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Boolean-Valued Second-Order Logic

Daisuke Ikegami and Jouko Vdananen

Abstract  In so-called full second-order logic, the second-order variables range
over all subsets and relations of the domain in question. In so-called Henkin
second-order logic, every model is endowed with a set of subsets and relations
which will serve as the range of the second-order variables. In our Boolean-
valued second-order logic, the second-order variables range over all Boolean-
valued subsets and relations on the domain. We show that under large cardinal
assumptions Boolean-valued second-order logic is more robust than full second-
order logic. Its validity is absolute under forcing, and its Hanf and Léwenheim
numbers are smaller than those of full second-order logic.

1 Introduction

Second-order logic is notoriously difficult to axiomatize. The set of Godel numbers
of valid second-order sentences, even in the empty vocabulary, is IT,-complete in
the Levy-hierarchy (see Viédninen [15]). One way to remedy this is the introduction
of the so-called Henkin models, that is, models 2l in which the range of second-order
variables is limited to a set § of sets and relations, where the set § is allowed to
vary with the model. Thus a Henkin model is a pair (2, %), and ordinary models
correspond to the case that § contains all sets and relations on A. Extending the
concept of a model in this way solves the problem of axiomatizability, in that there
is an obvious axiomatization which satisfies a completeness theorem with respect to
models by Henkin [3].

This paper is devoted to a different modification of second-order logic. Rather
than allowing the second-order variables to range over fewer than all relations, we
allow them to range over more than all relations by allowing also Boolean-valued
relations. This modification does not change second-order logic as much as allow-
ing Henkin models does. In fact, in many respects the Boolean-valued second-order
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logic is closer to the original second-order logic than to the Henkin second-order
logic. We investigate in particular the decision problem, the completeness theorem,
forcing absoluteness, the compactness theorem, the Hanf number, and the Lowen-
heim number.

Boolean-valued models for set theory were developed by Scott and Solovay. We
refer to the monograph of Bell [2] for an exposition of the Scott—Solovay construc-
tion of a Boolean-valued universe of sets. The foreword of Bell’s book by Scott
contains an account of the history of the invention of Boolean-valued models of set
theory. Scott refers, in particular, to the book The Mathematics of Metamathematics
by Rasiowa and Sikorski [9] and asks why Boolean-valued second-order logic was
not considered by the researchers whose work is reported in that book. In hindsight,
given the success of Boolean-valued logic in set theory, it seems most natural to
consider also Boolean-valued second-order logic.

It seems reasonable to think of second-order logic as a fragment of set theory,
more or less the “3,-fragment” of set theory (see Vidédndnen [15], [16]). Thus a
lot of Boolean-valued set theory translates into Boolean-valued second-order logic
and vice versa. The question arises: What does Boolean-valued second-order logic
offer over and above Boolean-valued set theory? The point is that Boolean-valued
second-order logic is a logic in the same sense that applies to first-order logic, infini-
tary logic, and logics with generalized quantifiers. Therefore we can use Boolean-
valued second-order logic to study a multitude of structures (i.e., groups, fields, par-
tial orders, and so forth, not just set theory). The difference between Boolean-valued
second-order logic and Boolean-valued set theory is similar to the difference between
second-order logic and set theory (see, e.g., [16]).

A recent development in Boolean-valued set theory is the emergence of Woodin’s
Q-logic (see [17]). We use Q2-logic as a model for obtaining a proof concept for
Boolean-valued second-order logic which would be more reasonable than the se-
mantic consequence relation yet at the same time closer to the semantic consequence
relation than the mere comprehension axioms (and the axioms of choice). Our con-
cept of Boolean provability (in second-order logic) is an adaptation of Woodin’s
concept of Q2-provability. Throughout we rely heavily on [17] (see also Bagaria,
Castells, and Larson [1] and Larson [5] on £2-logic).

Validity in classical second-order logic is not forcing absolute. This is most
blatantly revealed by the well-known fact that the continuum hypothesis can be
expressed as the validity of a sentence of second-order logic. That is, there is a
second-order sentence 6 (in the empty language) so that 6 is valid if and only if the
continuum hypothesis holds. Assuming a proper class of Woodin cardinals, as in
Q-logic, validity in the Boolean-valued second-order logic is forcing absolute. With
the further assumption of the 2-conjecture, we obtain, as in Q2-logic, the result that
the set of Godel numbers of valid sentences in Boolean-valued second-order logic is
A,. Recall that the set of Godel numbers of valid sentences in 2-valued second-order
logic is I1,-complete, so we have an improvement from II, to A,.

Once we have defined our own concept of Boolean provability, an adaptation
from Woodin’s concept of Q2-provability, we obtain the second-order version of the
Q-conjecture. This version implies Woodin’s 2-conjecture, but we do not know
whether they are equivalent. In fact we do not even know if our version of the
(2-conjecture is consistent.
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To further estimate the relationship between our Boolean-valued second-order
logic and the original 2-valued second-order logic, we investigate three invariants
of logics:

e The compactness number (i.e., the least « so that any theory in the logic, all
subsets of size less than k of which have a model, has a model).

e The Hanf number (i.e., the least x so that any sentence in the logic which has
a model of cardinality at least x has arbitrarily large models).

e The Lowenheim number (i.e., the least ¥ so that any sentence in the logic
which has a model, has a model of cardinality at most «).

In the case of first-order logic these invariants are all w, and the same is true of
the Henkin second-order logic. For the original 2-valued second-order logic these
numbers are quite large (see Magidor [6]). The Hanf number is the supremum
of all ¥,-definable ordinals, and the Lowenheim number is the supremum of all
IT,-definable ordinals (see Véédninen [14]). We show that if certain large cardinals
exist, then these invariants are smaller for the Boolean-valued second-order logic
than what they are for the 2-valued second-order logic. In particular, we show the
following.

e Assuming a proper class of Woodin cardinals, a strong form of the -
conjecture, and the existence of supercompact cardinals, the first supercom-
pact cardinal is above the compactness number of Boolean-valued second-
order logic and below the compactness number of 2-valued second-order
logic.

e Assuming a proper class of Woodin cardinals, a strong form of the -
conjecture, and the existence of supercompact cardinals, the first supercom-
pact cardinal is above the Hanf number of Boolean-valued second-order logic
and below the Hanf number of 2-valued second-order logic.

e Assume that the theory ZFC + “There is a proper class of Woodin cardi-
nals.” Then there is a model of set theory with a proper class of Woodin
cardinals such that the first Woodin cardinal is above the Léwenheim number
of Boolean-valued second-order logic and below the Lowenheim number of
2-valued second-order logic.

2 Boolean-Valued Second-Order Logic, Semantics, and Boolean Validity

Definition 2.1 (Boolean-valued structures) Let £ ={Ry,..., R,} be arelational
language. A Boolean-valued X-structure consists of M = (A,]B%,{RlM}lsifn),
where

(1) A is a nonempty set,

(2) B is a complete Boolean algebra, and

(3) foreach 1 <i < n, if R; is an m-ary relation symbol, then RIM is a function
from A™ to B.

When B = {0,1}, a Boolean-valued £-structure can be seen as a first-order
&£-structure by identifying RlM with the characteristic function of an m-ary predi-
cate.

We now interpret second-order sentences by Boolean-valued structures in the fol-
lowing way.
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Definition 2.2 Let £ be as above, and let M = (A4,B, {RlM}lfifn) be a
Boolean-valued &£-structure. For each second-order £-formula ¢, a € A~%, and
f e (B4)<®, we assign ||¢[a, ]7]||M by induction on the complexity of ¢ in the
following way:
(1) ¢ is x = y, where x, y are first-order variables; then || x = y[a, b]||M is 1 if
a = b and 0 otherwise.
(2) ¢ is R;(x), where x is a first-order variable; then || R; (x)[a]|M = RlM (a).
(3) ¢ is X(x), where X is a second-order variable and x is a first-order variable;
then | X(0)fa. f11M = f(a). )
@) gis—y;then lpla. f1IM =1~ |lyla. f1IM.

(5) @is Y1 Ao then [lpa, f1IM = |[yald. fIIM A lvala, f1I1M.
(6) ¢ is (3x) ¥, where x is a first-order variable; then

lota. A1 = \/ Jvib.a. A
beA
(7) ¢ is (3X) ¢, where X is a second-order variable; then
le@. A1 = \/ |via.e A"
g:A—>B
Note that interpreting second-order formulas via Boolean-valued structures is the

same as doing it via full second-order structures in set-generic extensions.

Definition 2.3 Let £ be as above, andlet M = (A4, B, {R,M}’lfisn) be a Boolean-
valued £-structure. Let G be a B-generic filter over V. Then we define the full
second-order £-structure M [G] in V[G] as follows:

o the first-order part of M[G] is A,
e the second-order part of M[G]is |, ¢, P(AM)VIC] and
e the interpretation of R; is

RMIGT _ {¥eda™ | RM(X) € G}.

1

where m; is the arity of R;.

Lemma 2.4 Let £ be as above, and let M = (A, B, {RlM}lsz'Sn) be a Boolean-
valued £-structure. Let G be a B-generic filter over V. Then for each second-order

E-formula, a € A<, and ]F € (B4)<?, we have
lela, A" € 6 <= MIGIF ¢la. fO,
where fG = {flG, oy 1.8} and for each i with 1 <i <n,
f¢={xea] filx) e G}.
Proof  We show the statement by induction on the complexity of ¢.
Case 1: ¢ is x = y, where x, y are first-order variables. Then

lola. b1

€eG < a=>»
<— MI[G] E ¢|a,b].



Boolean-Valued Second-Order Logic 171

Case 2: ¢ is R;j(x), where x is a first-order variable. Then

I"eG6 <= RM@eG

> ae R

<— MI[G] E ¢[a].

|elal

Case 3: ¢ is X(x), where X is a second-order variable and x is a first-order variable.
Then

lola, 1|M € 6 <= f@eG
< M[G]F ¢la. /€.
Case 4: ¢ is =. Then
lola. )Y €6 = |via.f1|" ¢6
= MI[G] ¥ y[a. f°]
<= MI[G]F ¢l [,
Case 5: ¢ is Y1 A Y. Then
lela. )" €6 = |wila. f1|" € G &|v.la. f1|" e
< MI[G]F yu[d. f%1 & M[G] F yala. £
<= MIG]F ¢l f°].
Case 6: @ is (3x) ¥, where x is a first-order variable. Then

lela /1" €6 = \/|vb.a 1" ec
beA

— @ ed|yba " ec
< (3 € A) M[G] = y[b.d, £
— MI[G]F ¢la, f°).
Case 7: ¢ is (3X) ¥, where X is a second-order variable. Then
lela. AI[* €6 =\ |vla.g. /1" <G

g:A—B
— @gA-B) |ylag f1|" ec
> (3g:4 > B) M[G] - ya.g% [
= M[G]F ¢la. ).
This completes the proof of the lemma. O

We now define one of the most important notions in this paper, the so-called Boolean
validity.

Definition 2.5 (Boolean validity) Let £ be as above. Then a second-order
&£-sentence is Boolean-valid if ||¢||™ = 1 for any Boolean-valued £-structure M.

Using Lemma 2.4, one can prove the following useful lemma.
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Lemma 2.6 Let £ be as above. A second-order £-sentence ¢ is Boolean-valid if
and only if ¢ is true in any full second-order £-structure in any set-generic extension

of V.

Proof By Lemma 2.4, the direction from right to left is obvious.

For the direction from left to right, let B be a complete Boolean algebra in V, let
G be a B-generic filter over V, and let N = (4, U,c,, P (A" {RN} 1<) be
any full second-order £-structure in V[G]. We show that ¢ is true in N.

First, note that we may assume that A is an ordinal y. For each i with 1 <i <n,

let m; be the natural number such that R; is an m; -ary relation symbol, and let R;N be
a B-name for RiN .Let M = (y, B, {RlM }1<i<n) be the Boolean-valued &£-structure,
where, for each X € y™i,

RM(X) = the Boolean value of “§ e R;N” in B.
Then it is easy to show that M [G] = N. Hence by Lemma 2.4,
NEg < |¢|" €G.
Since ¢ is Boolean-valid, ||¢||* = 1 and hence N F ¢, as desired. O

From the last lemma, it is easy to see that the set of Boolean-valid &£-sentences
can be seen as a set of natural numbers IT,-definable in ZFC and therefore, one
can reduce this set of natural numbers to the set of Boolean-valid £-sentences of
full second-order logic recursively. We will discuss the possibility that the set of
Boolean-valid £-sentences can also be seen as a A, set of natural numbers in ZFC
later in this article. Also, we will show that Boolean validity is invariant under set-
forcing extensions assuming a proper class of Woodin cardinals, while the validity
of full second-order logic is fragile to set-forcing extensions. For example, one can
characterize the set of natural numbers (N, <) and the real line (R, <) (up to iso-
morphism) with a sentence in full second-order logic, and, using this, one can find a
sentence in second-order logic whose validity in full second-order logic is equivalent
to the continuum hypothesis, which is not invariant under set-forcing extensions.
We end this section by proving the forcing absoluteness of Boolean validity.

Theorem 2.7 Assume a proper class of Woodin cardinals. Then for any second-
order sentence ¢ and any partial order P, ¢ is Boolean-valid if and only if ¢ is
Boolean-valid in V.

Proof  The statement follows from Theorem 4.2 in Section 4 and Theorem 5.1 in
Section 5. Nevertheless, we will give a direct proof using the stationary tower-forcing
P_s.

Let ¢ be any second-order sentence, and let IP be any partial order. We first show
that if ¢ is Boolean-valid, then so is it also in VP, By Lemma 2.6, it suffices to show
that ¢ is true in any full second-order structure in any set-generic extension of V¥,
However, by Lemma 2.6 again, ¢ is true in any full second-order structure in any
set-generic extension of V', and therefore so is it also in every generic extension of
VE

We finish the proof by showing that if ¢ is Boolean-valid in V¥, then so is it also
in V. We will show the contrapositive; namely, if ¢ is not Boolean-valid in V, then
it is not Boolean-valid in V¥ either.
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Assume that ¢ is not Boolean-valid in V. Then by Lemma 2.6, letting ¥ be the
negation of ¢, ¥ is true in some full second-order structure Ny in some generic
extension V2. By Lemma 2.6 again, it is enough to show that v is true in some full
second-order structure in some generic extension of V'F.

Let § be a large-enough Woodin cardinal so that P, Q, No € Vs, where NO is a
Q-name for Ny. Let G be P_s-generic over V such that &, (P (P)) € G, and let
j:V — M be the induced embedding from G with M <8 N V[G] € M. Then in
V[G], one can find a P-generic over V and hence V[G] can be seen as a generic
extension of V'F.

By elementarity of j, ¥ is true in the full second-order structure j (No) in M7 (@,
Since § is sufficiently large and M <% N V[G] € M, one can assume that  is true in
some full second-order structure in V[G]/Q). Then since V[G] is a generic extension
of VT, v is true in some full second-order structure in some generic extension of V' *
as well, as desired. O

3 Henkin Models
We now introduce important structures when discussing second-order logic.

Definition 3.1 (Henkin models) Let £ = {Ri,..., R,} be arelational language.
A second-order £-structure M = (4,8, {RiM H<i<n) is @ Henkin model if it sat-
isfies the comprehension axiom for each second-order £-formula; that is, for each

second-order £-formula ¢, @ € A<?, and ]7 € g=?,
(Red= |MEgGEd fed.

Example 3.2  Let £ be as above. Then a second-order £-structure M = (A4,
Upew P(4™), {RlM}lsifn) is a Henkin model and is called a full second-order
£-structure.

The semantics of second-order logic via Henkin models (Henkin semantics) gives us
similar logical properties of second-order logic to first-order logic, as in this example.

Theorem 3.3 (Henkin) Second-order logic via Henkin semantics is sound and
complete to a standard proof system of second-order logic. In particular, the set of
all second-order sentences valid via Henkin semantics is 9.

On the other hand, the semantics of second-order logic via full second-order struc-
tures (full semantics) does not enjoy completeness or compactness; in fact, one can
express infinity of a set and well-foundedness of a partial order by second-order sen-
tences via full semantics. Also the validity of second-order logic via full semantics
is highly complex.

Theorem 3.4 (Vddnanen) Let &£ be an arbitrary relational language. Then the
set of all second-order valid £-sentences via full semantics is T1y-complete in the
language of set theory.

Proof See [15, Theorem 1]. O

The Boolean-valued second-order logic is a second-order logic sitting between the
two semantics we discussed above. While it is quite powerful (e.g., one can express
well-foundedness as well as the theory of Godel’s constructible universe L and some
canonical inner models such as L), it may enjoy completeness in some sense.
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4 Q-Logic and 2-Validity

We now introduce Q2-logic, especially €2-validity. 2-logic is a logic of forcing
absoluteness, invented by Hugh Woodin after his invaluable investigation on the
connection between forcing absoluteness and large cardinals. Forcing absolute-
ness discusses preservation of the truth of statements between a ground model and
its set-forcing extensions; for example, by Shoenfield’s absoluteness lemma, any
H;-sentence is forcing-absolute.

Definition 4.1 (R-validity) A TI,-sentence ¢ in set theory is Q-valid if it is true
in V and in any set-forcing extension of V.

As we mentioned, by Shoenfield’s absoluteness lemma, any H;-sentence true in V'
is Q-valid. If V =L, the H%—sentence “Every real is constructible” is true, but not
Q-valid, while large cardinals give us more sentences that are 2-valid. For example,
if there is a proper class of Woodin cardinals, then for every sentence ¢ true in L(R),
the sentence “L(R) F ¢” is Q-valid (see Larson [4, Corollary 3.1.16]). Furthermore,
if there is a proper class of cardinals which are Woodin and measurable, then for any
E%-sentence @ true in some set-generic extension, the sentence “CH — ¢” is 2-valid
(see [4, Theorem 3.2.1]).

It is easy to see that the set of all 2-valid IT,-sentences is I1, in ZFC. The im-
portant point is that 2-validity is invariant under set-forcing extensions assuming a
proper class of Woodin cardinals.

Theorem 4.2 (Woodin) Assume a proper class of Woodin cardinals. Then for
any Il,-sentence ¢ and a set partial order P, V. E “@ is Q-valid” if and only if
VP E “¢is Q-valid.”

Proof See, for example, [5, Theorem 2.2]. O

5 Boolean Validity and 2-Validity
We now prove one of our main results.

Theorem 5.1 Let £ be a relational language containing a binary relation sym-
bol R.

(1) There is a recursive translation from second-order £-sentences ¢ to
I1,-sentences V, in set theory such that

@ is Boolean-valid <= 1, is Q-valid.

(2) There is a recursive translation from T1,-sentences \ in set theory to second-
order £-sentences ¢y such that

Y is Q-valid <= @y is Boolean-valid.

In particular, the complexity of Boolean validity is the same as the one of
Q-validity.

Proof  We show the first item of the theorem. Given a second-order £-sentence ¢,
we define the IT,-sentence v, in set theory stating that

“@ is true in any full second-order £-structure.”
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We verify the desired equivalence. By Lemma 2.6, ¢ is Boolean-valid if and only
if it is true in any full second-order £-structure in any set-generic extension, that is
equivalent to that v, is 2-valid, as desired.

Next, we show the second item of the theorem. Given a I1,-sentence ¥ in set
theory, we define the second-order £-sentence ¢y, stating that

“If A with the relation R is well-founded, extensional, and is isomorphic to (V}, €)
for some strong limit cardinal A, then (A, R) F v,”

where A is the first-order part of the given structure M, and we identify the above R
with the interpretation of the binary relation symbol R contained in &£. Note that the
well-foundedness and the extensionality of a structure (A, R) can be easily expressed
by a second-order £-formula. One can also express the statement that “(A, R) is
isomorphic to (V) €) for some strong limit cardinal A” via a second-order £-formula
by describing a “V -hierarchy” function from the set of “ordinals” in (A4, R) and the
intended “V,,” as their images using second-order quantifiers.

We verify the desired equivalence. By Lemma 2.6, ¢y, is Boolean-valid if and
only if it is true in any full second-order £-structure in any set-generic extension,
which is equivalent to V) F  for all strong limit cardinals A in any set-generic
extension because we focus on true power sets in full second-order £-structures in
generic extensions. Hence the Boolean validity of ¥, is equivalent to the Q-validity
of V) E 4 for all strong limit cardinals A, which is equivalent to the Q-validity of
Y itself because any X;-formula is absolute between V), for strong limit cardinals A
and V, as desired.

This completes the proof of our theorem. O

The application of the above theorem is discussed in the next section concerning
the complexity of Boolean validity and its comparison with that of full second-order
logic.

Let us note that Theorem 2.7 would follow from Theorem 4.2 and Theorem 5.1,
but we have proved Theorem 2.7 directly to illustrate the method.

6 S2-Logic, -Provability, and £2-Conjecture

We now go back to 2-logic and discuss $2-provability and the $2-conjecture, which
were introduced by Hugh Woodin. Considering these notions will help us understand
the complexity of Boolean validity.

As mentioned in Section 4, many statements in set theory are $2-valid, and the
more large cardinals we have in V', the more statements are 2-valid. What is behind
these phenomena is the notion of universally Baire sets of reals, tying large cardinals
with forcing absoluteness, as in the following.

Definition 6.1

(1) Let X be a topological space, and let A be a subset of X .
e The set A is nowhere dense in X if it is disjoint from a dense open subset
of X.
e The set A is meager in X if it is a countable union of nowhere-dense sets
in X.
e The set A has the Baire property if there is an open set U in X such that
the symmetric difference between A and U is meager.



176 Ikegami and Vddndnen

(2) A set of reals A is universally Baire if, for any compact Hausdorff space
X and any continuous function f:X — R, the set f~!(A4) has the Baire
property in X.

The more large cardinals we have, the more complicated sets of reals become uni-
versally Baire and the more complicated statements become $2-valid. In fact, any
transitive model of ZFC closed under certain universally Baire sets is “correct” about
the truth of certain statements. Q2-provability is the notion capturing this idea.

Definition 6.2

(1) Let A be a universally Baire set of reals, and let M be a countable transitive
model of ZFC. We say that M is strongly A-closed” if, for any partial order
P in M and any P-generic filter G over M,

AN M[G] € M[G].

(2) Let ¢ be a IT,-sentence. We say that ¢ is Q-provable if there is a universally
Baire set of reals A such that for any countable transitive model M of ZFC,
if M is strongly A-closed, then M F ¢.}

One can define strong A-closure even for countable w-models of ZFC (instead of
countable transitive models of ZFC) and an w-model M of ZFC is strongly A-closed
for any IT} (lightface) set A if and only if M is well-founded. Therefore, strong
A-closure is a generalization of well-foundedness.

Let us give more examples of strong A-closure and 2-provable sentences. Sup-
pose every set has a sharp. Then the set A = {(x,n) € R x w | n € x*} is uni-
versally Baire and M is strongly A-closed if and only if M is closed under sharps.
Since any transitive model of ZFC closed under sharps is correct about the truth of
¥} -formulas, every I1}-sentence true in V' is 2-provable assuming that every set has
a sharp. In the same way, if M (X) exists for any set X, then for any sentence ¢ true
in L(R), the sentence “L(R) F ¢” is Q-provable by looking at the strong closure of
the set A = {(x,n) € Rxw | n € M} (x)}, where M} (X) is the minimal X -mouse
with w-many Woodin cardinals and a top measure. For the details of this notion, one
can refer to Steel [13].

The soundness holds for €2-logic, as in the following.

Theorem 6.3 (Woodin) Let ¢ be a T1, sentence in set theory. If ¢ is Q2-provable,
then it is Q-valid.

Proof See, for example, [5, Theorem 6.4]. O

Woodin’s 2-conjecture states that 2-provability and €2-validity are the same thing,
as in this conjecture.

Conjecture 6.4 (Woodin) The Q2-conjecture is the following statement:
Suppose there is a proper class of Woodin cardinals. Then for any I1,-sentence ¢ in

set theory, ¢ is S2-provable if and only if ¢ is Q-valid.

It is not known whether one can prove the 2-conjecture while Woodin showed that
the €2-conjecture is consistent, as follows.

Theorem 6.5 (Woodin) Assume a proper class of Woodin cardinals. Then there
is a transitive model of ZFC with a proper class of Woodin cardinals in which the
Q-conjecture is true.
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Proof See, for example, [5, Section 9.2]. L]

Moreover, Woodin showed that Q-provability is invariant under set-forcing exten-
sions assuming a proper class of Woodin cardinals (see [1, Theorem 2.35]). Com-
bining it with Theorem 4.2, one can see that the 2-conjecture is invariant under
set-forcing extension as well.

One great consequence of the Q2-conjecture is a finer analysis of the complexity
of Q-validity by the following result of Woodin.

Theorem 6.6 (Woodin) Assume a proper class of Woodin cardinals, and let § be
the first Woodin cardinal. Then the set of Q-provable T1,-sentences in set theory is
definable in Hs+.

Proof See, for example, [5, Section 8.1]. O

Corollary 6.7  Assume a proper class of Woodin cardinals, and suppose that the
Q-conjecture is true. Then the set of all Q-valid T1,-sentences in set theory is A, in
ZFC.

Combining the above corollary with Theorem 5.1, one can get this interesting result
on Boolean-valued second-order logic.

Corollary 6.8  Assume a proper class of Woodin cardinals, and suppose that the
Q-conjecture is true. Let £ be a relational language. Then the set of Boolean-valid
L-sentences is Ay in ZFC.

The result is in contrast with the fact that the complexity of the set of valid
&£-sentences in full second-order logic is I1,-complete in ZFC (see Theorem 3.4).

7 Boolean-Valued Second-Order Logic, Boolean Provability

After reviewing 2-provability, we now introduce Boolean provability in Boolean-
valued second-order logic as an analogue of 2-provability, and we investigate the
connection between Boolean provability and Boolean validity. We start with intro-
ducing forcing in Henkin models.

Definition 7.1 (Generic extensions) Let £ = {Ry,..., R,} be a relational lan-
guage, and let M = (A, 8, {RlM}lsifn) be a Henkin model. Let B € §, meaning
B = (B, Ag, VB, Og, 1), where B, Ag, Vg € § and Og, 1y € A, and let B be a com-
plete Boolean algebra in M, that is, the second-order sentence that B is a complete
Boolean algebra is true in M. Given a B-generic filter G over M, one can define a

second-order £-structure M [G] = (B, X, {R,M[G]hgign) as follows:

(1) B = Aand RN = RM foreach i with 1 <i <n,
Q) H={f%| feBA Ng}, where fC = {3 e A< | f(¥) € G}.

Definition 7.2 Given £, M, B as above, we assign the Boolean value [¢[a, f]]M
(an element of B) to each second-order £-formula ¢, d € A<%, f e BANE)<? as
follows:
(1) ¢ is x = y, where x, y are first-order variables; then [x = y[a,b]]M is I if
a = b and 0 otherwise.
(2) ¢ is R;(x), where x is a first-order variable; then [R; [a]]M = RlM (a).
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(3) ¢ is X(x), where X is a second-order variable and x is a first-order variable;
then [X(x)[a. 1™ = f(a). )

@) gis =y then [pla, [IIM =1—[yla, /M. 3

(5) @is Y1 Az then [pla. fIIM = [Yuld. FIM Alyala. fTIM.

(6) ¢ is (3x) ¥, where x is a first-order variable; then

[ela. /11" = \/ [v[b.a. /]

beA

(7) ¢ is (3X) ¥, where X is a second-order variable; then
o M - 2 1M
[ela. [1]" = \/ [via.g f1]".

geBANE)

Note that the above definition is the same as Definition 2.2 except for the last clause.
In the last clause, we take the supremes over all the functions in § instead of all the
functions in V.

We now show that one can proceed as with the usual forcing method within
Henkin models.

Theorem 7.3 Let £, M, B be as above, and let G be a B-generic filter over M.
(1) For each second-order £-formula ¢, a € A<, and ]7 e (BANng)=e,
> 72 > M
MGl F ¢la, f€] < [¢ld, f]]" €G.
(2) M[G]is a Henkin model.

Proof  For the first item, the argument is the same as in the proof of Lemma 2.4.
For the second item, let ¢ be any second-order £-formula, @ € A<?, and

f € (B4 N €)=?. It is enough to show that the set
A={ZeA|M[GE¢l%.a, [

belongs to #, where # = {g¥ | g € B4A™” N &}. For simplicity, let X be one
variable x, and let g: A — B be as follows:

g(x) = [¢lx.a, f]

Then since M is a Henkin model, g is in §. It suffices to show that gG = A, but by
the first item of this theorem, for each x € A4,

1.

XEA = [go[x,?z,f]]M eG
— gx)eG
— xegf.
Hence gG = A, as desired. O

We now introduce the Boolean provability in Boolean-valued second-order logic as
an analogy of Q-provability in 2-logic. In the definition of $2-provability, we used
countable transitive models of ZFC as “test models.” We will introduce adequate
Henkin models for the counterpart of transitive models of ZFC in the context of
Boolean-valued second-order logic.
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Definition 7.4 (Adequate Henkin models)  Let £ = {R;}1<i<n be a relational
language. Let M = (A, 8, {RlM}lsisn) be a second-order £-structure which is a
Henkin model.

(1) We say that M is an w-model if M thinks “A is infinite” (i.e., (Ax € A)
(3f € §)), f is a bijection between 4 and A \ {x}), and (@™, <M) is
isomorphic to (w, <) in V, where (o™, <M) is a unique structure satisfying
the axioms for natural numbers.*

(2) We say that M is adequate if

e M is an w-model,

e there is a pairing function of A (i.e., a bijection between A and A2) which
isin g, and

o there is a well-order on 4 in §.

We now define the Boolean provability in Boolean-valued second-order logic. Let
us write R for 2 (w); we continue to use this convention for the rest of this article.

Definition 7.5 (Boolean provability) ~ Let &£ be as above.

(1) Let f:R — R be universally Baire (i.e., its graph is a universally Baire
subset of R?), and let M = (A, §,{R;}1<i<n) be a second-order £-structure
which is a countable adequate Henkin model. We say that M is f-closed if,
for any B € ¥ which is a complete Boolean algebra in M and any B-generic
filter G over M, M[G] is closed under f; that is, for any real x € w such
that p(x) € M[G], p(f(x)) € M[G], where p: (», <) — (@™, <M) is an
isomorphism.’

(2) Let ¢ be a second-order £-sentence. We say that ¢ is Boolean-provable if
there is a function f:R — R which is universally Baire such that if M is an
f-closed countable adequate Henkin model, then M E “g is Boolean-valid.”

We now discuss the connection between Boolean provability and Boolean validity.

Theorem 7.6 (Soundness) Let &£ be as above, and let ¢ be a second-order
£-sentence. If ¢ is Boolean-provable, then ¢ is Boolean-valid.

Proof  Assume that ¢ is Boolean-provable, and let f:R — R be its witness. Let
A be a strong limit cardinal such that the statement “¢ is Boolean-valid” is absolute
between V), and V, and such that f € V) and V) F “f is universally Baire.” It
suffices to show that ¢ is Boolean-valid in V.

Let X be a countable elementary submodel of V) containing f, and let N be its
transitive collapse. Then N is strongly A-closed where A = {(x,n) e Rxw | n €
f(x)}.° Since X is an elementary submodel of Vj, it is enough to show that N & ¢
is Boolean-valid.”

Let M be a Boolean-valued £-structure in N, and let o be a limit ordinal in N
such that M € VN. Let No = (VN VN |, {R;VO }), where RINO = @ for each i with
1 <i < n. Then Ny is a countable adequate Henkin model.

We first show that Ny is f-closed, and then we show that ||¢|| = 1in N. To
see that Ny is f-closed, let us take any complete Boolean algebra B in Ny and any
B-generic filter G over Ng. We will show that Ny[G] is closed under f. First note
that G is also B-generic over N since all the dense subsets of B in N belong to Voﬁ_l.
Therefore, by the strong A-closure of N where A = {(x,n) e Rxw | n € f(x)},
N[G] is closed under f. But then Ny[G] is also closed under f since any real in
N[G] can be coded by G and a B-name in Va]\:q' Thus, Ny is f-closed.
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We finish the proof by showing that ||¢|¥ = 1 in N. Since Ny is f-closed and
¢ is Boolean-provable via f, Ny believes that ¢ is Boolean-valid. Hence ||¢|¥ =1
in Ny, and therefore ||@|| = 1 is also true in N because Ny was a large rank initial
segment of N, as desired. Since M was arbitrary in N, ¢ is Boolean-valid in N and
hence in V) and in V. Therefore, ¢ is Boolean-valid. O

Definition 7.7 (Completeness) The completeness of Boolean-valued second-
order logic is the following.

Let £ = {Ry,..., R,} be a finite relational language, and let ¢ be any second-
order £-sentence. Then if ¢ is Boolean-valid, ¢ is Boolean-provable.

The completeness of Boolean-valued second-order logic is not known to be consis-
tent. In the next section, we compare this completeness with the C2-conjecture.

8 The 2-Conjecture and Completeness of Boolean-Valued Second-Order Logic
We now state one of our main results about Boolean validity.

Theorem 8.1 The completeness of Boolean-valued second-order logic implies the
Q-conjecture.

Proof Let i be a [1,-sentence in the language of set theory which is £2-valid. We
show that ¥ is Q2-provable assuming the completeness of Boolean-valued second-
order logic. Let £ = {R} with a binary relation symbol R, and define the second-
order £-sentence ¢y, as in the proof of Theorem 5.1, that is,

“If A with the relation R is well-founded, extensional, and is isomorphic to (V}, €)
for some strong limit cardinal A, then (4, R) F ¥,”

where A is the first-order part of the given second-order structure M, and identify
the above R with the interpretation of the binary relation symbol R in £.

By Theorem 5.1, ¢y is Boolean-valid. Therefore, by the completeness of
Boolean-valued second-order logic, ¢y, is Boolean-provable. Let f:R — R witness
the Boolean provability of ¢y, andlet A = {(x,n) e Rx w | n € f(x)}. Then A4 is
universally Baire, and we show that A witnesses that i is 2-provable.

Let N be a countable transitive model of ZFC which is strongly A-closed. We
show that v is true in N. Since ¥ is II,, if suffices to show that VaN F y for each
strong limit cardinal o in N.

Take an arbitrary strong limit cardinal & in N, and consider the second-order
£L-structure M = (VaN , Vaﬁl, € O(VaN X VaN )). Then M is a countable adequate
Henkin model. By the same argument given in the proof of Theorem 7.6, M is
f-closed, and hence ¢y, is Boolean-valid in M, and in particular this is true in M.
By the definition of ¢y, VaN F 1. Since o was an arbitrary strong limit cardinal
in N, ¢ is true in N, as desired. O

The main open problem is the following.

Question 8.2 Is the completeness of Boolean-valued second-order logic equiva-
lent to the 2-conjecture assuming the existence of a proper class of Woodin cardi-
nals?

The following question is, of course, of most importance but still open.
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Question 8.3 Is the completeness of Boolean-valued second-order logic consis-
tent?

Question 8.4 Are there any other natural provability notions for Boolean-valued
second-order logic which would be consistent?

9 Cardinal Characteristics of Boolean-Valued Second-Order Logic

In this section, we consider the Hanf number as well as the numbers related to the
compactness and the Lowenheim number of Boolean-valued second-order logic, and
we show that they are strictly smaller (or consistently smaller) than those of the full
second-order logic, under some assumptions of large cardinals and €2-logic.

We now discuss the cardinals related to compactness in some extensions of
Boolean-valued second-order logic and full second-order logic.

For regular cardinals «, A, let Li, ,, denote the second-order logic with <«-long
conjunctions and disjunctions and <A-long sequences of (first-order and second-
order) quantifiers when forming the set of formulas in this logic. The semantics of
these formulas is defined in a standard way.

Respectively, for regular cardinals «, A, let Lzb)k denote the Boolean-valued
second-order logic with <k-long conjunctions and disjunctions and <A-long se-
quences of quantifiers when forming the set of formulas in this logic. The semantics
of these formulas is the same as that of formulas in Li, 5, except that of the second-
order quantifiers. The semantics of the second-order quantifiers (or sequences of
second-order quantifiers) is analogously given as in the definition of the semantics
of Boolean-valued second-order logic.

For a given logic L* and an uncountable regular cardinal «, « is called L*-compact
if for any set of sentences 7 in L*, if any subset of T with cardinality less than x has
a model, then T also has a model.

The following is a result due to Magidor on the compactness of L7  related to
large cardinals.

Theorem 9.1 (Magidor) Let k be a regular uncountable cardinal. Then the fol-
lowing are equivalent:

(1) « is extendible,
(2) « is L} -compact, and
(3) «is L} ,-compact.

Proof See [6]. O

In contrast, we show that supercompactness of «k is enough to ensure the compactness
of L,%’jc under some assumptions on large cardinals and 2-logic.

Note that for a real x and a I1,-formula ¢(z) in the language of set theory, one
can define the Q2-validity and Q2-provability of the formula ¢(x), where x is a param-
eter, in the same way as those of I1,-sentences. (For Q2-provability, one can restrict
the strongly A-closed models with those containing x as an element in its defini-
tion.) Note also that the soundness for the statements of the form ¢(x) where ¢ is a

IT1,-formula and x is a real, holds.
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Definition 9.2 (Strong 2-conjecture)

(1) The Q2-conjecture with real parameters states the following. Assume a proper
class of Woodin cardinals. Then for each IT,-formula ¢ in set theory and any
real x, ¢(x) is Q-provable if and only if ¢(x) is Q-valid.

(2) The strong S2-conjecture states that the $2-conjecture with real parameters
holds in any set-forcing extension.

We will prove that the strong 2-conjecture is consistent with a proper class of
Woodin cardinals. For the proof, we use the notion of extenders and iteration trees.
For the basics of those notions, one can refer to Martin and Steel [7]. Beside the
basic notions of extenders and iteration trees that appeared in [7], we will use the
following notions.

Definition 9.3

(1) An extender E is short if Ih(E) < ig(crit(E)), where Ih(E) is the length of
E, ig is the ultrapower embedding induced by E, and crit(E) is the critical
pointof ig.

(2) An extender E is nice if it is short, In(E) = strength(E), and lh(E) is inac-
cessible, where strength(FE) is the strength of E.

(3) Aniteration tree T = (T, (Eq | @ + 1 < 0)) is normal if there are ordinals
(po | @ + 1 < 0) such that for all ordinals o, 8 withe + 1,8 + 1 < 0,

@ po +2=< strength(E(;T),

(b) pu < pp. and

(c) if « is the immediate T -predecessor of B + 1, then « is the least y such
that crit(Eg) < p,.

(4) An iteration tree T = (T,(Eq | @ + 1 < 0))) is nice if it is normal and
M7 E “E, is nice” for each & < 6, where M7 is the ath model of the
iteration tree 7.

We now introduce the key hypothesis when discussing the strong 2-conjecture.

Definition 9.4  Nice unique branch hypothesis (Nice-UBH) is the following state-
ment.

Suppose that 7 is a countable and nice iteration tree on V' of limit length. Then
T has at most one cofinal well-founded branch.

Theorem 9.5 (Woodin) The theory ZFC + strong Q-conjecture + “There is a
proper class of Woodin cardinals” is consistent assuming the consistency of the the-
ory ZFC + “There is a proper class of Woodin cardinals.”

Proof = We will use some notions from inner model theory. For the notions such

as “mouse,” “fully iterable,” and “L[E ], one can refer to Mitchell and Steel [8] and
Steel [13].
The statement follows from the following three theorems.

Theorem 9.6 (Mitchell, Steel) Assume a proper class of Woodin cardinals. Then

there is a fully iterable proper class mouse L[E] with a proper class of Woodin
cardinals.

Theorem 9.7 (Schlutzenberg, Steel) Suppose that V = L[E] and that it is fully
iterable. Then nice-UBH is true.



Boolean-Valued Second-Order Logic 183

Theorem 9.8 (Woodin)  Assume a proper class of Woodin cardinals. Then
nice-UBH implies the strong Q2-conjecture.

Proof of Theorem 9.6  See [8] and [13]. L]

Proof of Theorem 9.7  Suppose that 7 is a countable and nice iteration tree on V'
of limit length. We will show that 7 has at most one cofinal well-founded branch.
Since T is nice and L[E ] is fully iterable, by Schlutzenberg [11, Corollary 2.10],
each extender in 7 is in the sequence E. On the other hand, by Steel [12, Theo-
rem 3.3], every countable and nice iteration tree on V' = L[E ] has at most one cofinal
well-founded branch if every extender on the tree is from its sequence. Therefore, T
has at most one cofinal well-founded branch. O

Proof of Theorem 9.8  We will use the following key lemma.

Lemma 9.9 Assume a Woodin cardinal 8, an inaccessible cardinal k > §, and a
set of extenders & C Vg such that

(1) & witnesses that § is Woodin,
(2) each extender in & is nice.

Assume a countable elementary substructure X of (Vi, €) with & € X such that
if Mx. & are the images of X and & via the transitive collapse, then Mx has an
wy -iteration strategy for nice iteration trees whose extenders are from & which is
universally Baire in the codes (i.e., the set of reals coding elements of the w1 -iteration
strategy is universally Baire).

Then the 2-conjecture with real parameters holds.

Proof See, for example, [5, Section 9.2]. O

Let P be a partial order and let G be P-generic over V. We show that the
Q2-conjecture with real parameters holds in V[G]. By Lemma 9.9, it is enough
to find § < « and & with the properties described in Lemma 9.9 in V[G].

In V, let 8o be a limit of Woodin cardinals such that P € Vs, and such that in
V[G], every <§p-universally Baire set is universally Baire. Let § > &p be a Woodin
cardinal in V. Then § is Woodin in V[G] as well. Let & C V[G]s be a set of nice
extenders with critical points above §¢ such that & witnesses that § is Woodin in
V[G]. Let k > § be inaccessible in V[G].

Claim 1 V[G]lk satisfies nice-UBH for nice iteration trees whose extenders are
induced by those from &.

Proof of Claim 1 Let 7 be a countable and nice iteration tree on V[G], of limit
length whose extenders are induced by those from &. We will show that there is at
most one cofinal well-founded branch of 7.

We will use nice-UBH in V. Let 7 be as in the statement, and suppose that there
are two cofinal well-founded distinct branches b, ¢ of 7. Then since P is in Vj,
and §g is a limit of Woodin cardinals, there is a Woodin cardinal ' < 8 such that
P € Vg. So one can embed P into the stationary tower forcing Qg below some
condition and induce the corresponding iteration tree 7' and its branches b’, ¢’ in
V' @<0 with the same properties. So we may assume that P = Q_g/.

Let G be Qg/-generic over V, and let j: V — M be the induced embedding
from G. Since every extender in & has critical points above &y, for any extender £
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in7, ENVisin V and one can consider sending these extenders via j and forming
a corresponding iteration tree to & in M. Let us call this iteration tree j(&) for the
ease of notation.

The point is that for each £ € &, ig[G] MM = i%EmV)' This is done by the
same argument as in Woodin [18, Lemma 147]. Hence the iteration tree j(7) in M
has two cofinal well-founded branches j”b and j”c¢ in M, contradicting nice-UBH

in V and the elementarity of j: V — M. O
Now it is enough to prove the assumption of Lemma 9.9 in V[G] (i.e., there is a
countable elementary substructure X of (V[G]c, €) with & € X such that if M, &
are the images of X and & via the transitive collapse, then My has a universally
Baire w;-iteration strategy for nice iteration trees whose extenders are from 8).

However, this holds for any countable elementary substructure X with & € X as
we shall see below. Let m: My — V[G], be the inverse of the transitive collapse
of X. We will define the desired w;-iteration strategy % as follows. Given a count-
able and nice iteration tree 7~ with limit length whose extenders are from &, let = (7°)
be a unique 7-realizable branch (i.e., a unique branch b such that 7”’b is the unique
cofinal well-founded branch of 7,7 in V[G],, where 7. T is the iteration tree in-
duced from 7 and 7). This is well defined since nice-UBH for relevant iteration
trees holds in V[G], by Claim 1.

We show that X is an w;-iteration strategy of My which is universally Baire in
the codes. Being an w; -iteration strategy follows from nice-UBH in V[G],. Using
nice-UBH and the tree production lemma (see, e.g., [4, Theorem 3.3.15]), one can
show it is universally Baire in the codes. To see that, there are two points:

(a) every <dp-universally Baire set is universally Baire in V' [G] and the critical
points of extenders from & are above Jy;
(b) for any Woodin &' < &g in V[G], if H C Qs is V[G]-generic and
Jj:V[G] — M is from H, then for each extender E from &, ig[G’H] P M =
i My
Item (a) follows from the choice of §y and &. Item (b) is proved in [18,
Lemma 147]. The rest is a standard argument to prove X is universally Baire
in the codes. O

O

Theorem 9.10  Assume the existence of a proper class of Woodin cardinals and
that the strong S2-comjecture holds. If «k is a supercompact cardinal, then « is

L2b -compact.

Note that if « is L,%ﬁc—compact, then « must be strongly compact because the com-
pactness of infinitary Boolean-valued second-order logic implies that of infinitary

first-order logic.

Proof Let T be aset of sentences in L,%fc such that any subset of 7" with cardinality

less than « has a Boolean-valued model. We show that 7T itself has a Boolean-valued
model.

Let > « be a limit of Woodin cardinals such that T € V},. Since « is supercom-
pact, there is an elementary embedding j: V — M with critical point k such that
jk)y>mn,j I V4 € M,and M is transitive.
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The outline to have a Boolean-valued model of 7 in V is as follows. By the
conditions of j, one can see j”T € M which is a subset of j(T) with cardinality
less than j(x) in M. By elementarity and the assumption for 7" in V', one can have
a Boolean-valued model of j”T in M which can be easily translated to that of 7.
We go to a forcing extension MT for P = Coll(w, T') where T can be coded by a
real and argue that 7 has a Boolean-valued model also in MF. By the soundness
of Q-logic with real parameters, the statement “7 has a full second-order model” is
Q-consistent with a parameter coding 7" as a real. Then we argue that this is also
true in V¥ using the agreement of Q-logic in V¥ and M. Finally, we use the strong
Q2-conjecture to have 2-satisfiability of the statement “7" has a full second-order
model” in V* that implies that 7 has a Boolean-valued model in V.

To ensure the agreement of Q-logic in V¥ and M¥, we will use the following
lemma. Note that V;, = M, since j | V;; € M.

Lemma 9.11 (Woodin) In the above situation, for any partial order P in V), the
set of all universally Baire sets in V¥ is exactly the same as that in M. Hence the
Q-logic with real parameters in V¥ coincides with that in MF.

Proof of Lemma 9.11  See [4, Lemma 3.4.15]. O

We now proceed with the details of the arguments. Since j | Vyisin M and T € V),
j"T is also in M and it has cardinality less than n < j(x) in M. By the assumption,
any subset of 7" with cardinality less than x has a Boolean-valued model in V. Since
|j”T| < j(x) in M, by elementarity of j, j”T has a Boolean-valued model in M
as well.

Since j | T isin M, one can easily transform a Boolean-valued model of j”T
in M to that of T in M by sending the interpretation of symbols in j”T to that of
the corresponding symbols in 7" via j. Hence T also has a Boolean-valued model
inM.

Let P = Coll(w, T).

Claim 2 T has a Boolean-valued model also in M.

Proof of Claim2 Let § > 7 be a Woodin cardinal in M such that for any
3,-formula ¢ and a real x in M, if the sentence ¢(x) is true in some generic
extension of M, then there exist « < § and Q € My such that Mg E o(x).

Let g be P-generic over M. We will show that T has a Boolean-valued model in
M g]. Since P is in My, there is a P_g-generic filter G over M such that g € G.

Then T is countable in M [G] and there is an elementary embedding k: M — N C
M [G] such that N<4 " M[G] < N with k(§) = §. By elementarity of k, in N, there
is a Boolean-valued model of k(T') and hence also a Boolean-valued model of kT
Since T is countable in M [G], it is in N and by using k, one can easily transform a
Boolean-valued of kT to thatof 7 in N.

Note that the statement “there is a full second-order model of 7 is a X, -statement
with parameter x in N. Then by the choice of § and the elementarity of k, there exist
o < k(§) =8 and Q € Ns = M[G]s such that N satisfies that “there is a full
second-order model of 7'.” Since Ns = M [G]s, it is also true in M [G]. Therefore,
T has a Boolean-valued model in M [G] and hence in M [g] for any P-generic g over
M, as desired. O
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We now have that 7 has a Boolean-valued model in MT where T can be coded by
a real. Then by the soundness of 2-logic with real parameters, the statement “T
has a full second-order model” (with a real parameter coding 7) is 2-consistent in
MP. By Lemma 9.11, the same statement is $2-consistent in VP, But since the
strong €2-conjecture is true in V, the Q2-conjecture with real parameters is true in
V¥, Hence the statement “T" has a full second-order model” is Q-satisfiable, that is,
T has a Boolean-valued model in VT and hence in V, as desired. O

We now discuss the Hanf numbers of Boolean-valued second-order logic and of full
second-order logic. First we define the notion of cardinality of a Boolean-valued
structure. Given a Boolean-valued structure M = (A, B, {RIM 1), the cardinality of
M is defined to be that of A.

For a given logic L*, the Hanf number of L* is the least cardinal « such that if
a sentence ¢ in L* has a model of cardinality at least k, then ¢ has models with
arbitrarily large cardinalities; that is, for any A, ¢ has a model with cardinality bigger
than A. For a sentence ¢ in L*, let

sp(¢) = {«x | ¢ has a model of cardinality «}.

We call sp(¢) the spectrum of ¢. The Hanf number of L* is the least « such that for
any sentence ¢ in L* with bounded spectrum and A € sp(¢), A < k.

We use h2 and h?? for the Hanf numbers of full second-order logic and of
Boolean-valued second-order logic.

The following is due to Magidor.

Theorem 9.12 (Magidor) The Hanf number h? is between the first supercompact
cardinal and the first extendible cardinal.

Proof  See [0]. O

We show that 422 is below the first supercompact cardinal and hence strictly smaller
than 42 under the same assumptions of Theorem 9.10.

Theorem 9.13 Assume a proper class of Woodin cardinals and that the strong
Q-conjecture holds. Let k be a supercompact cardinal. Then h?? < .

Proof  Since there are only countably many second-order sentences, it is enough to
show that for each second-order sentence ¢ with bounded spectrum for the Boolean-
valued second-order logic, sup(sp(¢)) < k.

We will use Theorem 9.10. Let ¢ be a second-order sentence with sup(sp(¢)) > «.
We will show that sp(¢) is unbounded. Given any cardinal A > «, we add A-many
constants ¢, in the language of ¢ and let T be the set of sentences ¢ and those stating
cq # cgforalla < B < A. Since sup(sp(¢)) > «, any subset of T with cardinality
less than « has a Boolean-valued model. Hence, by Theorem 9.10, the whole 7" has
a Boolean-valued model and that Boolean-valued model has cardinality at least A, as
desired. O

Corollary 9.14 Assume a supercompact cardinal and a proper class of Woodin
cardinals and that the strong Q-conjecture holds. Then h?? < h2.

Note that 42 is at least as large as k (w), if such exists, since well-ordering can be
described in Boolean-valued second-order logic.
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Question 9.15 Can we say more about the least cardinal « such that « is

L25 -compact? How about the lower bound of Hanf number /2°?

Finally, we discuss Lowenheim numbers of Boolean-valued second-order logic and
full second-order logic. Given a logic L*, the Lowenheim number of L* is the least
cardinal k such that for any sentence ¢, if there is a model of ¢, then there is one such
with cardinality at most «. Let us use £22 and £2 to denote Lowenheim numbers of
Boolean-valued second-order logic and full second-order logic, respectively.

The following is a well-known characterization of Lowenheim number of full
second-order logic.

Proposition 9.16 (Folklore) We have
0? = sup{a | « is Ay-definable in set theory).

In particular, £? is bigger than the least limit of Woodin cardinals if there is a proper
class of Woodin cardinals.

Proof See, for example, [14]. O

gzb

We now show that could be smaller than £2.

Theorem 9.17  Assume that the theory ZFC + “There is a proper class of Woodin
cardinals” is consistent. Then so is ZFC + “There is a proper class of Woodin

cardinals and €2 is less than the first Woodin cardinal.” In particular, it is consistent
that 25 < (27

Proof  We use some facts from inner model theory. For the notions such as “mini-
mal canonical inner model” and “@-structures,” one can refer to [8] and [13].

We look at the minimal canonical inner model M = L[E ] with a proper class
of Woodin cardinals and argue that £2? is less than the first Woodin cardinal in M.
Since one can prove that such an M exists assuming ZFC + “There is a proper class
of Woodin cardinals,” this is enough to prove for the conclusion of the theorem. (For
the proof of this fact, one can look at [8] and [13].)

We work in M. Let § be the least Woodin cardinal in M, and let ¢ be a second-
order sentence such that ¢ has a Boolean-valued model. We will show that ¢ has a
Boolean-valued model with size less than §.

Let « be the least inaccessible cardinal above § in M. Let & C Mj be a collection
of nice extenders witnessing § is Woodin in M. Let X be a countable substructure
of M, such that & € X, and let Mx be the transitive collapse of X. We will write a
for the transitive collapse of @ in X (e.g., 8). By Theorem 0.2 in Schindler and Steel
[10], Mx has an w;-iteration strategy for nice iteration trees whose extenders come
from & which is led by @-structures, and hence it is universally Baire in the codes
in M. Therefore, by Lemma 9.9, the 2-conjecture holds in M and the statement
¥ = “p has a full second-order model” is 2-consistent, that is, its negation is not
Q-provable.

Let ¥ be the w;-iteration strategy on My we discussed in the last paragraph.
Since X is universally Baire in the codes and v is 2-consistent, there exists a count-
able transitive model N of ZFC such that My is countable in N and N is X-closed.
In particular, there exists a y in N such that VyN has a Boolean-valued model of ¢
whose first-order universe is in V.
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We now use the extender algebra 'Wg 5 C VSMX over My (e.g., see Section 9
in [5]) to make VyN generic over an iterate My, of My in N. Then My has a
Boolean-valued model of ¢ whose first-order universe is in VSJ,W"", where §’ is the
image of § via the iteration map 7: My — M. By elementarity of 7 in My, there
exists a Boolean-valued model of ¢ whose first-order universe is in yMx Finally,
since My was the transitive collapse of X, in M,, there exists a Boolean-valued
model of ¢ whose first-order universe is in Mg. Hence ¢ has a Boolean-valued
model with size less than the least Woodin §, as desired. O

Question 9.18 Could £2% be below the least measurable cardinal?

Notes

1. The definition of 2-validity here is different from Woodin’s original definition in [17].
However, they are essentially the same in the following sense: There are recursive trans-
lations ¢ +— V¥ and ¥ +— ¢y from II>-sentences to sentences and sentences to
IT,-sentences, respectively, such that a I1p-sentence ¢ is 2-valid in our sense if and
only if ¥, is -valid in Woodin’s sense, and a sentence v is £2-valid in Woodin’s sense
if and only if @y, is 2-valid in our sense. We use our formulation because it is simpler
to work with when considering IT,-statements.

2. There is a notion called “A-closure,” weaker than strong A-closure, but there is no es-
sential difference between them in our context. For the details, one can refer to [1].

3. The definition of Q-provability here is different from Woodin’s original definition of
Q-provability in [17]. However, they are essentially the same in the following sense:
There are recursive translations ¢ +— ¥ and ¥ + @y, from I1>-sentences to sentences
and sentences to I1,-sentences, respectively, such that a IT1-sentence ¢ is Q-provable
in our sense if and only if ¥, is Q-provable in Woodin’s sense, and a sentence ¥ is
Q2-provable in Woodin’s sense if and only if ¢y, is §2-provable in our sense. We use our
formulation because it is simpler to work with.

4. Since M satisfies the comprehension axiom for each second-order formula and A is
infinite in M, such a structure exists in § uniquely up to isomorphism.

5. Such a p exists because M is an w-model.

6. N is a countable transitive model of a fragment of ZFC and one can define the strong
A-closure for such a model in the same way as Definition 6.2.

7. The authors would like to thank John Steel for pointing out the corresponding result in
Q-logic.
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