Z|1g,) and P(E,) = 1 — o. Employing the notation
from Proposition 12, we obtain

1 7 1
AVaR,(|21) = [z (=1 5| < leallza=—I1r.l,
(12) = oz (=5 tizm gte.)| < loliag = 2 o
1 1
= lezllzay— [ o(wFr (u)du
1
- ||¢z||011— ) du = 5]l 7o),
so that [Z[;  is finite and bounded above by
lezllz. = o(P) Y |lon < 1}
Proposition 20 now yields the rest of the claim. 0J

Combining Propositions 12 and 22, we immediately derive the next result.

Theorem 23. Let o be a distortion function. Then |- |}  is a norm on L} (P)
turning it into a Banach space. Moreover,

©: (Lyo(P) ] [500) = (Lo(P) - M170), 2= (Y= ®(Z)(Y) :=E(2Y))

0,00
s an isometric isomorphism.

In order to derive an analogous representation for the case p € (1,00), we
need an equivalent result to Proposition 22 for this case. This requires some
preparation. We begin by recalling a notion from Lorentz [21].

Definition 24. Let o be a distortion function. A function H : [0,1] — R is
called S,-concave if whenever y,b € R are such that yS,(a;) +b = H(a;1) and
ySs(ag) + b = H(ay) for some oy < ay € [0, 1], then H(a) > yS,(«) + b for each
a € oy, agl.

The next proposition is essentially contained in Lorentz [21, Proof of Theo-
rem 3.6.2]. Nevertheless, we include its proof for the reader’s convenience.

Proposition 25. Let o be a distortion function, and let uy = inf{u > 0;
o(u) > 0}. Moreover, let H be a set of S,-concave functions such that Hj . s
constant for every H € H . Assume that

Va € [0,1]: F(a):=inf{H(a);H € H } > —oc.
Then, F is S,-concave.

Proof. Let y,b € R, and let oy < ay € [0,1] be such that yS,(o;) + b = F(o;),
J=1,2. Let H € H be arbitrary. Since H)g,, is constant, there are 7,b € R
such that 45, (o) +b= H(a ), j = 1,2.

In the case of y — ¢ > 0 it follows that ¢S, + b — (yS, + b) is nonincreasing,
while 7S, + b — (yS, + b) is nondecreasing in the case of y — ¢ < 0. Therefore,
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S,-concavity of H together with yS,(a;) + b < §S,(;) + b, j = 1,2 implies
Va € [ar, as): ySs(a) +b < §S,(a) +b < H(a).
Since H € H was arbitrary, we conclude that F > yS, + b on [ay, as). U]

Proposition 26. Let o be a distortion function, let ug := inf{u > 0;0(u) > 0},
and let yy, Y2, b1, bo € R. Moreover, let H be S,-concave, continuous from the right
in ug such that Hyg . 1s constant.

If for y,b € R and oy, € [0, 1] with aq < az and uy < oy we have H(aj) =
ySe(aj) + 0,7 = 1,2, then it follows that yS, +b > H on [0,1] \ (aq, as).

Proof. 1t is straightforward to show that if for o, 8 € [0,1], < 3, it holds that
Y155(a) + by = y2Ss(a) + by and y1S,(B) + b1 > 3259,(8) + bz, then B > wq
and

Vv € (max{a,uo},ﬁ}: Y155(7) + b1 > y2S(7y) + bo, (23)

while for «, 8 € [uo, 1], < B, the conditions y;.5,() + by > y25,(a) + by and
Y155(8) + b1 = y25,(B) + by imply
V’}/ S [Oé, 6) y150(7) + bl > 9250(7) + b?' (24)

In case of a; < uy, it follows from the hypothesis that Hj ) is constant that
trivially yS+b > H on [0, a4 ]. Now let ug < ;. We assume that yS(a)+b < H(«)
for some av € (ug, o1 ). Because S, is strictly decreasing in [ug, 1], there are §,b € R
such that

7S,(2)+b=H(a) and  §S(a) +b= H(ay).
The S,-concavity of H hence implies that H > §S, + b on [, ag]. In particular,
YSs(ar) +b= H(a) > §S, () +b. (25)
On the other hand,
7S, () +b=H(a) > ySy(a)+b  and  §S,(as)+b= H(as) = ySy(as) +b

so that by (24) we obtain §S, + b > yS, + b on [a, o), which contradicts (25).
Therefore, yS + b > H on (ug, ). Since S, is continuous and H is continuous
from the right in wug, the same inequality holds on [ug, ay). Because S, and H are
constant on [0, ug], we obtain yS +b > H on [0, a4].

It remains to show that yS+b > H on [, 1] as well. Assume there is a € [, 1]
with yS,(a) + b < H(a). Since ay > g, there are again 7,b € R such that

7S, (1) + b= H(ay) and  §S(a)+b= H(a).

Because H is S,-concave, this implies

VB € lou,al: H(B) =2 §5,(8) + b. (26)
On the other hand,

§Sy(0n)+b= H(oy) = yS,(ay)+b and 7S, () +b = H(a) > yS, () +b.
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By (23) it follows that S, + b > yS, + b on (max{ay, ug},a]. In particular,
7S5 (a2) + b > yS, () +b = H(a),
which contradicts (26). O

Definition 27. Let o be a distortion function. For a continuous function G :
[0,1] — R, we define

G :[0,00) = R, Gi(y):= inf yS,(a)—G(a).

a€l0,1]
Then, G(a) + G%(y) < ySy(a) for all a € [0,1],y > 0 so that
G, :10,1] = R, G,(a):= igg ySs,(a) — G (y)
y>

is well defined and satisfies G, > G.

Remark 28.

(i) Setting as before uy := inf{u > 0;0(u) > 0}, we have that S, is a
bijection from [ug, 1] onto [0, 1]. Denoting by abuse of notation its inverse
with S71, it follows that

Va € [0,1]: Go(S™ () = inf ya — GL(y)

y>0
so that

Gy :[0,1] = R, Gy(a):=infya — Gi(y)
y=>0

is well defined. Being the infimum of nondecreasing and concave functions,
G, is nondecreasing and concave too. Therefore, G,, is differentiable from
the right on [0,1) with nonnegative and nonincreasing right derivative.
We obviously have G, = G, 0 S, so that the concavity of S, implies that
G, is concave as well. Denoting left and right derivatives by 2t 4 and d’"

respectively, an appropriate adaptation of your favorite proof of the cham
rules yields

Yo € (0,1] %Go(a) _ 3—;@0(50(@))5—;50(@) _ —j—;éo(sg(a))a(a).
Combined with Gy (1) — Gy (@) = [ 4G, (u) du, we obtain
Va € 10,1]: Gy(a) = G,(1) +/ H(u)o(u) du (27)

for a nonnegative, nondecreasing function H on [0, 1] which is continuous
from the left.

(ii) For y > 0 the function yS, — G%(y) is obviously S,-concave. It therefore
follows from Proposition 25 that G, is S,-concave. Moreover, being the
infimum of nonincreasing functions, G, is nonincreasing.
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(iii) Because Sy, = 1, it follows that G, is constant on [0, ug]. Hence, for
all aq, a9 € [0,1],0n1 < ag, there are y > 0,b > Gi(y) with G,(a;) =
ySy(aj) — b for j = 1,2. Indeed, if oy > ug, we choose y = %,

which is well defined and nonnegative because S, is strictly decreasing on

[ug, 1] and G, is nonincreasing. Then

b= ySU(OQ) - Ga(a2) Z H[%]fl] ySU(a) - Ga<a)
ag)|0,

= inf yS,(0) = (inf #S,(0) - G (7)) = G,

a€(0,1]
In case of ap < ug, we may choose y = 0 so that

b= —G,(az) = =Go(0) = — inf y — G (y) > G;(0).

y>0
If additionally G is nonincreasing, it holds that
Go(0) = infy — G (y) < —G5(0)
y=>0
=— inf (—G(a)) = sup G(a) = G(0)

a€l0,1] a€l0,1]
so that, because G < G, we conclude that
b=—G,(0) = —G(0) = G;(0).

Proposition 29. Let G : [0,1] — R be continuous and nonincreasing. If a €
(0,1) is such that G,(a) > G(a), then there are 0 < oy < a < as <1 andy >0
such that

VB € (a1, 2):  Go(B) = ySs(8) — Gr(y).

Proof. By continuity of S, and G, there are 0 < a7 < a < as < 1 such that
Gy(a2) > G(ay). From Remark 28(iii), we conclude the existence of y > 0 and
b > G%(y) such that G,(a;) = yS,(cj) — b, j = 1,2 and such that y = 0 in the
case of s < uyg.

Because S, and G, are nonincreasing and y > 0, it follows from

inf G,(8) =Gy(az) > G(ay) = sup G(P)

56(0&1,&2) 66(04170‘2)

that yS, —b > G on (aq, ).

If ap < g, we have seen in Remark 28(iii) that without loss of generality we
may assume y = 0 and b = —G(0). Since G is nonincreasing, it thus follows that
yS, —b=G(0) > G on [0, 1].

If ap > wug, we apply Proposition 26 to G, to conclude yS, — b > G, on
[0,1]\ (a1, @2). Since G, > G and yS, —b > G on (a1, az), we obtain also in this
case yS, —b > G on [0, 1].

So in both cases yS, — b > G or, equivalently, yS, — G > b on [0, 1] so that
Gi(y) = inf, yS,(a) — G(a) > b. Since also b > G%(y), it follows b = G%(y).
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Finally, since G, is S,-concave and G,(a;) = yS,(a;) — G%(a;) holds for
j =1,2, it follows for 8 € (a1, as) that

ySa(8) — Goly) < Go(B) = nf 5, (8) — Go(§) < ySe(8) — Go(v),

which proves the claim. O

Proposition 30. Assume that G : [0,1] — R is continuous and nonincreasing
and that G(1) = 0. Then G,(0) = G(0) and G,(1) = 0.

Proof. We have already observed in Remark 28(iii) that G,(0) = G(0). Using the
compactness of [0,1], G(1) = 0, and that S,(«) = 0 implies o = 1, it follows that
1
Vn € N Jk, e NVa € [0,1]: G(a) > k,S,(a) + -

which implies that for every n € N there is k,, € N with —1/n < G%(k,,). Because
Sy(1) = 0, we derive

Go(1) = inf (=G} (y)) < inf (—Gi(kn)) < 0=G(1) < Go(1),

y>0 neN
which gives G,(1) = 0. O]
Combining Propositions 29 and 30, we immediately obtain the next result.

Proposition 31. Let G : [0,1] — R be continuous and nonincreasing such that
G(1) =0. If o € (0,1) satisfies G,(a) > G(a), there are 0 < oy < v < ap < 1
and y > 0 such that G, = yS, — Gi(y) on (a1, a2) and G,(a;) = G(o;) for
j=1,2.

We now have everything at hand to derive the analogue of Proposition 22.

Lemma 32. Let o be a distortion function, and let p € (1,00) with conjugate
exponent q. Then LE(P)* = L} (P), for every Z € LE(P)* it holds that |Z|; , =
ez}, and there is Y € LP(P) with ||Y|lsp, = 1 such that ¢z(Y) = ||oz]|; -

Proof. By Proposition 20, we only have to show that LZ(P)* C L} (P) and that

sup{ |[E(ZY)

Y € LE(P), [V |lop < 1}

is an upper bound for |Z|}  for any Z € L2(P)*.
So we fix Z € L2(P)*. By Remark 13, we also have |Z| € L?(P)*. We define

1
G:[0,1] = [0,00), G(a) ::/ F|}|1(u) du

and observe that G is well defined by |Z| € L'(P). The function G is obviously

continuous, differentiable from the left, and nonincreasing with G(1) = 0. By

Proposition 31 and Remark 28(i), there is a nonnegative, nondecreasing function

H on [0, 1] which is continuous from that left such that G,(a) = f; H(u)o(u) du.
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If there is a € (0,1) with G,(a) > G(«), it follows immediately from Proposi-
tion 31 that there are 0 < a1 < a < ap < 1 and y > 0 such that H(u) = y for
u € (a1, a2) and G,(a;) = G(a;),7 = 1,2 so that

as
/ H(u)%o(u / H(u)o(u) du = y* ' (Gy (o) — Go(az))
=y (Glay) — / H ()" F () du.

On the other hand, if G,(a) = G(«) by continuity, there is a maximal closed

interval [ay, as] containing « such that G and G, coincide on [a1, ag]. Thus, on

(a1, arg) the left derivatives of G and G, coincide; that is, F| 2 = Ho on (o, ag)
which implies again

/QQH(u)qa(u) du:/a2 H(w)"™ i () du.
Combining these arguments gives
Yo, an € [0, 1]: (G (a1) = G(an), Go(an) = G(as)
;»/ H(u)o(u du—/ H(u)" " F ) u )du>. (28)

In order to proceed, we distinguish two cases. First, we assume that there is a
strictly increasing sequence (ay,)nen in (0,1) converging to 1 such that G(a,) =
Gy(ay,). We define

Y, = (l[ogan]qul) oU,

where U € U (0, 1) is coupled in a comonotone way with |Z|. From 1/p+1/q =1,
it follows that |Y?| = (1(0,a,)H9) o U, which implies

¥l = / Fjwro = [ Hwodi<oo (29

since H in nondecreasing and fo u)du = 1 so that Y,, = |Y,,| € L2(P). Using
the notation from Proposition 12, because |Z] and U are coupled in a comonotone
way, we have by (29) and (28) applied to a; = 0 and as = a,

/0 H(u)qa(u)du:/o Hq_l(u)F‘E‘l(u)du:E(\YnHZ\)
* * o q 1/p
<ol lVals = vl (| (0 d) ™

which gives

! 1/q .
([ toestitayot i)™ <zl
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for all n € N. Using that lim,,_,, ,, = 1, an application of the monotone conver-
gence theorem yields

</01 H(u)%o(u) du> 1/q < ezl (30)

so that Z’ := HoU belongs to LL(P). Because Z' = |Z'| and F‘Z,1| = H, it follows
from

1
Va € [0, 1]: / H(u)o(u)du = Gy(a) > G(a) :/a F|}|1(u) du
that Z' ;= Z, which, combined with (30), yields Z € L , and

|Z’:',q < H§0|Z|H;,p = ‘|<)0Z|‘Z',p7

where we have used Remark 13 in the last equality. Since also || Z][} , < |Z]} ,, we
obtain from (30)

* ' q l/a : / /
leelzy = (| Hroa) " = nt{1Z10: 2 =2} G

Now we define

7
Y = 1{27&0}@1{‘1*1(0'). (32)

Then the same arguments used in deriving (29) combined with (30) show that

Y € L2(P) and
Wl = ([ o) 2a) ™"

Moreover, using that |Z| and U are coupled in a comonotone way, (28) applied
to oy = 0 and ap = 1, and (31) give

ooV = E(Y) = B(271) = [ A gl

:/O H(u)o(u) du: /0 H(u)o(u) du 1/q</01H(U)qa(u) du)l/p

= ezl 1Y llop-

Next, if there is no strictly increasing sequence (o, )nen in (0, 1) converging to
1 such that G(a,,) = G, (), there is § € (0,1) such that G(u) < G,(u) for all
a € (4,1) and such that G(8) = G,(8). It therefore follows from Proposition 31
that there is y > 0 such that H = y on (8, 1). Because H is nondecreasing, this
implies that H is bounded so that trivially

/0 ' H(u)o(u) < o

By repeating the arguments from the first part of the proof it follows for U €
U (0,1) coupled in a comonotone way with |Z| that Z’ := H o U satisfies Z’ €
Li(P) and Z',> Z, which gives Z € L,,(P)* and |Z|:‘;7q7 = ||<pZH;p = | Z'||6.q-
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2]

Defining Y as in (32) finally gives again ¢z(Y) = [[¢z||; Y [lop, Which proves
the claim. O]

Combining Proposition 12 and Lemma 32, we immediately derive the next
result.

Theorem 33. Let o be a distortion function, and let p € (1,00) with conjugate
exponent q. Then | - | , is a norm on L} (P) turning it into a Banach space.
Moreover,

©: (Lyg(P), |- I5g) = (LE(P)S N1 M5p),  Z = (Y = (Z)(Y) = E(ZY))

»q

is an isometric isomorphism. Furthermore, for every ¢ € LP(P)* there is Y €
L2(P) with [|[Y|sp = 1 such that o(Y) = ||¢][} -

Corollary 34. For a distortion function o and p € (1,00), the Banach space
LP(P) is reflexive.

Proof. This is an immediate consequence of James’s theorem (see, e.g., Diestel [10,
Theorem 1.3]) and Theorem 33. O

Proposition 35. Simple functions (and thus L>) are dense in L} ,(P), whenever
q < 0.

Proof. Let § contain all finite sigma algebras F for which the measure P is
defined. Note that (§F, C) is a filter, and the proof of Proposition 9 actually demon-
strates that
[E(Y|F) -Y]|,, =0
R
whenever F € § increases.
Recall first that AVQR,(E(Y|F)) < AVQR,(Y). Indeed, it follows from the

conditional Jensen inequality (see Williams [31, Section 34]) that (E(Y'|F)—q); <
E((Y — q)¢|F), and hence, using Pflug [24],

) 1
AVOR, (E(Y|F)) = ming + —E(E(Y|F) — q),

1
< mi —EE((Y —
< ming+ 7—EE((Y - ¢)4|7)

1
= ming + 7 E((Y —q);|F) = AVaR,(Y).

geR

Suppose that Z’ .= Z. It follows that
1

[ [ Ftwaz [ R

for every a < 1, that is, Z',%=E(Z|F), and thus [|[E(Z|F)|;, < |Z][},- The
assertion follows as {E(Z|F) : F € §} is arbitrarily close to Z in the norm || - ||,.4
by Proposition 9. O

We close this section by taking a closer look at LL(P) and its dual space.
Theorem 36. The dual space of LL(P) is not separable.
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Proof. Tt is enough to assume that ¢ is unbounded. As for bounded o, we have
that LL(P) is isomorphic to L'(P) by Proposition 8 and its dual L>(P) is not
separable.

For /5 € [0,1], consider the random variables

7. 10U it U <,
T e(1+8-U) iU > B,
for a (fixed) uniform random variable U € U (0,1). Note that || Zg||;, = 1, since
Zg is a rearrangement of o(U). Assume that 5 < ~, and observe that
Zy—Zsg=0(l+y=-U)—o(1+5-0)
2o(l+y=U)—oc(1+5—-7)
whenever U > ~. Then it holds that
AV@R,(Z, — Zg)
= fal o(u) du
AV@R,(o(1 —-U)—-o(1 —
< s VAR 8= U) = (145 =)
a—1 — [ o(u)du

l-a Ja

12, = 25, > limsup
a—1

Now, as ¢ is unbounded, the denominator is unbounded as well (indeed, we have
ﬁ f; o(u)du > o(a)), and hence

AVGR,(c(1+B—U))—o(1+ 3 —7)

12y = Zsll51 = lim sup

a—1 ﬁ fal o(u)du
s Joowdu—o(1+5—7)
= lim e = 1. (33)
g Ta Jo 0 (1) du

Suppose finally that there is a dense sequence (Dy)ren C LL(P)*. For 8 € [0, 1]
fixed there is k € N such that [|Zs — Dyll%; < 3. But 1 < || Z5 — Z,[|7; <
1Z5 — Dy |51 + | D — Z,||};.1, from which follows that || Dy, — Z,||%, > § whenever
v # . Hence only countably many Zz’s can be approximated by the sequence

1

(Dk)ren with a distance ||Zg — D5 < 5 and (Dy)ren thus is not dense, giving

the desired contradiction. O

5. The dual space in the vector-valued case

In this section, we determine the dual space of L2(P, X) for arbitrary Banach
spaces X over K € {R, C}. We denote the space of X-valued simple functions on
(Q, F, P) by S(X); that is,

S(X)={Y :Q— X;Y(Q) is finite and Vz € X : Y ({z}) € F}.
Then it is straightforward to see and well known that
{¢: S(X) = K; ¢ linear and continuous with respect to || -+ || }

and
{p: F — X*; p vector measure of bounded variation}
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are isomorphic via the linear mapping
P (u(E)(z) = p(lpz),z € X, E € F). (34)
For a vector measure p, we denote by |u| its variation.
Lemma 37. For a linear mapping ¢ : S(X) — K, we have
el o (55 1)
=1

1=

< 1}
o—7p

< 1}
U?p

; By € F partition of Q,z; € X, H Z 1p,z;
j=1

= sup{z ||| (E)) || E; € F partition of Q, o; € K, H Zalej
j=1 J=1

= sup{/Q ) jzlozle].

E; € F partition of 2, a; € K,

dlﬂ«p|§

Zalej

Jj=1

<1},
U7p

where p, is defined as in (5/).

Proof. For a partition Fy,...,E, € Fof Q, aq,...,a, € K, and 2z1,...,2z, € X
with ||z;|| = 1, we have

HZozlejzj "o sup /J(U)ij\plEdeZHZaj,lgj
J=1 7 @ j=1 j=1

P UeU(0,1)
where the norm on the left-hand side is the one on L?(P, X), while the norm on
the right-hand side denotes the one on L?(P). Therefore, we conclude that

< 1}
ag,p

p
)
o

sup{‘cp(z lE].xj> ’; E; € F partition of ,z; € X, H Z 1p,;
j=1 j=1

oo (S st )

j=1

<1}
op

)

E; € F partition of Q,c; > 0,2; € X, ||2;|| =1 and H Zalej
j=1

I

= sup{z |g0(ozj1Ejzj)

j=1

E; € F partition of Q,a; > 0,2; € X, ||| =1 and H ZalejH < 1}
i1 o,p

1=

= sup{z \04]-\||u@(Ej)H;Ej € F partition of Q, o; € K, H Zalej . < 1},
j=1 j=1 ’
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which gives the first equality. Using the definition of ||, we continue with

Sup{z |OZj|H[LSD(Ej)H; E; € F partition of Q, a; € K, a;lg, < 1}
j=1 j=1 7P
=sw{ Xl X (B
i=1 jlo =
«; pairwise different ’ !
E; € F partition of Q, o; € K and HZalej < 1}
© ag,p
7=1
=sw{ Y el U B
1=1 Jiag=ay
«; pairwise different
E; € F partition of 2, a; € K and HZalej < 1}
. a,p
7=1
— sup{/ ‘Z&lej d| |5
o'
E; € F partition of 2, a; € K, H Zalej < 1},
i=1 7P
which proves the second equality. O

Definition 38. For a distortion function o, p € [1,00) and a Banach space X, we
define

Ly,(S(X)) := {¢:S(X) = K; ¢ linear and continuous
with respect to || - [0 }-

Lemma 39. Let ® be the natural isomorphism from (5/). Then ®(L,,(S(X)))
coincides with the set

{u : F — X™;uis a o-additive vector measure of bounded variation

d
such that |u| < P and % € L;q(P)},
and
d| | *
Vo € Loy (SC): ol =| el

where q is the conjugate exponent to p.

Proof. For ¢ € L, ,(S(X)), it follows from the density of S(X) in L?(P, X) that
¢ extends to a unique element of LP(P, X)* which we still denote by ¢. For a
pairwise disjoint sequence (E;) ey in F and its union E, it follows for arbitrary
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x € X that

o))~ (U E) @ = (U B)@)| = lelus,., 52

j=1 j=m+1
< llellsplzllilys, .., £llop

. ! 1/p
= el lel owydn) "
-2 P(E;)

j=m+1

With the aid of Lebesgue’s dominated convergence theorem, it follows that

1 1/p
[ EjW || <t ([ ROL ) R——

Thus ®(p) = p, is a o-additive vector measure. Moreover, for every finite parti-
tion Ey,...,E, € F of Q and z1,...,x, € X with |lz;|| <1 we have

Z ‘/‘90 )(; | = Z ‘90 (1g,x; ‘ = ngn (152 )‘P(lEﬂ?j)
= ‘@(Z sign(gp(lijj))lEj:cj>

7=1

< llell5, ZSlgn (15,2))) e,

o,p

<l (s [ ngn (e,2) 15, o (U) )

UeU (

<lelly( s [ ow)ar)” = ol
UeU (0,1) JQ
where, for a complex number «, as usual sign(a) = E—‘ in case a # 0 (resp.,

sign(0) = 0). Thus, for arbitrary € > 0, it follows for suitable choices 25 € X
from the above inequality that

S lle B < D2 (oD @)] + =) < llells, + <
J=1 Jj=1
that is, > 7, [|e ()]l < l¢ll},, which in turn implies |u,|(22) < [[¢]];,- Hence,
P () = p, is of bounded variation.
Since f1, is o-additive, the same holds for || (see Diestel and Uhl [11, Propo-
sition 1.1.9]); that is, |u,| is a (finite) measure on F. If £ € F satisfies P(E) = 0,
it follows for z € X that

1/p
I1eellep =12l sup [ o()aP)" =0
ueU (0,1) JE

and therefore ||pu,(E)|| = 0. If Ey,...,E, € F is a partition of E, it follows
that P(E;) =0 and thus 3°7 , [|1,(Ej)|| = 0, which implies |1,[(E£) = 0. By an
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application of the Radon—Nikodym theorem, we obtain g, € L'(P), g, > 0 such
that

VE € F: /gde—|,u¢|(E).
E

From the fact that S(X) is dense in L?(P, X) and S(K) is dense in L?(P), it
follows with Lemma 39 that

el = Sup{‘so<z Lp,;) |

j—

E; € F partition of 0, z;

= sup{/ ‘Zalej
o'

n
E; € F partition of ), a; € K and H Z a;lg,
j=1

= sup{/Q ‘ Zalej

E; € F partition of 2, a; € K and H Zale

=
= sup{ [ 1fg,ldP: s € L2P) Il < 1}

so that in particular g, € LZ(P)* = L} (P) and [|o|l;, = [g,l;,- Since ¢ €
L,,(S(X)) was chosen arbitrarily, this finally shows that ®(L,,(S(X))) is con-
tained in the set of X*-valued, o-additive vector measures of bounded variation
such that their bounded variation measure admits a P-density in L (P).

Next, let p be such a measure, and set ¢ := ®~(u). We have to show that
¢ belongs to L,,(S(X)). But from the density of S(K) in L?(P), it follows
immediately together with Lemma 37 that

<1}
a,p

RS
= sup{/ ‘ Zale

E; € F partition of 2, a; € K, H Zalej
j=1

<1}
7p

j=1

<1}
a’7p

g dP;

<1}
7p

; B € F partition of €2, z;

!u| P

< 1}
o?p

AP oy =%

which shows ¢ € £, ,(S(X)). O
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Definition 40. Let X be a Banach space, let ¢ be a distortion function, and let
p € [1,00) with conjugate exponent ¢q. Then we define

L, (P, X7) = { e F — X" pis a o-additive vector measure of bounded

d
variation such that |u| < P and M € L;q(P)},

dP

which is obviously a subspace of the space of all X*-valued vector measures on F.
Moreover, for € L} (P, X*) we set |u[} , = |%|Z7q. Then, |- |7, is obviously a
norm on L} (P, X™).

Remark 41. For p € L} (P, X*), it follows from Lemma 39 and the density
of §(X) in LP(P,X) that ®~!(u) can be extended in a unique way to a con-
tinuous linear functional on L?(P, X), which we again denote by ®~!(u). For
Y € L?(P, X), we also write for obvious reasons

/Q Y = &7 (u)(Y).

With this notation, the following theorem is an immediate consequence of
Lemma 39, Proposition 22, and Lemma 32.

Theorem 42. Let X be a Banach space, let o be a distortion function, and let
p € [1, 00) with conjugate exponent q. Then (L} (P, X*),|-|%,) is a Banach space
and the mapping

U (L2 (P X7, |- 5,) = (LR X)% || 5,), e <Y|—>/QYd,u>

s an isometric isomorphism.

Definition 43. For a Banach space X, p € [1,00) with conjugate exponent ¢, we
define

L¥(P,X) :={Z:Q— X; Z strongly measurable, |Z| € L} (P)},

and for 7 € L% (P, X), we set |Z|2* = ||| Z]||%,, where as usual we identify

U,q’
random variables which coincide P-almost everywhere. It follows easily that
L% (P, X) is a vector space and that |- |2* is a norm.

Remark 44. For Z € L¥*(P,X*), it follows from || Z| € L} (P) € L'(P) that

pz o F— X" uz(E) ::/ZdP
E

is a well-defined, o-additive vector measure of bounded variation with |uz|(E) =
[ 1 Z|| dP (see, e.g., [11, Theorem I1.2.4]). A straightforward calculation gives for
Y € S(X)

/QYdMZ:/Q<Z(w),Y(w)>dP(w).
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Moreover, for Z € L{*(P, X*) and Y € LZ(P, X), it follows from || Z| € L; (P)
and [|Y]| € L?(P) that

/Q (Z(w).Y ()] dP(w) < / |1Zw)||[[Y )] dP(w) < |12]
— 1212 (Y [l

b
which implies that ¢z : LE(P,X) — K, Y — E((Z,Y)) is a well-defined contin-
uous linear functional which coincides on the dense subspace S(X) with ¥(uz).
Together with Theorem 42, this shows that

L: (L‘f,*(P, X", - yg*) — LPY(P, X)), Z~ (Y > ]E((Z, Y>))
is an isometry.
As in the case of Bochner—Lebesgue spaces, we have the following result.

Theorem 45. For a Banach space X, a distortion function o, and p € [1,00)
with conjugate exponent q, the isometry

v (LE(PX7) [ 37) = LY(P.X)", Z = (Y = E((Z.Y)))

1s an isomorphism if and only if X* has the Radon—Nikodym property with respect
to (Q, F, P).

Proof. Assume first that X* has the Radon—Nikodym property with respect to
(Q, F, P). By Remark 44 we only have to show surjectivity of «. For an arbitrary
¢ € LP(P,X)*, there is by Theorem 42 a o-additive X*-valued vector measure
of bounded variation such that |u| < P and % € L; ,(P) with ||| = |%|§7q.
By the Radon—Nikodym property of X*, it follows that there is Z € L'(P, X*)
such that u(E) = [, ZdP for all E € F. Since |[u|(E) = [,||Z||dP (see, e.g.,
[11, Theorem I1.2.4]), it follows that Z € LZ*(P, X*) and «(Z) = u, showing the
surjectivity of «.

Now, let ¢+ be an isometric isomorphism. The proof that X* has the Radon—
Nikodym property is along the same lines as the proof of the corresponding impli-
cation of [11, Theorem IV.1.1]. However, we include the proof for the reader’s
convenience. So, let p: F — X* be a P-continuous vector measure of bounded
variation, and fix Ey € F such that P(E;) > 0. By the Hahn decomposition
theorem applied to the signed measure kP — |u| for large enough k£ > 0 gives
the existence of B € F,B C Ey, P(B) > 0 such that |u|(E) < kP(E) for all
EeF,ECB ForY e §(X),Y =377 1gx; with pairwise disjoint E; € F
and z; € X, we define

p(Y) = ZM(EJ' N B)(z;).

Denoting the norm in L'(P, X) as usual by || - ||;, Theorem 4 then gives

(W) <D k(B N B) (@)l < KIY Il < KIIY [l

Jj=1
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so that the obviously linear mapping ¢ on S(X) is continuous with respect to
|| [|o.p- By Proposition 9, ¢ extends (in a unique way) to an element of L?(P, X)*
which we still denote by ¢. Since ¢ is supposed to be surjective, there is Z €
L (P, X*) C L'Y(P, X*) such that

VY € LE(P,X): oY)=E((Z,Y)).

Since u(E N B)(z) = ¢(lpz) = [,(Z(w),z) dP(w) = ([, Z(w) dP(w),z) for all
E e F,z € X, it follows that p(ENB) = [, Z dP.

Because Ey € F with P(Ey) > 0 was chosen arbitrarily, it follows from [11,
Corollary II1.2.5] that there is Z € L'(P,X*) such that u(E) = [, ZdP for

all £ € F, which proves the Radon—Nikodym property of X* with respect to
(Q7 f? P) N |:|

6. Summary

This article introduces Banach spaces, which naturally carry risk measures for
vector-valued returns. Risk measures are continuous on these spaces, and the
spaces are as large as possible. The spaces are built based on duality, and in this
sense are natural for risk measures involving vector-valued returns. We provide
a complete characterization of the topological dual, which essentially simplifies if
the dual of the state space enjoys the Radon—Nikodym property.

It is a key property of these spaces that the corresponding risk functional is
continuous (in fact, Lipschitz-continuous) with respect to any of the associated
norms introduced, such that they all qualify as a domain space for the risk mea-
sure.
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