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Dp-Minimality: Basic Facts and Examples

Alfred Dolich, John Goodrick, and David Lippel

Abstract  We study the notion of dp-minimality, beginning by providing sev-
eral essential facts about dp-minimality, establishing several equivalent defini-
tions for dp-minimality, and comparing dp-minimality to other minimality no-
tions. The majority of the rest of the paper is dedicated to examples. We estab-
lish via a simple proof that any weakly o-minimal theory is dp-minimal and then
give an example of a weakly o-minimal group not obtained by adding traces of
externally definable sets. Next we give an example of a divisible ordered Abelian
group which is dp-minimal and not weakly o-minimal. Finally we establish that
the field of p-adic numbers is dp-minimal.

1 Introduction

In this note we study many basic properties of dp-minimality as well as developing
several fundamental examples. Dp-minimality—see Definition 2.3—was introduced
by Shelah in [19] as possibly the strongest of a family of notions implying that a
theory does not have the independence property—for which see [20]. The study of
dp-minimality beyond Shelah’s original work was continued by Onshuus and Usvy-
atsov in [16] focusing primarily on the stable case and by the second author in [11]
primarily in the case of theories expanding the theory of divisible ordered Abelian
groups. Our goal in this paper is to provide many basic foundational facts on dp-
minimality as well as to explore concrete examples of dp-minimality in the ordered
context as well as the valued field context. Much of our motivation arises out of
the program of attempting to explore the impact of abstract model theoretic notions,
such as dp-minimality, in concrete situations such as ordered model theory on the
reals or the study of valued fields. As such, this note may be seen as providing
some ground work for further study in this direction—for example, Simon [22] has
recently shown that an infinite definable subset of a dp-minimal divisible ordered
Abelian group must have interior.
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We give a brief outline of the content of our note. Section 2 is dedicated to defi-
nitions and providing several relevant background facts on dp-minimality. Many of
these facts are inherent in [19] but we isolate them here and provide straightforward
proofs. Section 3 is a brief discussion of the relationship of dp-minimality to some
other minimality notions. In Section 4 we focus on weak o-minimality (for which
see [14]) and algebraically closed valued fields (for which see [18]). We show that
weakly o-minimal theories as well as the theory of algebraically closed valued fields
are dp-minimal by showing that, more generally, VC-minimal theories (for which
see [2]) are dp-minimal. We also provide an example of a weakly o-minimal group
which is not obtained by expanding an o-minimal structure by convex sets. Work in
Section 3 as well as results from [ 1] indicate that a dp-minimal theory expanding
that of divisible ordered Abelian groups has some similarity to a weakly o-minimal
theory and we may naturally ask whether any such theory is weakly o-minimal. Sec-
tion 5 provides a negative answer via an example arising from the valued field con-
text. Our final section is dedicated to showing that the theory of the p-adic field is
dp-minimal.

2 Basic Facts on DP-Minimality

We develop several basic facts about dp-minimality. The vast majority of the material
found below is implicit in Shelah’s paper [19], but typically in the more general
context of strong dependence. We provide proofs of these various facts for clarity
and ease of exposition. Recall the following definition.

Definition 2.1  Fix a structure 9. An ICT pattern in 9t consists of a pair of for-
mulas ¢(x,y) and y(x,y) and sequences {a; : i € w} and {b; : i € w} from M so
that, for all i, j € w, the following is consistent:

pe.a) Ay, b A N\ —pG.an A N\ —w(x, br).
I k#j

Remark 2.2  Definition 2.1 should more formally be referred to as an ICT pattern
of depth two but in this paper we only consider such ICT patterns and thus we omit
this extra terminology.

Definition 2.3 A theory T is said to be dp-minimal if in no model M = T is there
an ICT pattern.

It is often very convenient to use the following definition and fact.

Definition 2.4  We say two sequences {a; : i € I} and {Zj . j € J} are mutually
indiscernible if {@; : i € I} is indiscernible over |J;.,b; and {b; : j € J} is
indiscernible over |J;; @;. We call an ICT pattern mutually indiscernible if the
witnessing sequences are mutually indiscernible.

Fact 2.5 T is dp-minimal if and only if in no model X = T is there a mutually
indiscernible ICT pattern.

Proof This is a simple application of compactness and Ramsey’s theorem. (]

Before continuing we should mention an alternative characterization of dp-minimality.
To this end we have the following definition.
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Definition 2.6 A theory T is said to be inp-minimal if there is no model of 3¢ of T
formulas ¢ (x, y) and w (x, y), natural numbers kg and k1, and sequences {a; : i € w}
and {b; : i € w}sothat {p(x,a;):i € w} is kp-inconsistent, {t//(x,Ej) 1 j € w}is
ky-inconsistent and for any i, j € o the formula ¢ (x,a;) A w(x, b j) 1s consistent.

With this definition we have the following fact.

Fact 2.7 ([16], Lemma 2.11) If T does not have the independence property and is
inp-minimal then 7 is dp-minimal.

The next fact is extremely useful in showing that a theory is not dp-minimal. It is key
in establishing the relationship between dp-minimality and indiscernible sequences
that follows.

Fact 2.8 Let T be a complete theory and let € be a monster model for T'. Sup-
pose there are formulas ¢o(x, y) and ¢1(x, y) and mutually indiscernible sequences
{a; :i € w}and {b; : i € w} so that

9o(x, @) A —po(x,@1) A ¢1(x, bo) A =1 (x, b1)

is consistent. Then T is not dp-minimal.

Proof By compactness there are mutually indiscernible sequences a; fori € Z and
b; fori € Z and c so that

= po(c, @o) A —gole, ar) A pi(c, bo) A =pi(c, br).
By applying compactness and Ramsey’s theorem we assume that {a; : i < 0} and
{a; : i > 1} are both indiscernible over | J; 7 b; U {c} as well as that {b; : i < 0}
and {b; : i > 1} are both indiscernible over Uiep @i U {c}. Let d;i = a5, 4241
and e¢; = E;Ez,ur] for i € Z. Note that these two sequences are mutually in-
discernible. Let wo(x,5o¥)) be po(x,Fo) < —po(x,5)) and y1(x,5e3,) be
01(x,¥9) < —p1(x,y;). Then € = wolc,do) A wilc,e) and if i # 0, then
= —wolc, di) A —wi1(c, ;) by the indiscernibility assumptions. It follows that g,
w1, {(di ;i € w)and {g; : i € w} witness that T is not dp-minimal. [l

Using the identical proof as above we show the following.

Fact 2.9 The following are equivalent.

1. There are formulas ¢, (x, y) for 1 <i < N and sequences E; forl <i <N
and j € w so that forevery n : {1,..., N} — w the type

/\ 0i (f, aiy(i)) A /\ /\ —; ()?, al])
I<i<N I<i<N j#n(i)
is consistent.

2. There are formulas y;(x,y) for I < i < N and mutually indiscernible se-
quences {a} 1 j €w}forl <i < N so that the type

N vicap~ N\ —wia)
1<i<N I<i<N

is consistent

As in the case of the independence property and strong dependence we have a char-
acterization of dp-minimality in terms of splitting indiscernible sequences.
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Fact 2.10  The following are equivalent for a theory 7.

1. T is dp-minimal.

2. If {a; : i € I}is an indiscernible sequence and c is an element then there is a
partition of [ into finitely many convex sets Iy, . .., I, at most two of which
are infinite, so that, for any 1 </ < n,if i, j € I}, then tp(a; /c) = tp(a; /c).

3. If {a; : i € I} is an indiscernible sequence and c is an element then there
is a partition of / into finitely many convex sets lp, ..., I,, at most two of
which are infinite, so that, for any 1 < [ < n, the sequence {a; : i € I;} is
indiscernible over c.

Proof

(1) = (3) Suppose T is dp-minimal and for contradiction suppose that there is
an indiscernible sequence (which for notational simplicity we assume consists of
singletons) {a; : i € I} and an element ¢ witnessing the failure of (3). Without loss
of generality, we assume that [ is a sufficiently saturated dense linear order without
endpoints. By [1, Corollary 6] there is an initial segment Iy € I and a final segment
I1 C I so that the sequences {a; : i € Ip} and {a; : i € I} are indiscernible over c.
We may choose I to be maximal in the sense that for no convex J with Iy C J € [
is {a; : j € J} indiscernible over ¢ and similarly for /1. If I \ (Io U I1) is finite then
(3) holds so I \ (o U I) is infinite and thus contains an interval.

Let Jo and J; be disjoint convex sets so that Ip C Jo C I and I} C J; C I. We
find ji' < --- < j; € Jo and a formula ¢(x, y1, ..., y,) so that =p(c, a;,, ...a;,)
holds for all iy < --- < i, € Ip but ¢(c, Ajs ... ,aj») holds. We choose a se-
quence of n-tuples d; fori € w as follows: let dy = Ajry ..., A Ifi > 0,
letd; = aj, . ..,a;, where iy, ..., i, is any increasing sequence of elements with
ir € Ipforall 1 < k < nandsothati, < min{/ € I : a; € di_1}. Note that
{d; : i € w}isindiscernible. Similarly, we may find k;‘] << k;‘m € Ji and a for-
mula y (x, y1, ..., Ym) so that =y (c, a;,, ..., a;,) holds forall iy < --- < i, € I
but y (c, agts - agx ) holds.

We build a sequence of m-tuples {e; : i € w} as follows: eg = iy - - Ak For
i >0,lete; =a,...,a;, whereiy, ..., i, is any increasing sequence from /; and
i1 > max{l € I : a; € g;_1}. Notice that {d; : i € w} and {ej : j € w} are mutually
indiscernible sequences. Thus the formulas ¢ (x,y{,...,y,) and w(x,¥{,...,¥,,)
and the sequences d;, ¢; for i € w form a configuration as found in Fact 2.8 and T is
not dp-minimal.

3) = (2) Immediate.

(2) = (1) For contradiction suppose there are formulas ¢ (x,y) and w(x,y) and
mutually indiscernible sequences {@; : i € 3 x w} and {b; : i € 3 x w} (lexicograph-
ically ordered) which witness the failure of dp-minimality. Such sequences must
exist by compactness. Fori € 3 x w, let¢; = Ei”Ei. Note this is an indiscernible
sequence. Pick d realizing the type

p(x,a0) Ay (x,baxo) A N\ mp,a) A [\ —wi(x, b)),
i#w J#2xw
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Ifi #wor2 x w, then = —p(d,a;) A—w(d,b;),
ifi = w, then = ¢(d, a,) A —yw(d, by), and
ifi =2 x w, then &= —¢(d, arxe) A w(d, Bwa)'

It follows that the indiscernible sequence {c; : i € 3 X w} cannot be decomposed into
convex subsets of which at most two are infinite so that the type over d is constant
on each convex set. Hence (2) fails. O

We use the preceding fact to provide a characterization of dp-minimality which al-
lows us to consider formulas with more than one free variable in a variant of Def-
inition 2.3 as well as to consider sets of parameters of arbitrary size in a variant of
Fact 2.10.

Fact 2.11  For any theory T the following are equivalent.

1. T is dp-minimal.

2. Foralln € wif {a; : i € I}is an indiscernible sequence and ¢ is an n-tuple
from the universe then there is a partition of / into convex sets Ig, ..., I
of which at most 2" are infinite so that if 1 </ < n and i, j € I; then
tp(a; /) = tp(a;/c).

3. Foralln € wif {a; : i € I}is an indiscernible sequence and ¢ is an n-tuple
from the universe then there is a partition of / into convex sets Iy, ..., I; of
which at most 2" are infinite so that if 1 </ < n the sequence {a; : i € [} is
indiscernible over c.

4. For all n € w there is no sequence of formulas ¢ (x,y), ..., g (x,y) with
|X| = n and sequences {E{ i € w}with 1 < j < 2" so that for any
n:{l,...,2"} — o the type

N a&@adpa AN N\ —eEa)
1<k<2n 1<k<2" {tew:n(k)#t}
is consistent.

Proof The equivalence of (1), (2), and (3) is immediate using Fact 2.10 and the
fact that dp-minimality is preserved upon naming constants. (4) = (1) is trivial.
To finish we show that (2) = (4) for which we essentially repeat the proof that
2) = (1) from Fact 2.10. If (4) fails we find formulas ¢;(x, V), ..., pxn(x,y)
with |X| = n and, using Fact 2.9 together with compactness, mutually indiscernible
sequences {E{ :i e (n+1) x w} (here (n + 1) x w is lexicographically ordered)
witnessing this failure. Let b; = a; - - 51-2" fori € (n+ 1) x w and note that this
is an indiscernible sequence. Pick ¢ realizing

A ei&aon N N\ —eEa).

1~

l<j=<2n 1<j<2" ae(n+1)xw
aFEjXw
Then the sequence b; and d witness the failure of (2). (|

Given a dp-minimal theory T it is reasonable to ask if the bound in Fact 2.11(4) may
be improved from 2" to n + 1. This holds in the stable case and we sketch the proof.

Fact 2.12 If T is dp-minimal and stable then there is no sequence of formulas

@1(}, y)a s Pntd (fa y)
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with |x| = n and sequences {5{ i € w}ywith 1 < j < n so that for any
n:{l,...,n+ 1} = o the type

N a&Eagpa N AN e a)

I1<k<n+1 I1<k<n+1 {tew:n(k)#t}

is consistent.

Sketch of proof By [16, Theorem 3.5] T is stable and dp-minimal if and only if
every l-type has weight 1. Thus if T is stable and dp-minimal every n-type has
weight at most n. Apply [16, Lemma 2.3 and Lemma 2.11] and the result follows.

]

This fact also holds for weakly o-minimal 7" (we defer discussion of this to Sec-
tion 3). In fact, it is tempting to restate the result with stable replaced by rosy and
use pb-weight as in [17] but at the moment it is not clear if the result follows. Over-
all we do not know whether these improved bounds hold for a general dp-minimal
theory. (This has recently been established in [13].)

We finish with two facts which are useful in studying specific examples. The first
of these is particularly useful when studying theories which admit some type of cell
decomposition—namely, the p-adics.

Fact 2.13  Suppose that ¢(x, y) and w (x, y) are formulas witnessing that a theory
T is not dp-minimal. Further suppose that ¢ (x,y) is @1 (x, y) V- - -V ¢, (x,¥). Then
forsome 1 <1 <n ¢;(x,y) and w(x,y) witness that 7' is not dp-minimal.

Proof There are mutually indiscernible sequences {@; : i € Z} and {b; : i € Z} so
that, for any i*, j* € Z, the type

o, @) Ay, b A N\ —o@.a) A\ —w(x.b))

PF* J#J*
is consistent. For each i* € Z there is [(i*) € {1, ..., n} so that
i (@, @) Ap(x,bo) A\ —pa) A\ —w(x.b))
i i

is consistent. Thus for some infinite /] € Zand 1 < [* < nif i € I then
[(i) = I*. Tt follows that the formulas ¢«(x,y) and y (x,y) together with the se-
quences {a; : i € I} and {b; : i € Z} witness that T is not dp-minimal. O

Our final fact shows that a counterexample to dp-minimality may always be found
which uses only a single formula rather than two as in Definition 2.3.

Fact 2.14  Suppose that 7' is not dp-minimal. Then there is a formula 6(x,y) and
sequences {c; : i € o} and {d; : i € w} so that for any i # j the type

0(x,c) AO(x,dj) A [\ ~0(x,c) A J\ ~0(x,d))
ki 1]
is consistent.

Proof Suppose that the formulas ¢ (x, y) and w (x, y) and the sequences

{@:icot+owland{b;:jecw+w)
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witness that T is not dp-minimal. Let 8(x,y,y,) be ¢(x,y;) V w(x,y,;). For
i € w,letc; bea;b; and, for j € w, letd; be a4 jby ;. We claim this is as the fact
requires. Fix i, j € w. There is a realizing the type

0 (6, @) Ay, bos ) A N\ —oCa) A [\ —wix, By
ki I#0+j
Thus a realizes 0(x, c;) and H(x,gj). If k # i, then a realizes —¢(x,a;) and
=y (x, b;) and hence realizes —(x, ¢;). Finally, if | # j then a realizes
_'go ('x: Ew+l) and _'l//(xa EQH'I)

and hence —0(x, d ;) as desired. O

3 Relationship with Similar Notions

In this brief section we examine the relationship between dp-minimality and various
other strong forms of dependence. We begin with the notion of VC-density as studied
in [3]. For the ensuing definition we fix A(xX,y) a finite set of formulas where we
consider y as the parameter variables. If A is a set of |y|-tuples we write S* (A) for
the set of complete A-types with parameters from A.

Definition 3.1 A theory T has VC-density one if for any finite set of for-
mulas A(X,y) there is a constant C so that for any finite set A of [y|-tuples
[s4(4)| = C 1AM

For example, in [3], it is shown that any weakly o-minimal theory and any quasi
o-minimal theory with definable bounds (for which see [5]) has VC-density one. We
have a strong relationship between VC-density one and dp-minimality.

Proposition 3.2 If T has VC-density one, then T is dp-minimal.

Proof Suppose that 7 is not dp-minimal. Apply Fact 2.14 to find a formula ¢ (x, y)
and sequences a; and b as described there. For N € N, let

Ay ={a;:i <N}U{bj:j <N}

By the failure of dp-minimality we immediately see that S¥}(Ay) > %IA NI
for all N. Thus T does not have VC-density one. (|

Note that the above proof only requires that we have that |S A(A)| < C|A]| for A
consisting of formulas of the form ¢ (x, ), that is, with only one free variable.

Corollary 3.3  Any weakly o-minimal theory as well as any quasi o-minimal theory
with definable bounds is dp-minimal.

We give a short direct proof of the dp-minimality of any weakly o-minimal theory
in Section 4. Also under the assumption of VC-density one we obtain the improved
bounds in Fact 2.11(4) as discussed in Section 2. With the same proof as in Proposi-
tion 3.2 we show the following.

Proposition 3.4  If T has VC-density one there is no sequence of formulas

@1(}, y)a s Pntd (fa y)
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with |X| = n and sequences {E{ i € wywithl < j < n so that for any
n:{l,...,n+ 1} —> o the type

N oE@pr AN —eEa

1<k<n+1 1<k=<n {rewn(k)#t}

is consistent.
We consider the notion of VC-minimality as introduced in [2].

Definition 3.5 Fix a theory T and a monster model € = T. T is VC-minimal if
there is a family of formulas ® of the form ¢ (x, y) (where the length of y is allowed
to vary) so that

1. if p(x,¥), w(x,y) € ®,and @, b € C, then one of
(@) ¢(C,a) S y(C,b),
(b) ¥(C,b) C ¢(C,a),
(© —¢(C,a) € y(C,b),
(d) w(C,b) € —p(C,a);

2. if X C C is definable then there are a finite collection of ¢; (x, y) from ® and
tuples a; € C so that X is a Boolean combination of the sets ¢; (C, a;).

In [2] Adler cites the theory of algebraically closed valued fields (ACVF), for which
see [18], and any weakly o-minimal theory [14] as typical examples of VC-minimal
theories. Adler also claims without proof that any VC-minimal theory is dp-minimal.
As we are interested in verifying that, in particular, weakly o-minimal as well as
ACVF are dp-minimal we will provide a proof of this fact which we defer to Sec-
tion 4.

The implication that VC-minimality implies dp-minimality may not be reversed
as the following proposition shows.

Proposition 3.6  Let L be the language consisting of unary predicates P; with
i € wy. Forany finite I C w1 and J C oy with I NJ = &, let o1 5., be the sentence

(N Pix A\ —Pjx).
iel jelJ
LetT = {01,y : foralll, J,n}. T is complete, has quantifier elimination, is dp-
minimal (in fact has VC-density one), but is not VC-minimal.

Proof We sketch a proof and leave the details to the interested reader. Complete-
ness and quantifier elimination for 7' are elementary. Quantifier elimination and
Fact 2.10(2) yield that T is dp-minimal. For the non-VC minimality of T use quan-
tifier elimination to show that there is no family ® of formulas ¢ (x, y) satisfying the
compatibility conditions in the definition of VC-minimality and so that any P; (x) can
be obtained by a finite Boolean combination of sets defined by instances of ®. [

Thus we have an example of a theory which has VC-density one (and hence is dp-
minimal) but is not VC-minimal. We conjecture that the theory of the p-adics is also
not VC-minimal but have been unable to verify this. We do not have an example of
a theory which is dp-minimal but does not have VC-density one.
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4 Weakly O-Minimal Theories and ACVF

As alluded to in the previous section, here we show that any VC-minimal the-
ory is dp-minimal which allows us to conclude that any weakly o-minimal theory
is dp-minimal and that ACVF, or in fact any C-minimal theory (see [15]), is dp-
minimal. Dp-minimality for weakly o-minimal theories first appears in [16, Corol-
lary 3.8] where it is shown that any weakly o-minimal theory obtained via “Shelah
expansion”—which we discuss below—is dp-minimal. We show via an example that
not all weakly o-minimal theories may be obtained in this way. The dp-minimality
of weakly o-minimal theories is also established in [3] by indirect arguments. Before
proving that VC-minimality implies dp-minimality we need some more background
on VC-minimality. Suppose that 7' is VC-minimal witnessed by a family ®. We say
that @ is directed if for any ¢ (x,y), w(x,y) € ® and any @, b € P! (here € is a
monster model) one of

(i) ¢(C,a) S y(C,b),

(ii) w(C.b) S ¢(C,a),
(iii) p(C,a)Nw(C,b) = @.

We need the following fact.

Fact 4.1 ([2], Proposition 6) If 7 is VC-minimal, then after potentially naming
constants there is a directed family ® witnessing VC-minimality.

We can now establish that VC-minimal theories are dp-minimal, as originally re-
marked by Adler in [2].

Theorem 4.2 A VC-minimal theory is dp-minimal.

Proof By Fact 4.1 we may assume that T is directed VC-minimal since dp-
minimality is preserved under naming or deleting constants. Fix ® a directed
VC-minimal instantiable family. By Proposition 3.2 and the subsequent remark, in
order to establish that 7' is dp-minimal it suffices to show thatif A = {y(x, V), ...,
Wm(x,y)} is a finite family of «£-formulas, then there is a constant N € R so that
if A € CP!is finite then SA(A) < N |A|. Fix A; by compactness there is a finite
subset @9 C O, ®g = {p1(x,2),...,py(x,7)} so that any instance of a formula
in A is a finite Boolean combination of instances of formulas in ®. (Note that we
assume every formula in @ has the same set of parameter variables which we may
simply achieve by padding.) There is M € N so that any instance of a formula in A
is equivalent to a Boolean combination of at most M instances of elements of @.
Thus if A ¢ CP! s finite there is B ¢ C?l with |[B| < M |A| so that if p € S (A)
there is ¢ € So,(B) with ¢ - p. Thus we may assume that A € ®. If p € SA(A)
for A finite so that p contains at least one positive instance of an element of A then
there is w;(x,@) € psothatif 1 < j <mandb € A then y;(x, b) € p if and only
it yi(C,a) C y; (C, b). Hence |SA(A)| < |A||A| + 1 and the result follows. O

Corollary 4.3  Any weakly o-minimal theory is dp-minimal and any C-minimal the-
ory is dp-minimal. In particular, the theories of algebraically closed valued fields
and real closed valued fields (for which see [7]) are dp-minimal.

Proof By [2] weakly o-minimal theories and C-minimal theories are VC-minimal
and algebraically closed valued fields are the archetypical example of a C-minimal
theory whereas real closed valued fields are weakly o-minimal. U
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Corollary 4.3 requires that the theory T be weakly o-minimal. We ask if the theory
of a weakly o-minimal structure )¢ is dp-minimal—recall that a weakly o-minimal
structure need not have weakly o-minimal theory. We do not know of an example of
a weakly o-minimal structure whose theory is not dp-minimal. Given the close rela-
tionship between a theory being weakly o-minimal and elimination of 3°° (for which
see [0, Section 2]) we are led to ask about the relationship between dp-minimality
and elimination of 3°°. For example, by [11, Lemma 3.3], any dp-minimal theory
expanding that of divisible ordered Abelian groups must eliminate 3°°. However,
in full generality this implication is false. Consider the theory T of an equivalence
relation with infinitely many infinite classes together with a finite class of size n for
each n € N. It is straightforward to verify that T is dp-minimal; for example, we
may use Theorem 4.2 by simply noting that the VC-minimality of T is witnessed by
the equivalence relation and equality. T obviously does not eliminate 3°°. Of course,
the converse is also false; the random graph eliminates 3°° but is not dp-minimal.

As mentioned earlier, Onshuus and Usvyatsov [16, Corollary 3.8] prove that the
theory of a Shelah expansion of an o-minimal structure is dp-minimal. The Shelah
expansion is constructed by beginning with a structure ¢ and an |M|*-saturated
elementary extension 9t of )¢ and expanding ¢ to * by adding predicates for all
sets of the form X N M™ where X € N™ is Jt-definable. It follows by results in [4]
that if ¢ is o-minimal then 9* has weakly o-minimal theory. Notice of course that
the theory of any reduct of ¢* must also be weakly o-minimal and dp-minimal.

To complete the picture regarding weak o-minimality and dp-minimality we give
an example of a structure ¢ = (M, <, ...) which is a model of the theory of dense
linear orderings, has weakly o-minimal theory, and so that no model elementary
equivalent to 2t may be obtained as a reduct of a Shelah expansion. The candidate
for an example of a weakly o-minimal theory which cannot be obtained via a Shelah
expansion is given by Example 2.6.2 in [14]. In particular, we consider the structure,
M = (Z x Q, <, f) where < is the lexicographic orderand f : Z x Q — Z x Qs
the function f(x, y) = (—x, y). As noted in [14], it follows easily that this structure
has weakly o-minimal theory. Notice that f is a locally increasing function but for
any (x,y) € Z x Qif w > x then f((w,v)) < f((x, y)). This is the feature of this
structure we exploit to establish.

Proposition 4.4  Let Mg < I be o-minimal structures. In the structure induced
by N on My, there is no definable function f : My — My so that (My, <, f)
= Th(M).

Proof Without loss of generality, It is | M|-saturated. By [21, Section 1] it suffices
to show that for no definable X C (N)? is X N My the graph of a function f so
that (Mo, <, f) &= Th(IX). Suppose for contradiction that such an X exists. By the
o-minimality of 9t we decompose X into cells Cy, ..., C,. By [21, Section 1] the
structure induced on My by 9t is weakly o-minimal and thus for some 1 < i < n
and for some a € My the graph of f [ [a, 00) is contained in C; N My. There
are now two equally simple cases. Either C; is the graph of a continuous (without
loss of generality) monotone function or C; is the region between the graphs of two
continuous functions g and go which we may also assume to be monotone.
Suppose that C; is the graph of g. Thus g(a) = f(a). Pick b > a so that
f(b) > f(a) (note such a b must exist). We must have that g(b) = f(b) and hence



Dp-Minimality 277

g is increasing. Yet we may also pick ¢ so that ¢ > a and f(c¢) < f(a) and hence
since g(c) = f(c), g must be decreasing, a contradiction.

Now suppose that C; is the region between g; and g». First we claim that g
must be decreasing. Otherwise, for b > a with f(b) < f(a) we would have that
&) = gr(a) > f(a) > f(b) > g1(b); hence the points (b, f(a)) and (b, f (b))
lie in My N C; contradicting that this intersection should be the graph of a function.
A similar argument shows that for all ¢ € My if ¢ > f(a) then gy(a) < c. Pick
b > a so that f(b) > f(a); thus go(a) < f(b), whence g2(b) < f(b), which is
impossible. O

5 A Complicated DP-Minimal Divisible Ordered Abelian Group

In this section we focus on theories 7 which extend that of dense linear ordering
and so necessarily contain a symbol <. A reasonable question arising out of the
work found in [11] is whether every dp-minimal 7" expanding the theory of divisible
ordered Abelian groups must be weakly o-minimal. In this section we show via an
example that the answer to this question is “no.”

For the example let R((x®)) be the field of generalized power series with real
coefficients, real exponents, and well-ordered supports. For a € R((x®)) write v ()
for its valuation. We wish to consider only the additive ordered structure of the field
augmented with a new relation. Let &£ be the language consisting of a binary function
+, a binary relation <, a constant 0, unary functions s, for g € Q, a unary predicate
P, and binary predicates R, for each natural number n € w (including 0).

Let N be the £ structure with universe R((x®)) where +, <, 0 are interpreted in
the obvious way. Interpret the s, as multiplication by ¢ for each g € Q. Interpret P
as

x e RGP :0o(x) € Z,v(x) <0} U {x € R((xD)) : v(x) = 0}.
Let Ro be the equivalence relation of being in the same connected component of P

or of R((x®)) \ P. For each n > 0, let R, be the set of all pairs (x, y) so that either
x € P and there is a sequence x = xg < x| < --- < X, = y such that x; € P if and

only if i is even, but there is no such sequence x = xg < x| < -+ < Xp4] = Y, Of
else x ¢ P and there is a sequence x = xg < x| < --- < X, = y such that x; € P
if and only if i is odd, but there is no sequence x = xp < x] < -+ < Xpq1 = Y.

Notice that the R, are definable in the language with just the group structure and P.
We add them for quantifier elimination.

Our first goal is to axiomatize Th(91) and to show this theory has quantifier elim-
ination. To this end we describe a theory T we intend to show axiomatizes Th(N).
T consists of

(1) the usual axioms for an ordered divisible Abelian group in the language
{+, <, 0}, and s, denotes scalar multiplication by g;

2) 0e P,

(3) x e Pifandonly if —x € P;

(4) P and —P are open sets;

(5) if x < y and the interval [x, y] € P, then for any (D-linear combination z of
x and y with positive coefficients, z lies in the same connected component of
P as x and y;
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(5") if x < y and the interval [x, y] € —P, then any Q-linear combination z of
x and y with positive coefficients, z lies in the same connected component of
—P as x and y;
(6) Ry is a symmetric relation, and if x < y, then Ro(x, y) holds if and only if
the interval [x, y] lies entirely within P or entirely within —P;
(7) forany x, y and positive n < w, R, (x, y) holds if and only if x < y and there
are exactly n “alternations of P> between x and y; more precisely, either
(@) x € P and there is a sequence x = xg < x| < --- < X, = y such
that x; € P if and only if i is even, but there is no such sequence
X =x0 <Xx] <---<Xpy] =Y,o0relse
(b) x ¢ P and there is a sequence x = x9 < x| < -+ < X = Y
such that x; € P if and only if i is odd, but there is no sequence
X =X) <X] < < Xpt1 =Y,
(8) for any positive x there is a y such that Ry (x, y);
(8’) for any positive x there is a y such that Ry (y, x).
For M =T and a € M we introduce some useful notation. If a € P(M) (respec-
tively, =P (M)) and C is the convex component of P (M) (or =P (M)) containing a,
then [a] = C U —C. We say [a] < [b] if |a| < |b|, and let [a]< = U[b]s[a][b]. So
the content of axiom 8 is that the induced ordering on the classes [a] is a discrete
ordering with a left endpoint [0] but no right endpoint.

Lemma 5.1 Suppose M =T anda,b € M.
1. If [a] < [b], then a + b € [b].
2. If [al = [b], thena + b € [a]<.
3. lal< is closed under Q-linear combinations.

Proof (1) If0 < a < b,thena+ b > b; soifa+ b ¢ [b], then by axiom 5,
2b < a + b. But this implies that b < a, contradiction. If a < 0 < b, then
0 < —a <b;so0 <a+b <b. Soifa+ b ¢ [b], then by axiom 5 again,
2a +2b < b, and b < 2(—a), a contradiction to axiom 5. The other two cases are
similar.

(2) Without loss of generality, |a| < |b|. If 0 <a < b,then0 < a + b < 2b € [b],
by axiom 5. Ifa <0 < b,then0 <a+b < b,andsoa + b € [b]< = [al<. The
other cases are similar.

(3) For any nonzero g € Q, ga € [a] by axioms 3 and 5; the rest follows by (2). [

Proposition 5.2 T is complete and has quantifier elimination.

Proof We prove both statements simultaneously by a back-and-forth argument:
suppose that M and N are w-saturated models of T, a = (ag,...,an—1) S M,
b= (by,...,bu—1) € N, and tqu(a, M) = tqu(B, N). Then for every a’ € M, we
show that there is some b’ € N such that tp((@, a’), M) = tqu((E, b"), N). We do
this by cases.

Case A ' isin the Q-linear span of a. Say a’ = X; .54, (a;).

Let b’ € N be the corresponding Q-linear combination of b. If we pick i < n
such that ¢; # 0 and [a;] is as large as possible, then by Lemma 5.1, [a'] = [a;], and
similarly [5'] = [b;]. The equality of the quantifier-free types now follows directly.
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Case B «’ is not in the Q-linear span of @ but there is an element ¢ in the Q-linear
span of a such that [a'] = [c].
Without loss of generality, a’ > 0. Let

So = {x € Spang (@) N[c]: x < d'}
and let

S1 = {x € Spang(@) N[c] : a’ < x}.
For¢ =0, 1, let (di{ 1 I < w) be an enumeration of Sy. Since tqu(ﬁ, M) :tqu(E, N),
we can take corresponding sets Tp and 77 in N, with corresponding enumerations
(ef 1< w).

Let fi0 =da — dlo and let fi1 = dl.] — a’ (these are always positive points). Then,
using the fact that the [-]-classes in both M and N are discrete linear orderings, we
can pick elements gf € N such that

I. if there is any x € Spang(a) such that [x] = [fif] (or R,(x, fi[), or
R, ( ff, x)), then let y € Spang (b) be the corresponding element and pick gf
such that [g] = [y] (or R.(y, g{), or Ru(gl, ¥));

II. if x € Spang(a) and [x] < [ff] (or [ff] < [x]), then let y € Span@(E) be
the corresponding element, and we require that [y] < [gf ] (or [gf] < [yD.

Claim 5.3  There is an element b’ € N satisfying the conditions,
1. b’ is in the same [-]-class as any element of Ty or T,
2. Tp <b <Ty,
3. [ — ef] = [gf]for anyi <wandt =0, 1,
4. b’ ¢ Spang (b).

(Note that one of Ty or 77 may be empty, so half of the second condition may be
vacuous.)

Proof First assume 7p and 77 are nonempty, for simplicity. One case is where
{[g21:i <w}and{[g}]:i < o} have least elements—then call these elements [g?]
and [g]l.], and without loss of generality [gV] < [g]l]. If [gY] < [gjl.] and [g)1F
denotes the positive elements of this class, then pick some b’ € e? + [g?]+ such that
(i) 0 ¢ Spang (b),

(i) To < b’ < Ty, and

(iii) for any k such thata’ —df € [f°1, 0 € e + [g1*.
(This is always possible since [g?]Jr is infinite, being closed under scaling by posi-
tive elements of @, and using compactness and w-saturation.) Using Lemma 5.1, it
follows that for any k < wand £ = 0,1, [0/ — e,f] = [g,f]. On the other hand, if
[g?] = [gil], then in picking the element b’ as above, we can ensure in addition that
b e e} —[g!1", and that for every k such thatd] —a’ € [f!], ' € e} —[g!1T; this
is enough to ensure that b’ satisfies the properties we want.

If{[g"]1:i < w}and{[g]]:i < w} have no least elements, then we can use com-
pactness and w-saturation to pick b € N such that for every i < w, b’ € e? + [ng]+

and b’ € e! —[g!1", and it automatically follows that b’ ¢ Spang (b). The “mixed
case” (one of these sets has a least element, the other does not) is handled similarly.
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Finally, if 7o is empty, note that 77 cannot have a least element (since if x € T}
then %x must be as well), so the usual compactness argument ensures there is a b’ in
the right [-]-class such that &’ < T}. As above, we can also ensure that [b’ — eil] = g,.1
for each i < w. The case where 77 = & is symmetric. O

With b’ as above, Lemma 5.1 ensures that tqu(z, b') = tpy(a, a’).

Case C Cases A and B fail, but there is some i < n such thata’ € [a;]<.

Choose co, c1 € Spang(a) such that [co] < [a’] < [c1] but the “distances” are
minimized; that is, if possible, there is some positive m such that R,,(co, a’) holds
(and similarly for c;), and such a number m is minimized. (Note that since a’ # 0,
we have [0] < [a'], so such a ¢q always exists, although it may be zero.) There
are subcases: for instance, if Ry, (co, a’) and Ry, (@', 1) hold, then we just need to
pick b’ € N such that for the corresponding dy,d; € Spang(h), Ru,(do, ') and
Ry, (', dy) hold. On the other hand, if there is no such m( and no such m1, then
compactness and w-saturation yield a corresponding b’ € N. The final subcase (a’
is a finite distance from one of the ¢; but not the other) is handled in the same way,
noting that axiom 8 ensures that if there are infinitely many components of P(N)
between dy and dj, then there are always elements b’ € N such that Ry (dp, b’) or
Ry (b, dy), for any k < w.

Case D Previous cases fail, but there is some i < n and some positive m such that
Ry (a;, |a’l) holds.

Choose i and m such that m is minimal. By Lemma 5.1, the truth values of
Ri(c,a") and Ry(a’, c) for any ¢ € Spang(a) are now uniquely determined. By
axiom 8, there is a corresponding b’ € N.

Case E The only remaining case is that |a’| is greater than every |a;| and
R (a;, |a’]) fails for every possible i and every m < w. Then by Lemma 5.1,
the only additional information needed to determine tpy((a, a’), M) is the sign
of @’. A corresponding b’ € N exists by axiom 8 and w-saturation. O

Corollary 5.4 If I =T and X C M is infinite and definable then X has interior
vet T is not weakly o-minimal.

Proof This follows immediately from the quantifier elimination. O
Corollary 5.5 T does not have the independence property.

Proof Let I be indiscernible over & with uncountable cofinality. Without loss of
generality, [ is increasing, and there are three possibilities: either all elements of /
are in the same [-]-class, or else we have some n < @ such that R, (a;, a;+1) holds
for every a; € I, or else neither of these hold and there are infinitely many [-]-classes
between two adjacent elements of /. Suppose that A is any finite set. Then there are
only finitely many [-]-classes in dcl(A) (by Lemma 5.1), and in either of the three
cases, it is straightforward to check using quantifier elimination that some cofinal
subsequence of [ is indiscernible over A. (]

Corollary 5.6 T is dp-minimal.

Proof Suppose that #(x,y) is any term in 7. Since the only function symbols in
the language of T are + and the unary function symbols s,, and these are assumed
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to satisfy the usual commutative, associate, and distributive laws, it follows that for
some ¢ € Q and some term s(y),

T FVxVy [1(x,5) = 5,(x) + s3] .

If a,b € M | T, then there is some ¢ € P(M) such that [c] > [s(a)] and
[c] > [s(b)]. By Lemma 5.1, as long as ¢ # 0, M = P(t(c,a)) A P(t(c,b)).
So for any 7 (x, ¥) that depends nontrivially on x,

T+ Vyo¥y,3x [P(t(x, 5p)) A P(t(x, 7))].

The same argument works with — P or —R,, in place of P, and for finite conjunctions
of such formulas.

This means that if {¢p(x; @;) : i < w} is a k-inconsistent sequence of formulas in
T, each of which is a conjunction of atomic formulas and negated atomic formulas,
then each ¢ (x; a;) can be assumed to be a conjunction of formulas of the following
three forms:

to(x; a;) < t(x;a;),
= (to(x; a;) < ti(x;a;)),or
Ry (to(x; a;), 11 (x; a;)).

So each ¢(x; a;) is a finite union of convex sets. From here we can argue as in the
weakly o-minimal case to show that T is inp-minimal. (]

Thus we have a nonweakly o-minimal theory T extending the theory of divisible
ordered Abelian groups which is dp-minimal. Notice though that Corollary 5.4 indi-
cates that infinite definable subsets in models of T are not too complicated; namely,
they must have interior. Simon [22] has recently shown that this must be the case,
specifically an infinite definable subset of a dp-minimal divisible ordered Abelian
group must have interior.

6 DP-Minimality of the p-adics

In this section our main goal is to show that if Q, is a p-adic field, then Th(Q,)
is dp-minimal. Indeed, we show the following stronger result: if K is a expansion
of @ such that Th(K) is a p-minimal theory (e.g., K = Q) or K = Q¥}, for p-
minimality see [12]), then Th(K) is dp-minimal. The main technical portion of our
proof is written in a more general context than that of p-minimal fields in the hopes
that the ideas may be generalized to other valued fields.

We begin by establishing some notation and fixing the context for our work. In
what follows, N denotes the positive integers. Let K be a valued field, considered
as a one-sorted structure in the language Lvf = Ling U {v(x) =< ov(y)}. Write
v : K* — T for the valuation and value group. We allow the possibility that K has
extra structure beyond £Lyf. We assume that K is very saturated. Furthermore, we
assume that K is elementarily equivalent to a structure K¢ such that the value group
of Ko is Z. For example, Ky is either Q, or @"l‘,“, and K is a elementary extension of
Ky. Let R be the valuation ring of K and let m be its maximal ideal.

Fix k € N. Note that 1 + m is a definable subgroup of K*. Adapting no-
tation from Hrushosvki, we write RV;(K) for the quotient K*/(1 + m¥). Let
mr : K* — RVi(K) be the quotient map. For notational convenience, we define
7 (0) to be a new element co which we adjoin to RVj(K).
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Proposition 6.1 Forallz € K andall x,y € K\ {z}, mx(x —2) = mp(y — 2) if
and only ifo(x —y) > 0v(y —2) + k.

Proof Since the claim is first-order, it suffices to verify it in Ko:

X
m(x —z) =mp(y — 2) = —lem
-z
Y —
— Y e mk
y—12z

= ov(x—y)=o(y—2)+k.

Note for the last equivalence we use the fact that the value group of Ky is Z. (|

The following definition isolates a property of cells in Q. (See Definition 6.10
below for the definition of a cell.)

Definition 6.2  The formula ¢ (x; yo, y1, ..., Y1) is cell-like if there is k € N such

that 7 (x — yo) = @ (x" — y;) implies ¢ (x; Yo, Y1, ..., Y1) <> @(X"s y5, Y1, -5 V1)
We call yg the center of ¢(x; yo, ..., Yn)-

When ¢(x, ¥) is a cell-like formula and S is the set defined by ¢ (x, d), we also say
that S is cell-like, and we refer to dy as the center of S. In Proposition 6.12 below,
we verify that a cell in @, is indeed cell-like. We say that an ICT pattern is cell-like
if both formulas in the ICT pattern are cell-like.

Suppose we have an ICT pattern with formulas @1 (x, ¥), ¢2(x, ¥) and correspond-
ing parameter sequences (d1,;) jeN, (d2, ;) jen. Then, for notational convenience, we
let i range over {1, 2}, we write S; ; for the definable set {x € K : ¢;(x,d; )}, and
we write (S;,j);,; to refer to the ICT pattern itself. We now state our main technical
result on cell-like ICT patterns.

Proposition 6.3  Let K be as above, and assume further that K has a finite residue
field. If (S; j)i,j is a cell-like ICT pattern in K, then there is ¢ € K and there is a
cell-like ICT pattern (S; j)i,j such that the center of each S; ; is c.

Proof Suppose thatin K we have an ICT pattern, with the notation in the paragraph
above, where the formulas ¢ (x, ¥) and ¢ (x, ¥) are cell-like. We may assume that
the parameter sequences (d ;) jen and (d>, ;) jen are mutually indiscernible. Recall
that yo is the center of ¢;(x; y). Write ¢; ; for (d;, j)o; that is, ¢; ; is the center of
Si,j- Choose k large enough so that it witnesses that both ¢ and ¢, are cell-like. We
write 7 as an abbreviation for 7.

Without loss of generality, we may assume that the sequences (v(c1,; — ¢2,1));
and (v(c2,j — c1,1)); are weakly increasing; that is, v(c1,1 — c2,1) < v(c1,2 — ¢2,1)
and v(c2,1 — c1,1) < v(c2,2 — c1,1). (If necessary, temporarily replace the parameter
sequences with ones of order type Z, then re-index.)

Claim 6.4  Either v(ci,1 — c2,1) + 2k < v(c22 — c2,1) orv(ca, 1 —c1,1) + 2k <
v(cr2 —c1,1).
Proof We split into two cases: either v(c1,1 — ¢2,1) = v(c1,2 — ¢2,1) or not.

Case 1 Assume v(ci,;1 — ¢2,1) = v(ci2 — ¢2,1). By the indiscernibility of
(c1,j); over {c2,j}j, we have v(c1,; — c2,1) = v(c1,1 — ¢2,1) for all j. Since the
residue field is finite, a pigeonhole argument shows that there are j < j’ such
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that myr(c1,; — ¢2,1) = maklcy,j» — c2,1). In fact, by indiscernibility, we have
mok(c1,1 — ¢2,1) = mak(c1,2 — ¢2,1). In other words,

v(c1p—c1,1) = v(e21 —c1,1) + 2k,
as desired.

Case2 Now assumev(cy,1—c2,1) # v(c1,2—c2,1). Using the assumption before the
statement of the claim, we have v(c1,1 — ¢2,1) < v(c1,2 — ¢2,1). By indiscernibility,
(v(c1,j — ¢2,1));j is an increasing sequence in I'. Thus there is j > 1 such that
v(cr,1 —c2,1) + 2k < v(cr,j — c2,1). In fact, by indiscernibility, we have

v(cr,r —c2,1) +2k <wvlcr2 —c21). (1)

We now show that v(c22 — ¢2,1) = v(c12 — ¢2,1). Suppose otherwise. By the
ultrametric inequality, v(c1,2 — ¢2,2) = v(c2,2 — ¢2,1). From the indiscernibility of
(c1,j)j over {c2,;}j, we have
v(cr1 —c22) =v(c22 — 1) =v(cr2 — c2,2).
Finally, from the indiscernibility of {(c ;); over {cy,;};, we get
v(cr,1 —e21) = vler2 —e21),

which contradicts (1). Thus, we have established

v(cz22 —c2,1) = v(c12 — c2,1).
Combining this inequality with (1), we have v(cy2 — ¢2,1) > v(c1,1 — ¢2,1) + 2k,
which completes the proof of the claim. O

By Claim 6.4, we may assume v(cz,2 —c2,1) = v(c1,1 —c2,1) + 2k. (Switch the rows
of the ICT pattern if necessary.) Using the indiscernibility of (cy,;); over {c2,;};, we
get

v(c2,2 —c2,1) 2 v(er,j —c21) +2k 2
for all j € N.

Claim 6.5 Ifa e (K \ S1,1) N S1,2, thenv(a —c2,1) <v(ci2 —c2,1) + k.

Proof Otherwise, v(a — c2,1) > v(c12 —c2,1) +k > v(c1,1 — ¢2,1) + k, so
7r(a — C1,2) = 71'(C2,1 — C1’2) and 7r(a — 6‘171) = 71'(6‘2,1 — 6151). Thus, because
@1 1is cell-like, we have c21 € S12 and 2,1 ¢ S1,1. However, this contradicts the
indiscernibility of (dy,;); over ¢y 1. O

Claim 6.6 Ifa € S, N ﬂj>2(K \ 82,;), then v(a — c2,1) is not in the interval
(v(cr2 —c2,1) —k,v(c1,2 — c2,1) + k).

Proof In order to prove the claim, we prove the following:
there is some ¢ > 1 such thata € S, N ﬂ (K \ S, ;) implies
j>t
v(a — c2,1) is not in the interval (v(c1,2 — ¢2,1) —k,v(c12 —c2,1) + k). (3)

Once we have established (3), we are done: by saturation, some finite part of the
intersection suffices in (3), and thus, by indiscernibility, we can replace ¢ by 2.
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Suppose (3) is false. For each £ > 1, choose ay € S2 ¢ N ﬂj%(K \ 82,;) such
that v (a¢ —c2,1) is in the specified interval. The interval is finite; because the residue
field is finite, the set {w (a; — c2,1) : € > 1} is finite. Choose £1 > ¢ > 1 such that

m(ag, —c2,1) = w(ae, — c2,1)-
For each ¢ > 1, the choice of a; and the inequality (2) yield
v(ar —c2,1) <vlcrp—c2,1) +k < vl —c21) — k.
By the indiscernibility of (c2, ;) ; over c1 2, we get
v(ag —c2,1) <vlcip—c2,1) +k <v(ce, —c2,1) —k;
thus, 7 (a¢ — c2,¢,) = w(ar — c2,1). By the choice of {1 and {», we get
w(ag, — c2,0)) = mlae, — c2,1) = wlae, — c2,1) = wlae, — c2,0,).

Because ¢, is cell-like, the previous equation contradicts our choices as, € S2¢,
and ag, ¢ Sp,¢,. This contradiction establishes (3) and completes the proof of the
claim. O

Fori € {1, 2}, build a new parameter sequence (Ei\i’j)j>1, where Ei\lj =c2,17 (d;,j)>o0.
Note that these new sequences are mutually indiscernible. Let S; ; be the correspond-
ing definable sets.

Claim 6.7  The partial type
S12N(K\513) NS2N (K \ 53) )

is consistent.

Proof Choosea € (K\S1,1))NS12N(K\S13)NS22N ﬂj>2(1( \ $2,;). We show
that a satisfies (4). By Claim 6.5, we know v(a — ¢2,1) < v(c12 — ¢2.1) + k. By
Claim 6.6, v(a — c2,1) is not in the interval (v(c1,2 —c2,1) —k, v(c1,2 —c2,1) + k), so
we have v(a — ¢2,1) < v(c12 —c2,1) — k. Consequently, 7 (a —c12) = w(a —c2,1).
Also, v(c1,2 — ¢2,1) < v(c1,3 — ¢2,1) (by the weakly-increasing assumption), so
v(a —c2,1) < vlc13 —cz,1) — ks thatis, w(a — c1,3) = w(a — c2,1). Since ¢; is
cell-like and a € S1 (i.e., p1(a, c1,2(d1,2)>0) is true), we know @1 (a, c2,1(d1,2)>0)
is true, so a € :3’\1,2. Similarly, since a ¢ S13 (i.e., p1(a, c1,3(d1,3)>0) is false), we
have ¢1(a, ¢2,1(d1,3)>0) is false, so a ¢ 3\1,3.

We established above that v (a —¢2,1) +k < v(c12—c2,1). Since v(c12 —c2,1) <
D(Cz,z — 62,1) (by (2)) and 0(61,2 — C2’1) < 1)(62,3 — 6‘271) (by indiscernibility of
(ca,j)jovercia),wehave m(a—c22) =mw(a—cp1)and w(a—cr3) = w(a—c21).
Since ¢, is cell-like and a € S5 2, we know a € 3\2,2. Similarly, since a ¢ S>3, we
know a ¢ 3\2’3. O

Examining the proof of Fact 2.8 we obtain the following result specific to the current
setting.

Fact 6.8 There are mutually indiscernible parameter sequences (d; j) jen and
(d} ;) jen such that tp(d] d] ,d} d5 ) = tp(di1d)2da, 1) and for i € (1,2},
the formulas ¢;(x,y1) < —@;(x,y) together with the parameter sequences

<di/,2jﬂdi/,2j+1>j€N form an ICT pattern.
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In particular, since tp(d| d} ,d) d},) = tp(c/l\l, 15/1\1,221\2,121\2,2), we know that there
is some element ¢ such that each d{ j is c“(di/ j)>0' Let ¢; be the formula

0i (x, y0, 01)=0) < —0;(x, yo, (32)>0). Then, we still get an ICT pattern from
the formulas ¢; and the parameters ¢; ; = ¢ (d;2j)>0" (di,2j+1)>0. Note that each
@; is cell-like, because both ¢ and ¢, are. Therefore, we have found a cell-like
ICT pattern in which all sets have the same center. This completes the proof of
Proposition 6.3. U

Below, we use Proposition 6.3 to establish dp-minimality of the p-adics. But first,
we state a more general “transfer theorem” for ICT patterns that may be useful in
other valued fields.

Theorem 6.9  Let K be as above, and assume K has finite residue field. If there is a
cell-like ICT pattern in K, then there is an ICT pattern in RV (K), for some k € N.

Proof Suppose there is some cell-like ICT patternin K. Let (S; j)ie(1,2), jen be the
ICT pattern guaranteed by Proposition 6.3; that is, there is ¢ € K such that each
S;,j 1s cell-like with center c. We may assume the parameter sequences are mutually
indiscernible. Choose k to be large enough to witness that (S; ;); ; is cell-like, and
let 7 be an abbreviation for ;. Let T; ; € RV, (K) be the image of §; ; under the
map x — 7 (x — ¢). By Fact 2.8, it suffices to show that

TiiNRVi\NT12)NTo1 N (RVi\ T2 )
is consistent. Take
aeSi,1NEN\Si2)NSH1NKN\ S202).
We claim that
ma—c)eTinNRVE\Ti2)NTo 1 N(RVE\ T22).

Only z(a —c¢) ¢ Ti2 and w(a — c¢) ¢ T require an argument. Suppose for
a contradiction that 7(a — ¢) € Tj. Thus, we can choose b € S such that
(b —c) = m(a — c). But Sy, is cell-like with center c, so a € S 2, contradicting
our choice of a. An analogous argument shows 7 (a — ¢) ¢ T25. O

We now introduce background information on cells in a p-minimal field, which we
use to show that p-minimality implies dp-minimality. Let K be a p-minimal field
(for example, Ky is either Q, or @?,n).

Definition 6.10 ([8])
1. An annulus in K is a set of the form
Ann(c,y,0) ={x e K:y >v(x —c¢) > d},

where y € ' U {oo},d e [ U{—o0}andc € K.
2. Let P, be set of nth powers in K. A power coset in K is a set of the form

Pow, i(c) ={x € K :x —c € APy},

where,n € N, 1 e NU {0}, and c € K.
3. Acellin K is a nonempty set of the form

Cell,,;(c, y,d) = Ann(c, y, 6) N Pow, ;(c).
We call ¢ the center of Cell, ;(c, y, J).
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Remark 6.11  For each n there are only finitely many cosets of P, in K*, each
represented by some 4 € N. Thus we consider 1 to be a term in the language rather
than a parameter.

Proposition 6.12 A cell is cell-like.

Proof Since Definition 6.2 is first-order, it suffices to work in K. It is clear that
Ann(c, y, 9) is cell-like with center ¢ (as witnessed by any k € N). Fix n, A € N.
It suffices to show that Pow, ;(c) is also cell-like with center c. We verify that
k = 2v(n) + 1 is a witness for Definition 6.2.

Take x, x", ¢, ¢’ € Qp such that x — ¢ € AP, and mi(x — ¢) = m(x" — ¢’). We
want to show that x’ — ¢’ € AP,. The case that x = ¢ is immediate, so we assume
x#c. Sety=2"1(x—c),y =271 (x'—¢'). Weknow y € P,, sov(y) is divisible
by n. Also, because x; is multiplicative, we have mx(y) = ¢ (y’). In particular, we
know v(y) = v(y'). Let yo = p~"@y and yj = p~®y'; thus, v(y0) = v(yy) = 0.
Furthermore, 7 (yo) = mx(y,). By Proposition 6.1, v(yo — ¥,) > v(yo) + k = k.
(Here we are using the fact that both yo and |, are nonzero; this follows from the
assumption that x # c.) Let f(X) = X" — y(. Let zo € R be an nth root of yj.
Then,

v(f(20)) = v(y0 — ¥p) = k =20(n) + 1 > 20(n) = 20(f"(20))-
Therefore, by the Hensel-Rychlik Theorem (see [10]), we know there is 16 € R such

() .
that f(z;) = 0. Letz’ = p » z;; hence, (z')" = y’, so y’ € P,. Finally, we see that
x' —c' € APy, as desired. O

Theorem 6.13  If K is a p-minimal field, then Th(K) is dp-minimal.

Proof For a contradiction, suppose that there is an ICT pattern in K. Because
K is p-minimal and @, has cell-decomposition (see [9]), we know that in K
every formula with one free variable is equivalent to a finite disjunction of cells.
By Fact 2.13, we get an ICT pattern with formulas Cell,, ;, (x, Yo, y1, ¥2) and
Celly,, 2, (x, Yo, y1, ¥2). By Proposition 6.12, this ICT pattern is cell-like. Thus, by
Proposition 6.3 (and its proof), we know that there is an ICT pattern comprised of
the formulas ¢; (x, y) = (Cell,, 4, (x, yo, y1, y2) <> —Cell,, ;. (x, yo0, ¥3, y4)) and
parameter sequences (d; ) jeN, Where d; ; = ¢"e; ;" fi,j. (Here,i € {1,2} and
each e; ; and f; ; is a tuple of length 2.) The power coset in Cell,, ;; (x,d; ;) is
Pow,,, ,; (x, c); thus, for fixed i, the power coset is constant as j varies.

Claim 6.14  The single formula
y(x,y) = (Ann(x, yo, y1, y2) <> ~Ann(x, Yo, y3, y4))

and the parameter sequences (d ;) j and (dy, ;) j form an ICT pattern.

Proof Fix ji, jo € Nand let a be arealization of ¢ (x, dy,j,) A /\Héj1 —p1(x,d,})
ANa(x,dojy) A /\j?éj2 —¢2(x, da, ;). We show that a satisfies

pedij) A N\ —wCodi ) Aped ) A N\ —px,da)).
J#J J#2
Since a satisfies ¢; (x, d; j;) = (Celly, 5, (x,c, e j;) < —Celly 2,(x,c, fij)), we
know that the formulas Cell,, 3, (x, c, ¢; ;) and Cell,; 4, (x, ¢, f; ;) disagree on a. It
follows that a satisfies Pow,, ;, (x, ¢) (for otherwise, both Cell,, ;; (x, c, ¢; j;) and
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Celly; 4, (x,c, fi,j;) are false of a). Hence, Ann(x,c,e; ;) and Ann(x,c, fi ;)
disagree on a, so a satisfies y(x,d; ;). Moreover, for j # j;, the formu-
las Celly; 4, (x,c,e; ;) and Cell,, ;5 (x,c, f;,j) agree on a. Since a satisfies
Pow,, ;,(x, ), we conclude that Ann(x,c,e; ;) and Ann(x,c, f; ;) agree on a.
Hence, a does not satisfy w (x, d;, ;). This completes the proof of the claim. (]

Let S; ; be the set defined by w(x,d; ;). Let E‘U be the image of S; ; under the
map x — o(x — ¢). Then, (E,-, j)i,j 1s a (quantifier-free definable) ICT pattern in
(I', <) = (Z, <), which is clearly impossible. From this contradiction we conclude
that there is no ICT pattern in K, so K is dp-minimal. t
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