Notre Dame Journal of Formal Logic
Volume 55, Number 2, 2014

Combinatorial Unprovability Proofs and Their
Model-Theoretic Counterparts

Mojtaba Aghaei and Amir Khamseh

Abstract  For a function f with domain [X]?, where X C N, we say that
H C X is canonical for f if there is a v C n such that for any xg, ..., x;—1
and yo,...,Yn—1in H, f(x0,...,xn—1) = f(yo,...,yn—1) iff x; = y; for
all i € v. The canonical Ramsey theorem is the statement that for any n € N,
if f : [N]® — N, then there is an infinite H C N canonical for f. This paper
is concerned with a model-theoretic study of a finite version of the canonical
Ramsey theorem with a largeness condition and also a version of the Kanamori—
McAloon principle. As a consequence, we produce new indicators for cuts satis-
fying PA.

1 Introduction

We begin by recalling some notions and definitions. If X is a set and #» is a natural
number, then [X]" denotes the collection of subsets of X of cardinality n. We will
identify a natural number n with the set {0,...,n — 1}. Also we shall use N to
denote the set of natural numbers as well as its cardinality, in the arrow notation
below. If n, k, and c are either N or elements of N, X — (k)7 means that whenever
f 1 [X]" — cthereis H € X with | X| > k such that f is constant on [H]". In this
case we say that H is homogeneous for f. Using these definitions we can state the
infinite Ramsey theorem and its finite version as follows (see [15]).

Theorem 1.1 Foranyn,c € NN — (N)I.
Theorem 1.2 Foranyn,c,k €N, there is an m € N such that m — (k)?.

Note that the infinite Ramsey theorem is a statement in the second-order language
of arithmetic while the finite Ramsey theorem can be formulated in the first-order
language of arithmetic and is provable in Peano arithmetic (for more information see
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Kaye [7]). Let us recall a variant of Theorem !.2, the Paris—Harrington principle.
Aset H C Nis called relatively large if |H| > min(H ). The notation X — (k)7
means that in addition the homogeneous set is relatively large. The Paris—Harrington
principle (denoted PH) is the following statement:

For any n,c, k € N, there is an m € N such that m — (k)”.
Paris and Harrington [ | 4] showed the following.
Theorem 1.3 PH is not provable in PA.

Another important PA-unprovable statement was introduced by Kanamori and
McAloon [¢]. Let X — (k);,, mean that whenever f : [X]" — N is regressive,
that is, f(x1,...,xy) < xp forall x; < --- < x, from X, then there is H C X
with cardinality k such that for all x; < --- < x, from H, f(xq,...,x,) only
depends on x1. Such H is called min-homogeneous for f. The Kanamori—-McAloon

principle (denoted KM) is the following statement:

For any n, k € N, there is an m € N such that m — (k)"

reg*

Kanamori and McAloon [¢] showed the following.
Theorem 1.4 KM is not provable in PA.

It is worth mentioning that PH and KM are indeed equivalent and that the equivalence
can be proved purely combinatorially. There are many other well-known examples of
unprovable statements in the literature. For more information and a discussion and
some recent results in the subject we refer the reader to Bovykin [1], [7].

Let us now recall a more general phenomenon, Weiermann’s phase-transition pro-
gram. It is interested in the transition from provability to unprovability of a given as-
sertion by varying a threshold parameter. For the function F(x), let PHFr be the state-
ment similar to PH when we replace the largeness condition by |H| > F(min(H)).
Hence the Paris—Harrington theorem implies that PH;; is not provable in PA. Weier-
mann [ ! 7] extended this theorem by considering some more functions. The binary
length || of a natural number i is defined by |i| = [log(i 4+ 1)]. The d-times iter-
ated length function | - |4 is defined recursively as |x|o = x and |x|z+1 = [|x]|4].
Furthermore, let Hy 1 pe the inverse function of the «th member Hy of the Hardy
hierarchy. Weiermann classified those functions F' for which the statement PHf is
not provable in PA as follows (see [ 7]).

Theorem 1.5 Let f,,(i) = |i|H;‘(i)' Then for o < &9, PH, is not provable in
PA iff ¢ = ¢&y.

Related results for a fixed dimension can be found in [19].

We now mention the phase transition threshold for the Kanamori—-McAloon prin-
ciple. Let KMfg be the statement similar to KM when we replace the condition
f(x1,...,x5) < x1 by f(x1,...,%,) < F(x1). Hence the Kanamori-McAloon
theorem implies that KM; 4 is not provable in PA. Moreover, we let KM’ be the re-
striction of KM F to the fixed exponent . Lee found the following results (see [ (]).

Theorem 1.6  Let fo(i) = |i|H‘;1(i) and g4(i) = |i|g.
(1) For a < g9, KMy, is not provable in PA iff a = &.
(2) KM?:l is provable in I ¥4 for any o < wg41.
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(3) KM;;H is provable in I ;.
(4) KM;:‘}Z is not provable in I ¥ ;.

Let F; ! be the inverse function of the «th member F, of the fast-growing hierarchy.
In [5] the gap between (3) and (4) of Theorem | .6 was closed.

Theorem 1.7 Let £9(i) = | “@ ' Q/]ilz]. Then KM9tY s provable in I X4 i
Jo fd 1
o < wqg. “

Note that [4] contains some progress concerning regressive functions. It may be
worth mentioning that the phase-transition results are not limited to the PH and KM.
For a discussion in general we refer the reader to two classical papers [10] and [ £]
by Weiermann.

The canonical Ramsey theorem [7] is a generalization of Theorem and the
Kanamori—-McAloon principle with no restrictions on the number of colors or re-
gressiveness of coloring. If the function f has domain [X]", where X C N, we say
that H C X is canonical for f if there is a v C n satisfying the following condition:
for any xg,...,xXp—1 and yg,..., yu—1 in H, f(x0,...,%n—1) = f(Vo,---»VYn—1)
iff x; = y; foralli € v. We shall write v = v(H) when v makes H canonical.
The canonical Ramsey theorem of Erdos and Rado [7] is the following statement.

Theorem 1.8  Foranyn € N, if f : [N]" — N, there is an infinite H € N
canonical for f.

Using the tools of computability theory and reverse mathematics, Mileti [ 1 2] studied
the effective content of the canonical Ramsey theorem of Erdos and Rado and its re-
lation to the effective content of Konig’s lemma and Ramsey’s theorem. He analyzes
the complexity of the solutions to computable instances of this problem in terms of
the Turing degrees and the arithmetical hierarchy and gives a sharp characterization
for the canonical Ramsey theorem for exponent 2.

In [?] Bovykin and Weiermann conduct a model-theoretic investigation of the
canonical Ramsey theorem for exponent 2. Their results approximate the logical
strength of this principle by the strength of its finite iterations known as density
principles. Moreover, they give a characterization of strong cuts in terms of the
canonical Ramsey theorem. Finally they notice that over RCAy, the set of first-order
consequences of the canonical Ramsey theorem for exponent 2 coincides with PA.

The finite version of the canonical Ramsey theorem with a largeness condition

was first considered by Carlucci and Weiermann [0]. The notation X Ry k)"
means that whenever f has domain [X]”, there is a subset H C X with cardinality
|H| > max{min(H), k} such that H is canonical for f. The canonical Ramsey
theorem with a largeness condition (denoted ERL) is the following statement:

For any n, k € N, there is an m € N such that m E;n* k)".

The Carlucci—-Weiermann combinatorial proof which is an adaptation of a proof in
[! 1] shows that the ERL implies the Paris—Harrington principle PH. Let ERL" (k) be
the Erdos—Rado numbers by considering a largeness condition, where 7 is the expo-
nent and k is the size of the canonical set. Similarly, PH” (k) will denote the Paris—
Harrington numbers, where 7 is the exponent, ¢ is the number of colors, and k is the
size of the large homogeneous set. Here is the combinatorial proof of ERL — PH
copied from the manuscript by Carlucci and Weiermann [0]. It is done by showing
that PHy_, (k) < N = ERL"(k), for any k > n. Let f : [N]" — k —n be
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given. By definition, there exists H C N of size max{k, min(H )} which is canon-
ical for f* with the index set v. We shall prove v = @. If i € v, then writing H as
{x1,..., Xk, ...}, the values

JSOen, oo Xisn, Xy, X)),
f(xl7'"7xi—l’xi+1»"'»xn+l)a
f(xl,"'7xi—1’xi+(k—n)a""xk)a

should all be distinct, which is not the case. Hence v = @, and so H is homogeneous
for f. The above argument shows that ERL is not provable in PA. Indeed, Carlucci
and Weiermann studied the parameterized version of ERL. Let ERL be the state-
ment similar to ERL when we replace the largeness condition by |H| > F(min(H)).
The following result was obtained in [0].

Theorem 1.9  Let fo(i) = |i|H07‘(i)'
(1) For o < g9, ERL, is not provable in PA iff a = &.
2
(2) ERLAck_l(l_M+2
In this paper, we first provide a model-theoretic framework for thinking about the
canonical Ramsey theorem and produce a new indicator for models of PA. As a
corollary, we get the Carlucci—Weiermann unprovability result. Then in Section 3,
we study the model-theoretic treatment of a version of the Kanamori—-McAloon prin-
ciple. Again, as a consequence we have new indicators for models of PA and 1%,
for eachn € N.

is not provable in I X,.

2 On the Canonical Ramsey Theorem with a Largeness Condition

In this section, we study the finite version of ERL from a model-theoretic point of
view. To produce an indicator for models of PA, we use the following simple lemma.
As usual [a, b] denotes the set {a,a + 1,...,b —1,b}.

Lemma 2.1 Let [a+m, b] = (k)", and let g be a function with domain [[a, b]]".
Then there exists H which is canonical for g and |H| > max{k, min(H) + m}.

Proof  Define the function f with domain [[a + m, b]]" by

f(x1,...,xp) =g(x1 —m,...,x, —m).
Let Hy be canonical for f with |Hy| > max{k, min(Hy)}. Then the set H = Hy —
m = {h —m : h € Hp} is canonical for g and we have |H| = |Hy| > min(Hy) =
min(H) + m. O

We now turn to the set C which constitutes a set of diagonal indiscernibles for
all Ap-formulas in the language of arithmetic. Below r(e) is the Ramsey number
R(Q2e+1,e +2,3¢ + 1).

Lemma 2.2 Let M = 13, be nonstandard. Suppose that for nonstandard ele-
ments ey < ay in M there exists b € M such that [ay, b] E;n* (2e1)¢!. Then there is a
cutl < M suchthatey,a; <1 <bandl |EPA +—Vn,x,z3y([x, y] = (2)™).

Proof By overspill, let e be nonstandard with r(e) + 2e < 2e;. Hence
e1 > 5+ 1 > 4e+1,and if welet a = a; — (4e + 1), then a > e and so
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a is nonstandard. Then clearly [a + 4e + 1, D] = (r(e) +2e)*+! Let

01z, X1, X2, ..., Xe)s oo o, Pe(2,X1,X2, ..., Xe)

be the first e Ap-formulas in at most the free variables shown. By Lemma
and the assumption, let » € M be minimal such that for every function g
with domain [[a, b]]*¢T!, there exists a g-canonical set H < [a,b] such that
|H| > max{r(e) + 2e, min(H) + 4e + 1}. We shall build a model of PA between «a
and b.

First define a function i : [[a,b]]?¢*t! — e + 2 as follows. For ¢ < d; < d, in
[a, b], put

i(c,d1,d>) =mini <edp < c(pi(p,dr) <+ ¢i(p.dr)),

if such i exists, and put e + 1 otherwise. Informally, i (c, d_l_d_z) is @3 first formula
with a parameter smaller than c¢ that distinguishes the tuples d; and d5.
Define another function p : [[a, b]]?¢T! — b as follows:

ple,di,dz) = min p < c(@;caran (P> A1) > 0 a2 (P> D)),
ifi(c,dy,d2) # e+ landc otherwise. The value p(c, dy, d>) is the first parameter
p with which ¢, . 77, distinguishes d; and d>.

Now let us introduce our coloring g : [[a, b]]*¢T1 — b as follows:
0 if p(c.dy.d2) = plc.ds.dy),
j+1 ifj =p(c,di,dy) # p(c,ds, dyg).
Note that g(c,d_l, d_2 d_3, d_4) < c. Let Hy C [a, b] be a canonical set for g with

v = v(Hp) such that |Hy| > r(e) + 2e and |Hy| > min(Hy) + 4e + 1. We now
show that either v = @ or v = {0}. Suppose to the contrary that v contains some

g(csd_lvd_Zad_37d_4) = {

i # 0. Writing Ho as {Xg, X1, ..., Xxy+4e+1. - - -}, We have that
g('x()a"'5xi—17xi7"'7x4e)s
8(X0, .oy Xic1, Xig1,s oo Xdet1)s
8(X0, .., Xic1, Xigxot1s -+ Xdetxot1)

are as many as xo+2 distinct values for g, contradicting g(xo, ..., X4¢) < Xo. Hence

either v = @ or v = {0}. Notice that if v = @, then Hy is homogeneous for g. Also,
{0}-canonicity is stronger than min-homogeneity since it has “if and only if” in the
definition, while min-homogeneity has “only if.” Let zq, z, ..., z2. be the last 2e
elements of Hy, and set H = Hy — {z1, 22, ..., Z2¢}. Then

|H| > max{r(e) min(Hy) + 2e + 1} = max{r(e) min(H) + 2e + 1}.

Letj = g(c, di,d>, 71, .. ., Z2¢), forc < di < ds arbltrary elements of H. Then

plc, d, dz) plc,z1,... Zze)lfj —Oandp(c di, dz) = j—1,if j # 0. Thus

p(c.dy, d>) is independent of d; and d, because j is constant or j only depends on
¢ in the cases where Hj is homogeneous or min-homogeneous for g, respectlvely.

Since |H| > r(e), thereisaset C C H of 3e + 1 pomts Co <Cp <+ < (3¢ 1N

H such that for any two (2¢ + 1)-tuples ¢ < d; < d» and ¢’ < d/ < d/ in C, we

have i(c,dy,d) = i(c’,d],d}). If the value of i on [C]***isi # e 4 1 taking
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p = p(co,c1,...,Ce) = p(Co,Cet1,---,C2¢) = P(Co,Coe+15---,C3e), We see that
the three formulas

pi(p.c1,....ce),

@i(P, Cet1s- -+, C2e),

@i (P, C2e+1;- - -5 C3e)

are inequivalent in pairs, which is impossible since we have only two truth values.
Hence i has constant value e 4+ 1 on [C]?**!. So we can conclude that the set
C’ ={co,...,C2e} is our desired set of diagonal indiscernibles; that is, for any stan-
dard Ag-formula ¢(z, x1,...,x,),anyc € C',any d; <--- < dyande; <--- <ey
above ¢, and any p < ¢, we have

qo(p5d19'-'sdn) <—>(p(p,€1,...,€n).

Now we can repeat the usual argument that the cut / = supy ¢ ¢k is a model of PA.
Note that since e < cg € I,thene € I,andso4e + 1,a 4+ 4e + 1, and r(e) + 2e

are in /, and hence ey, a; € I. Moreover, since M £ 3y < b([ay, y] = (2e1))
by Ag-absoluteness, I £ 3y < b([ay, y] = (2€1)¢1), and so

I = PA 4+ =Vn, x,z3y([x, y] = (2)"). O
Using Lemma ~.2, we model-theoretically reproved the Carlucci—-Weiermann un-

provability result.

Corollary 2.3 We have PA ¥ Vn, x,z3y([x, y] = @)m).
We then recall a lemma from [9].

Lemma 2.4 (see [9]) Suppose thate € M |= PA, n # 0, A € M is a cofinal
definable subset of M, and F : [A]" — e is a definable function. Then there is a
definable subset B C A, cofinal in M, such that F is constant on [B]".

We shall prove a similar result for the canonical Ramsey theorem by modifying the
original proof of Erdés and Rado [7]. Let A; and B; be finite sets. Recall that
Ay Ay i -+t Ay = By i By -+ 1 By, means that there exists a function f(x)
defined for x € A; U --- U A,,, which has the following properties. If x < y, then
f(x) < f(y),and foreachi, 1 <i <m, B; ={f(x):x € A;}.

Lemma 2.5 Suppose that M |= PA, 0 # n € N, X C M is a cofinal de-
finable subset of M, and F is a definable function with domain [X]". Then there
is a definable subset H C X, cofinal in M and canonical for F. In particular,

PAF Vx,z3y([x, y] = @)™).

Proof The proof is by induction on n. Letn = 1. If F : X — e for some
e € M, then by Lemma there is H < X cofinal in M and homogeneous
for F. Then H is canonical for F with v = @. If F(X) is cofinal in M, let
H={x¢e X :Vy <x(F(x) # F(y))}. Then H € M is cofinal and F is
one-to-one on H. So H is canonical for F with v = {l1}. Now let n > 1. Fix
Do = {1,...,2n}, and define the new function G : [X]?" — P([Do]" x [Do]")
as follows. For A C X with |A| = 2n, let G(A) = {(D’,D") : 34, A" € [A]",
F(A) = F(A"),A" : A” : A = D’ : D" : Dg}. Then by Lemma 2 4, there is
a definable subset H C X, cofinal in M, such that G is constant on [H ]2". We
first claim that for A, B,C,D € [H]" if F(A) = F(B)and A : B = C : D,
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then F(C) = F(D). Let E; and E, be elements of [H]*" with AU B C Ej,
CUD C Ey,and A : B : Ey = C : D : E, Notethat £y and E, always
exists and G(E1) = G(E;). Let A : B : E{ = D’ : D” : Dy. Then since
F(A) = F(B), (D', D") € G(Ey) and so (D', D"”) € G(E;). Hence there exist
subsets B’, B” € E, suchthat B’ : B” : E, = D' : D" : Dy =C : D : E,
and F(B’) = F(B"). Then clearly F(C) = F(D) since B> = C and B” = D,
completing the proof of our claim. We now consider two cases as follows.

Case 1. Suppose that F(A) = F(B) only holds if A = B. Then H is canonical
for F withv = {1,...,n} since F(x1,...,Xn) = F(y1,...,yn) iff x; = y; for all
i ev.

Case 2. Let there exist A9 and By in [H]" such that 49 #* Bp and
F(Ag) = F(By). Writing H as {hg,hy1,...}, let Ay = {ha; : h; € Ap} and
By = {hy; : h; € Bo}. Now choose h;, € By — Ao, and set By = By — {hj,} U
{h2i0+1}- Then F(Al) = F(Bl) = F(Bz) since AO . BO = A1 . B1 = Al . Bz
and F(Ag) = F(Bo). Let H' = {hy; : h; € H}. Then define the function K
with domain [H']"~! as follows. For A € [H']" ! let K(A) = F(A U {x}), where
A: AU{x} = By —{hj,} : Bo. Note that K is well defined, since if x, y € H and
A:AU{x}=A: AU{y} = Bo—{hiy} : Bo.then AU {x} : AU{y} = By : B,
and so F(A U {x}) = F(A U {y}). In other words,

F(xp,....xp) = K(x1,....,Xj-1,Xj,...,Xn),
where {X1,....Xj—1,Xj11,.... Xz} * {X1,..., X} = Bo — {hj,} : Bo. By the
induction hypothesis, there is a subset H” C H’, cofinal in H' and canonical for K
with v = v(H"). Then for x1,...,x, and y1,..., y,in H”,
F(x1,....,x,)) = F(y1,...,¥n)
< K(xl,...,xj_l,xj+1,...,xn)=K(yl,...,yj_l,yj+1,...,yn)
< x; =y, foreachisuchthat(i evAi<j)Vv(i>jAi—1€ev).

So H” is canonical for F withv' = {i :i < j,i ev}U{i+1:i > j,i € v}
For the proof of second part, it is enough to follow the proof of [, Lemma 14.15].
Indeed by the first part, we can find the canonical set H for F with v = v(H ). Then

o1 s Xng1) = fno 1. Yn1)

<~ F(xl,...,xn,ho)=F(y1,...,y,,,h0)

< x; =y, foreachiinv—{n+ 1}.
Then H is canonical for fj, with v’ = v —{n + 1} and | H| > min(H). O
Note that Lemma follows from known facts: either from equivalence with the
Ramsey theorem that translates homogeneity and canonicity or by Mileti’s analysis.
Above, we wrote the model-theoretic version. Also note that in a model of PA the
canonical sets are definable when you fix dimension and the reader may prove the

main statement of Lemma ”.5 via the Ramsey theorem.
Leta,b € M = PA,andleta < I < bfor] E PAand I < M. Then by

Lemma 2.5, I E 3y([a, y] = (2n)") for all n € N. So
M =3y < b([a, y] =% 2n)"),
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for all n € N; hence by overspill,
M 3y <b(la, y] =% 2e)°),
for some nonstandard element e, and hence
M E [a,b] 5% 2e)°.

It may be worth mentioning here that there are more colorings encoded in M than
are definable in /, and in the definition of an indicator we only consider M -coded
colorings. However since I is closed under exponentiation, / and M encode the
same colorings of a segment that is bounded in /.

We can now apply Lemma to get an indicator for models of PA. Indeed we
have the following theorem.

Theorem 2.6 The function
Y(a,b) = maxe([a, b] = (2¢)°)

is an indicator for models of PA. Moreover, the function v, (n) = the least m such

that [a, m] = (2n)" is not provably total in PA and eventually dominates every
provably recursive function of PA.

3 On a Version of the Kanamori-McAloon Principle

In this section we will study the model-theoretic treatment of a version of the
Kanamori—-McAloon principle. We model-theoretically show that this version, de-
noted by KM, is not provable in PA. Then we discuss the unprovability results for
a fixed exponent. These results will give new indicators for models of PA and 7 %,
respectively. Let us now introduce the statement KM as follows. For all n and k
there exists m such that whenever f is j-regressive, thatis, f(xq,...,x,) belongs
to [x;_1,x;], then there is a set H C m with |H| > k such that the values of f on
H depend only on xy,...,x;. We use the notation m — (k)" for this statement
and say that H is j-homogeneous. Thus for any x; < - < xpand y; < --- < yp
in H, if foralli with1 <i < j, x; = y;, then f(x1,...,x) = f(V1,...,Vn).
Another relative statement denoted by KM'j would be the following. For all n and k
there exists /. such that whenever f(xi,...,x,) < xj, then there isaset H C m
with |H| > k such that the values of f on H depend only on x1,...,x;. Clearly
KM’I implies KM ;. We now show that KM ; implies KM. Let f : [[a, b]]" — b be

regressive. Then define the function g : [[a, b]]" T/ — b by

f if f>xj_1,
gxt, . xpyj) = yxj1+ f i f <xj-1 &2x;-1 < xj,
Xj otherwise,
where f = f(xj,Xj4+1,...,Xn+j) < xj. Then g(x1,...,x54;) € [xj—1,x;],
and so there exists Hy C [a, b] such that |Hg| > k 4+ j — 1 and the values of g
on Hy depend on xi,...,x;. We can assume that for x < y both in Hy we have

2x < y (see Remark and Lemma 5.7). Let z; < --- < zj_1 be the first j — 1
elements of Ho. Let Hy = Ho — {z1,...,zj—1}. Then |H{| > k and for any
X <Xy <---<xpand x; < yp <--- <y, in Hy, we have

S, x2, .0 x0) = f(X1,Y2,...,Yn)



Canonical Ramsey Theorem 239

since g(z1,...,2j—1,X1,X2,...,Xn) = g(Z1,...,2Zj—1,X1, Y2, ..., Yn), thatis, H;
is min-homogeneous for f.

Note here that for a j-regressive function f we cannot guarantee the existence of
a set H such that the values of f on H depend only on x;_; and x;. To see this,
define the function f : [N]* — N by f(x1,x2,X3,X4) = X3 + [%(J@ - x3)].
Then clearly f(x1,x2,x3,X4) € [x2,x3]. Let H = {a,b,c,...,d,...,e,...} TN
be infinite, and let (d — C)(bb? —257) > 1. Then [45(d —¢)] < [bb?(d — )],
and so f(a,c,d,e) < f(b,c,d,e).

On the other hand, suppose that f(xi,...,x,) € [x;,x;] for some i, j with
1 <i < j < n. Then the values of f on a set H cannot be independent of any
xx withi < k < j; a simple counterexample is the function f(xy,...,x,) = Xx.
Similarly, for a function f with f(x1,...,x,) < x; the values of f cannot be in-
dependent of each x; with 1 < k < j. For the infinite case KM j and KM’] are the
weakest and the strongest cases, respectively. On the surface the modifications of KM
look too similar to KM itself. Actually, since there is dependence on j-coordinates,
the relation is not that close and they are different enough to study here.

Let us now recall the regressive functions 717, 12, and 13 from [¢]. Let n1(x, y)
be 0if x + x < y and be y — x otherwise. Also define n,(x,y) = 0if x.x < y
and 7,(x, y) = u otherwise where u.x < y < (u + 1) - x. Finally, n3(x,y) =0
if x¥ < y and n3(x, y) = v otherwise where xV < y < xT!. Now we have the
following lemma.

Lemma 3.1 (see [5]) IfI:I is min-homogeneous for 11, 12, and 13, then H— (the
last three elements of H) has the property that x < y both in H implies x* < y.

Remark 3.2 For a given function ¢ let KM, be the following statement. For all
k and n there exists m such that m —; (k)y,, where m —; (k)y,, means that
whenever f : [m]" — m is regressive, then there is H min-homogeneous for f
such that |H| > k and x < y both in H implies that 7(x) < y. It is proved in [¥]
that if #(x) = x*, then KM implies KM;. Lemma shows that a similar result

holds for KM .
Lemma 3.3 Lett(x) = x*. Then I ;1 - KM; — (KM;),.

Proof Let M |= I ;. First define the function g : [M]?> — M by g(x,y) = 0 if
ni(x,y) =0foreach/,1 <1 < 3, and g(x, y) = [ otherwise where [ is the least
with n;(x, y) # 0. Let [a,b] — (R(2,4,k + 3))'};’;. For the j-regressive function
f ¢ [la,b]]**’ — b let us introduce the coloring / : [[a, b]]"t/ — b by

if g(xj,xj+1) >0,
...,X,H_j) ifg(xj,xjH) =0.

h(X1.. .. Xns ) = {’]‘j(m

By KM;'.ﬂ, there exists Hy < [a,b] with |Hg| > k + 3 such that Hy is
j-homogeneous for & and homogeneous for g. Let Hy = Hy — {z1, 22,23},
where z; < zp < zj3 are the last three elements of H,. Clearly if g on H; were
constantly / > 0, then we can get a contradiction (see [, proof of Lemma 4.2]).
Hence h = f on Hy, and by Lemma 3.5 for x < y both in H; we have x* <y. O

Lemma 3.4 Let j € Nand M = 13, be nonstandard. Suppose that for nonstan-
dard elements a, e, n, and k in M and the function t(x) = 2x there exists b € M
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such that [a, b] —; (w)%:;j, where w is the Ramsey number R(2n + 1,e + 2,d)

withd = max{k +n,r+ j}andr = R(2n,2,3n). Then there isa cut I < M such

thata < I <band I |EPA +—Vn,z3y([a, y] — (z);?_reg).
Proof Let b be minimal such that [a,b] —; (w)if’r:gj , where w is the Ramsey

number R(2n + 1,e + 2,d) withd = max{k +n,r + j} and r = R(2n,2,3n).
Let

@o(z, X1, X2, s Xp)s - Pe(Z, X1, X2, ..., Xp)

be the first Ag-formulas in the language of arithmetic in at most the free variables
shown. We shall prove there exists H with |H| > k which constitutes a set of
diagonal indiscernibles for these formulas; that is, for cg < ¢; < -+ < ¢, and
co<dy<---<dyin H,any p < ¢y, and alli < e, we have

gﬂi(pvclv~~~vcn) g §0i(pvd1,---,dn)-
First define the function i : [a, b]*"*! — e + 2 as follows.

For x¢g < x1 < -+ < xp5 in [a, b], let
i(x()vxlv e ’x2n)
=mini < edp < xo(@i(p.X1..... Xn) <> 0i(D. Xnt1.....X2n))

if such i exists, and e + 1 otherwise. Also define the function p : [a,b]?"*! — b by

p(xo0,X1,...,X21)
=minp < xXo(@i (P. X1, ... Xn) <> @i (D, Xng1,. ... X2n)),
ifi < e and by xo otherwise, where i = i(xg, X1, ..., X2,). Then define the function

f :a,b]?" 7 — b as follows.
For y; < yp <+ <yj_1 <Xg < X1 <+ < Xppinla,b],let

p ifyj—1 = p,

SO, Y2, Yj—1,X0, X1, Xon) = Y1+ p if p<yj1 &2yj-1 < Xo,
Xo otherwise,

where p = p(x¢,X1,...,X2,). Since [a,b] —; (w)?f’r;;j, there exists Hy which

is j-homogeneous for f with Hy C [a,b], |Hyg| > w, and for each x,y € Hy if
Xx <y, then 2x < y. By the assumption on w, there is Hy; € Ho with |H1| >k +n
and |H1| > r + j such that the function i has constant value i on [H]?"*1.

First suppose thati = e + 1. Let Hy = H; — {zy,...,z,}, Where z; < --- < z,
are the last n elements of Hy. Then |H| > k and for ¢y < ¢; < -+ < ¢, and
co < dy <--- < d, elements of H,, we have

e+ 1=i(co.C1,. . CnsZ1s--.y2n)
=1i(co,d1,- . dn,21,...,2n).
Hence for any p < cg,and alli <e,
gi(p.ci,....cn) < @i(p.21,....2n) < @i(p.di.....dn).

Now suppose thati < e,andlet y; <--- < y;_1 < xg be the first j elements of H;.
Let H, = Hi—{y1....,yj—1,Xo}. Then |[H»| > r. Moreover, since xo > 2y;_; we
see that for x| < --- < X2, in H; the value of f(y1,¥2,....Yj—1.X0,X1,...,X22)
is equal to either p(xo, X1,...,X2,) O p(X0, X1,...,X22) + Vj—1.
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Now define the function g : [H3]?" — 2 as g(X1.....Xn, Xni1,....X2,) = 0
it f(»1,y2....,Yj—1,%0,X1,...,%2,) = p and 1 otherwise. Then since |H»| > r,
there exists H3 € H, such that | H3| > 3n and H3 is homogeneous for g.
Letx; < -+- < X < Xpy1 < +++ < Xap < Xap41 < --+ < X3, be elements
of H3. Then
SO, Y2, Yj—1.X0, X1s - - -, X21)
= f()myz,u-,y]'—l,xo,xl,--.,Xn,xzn+1,-~,x3n)
= f(ylv)@»---»)’j—l»x07xn+lv~~~7x2n7x2n+1,-~-,x3n)~

The common value above is always p or always p + y;_1, and in both cases we get

p = p(XOsxla--wXZn)
= p(X0, X1, Xn, X2n41,---»X3n)
= p(X0, Xnt1:---»X20, X2n 415+ -5 X3p).

Thus for this p we see that the three formulas

(pi(p’xl,-~-»xn)7 (Pi(p7xn+l,-~~,x2n), (Pi(paxln—i-l»uwxi‘an)

are inequivalent in pairs, which is impossible. This contradiction shows that
i = e + 1, yielding the desired set of diagonal indiscernibles. Again we can
repeat the usual argument that leads to the cut / < M witha < I < b and

I EPA +-Vn,z3y([a, y] — (2)7 1eg)- O

Leta,b e M EPAanda < I <bforl EPAand I < M. Then by Theorem 3.9,

I'E3y(la.y] = @n)it))
for all n € N. So

M E 3y < b(la.y] — @n)" "))

for all n € N, hence by overspill
M 3y <b(la.y] > (20)5 )

for some nonstandard element ¢, and hence

[a,b] — (2¢)¢

Jjereg:

Now suppose that ¢ > Nand M E [a,b] — (ZC);_reg. By an overspill argu-
ment we can see that R(2e + 1,e + 2,d) < 2c¢ for some nonstandard e, where
d = max{k +e,r + j}and r = R(2e¢,2,3e). Then [a,b] — (w)?i‘e;j, and so by
Lemma 3.4, there exists / = PA with / < M anda < [ < b. Summarizing, we
have an indicator for models of PA.

Theorem 3.5 Let j € N. Then KM is not provable in PA, and the function
Y(a,b) = maxc([a,b] = (2¢)5 )

J-reg
is an indicator for models of PA. Moreover, the function v(n) = the least m such that
m — (2n);’ reg is not provably total in PA and eventually dominates every provably
recursive function of PA.
We now turn our attention to KM;’-, the restriction of KM; to the fixed exponent
n. By modifying some proofs in [¢], we show that one can get the set of diagonal
indiscernibles as in Lemma 3 - by considering KM;'.ﬂ :
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Lemma 3.6 Let j € Nand M |= I X, be nonstandard. Let n € N, and suppose
that for nonstandard elements a, k in M and the function t(x) = x* there exists

b € M such that [a, b] —, (k)_';jeé. Then there is a cut I < M suchthata < I <b

and I E 1%, +-Vz3y(a, y] = (Z)'}je"g).

Proof  Since 2"*! < a for each m € N, by overspill we have 2¢*1 < a for some
e € M — N. We shall show that for Ag-formulas ¢y, ..., ¢, in the language of
arithmetic with at most n + 1 free variables, there exists a set H C M with |H| > k
which constitutes a set of diagonal indiscernibles for these formulas. First, define the
function ¢ : M — M by g(x) = the largest d such that 2¢+1D-¢ < x_ Let b be
minimal such that [a, b] —; (k)" 7. Then define the function f : [[a,b]]"T/ — b

Jj-reg’
by
SOt yj—1. X0, .-\ Xn)
§:={(8ip:i <e, p<gq(xg) ify;j—1 <8 <xo,
= 8+y,-_1 if8<yj_1§x0/2,

Xo otherwise,
where 8;p(X1,...,X,) = 0if @;(p,X1,...,xp) is true and 8;p(x1,...,x,) = 1
otherwise.

By the assumption there exists H; j-homogeneous for f such that |Hp| >
R(n,2,2k) + j and for x < y both in H; we have x* < y. Then either f = §
or f =64 yj—1 on Hi. Moreover, x < y both in H; implies x < g(y) since
200X — (e+)x < g¥ < x*¥ < y. Nowset Hy = Hy — {y1,...,Vj-1},
where y; < --- < y;_ are the first j — 1 elements of H>, and define the function
g : [Hz]”+1 — 2 as follows: g(xo,X1,...,X,) i8 0 if f(¥1,....¥j—1,%X0,--,
Xp) = dandis 1if f(y1,...,¥j—1.%0,...,Xp) = 8 + ¥;—1. Then by assumption
on H,, there exists H3 C H, with H3; > 2k such that g is constant on H3. Since
forco <cy <---<cpandcg <dy <--+-<d, in Hs,

S(Co,Cl,...,Cn) = S(Co,dl,...,dn),
we get
SOt yj—1.c0.¢1y s cn) = fF(1,- Y-, o, d1, . dy),

and so §;p(c1,....cn) = 8ip(dy,....dy) foreachi < e and p < g(co). Writing H3
as {hy,ha, ..., hoy}, the subset {ho, hy, ..., hy} constitutes the set of k diagonal

indiscernibles for formulas ¢y, . . ., @e, as required. It is not hard now to find the cut
I <Mwitha <I<band I =I5, +=Vz3y([a,y] = (2)}30). O

Using Lemmas 3.3 and 5.0 we have the following.
Theorem 3.7 We have [ %, ¥ Vx,z3Ay([x,y] — (z)'}jeé). Moreover, in terms of
the indicator theory of Paris and Kirby, the function
4

Y(a,b) = maxc([a,b] — (c);f_re]g)
is an indicator for models of 1 ¥,,.
Lemma 3.8 Let A = {ay,...,am), where a1y < ap < --- < a,, < a. Then the
number of j -regressive functions on [A]"~! is at most a?,

Proof  The proof is straightforward. O
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By Lemma and using the notion of arboricity and prehomogeneous sets of Mills
[13], the following is immediate from the proof of [!3, Lemma 3.5]. Suppose that
c,n > 1, f with domain [A]"T/ is j-regressive, and 4 is n-fold (¢ — xzzx)—arboreal
with min(A4) > 0. Then there is an H C A such that H is prehomogeneous for f
and H — {max(H)} is (n — 1)-fold (¢ — xzzx) arboreal. We can now proceed as
n [%, Proposition 4.1] to establish that PH”*! implies KM';+] and also KM/"+]

Moreover, it is well known [¢] that both of PH" 1! and KM"*! are equlvalent to
1 —Con(I £,). Since I £,+1 = 1 — Con(I X,), we have the following theorem.

iy
Theorem 3.9 We have I Zp41 b Vx, z3y([x, y] = (2)] 1)

Theorem 3.9 together with Theorem 3.7 completely gives the strength of KM for a
fixed exponent, and so we can summarize the results of this section as follows.

Corollary 3.10  The following are equivalent in [ X, :
(a) PH"*!,
(b) KM,
(c) KM/,
(d) KM},
(e) 1—Con(IXZ,).
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