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Reasonable Ultrafilters, Again
Andrzej Rostanowski and Saharon Shelah

Abstract  We continue investigations of reasonable ultrafilters on uncountable
cardinals defined in previous work by Shelah. We introduce stronger properties
of ultrafilters and we show that those properties may be handled in A-support
iterations of reasonably bounding forcing notions. We use this to show that
consistently there are reasonable ultrafilters on an inaccessible cardinal 4 with
generating systems of size less than 2% We also show how ultrafilters generated
by small systems can be killed by forcing notions which have enough reasonable
completeness to be iterated with A-supports.

1 Introduction

Reasonable ultrafilters were introduced in Shelah [12] in order to suggest a line of re-
search that would repeat in some sense the beautiful theory created around the notion
of P-points on w. Most of the generalizations of P-points to uncountable cardinals in
the literature go in the direction of normal ultrafilters and large cardinals (see, e.g.,
Gitik [3]), but one may be interested in the opposite direction. If one wants to keep
away from normal ultrafilters on A, one may declare interest in ultrafilters which
do not include some clubs and even demand that quotients by a closed unbounded
subset of 1 do not extend the club filter of 1. Such ultrafilters are called weakly rea-
sonable ultrafilters (see Definition 2.1, Observation 2.2). But if we are interested in
generalizing P-points, we have to consider also properties that would correspond to
any countable family of members of the ultrafilter has a pseudo-intersection in the
ultrafilter. The choice of the right property in the declared context of very nonnor-
mal ultrafilters is not clear, and one of the goals of the present paper is to show that
the very reasonable ultrafilters suggested in Shelah [12] (see Definition 2.3 here) are
very reasonable indeed; that is, we may prove interesting theorems on them.
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In Section 2 we recall some of the concepts and results presented in Shelah [12]
and we introduce strong properties of generating systems (super and strong reason-
ability, see Definitions 2.11, 2.12) and we show that there may exist super reasonable
systems which generate ultrafilters (Propositions 2.15, 2.16).

In Section 3 we recall from [7] some properties of forcing notions relevant for
A-support iterations. We also improve in some sense a result of [7] and we show a
preservation theorem for the nice double a-bounding property (Theorem 3.13).

Then in Section 4 we show that super reasonable families generating ultrafilters
will be still at least strongly reasonable and will continue to generate ultrafilters after
forcing with A-support iterations of A-bounding forcing notions. Therefore, for an
inaccessible cardinal 4, it is consistent that 2 = AT and there is a very reasonable
ultrafilter generated by a system of size A (Corollary 4.5). It should be stressed that
“generating an ultrafilter” has the specific meaning stated in Definition 2.3(3). In par-
ticular, “having a small generating system” does not imply “having small ultrafilter
base.”

Section 5 shows that some technical inconveniences of the proofs from Section 4
reflect the delicate nature of our concepts, not necessarily our lack of knowledge. We
give an example of a nicely double a-bounding forcing notion which kills ultrafilters
generated by systems from the ground model. Then we show that for an inaccessible
cardinal A, it is consistent that 2* = A1 and there is no ultrafilter generated by a
system of size A™ (see Corollary 4.5).

Studies of ultrafilters generated according to the schema introduced in [12] are
also carried out in Rostanowski and Shelah [9].

Notation 1.1  Our notation is rather standard and compatible with that of classical
textbooks (such as Jech [5]). In forcing we keep the older convention that a stronger
condition is the larger one.

1. Ordinal numbers will be denoted by the lowercase initial letters of the Greek
alphabet (a, 8, y,0...) and also by i, j (with possible sub- and superscripts).
Cardinal numbers will be called «, 4, u (with possible sub- and superscripts).
A is always assumed to be regular, sometimes even strongly inaccessible.

By y we will denote a sufficiently large regular cardinal;, #(y) is the
family of all sets hereditarily of size less than y. Moreover, we fix a well
ordering <7, of J(x).

2. A sequence is a function with the domain being a set of ordinals. For two
sequences 7, v we write v <I 7 whenever v is a proper initial segment of #,
and v < x when either v < # or v = 5. The length of a sequence 7 is the
order type of its domain and it is denoted by 1h(z7).

3. We will consider several games of two players. One player will be called
GENERIC or COMPLETE or just coM, and we will refer to this player as “she”.
Her opponent will be called ANTIGENERIC or INCOMPLETE or just INC and
will be referred to as “he”.

4. For a forcing notion P, all P-names for objects in the extension via PP will
be denoted with a tilde below (e.g., 7, X). The canonical P-name for the
generic filter in P is called Gp. The weakest element of P will be denoted by
Zp (and we will always assume that there is one, and that there is no other
condition equivalent to it). We will also assume that all forcing notions under
consideration are atomless.
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By “A-support iterations” we mean iterations in which domains of condi-
tions are of size < A. However, we will pretend that conditions in a A-support
iteration Q = (Pr, Qg : ¢ < ¢*) are total functions on ¢* and for p € lim(Q)
and a € {* \ Dom(p) we will let p(a) = Dq,.

5. For afilter D on A, the family of all D-positi\;e subsets of 4 is called D*. (So
A e Dt ifand onlyif A C Aand AN B # @ forall B € D.) The club filter
of 1 is denoted by D;.

2 More Reasonable Ultrafilters on A

Here we recall some basic definitions and results from [12], and then we introduce
even stronger properties of ultrafilters and/or generating systems. We also show that
assumptions like < §it imply the existence of such objects.

As explained in the introduction, we are interested in ultrafilters (on an uncount-
able cardinal A) which are far from being normal. Weakly reasonable ultrafilters
defined below do not contain some clubs even if we look at their quotients by a club.

Definition 2.1 ([12], Definition 1.4) We say that a uniform ultrafilter D on 4 is
weakly reasonable if for every function f € #1 there is a club C of A such that

Jts,5+ f©):6ecy ¢ D.

Observation 2.2 ([12], Observation 1.5)  Let D be a uniform ultrafilter on 1. Then
the following conditions are equivalent:
(A) D is weakly reasonable,
(B) for every increasing continuous sequence (J¢ : ¢ < 1) € A thereis aclub C*
of 4 such that

U {[55,5§+]) e C*} ¢ D.

We want to investigate ultrafilters on 4 which are generated by systems defining
“largeness in A” by giving a condition based on “largeness in intervals below A4.”
The family @2 introduced below is a natural generalization of the approach used
in [6, Sections 5, 6]. The directness of G* is an easy way to guarantee that fil(G™) is
a filter, and (<A™)-directness has the flavor of P-pointness.

Definition 2.3 ([12], Definition 2.5)
1. Let @g consist of all tuples
p=(CP(Z§:6eCP),(df:5ecCP))

such that

(i) CP is aclub of 1 consisting of limit ordinals only, and for 6 € C?:
(i) Z§ =[6, min (CP\ (6 + 1))) and
(iii) d 5 C Pz (I; ) is a proper nonprincipal ultrafilter on Z f; .

2. Forq € @9 we let
fil(q) <

and for a set G* C @9 we let fil(G™) & U{fil(p) : p € G*}. We also define
a binary relation <° on @3 by

{ACi:@e <)V Ci\e)ANZ] ed])},

p <"q ifandonlyif fil(p) C fil(g).
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3. We say that an ultrafilter D on 1 is reasonable if it is weakly reasonable (see
Definition 2.1) and there is a directed (with respect to <% set G* C @9 such
that D = fil(G*). The family G* may be called the generating system for D.

4. An ultrafilter D on 4 is said to be very reasonable if it is weakly reasonable
and there is a (<A™)-directed (with respect to <% set G* C @3 such that
D = fil(G*).

Definition 2.4  Suppose that

(a) X is a nonempty set and e is an ultrafilter on X,
(b) d is an ultrafilter on a set Z, (for x € X).

We let .
@dxz{Ag UZX:{xeX:ZxﬂAedx}ee}.

xeX xeX
e
(Clearly, @ dy is an ultrafilteron |J Z,.)
xeX xeX
Proposition 2.5 ([12], Proposition 2.9) Let p,q € @9. Then the following are
equivalent:

@ p<q
(b) thereis & < A such that

(Vo € C7\¢)(VA € d)(3f € CP)(ANZ} € df),

(c) there is ¢ < A such that if a € C?\ g, fo = sup (C” N (o + 1)),
f1 = min (C” \ min(C? \ (a + 1))), then there is an ultrafilter e on
[Bo, B1) N CP such that

di ={ANnZz¢:AePld]:pelpo,p)nCY}.

Observation 2.6 (Compare [12], Proposition 2.3(4)) If p @3, A C A, then there
is ¢ € @Y such that p <0 g and either A € fil(g) or 2 \ A € fil(g).

Definition 2.7 ([12], Definition 2.10) Let p € @2. Suppose that X € [Cf”]’1 and
C C CP is aclub of /4 such that

if « < f are successive elements of C, then |[a, ) N X| = 1.

(In this situation we say that p is restrictable to (X, C).) We define the restric-
tion of p to (X,C) as an element ¢ = p[(X,C) € @9 such that C? = C, and
if @ < p are successive elements of C, x € [a, f) N X, then zd = [a, p) and
di ={Aczl.AnzP edly.

Proposition 2.8 ([12], Proposition 2.11)
1. IfG* C @g is <Y-directed and |G*| < A, then G* has a So—upper bound.
(Hence, in particular, il(G*) is not an ultrafilter.)
2. Assume that G* C @g is <Y-directed and <°-downward closed, p € G*,
X € [C”]i, and C C CP is a club of /. such that p is restrictable to (X, C).
If U ZF e fil(G*), then p|(X, C) € G*.
xeX
The following definition is used here to simplify our notation in Definition 2.11 only.
However, these concepts play a more central role in [9].
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Definition 2.9

1. Let Q7 be the family of all sets r such that
(a) members of r are triples (a, Z,d) such that « < A, Z C [a, 1),
Ro < |Z| < 4, and d is a nonprincipal ultrafilter on Z,
(b) (V¢ <2)({(a, Z,d) er:a=¢} < A),and |r| = 4.
For r € Q] we define

fil'ry={ACi:(3e <A)(V(a, Z,d)er)(e<a = ANZed)},
and we define a binary relation <* on Q7 by
r1 <* rp if and only if (r1, r, € @} and) fil* (r) C fil*(r2).

2. Foraset G, € @ welet fil*(G,) = U {fil*(r) : r € G.}.
3. We say that an r € Q7 is strongly disjoint if and only if

(@ (V¢ <A)({(a,Z,d) er:a=¢} <2),and

) (V(al, Z1,dv), (g, Z3,do) € r)(a1 <o = Z1C 0!2).
4. Forp € @9 we let #(p) = {(a, ZE,dl) 1 a € CP).

Observation 2.10
1. If p € @2 then #(p) € Q7 is strongly disjoint and fil(p) = fil*(#(p)).
Also, if r € Q7 is strongly disjoint, then fil*(r) = fil(p) for some p € @9_.
2. Letr,s € Q}. Then r <* s if and only if there is ¢ < A such that

(V(a,Z,d)es)(VAed)(a>¢e = (A, Z,d)er)(ANZ ed)).

The various definitions of super reasonable ultrafilters introduced in Definition 2.1 1
below are motivated by the proof of “the Sacks forcing preserves P-points.” In that
proof, a fusion sequence is constructed so that at a stage n < @ of the construction
one deals with finitely many nodes in a condition (the nodes that are declared to be
kept). We would like to carry out this kind of argument, for example, for forcing
notions used in [8, B.8.3, B.8.5], but now we have to deal with < A nodes in a tree,
and the ultrafilter we try to preserve is not that complete. So what do we do? We
deal with finitely many nodes at a time eventually taking care of everybody. One can
think that in the definition below the set I, is the set of nodes we have to keep and
the finite sets u,; are the nodes taken care of at a substage i.

The technical aspects of Definition 2.1 1 are motivated by the iteration theorems in
[7]and [10]: our games here are tailored to fit the games played on trees of conditions
in A-support iterations (see Theorems 4.2, 4.4 later). As said earlier, the main goal is
to have a property of G* which implies the preservation of “fil(G*) is an ultrafilter”
by many forcing notions. We would also love to preserve that property itself, but
we failed to achieve it. The “super reasonability” is what we need to preserve the
ultrafilter (see Theorem 4.2); “strong reasonability” is what we can prove about G*
in the extension (see Theorem 4.4).

Definition 2.11 Let G* C @g and let # = (uy : a < 1) be a sequence of
cardinals, 2 < u, < Afora < 4.
1. We define a game DEH(G*) between two players, coM and INC. A play of
H
) i (G™) lasts A steps and at a stage oo < A of the play the players choose

I, i, g and (rq.;, r(; i» Bayis Zajisda,i) © 1 < iq) applying the following
procedure.



118 Andrzej Rostanowski and Saharon Shelah

(i) First, INCc chooses a nonempty set I, of cardinality < u, and an enu-
meration ity = (Ug,; 11 <iy) of [I;]17% (s0 iy < Uy - Vo).
(i1) Next the two players play a subgame of length i,,. In the ith move of the
subgame,
(a) coM chooses rg,; € G*, and then
(b) INC chooses r(;,l. € G* such that r,; <° r(/x’i, and finally
(c) coM picks (Bu.is Za.i> dai) € #(r(;,l.) such that B, > a.
In the end of the play com wins if and only if

(B) thereis r € G* such that forevery j=(j, :a < 1) € I1 I we have

o<l

{(ﬂ(l,i: Z(l,ia d{x,i) o <A, jo € Ug,i andi < i} <* #(l”)

A game DEI(G*) is defined similarly to D/BQH(G*) except (H) is weakened to
(B) forevery j € ] Iotheset J{Zui : @ < A, i < iy and j, € ug,;}

a<i

belongs to fil(G*).
2. We say that the family G* is ji-super reasonable (ii-super™ reasonable, re-
spectively) if
(i) G*is (<A™)-directed (with respect to <), and
() ifs € G*,r € @9 and for some a < A we have C" = C* \ a and
d}; = dz, for f € C", thenr € G*, and
(iii) INC has no winning strategy in the game D?(G*) (E)E(G*), respec-
tively).

3. We say that a uniform ultrafilter D on A is u-super reasonable (ii-super™ rea-
sonable, respectively) if there is a z-super reasonable (z-super™ reasonable,
respectively) set G* C @9 such that D = fil(G*).

4. If uy = A for all @ < A, then we omit i and say just super reason-
able or super™ reasonable (in reference to both ultrafilters on A and families
G* C @9). Also in this case we may write D® instead of DEH.

Definition 2.12 Let G* C @3 be directed with respect to < and let & = (u :
a < 1) be a sequence of cardinals, 2 < u, < Afora < 1.

1. A game D%a (G*) between two players, com and INC is defined as follows.

A play of D;?(G*) lasts A steps and at a stage a < A of the play the play-
ers choose Iy, iy, g and (re.i, 6u,i, (Ba.is Za,i>da,i) 1 i < ig) applying the
following procedure.

(1) First, INCc chooses a nonempty set I, of cardinality < pu,, and then com
chooses i, < 4 and a sequence it, = (uq,; : i < i,) of nonempty finite
subsets of I, such that I, = |J uq,;.

i<ig
(i1) Next the two players play a subgame of length i,. In the ith move of the
subgame,

(a) coM chooses rg,; € G*, and then

(b) INC chooses J,,; < 4, and finally

(c) coM picks (Bau.i, Za,i, da,i) € #(ra,[) such that f, ; is above J,,;

and a.

In the end of the play com wins if and only if
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(®) there is 7 € G* such that forevery j = (j, : @ < A) € [] I, we have

a<i
{(ﬁ(l,ia Za,i; d{x,i) ta < A, Ja € Ug,i andi < iy} <* #(r).
A game D?(G*) is defined similarly to D%(G*) except (@) is weakened to
(©) forevery j € [] I, the set UlZui ta < A, i <iqand j, € ug,i}

a<i

belongs to fil(G*).

2. If G* C @9 is (<A1)-directed (with respect to <°) and INC has no winning
strategy in the game D?—f (G*), then we say that G* is u-strongly reasonable.
Also, G* is said to be jii-strongly™ reasonable if it is (<A™1)-directed and INC
has no winning strategy in the game D% (G™).

3. We say that a uniform ultrafilter D on A is pu-strongly reasonable (ui-
strongly™ reasonable, respectively) if there is a u-strongly reasonable (u-
strongly~ reasonable, respectively) set G* C @9 such that D = fil(G*). If
o = Aforall ¢ < A, then we omit u and say just strongly reasonable or
strongly™ reasonable.

Observation 2,13 Assumethat2 < u, <k, < Afora < land g = (uy : a0 < 1),
ic = (kg : o < A). Then for a family G* C @(/{ and/or a uniform ultrafilter D on A
the following implications hold.

K-super reasonable = [L-super reasonable = [i-strongly reasonable

y Y U

i-super” reasonable =  u-super” reasonable =  p-strongly™ reasonable

Proposition 2.14  Assume that2 < p, < Afora <land i = (uq : a < 1). Ifa
uniform ultrafilter D on A is u-strongly™ reasonable, then it is very reasonable.

Proof Pick a ji-strongly™ reasonable family G* C @2 such that D = fil(G¥).
Then G* is (<A™)-directed and the proof will be completed once we show that D is
weakly reasonable.

Let f € #A. We will argue that for some club C = {y, : & < y} C 1 we have
UL[S, 0+ f(0)) : 6 € C} ¢ D, where y, are given by the arguments below.

We consider the following strategy st(f) for INC in D%(G*). The strategy
st(f) instructs INC to construct on the side an increasing continuous sequence
(ya 1 @ < A) € A sothat at a stage o < A of the play, when

(Ie, i, e, (e 0cis (Bris Zeindzi) i < ig) 1 & < a)
is the result of the play so far, then
1. if o is limit, then y, = sup(y¢ : & < a),
2. if a is not limit, then y, = sup(U{Zg,,- i<, < a}) + 1.
Now (at the stage a) st(f) instructs INC to choose I, = {0} and then (after com

picks iy, g) he is instructed to play in the subgame of this stage as follows. At stage
i < iq, after coM has picked rq ;, INC lets

Sai = Va + f (o) +sup (| J{Za.j 1 j < i}) +890.

(After this coM chooses (fg.i, Za,i, da,i) € #(ra,i) with f,,; > 0q.i.)
The strategy st(f) cannot be the winning one for INC, so there is a play

(Ia,iaa Ug, (ra,i, 5(1,1': (ﬁa,ia Zoc,i’ da,i) 1 <ig)ia < /1>
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of ag(G*) in which INC follows st( f) but

A E\J(Zai o < 2, i <o) €fil(GH) =D

(note that necessarily u, ; = I, = {0}). It follows from the choice of y,, d,,; that
foreacha < A4

D> va + FON N J{Zei ¢ <4, i <ic) =2,

and hence also U{[ya,ya + f(ya))  a < /1} N A* = @. Consequently,
U {[ya, Yo+ f(ya)) o < /1} ¢ D and one can easily finish the proof. ]

Proposition 2.15  Assume . = .<* and O it holds. There exists a sequence
A
(re : & < %) € QY such that

() (V¢ <¢ <A@ <° re), and
(1) the family
G {rea): @ <M < r)

is super reasonable and fil(G*) is an ultrafilter on .

Proof The sequence (rs : ¢ < AT) will be constructed inductively. At successor
stages we will use Observation 2.6 to make sure that fil(G*) is an ultrafilter. At
limit stages we will use Proposition 2.8(1) to find upper bounds to the sequence
constructed so far. Moreover, at (some) stages ¢ of cofinality 4 the element rg will
be chosen so that “it kills” a strategy for INC in OH(G*) predicted by the diamond
sequence.

Fora < AletX ; be the set of all legal plays of DEH(@(A)) of the form

(G); (I}’niy’lzyn <ry,iar;,ia (ﬁ}’,ia Z”/,ind}),i) l < l}’) : y < 0()

where each I, (for y < a) is an ordinal below 4. Also let X 1= U X (}L Next, for
a<l
a < 4,0 < I < Aand an enumeration & = (u; : j < i) of [I]<% let XZ 1.; be the

set of all legal plays of DE(@(/%) of the form
O3 0 XL aNrj,rh, (Bj, Zj,dj) s j < j*) ),

where 5 € X/}, j* < i (and (rj,ris (Bj, Zj,dj) : j < j*)~(r) is alegal partial play
of the subgame of level a; in particular, r;, r}, re @2). Also let

X?=U{x2,,: a<iand0<I <21 and
= (uj:j <1i)isanenumeration of [I]<‘”}.

Any strategy for INC in DE(@Q) can be interpreted as a function st such that

(@)3 the domain of st is X! U X2,

@)* ife e X(}[, a < A,thenst(¢) = (I, i, i) for some I < / and an enumeration
W= {(uj:j<i)of [I1°%,

©)7 ifg e X2, ;a <20 <1 <Ai=u:j<i =[] ad
o = oo {(1,1, ﬁ))“(rj,r},(ﬂj,zj,dj) 1 j < jY7(r), then st(a) € @2 is
such that r <9 st(c).
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Below, whenever we say a strategy for INC we mean a function st satisfying condi-
tions (@)3—(6)5.

Since |Q9] = 227" = A*, we may pick a bijection 7o : @) 120 2+ and for
& < AT let X consist of all ¢ € X' U X? such that 7o(r) < ¢ for all elements
re @2 involved in the representation of & as in (®)', (©)2. We also let Y consist
of all pairs (¢, a) such that

1. 6 € X¢ and a = st(o) for some strategy st of INC, and
2.if5 € X% (andsoa € @9) then mg(a) < ¢&.
Note that [Xz| < A and |Ys| < 4 (foreach & < AT7). Put Y = |J Y. Plainly,
E<At
|Y| = AT so we may fix a bijection 7z : AT ontg Y. LetC ={¢ < At :mi[¢] = Yebs
itis a club of AT,

Let (A; : ¢ < A7) list all subsets of A and let (Br : ¢ € Sﬁ'+) be a diamond
sequence on Sfr = {¢ < AT : cf(¢) = A}. By induction on ¢ < A* we choose
a <%-increasing sequence (re : &€ < AT) C @2 applying the following procedure.
Assume ¢ < AT and we have constructed (re:¢ <&).

Case 0 ¢ =0. Weletrgbe the <;‘(-ﬁrst member of @g.

Case1 ¢ =(¢+1. Pickres e @3 such that r; <° rz and either A, € fil(r¢) or
A\ Ay € fil(rg) (remember Observation 2.6).

Case2 ¢isalimitordinal, cf(¢) < A. Pickre € @g such that (V¢ < &) (7, <0 re)
(exists by Proposition 2.8(1)).

Case 3 ¢ is a limit ordinal, cf(¢) = 2. Now we ask if

(®)¢ ¢ e Cand (V¢ < &) (mo(ry) < &) and there is a strategy st for INC in E)EH(@ )
such that 71[Bs] = st N Yz = st] X¢.

If the answer to (@)2 is negative, then we choose rg € @9 as in Case 2.
Suppose now that the answer to (Q)g is positive (so, in particular, £ € C) and st

is a strategy for INC such that 71[Bg] = st N Yz = st[X¢. Let& = (&, :a < ) be
an increasing continuous sequence cofinal in . Consider a play

o :(Iasiocy’/_tay<raisr;is(ﬁaiazaisdai):i <lg):a <j-)

of DE(QO) in which INc follows the strategy st and coM proceeds as follows. When
playing DE(@ ), at step i < i, of the subgame of level o < A (of DE(Q )) COM
chooses rq,; = re, and then, after INC determines r,, ; by st, she picks the <7 -first
Bai> Zai> dai) € #(r;’l.) satisfying

@) . (Vy <a)(VA €d, ;)3 € C")(AN 7 € d") (remember Proposi-
&,a,i > J 4
) tion 2.5) and

(Q)g‘,a,i Vy <a)(¥Vj < iy)(zy j = ﬁa i)and (Vj < l)(Za j s ﬁa i)

The above rules fully determine the play ¢ and it should be clear that ¢ [a € X¢ for
each a < A. Note that ¢ depends on B and ¢ only (and not on st, provided it is as
required by (@)g).
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By the demands (@)g .i» W€ may choose an increasing continuous sequence

(yo @ < A) € Asuchthat yo = 0 and (Yo < A)(Vi < ix)(Zai S [Vas Pat1))-
Now, for oo < A choose an ultrafilter e, on i, such that
@2, (Vjiel){li <ig:je€ua}ees)

and let d,, be an ultrafilter on [y,, y4+1) such that

€q
©), D{dui:i<is} Cdy

Now let rz € QY be such that

1. C"¢ ={yq :a < A}, and

2. if 0 = o, then Zy = [yu, yot1) and dy = d,.
One easily verifies that rz, <° rs for all @ < A (remember (©)” and the choice of
dg; use Proposition 2.5) and so 7 <0 re for all ¢ < £. It follows from (@)g’a and

(©) é?a that

(@)él forevery j = (ju :a < A) € [] I, we have

a<i
{Buosis Zairdai) 00 < A& jo € ugi &i <igi} <* #(re).
After the construction of (rz : & < A7) is carried out we let
G*={re@l:3 <iHe<"r)).

Plainly, G* satisfies demands (i) and (ii) of Definition 2.11(2) and fil(G*) is an
ultrafilter on A (remember Case 1 of the construction). We should argue that INC
has no winning strategy in DEB(G*). To this end suppose that st® is a strategy
of INC in DE(G*). Pick ¢ € S%Jr N C such that (V¢ < &) (mo(ry) < &) and
mi[Bg] = st N Ye = stBH[Xg. Then when choosing rs we gave a positive an-
swer to (@)g and we constructed a play & of DE(@E). In that play, INC follows st

and coM chooses members of G*, so it is a play of DEE(G*). Now the condition
(©®) él means that rs witnesses that com wins the play ¢ and consequently st™ is not
a winning strategy for INC. (]

Proposition 2.16  Ler Q9 = (QY, <9).

1. @2 is a (<A ™)-complete forcing notion of size 22,
2. “_@9 “Gqo is a super reasonable family and ﬁl(Q@g) is an ultrafilter”.

Proof (1) Should be clear; see also Proposition 2.8(1).

(2) By the completeness of @9, forcing with it does not add new subsets of 1, and
by Proposition 2.5

H—QQ “ﬁl(g}@g) is a uniform ultrafilter on A”.
It should also be clear that Q@g satisfies the demands of Definition 2.11(2)(i+ii) (in
v ). Let us argue that
II—QQ “INC has no winning strategy in DEE(Q@?I)”
and to this end suppose p € @9 and stis a @(}_-name such that

plFgo  “stis a strategy of INC in DEH(Q@(A))”.
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We are going to construct a condition g € @2 stronger than p and a play ¢ of
0B(@Y) such that

q Il—@g “g is a play of DEE(Q@(;) in which INc follows st but com wins”.

Let X!, X? be defined as in the proof of Proposition 2.15 (see (O) ; (@)i ;i there).
We may assume that

P II—@Q “st is a function satisfying (©)’~(©®)° of the proof of Proposition 2.15”.

By induction on & < A we choose conditions p, € @9 and partial plays o, € X (}L so
that

@) p<py < ppandé, <épfora <p <A
)2 pa II—@(} “04 1s a partial play of DEH(Q@())) in which INC uses st”,

@3 ifGa = (I, iy, iy, (rysis T is Byois Zyindy i) 1 < iy) 1y < a), then for
everyy <od <aand j <i <i, we have

ri<"ps and Z,;Cp,; and Z, ;< Bso.

7.l =
Suppose that & = a* + 1 and we have determined pg+, og+. Pick p/, >0 Pa*
and Iy, iq, i, such that Dy IF st(Ggx) = (Iy,iq,ig). Now choose inductively
Pl Tais r(; ;and (Boi, Zg,i, dg,i) fori < iy so that foreachi < j < i, we have
@4 @ p=p,. P, <" ph. Pl =rai <0l <° pit!, and

(ii) pf;‘l I- “r ; is the answer by st at stage i of the subgame”,

(iii) B, satisfies the demand in ()3 and (By,i, Za,i, da,i) € #(r‘; BN

(iv) (VA €dy)(¥y <a™)@5e CPYANZY ed)’).
Then pg1 is any <’-upper bound to { pfl 1 i < iq}. The limit stages of the construc-
tion should be clear.

After the construction is carried out and we have ; = |J{o, : @ < 1}, we define

re @3 like r¢ in the proof of Proposition 2.15 (see (@)? o« (@)é0 there). Then r is
<O_stronger then all p, (fora < 1) and

r “_@2 “g, is a play of DEE(Q@(A)) in which INC uses st but coM wins”.

(Note that the respective version of (©) él of the proof of Proposition 2.15 holds. By

. . . 0
the completeness it continues to hold in V&2.) (]

3 More on Reasonably Complete Forcing

Definition 3.1  Let P be a forcing notion.

1. For a condition r € P, let Dé (P, r) be the following game of two players,

COMPLETE and INCOMPLETE:

the game lasts at most A moves and during a play the players at-

tempt to construct a sequence {((p;, g;) : i < A) of pairs of condi-

tions from P in such a way that (Vj <i < A)(r < p; <q; < p;)

and at the stage i < A of the game, first INCOMPLETE chooses p;

and then COMPLETE chooses g;.
CoMPLETE wins if and only if for every i < A there are legal moves for both
players.
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2. We say that the forcing notion P is strategically (<A)-complete if COMPLETE
has a winning strategy in the game Dé (P, p) for each condition p € P.

3. Let N < (H(y), €, <3“() be a model such that <*N C N, |N| = A, and
P € N. We say that a condition p € P is (N, P)-generic in the standard
sense (or just (N, P)-generic) if for every P-name z € N for an ordinal we
have p I “z € N”.

4. P is A-proper in the standard sense (or just A-proper) if there is x € FH(y)
such that for every model N < (F (), €, <}) satisfying

<*NCN, |N|=24, and P,xeN,

and every condition p € N N P there is an (N, P)-generic condition ¢ € P
stronger than p.

Theorem 3.2 (See Shelah [11, Ch. Ill, Thm. 4.1], Abraham [1, §2], Eisworth [2, §3])
Assume 2% = JF, A4 = ). Let @ = (P;,Q; : i < ATT) be A-support iteration
such that for alli < 2™t we have

1. P; is A-proper,

2. Ibp, “|Q] < At
Then

1. foreveryd < 2+, |bp, 24 = A%, and

2. the limit P;++ satisfies the AT+ -cc.

Proposition 3.3 ([8], Proposition A.1.6)  Suppose Q= (Pi,Q; 1@ <vy)isai-
support iteration and, for eachi < vy,

lFp, “Qy is strategically (<A)-complete”.

Then, for each ¢ <y and r € Pg, there is a winning strategy st(e, r) of COMPLETE
in the game Dé‘ (P, r) such that whenever eg < &1 <y andr € P;, we have
@) if ((pi,qi) : i < A)is aplay of Dé (Pg,, Te0) in which COMPLETE follows
the strategy st(eg, rleg), then ((p; rlleo, 1), qi rlleo, €1)) : i < A)isa
play of Dé (Pg,, r) in which COMPLETE uses st(e1, r);
(i) if ((pi,qi) : i < A) is a play of Dé (P¢,, r) in which COMPLETE plays ac-
cording to the strategy st(ey, r), then {(pileo, qgileo) : i < A) is a play of
Dé (Psy. r[€0) in which COMPLETE uses st(eo, r[€0);
(i) if ((pi, qi) : i < i*) is a partial play of Dé (Pg,, ) in which COMPLETE uses
st(e1,r) and p’ € Py, is stronger than all p;leq (fori < i*), then there is
p* € Pg, such that p' = p*leg and p* > p; fori < i*.
Definition 3.4 (Compare [7], Definition 2.2)
1. Let y be an ordinal, w C y. A standard (w, 1)"-tree is a pair T = (T, k)
such that
@rk: T — wU{y},
(b) ift € T and rk(r) = &, then ¢ is a sequence ((¢), : { € w N¢),
(c) (T, <) is atree with root () and such that every chain in T has a <-upper
boundin T,
(d) ifr € T, then there is ¢’ € T such that ¢+ < ¢’ and rk(¢') = y.
We will keep the convention that ’J‘y" is (T;‘ , rkfy‘).
2. Let @ = (P, Q; i < y) be a A-support iteration. A standard tree of
conditions in Q is a system p = (p; : t € T) such that
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(a) (T,rk) is a standard (w, 1)’-tree for some w < y and
(b) pr € Py fort € T and
(c) ifs,t € T,s < t,then p; = p;[rk(s).
3. Let p°, p! be standard trees of conditions in Q, p’ = (pi 1t € T). We write
p° < p! whenever for each t € T we have p? < pl.

Note that our standard trees and trees of conditions are a special case of that intro-
duced in [8, Definition A.1.7] when a = 1. Also, the rank function rk is essentially
the function giving the level of a node, adjusted to have values in w U {y} via the
canonical increasing bijection.

Proposition 3.5 (See [3], Proposition A.1.9)  Assume that Q= (Pi,Q; :i <vy)is
a A-support iteration such that for all i < y we have

IFp, “Qy is strategically (<A)-complete”.

Suppose that p = (p; : t € T) is a standard tree of conditions in Q, |T| < A, and
I C P, is open dense. Then there is a standard tree of conditions g = (q; : t € T)
such that p < q and (¥t € T)(tk(t) = y = q: € 1), and such that conditions
Q1> 1, are incompatible whenever ty, t € T, tk(to) = tk(t1) but ty # 1.

Definition 3.6 (See [7], Definition 3.1) Let Q be a forcing notion and let
L = (ig : o < L) be a sequence of regular cardinals such that g < u, < 14
foralla < 4.

1. For a condition p € Q we define a reasonable A-completeness game
D;-fA (p, Q) between two players, GENERIC and ANTIGENERIC, as follows. A

play of DEA(p, Q) lasts 4 steps and during a play a sequence

<1a, (pl,ql itely) a< /1>
is constructed. Suppose that the players have arrived to a stage o < A of the
game. Now,

(R), first GENERIC chooses a nonempty set I, of cardinality < u, and a
system (p{ : t € I,) of conditions from @,

(3), then ANTIGENERIC answers by picking a system (g : ¢ € I,) of condi-
tions from Q such that (V¢ € I)(pf < g7).
At the end, GENERIC wins the play

<Ia, (pl,q itely):a< /1>
of D;;CA (p, Q) if and only if
(®)x there is a condition p* e Q stronger than p and such that

Pl (Ve < 2)(3 € 1) (gf € Ga)”

2. We say that a forcing notion Q is reasonably A-bounding over u if
(a) Q is strategically (<A)-complete, and
(b) for any p € (2, GENERIC has a winning strategy in the game OL-CA( p, Q).

Definition 3.7 (See [7], Definition 3.2) Let Q= (Pg, Qg : & < y) be a A-support
iteration and let # = (uq : a < 1) be a sequence of regular cardinals such that
Ro < pg <Aforalla < A.
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1. For a condition p € P, = 1im(Q) we define a tree A-completeness game
DgeeA(p, Q) between two players, GENERIC and ANTIGENERIC, as follows.
A play of DE“A( p, Q) lasts A steps and in the course of a play a sequence
(T, P*, q* - a < A) is constructed. Suppose that the players have arrived to
a stage o < A of the game. Now,

(R)q first GENERIC picks a standard (w, 1)”-tree T, such that |7, | < u, and
a tree of conditions p* = (p? : t € T,) € P, (so GENERIC, as a part
of choosing 7, picks also w = w),

(3), then ANTIGENERIC answers by choosing a tree of conditions
q* ={qf : t € T;) S P, such that p* < g“.

At the end, GENERIC wins the play (7, p*, ¢ : a < A) of DgeeA(p, Q) if

and only if

(®)3° there is a condition p* € P, stronger than p and such that
p* ke, “(Ya < 4)(3r € T,) (tka (1) = y & ¢ € Gp, )"

2. We say that P, = 1im(Q) is reasonably* A(Q)-bounding over Ji if GENERIC
has a winning strategy in the game DgeeA (p, Q) forevery p e P,.

Theorem 3.8 (See [7], Theorem 3.2)  Assume that

(a) A is a strongly inaccessible cardinal,
(b) &t = (g :a < ), each ug is a regular cardinal satisfying (for o < 1)

No<pa<i and (Vfeua)(| ] f | < na),

é<a
(©) Q= (Pe, Qg : & < y) is a A-support iteration such that for every & <y,
lFp.  “Qg is reasonably A-bounding over ji”.

Then P, = 1im(Q) is reasonably* A(Q)-bounding over i (and so P, is also A-
proper).

In [7, §3], in addition to A-reasonable completeness game we considered its variant
called a-reasonable completeness game. In that variant, at stage a < 4 of the game,
the players played a subgame to construct a sequence ( pg, qg 1 & < ig) (corre-
sponding to (p{, g/ : t € I,)). In the following definition we introduce a further
modification of that game. In the new game, the players will again play subgames,
in some sense repeating several times the subgames from the a-reasonable complete-
ness game.

Definition 3.9  Let Q be a forcing notion and let & = {u, : a < 1) be a sequence
of cardinals such that Rg < u, < 4 for all @ < A. Suppose also that U is a normal
filter on 4.
1. For a condition p € Q we define a reasonable double-a-completeness game
DL—Cza (p, Q) between GENERIC and ANTIGENERIC as follows. A play of
DL-CZ"( p, Q) lasts at most 4 steps and in the course of the play the players try
to construct a sequence

) (Gas (P q) 17 < pa-Ca) 1o < A).
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(Here p, is treated as an ordinal and u,, - &, is the ordinal product of u, and
&q.) Suppose that the players have arrived to a stage a < A of the game. First,
ANTIGENERIC picks a nonzero ordinal £, < A. Then the two players start a
subgame of length u, - &, alternately choosing the terms of the sequence
(p;‘,q;‘ Ty < Wg - Ey). Atastage y = pg i+ j (Wherei < &, j < uq)
of the subgame, first GENERIC picks a condition pj € @ stronger than all
conditions ¢§ for 0 < y of the form d = g - i’ + j (where i’ < i), and then
ANTIGENERIC answers with a condition ¢ stronger than pf.

At the end, GENERIC wins the play (X) of E)sza (p, Q) if and only if both
players had always legal moves and

(®);, thereis a condition p* € Q stronger than p and such that

p¥ kg “(Va < i)(EIj < /‘a)({qza~i+j i< &) C Q@)”.

2. Qames D;—ffi‘llz (p, Q) (for p € Q) are defined similarly; we only replace con-
dition (®)}; by
(®)3, there is a condition p* € Q stronger than p and such that

Pl “{a <4 (EI] < ,ua)({qza.prj 1 <éa} © G@)} € u@”,

where U® is the (Q-name for the) normal filter generated by U in V.

3. A strategy st for GENERIC in D;-fza( p, Q) (or E);-f,z‘a (p, Q)) is said to be nice
if for every play (&, (P9, 4% : 7 < pa - &) + @ < A) in which she uses st,
for every a < A, the conditions in { p;j‘ 1y < Ugq) are pairwise incompatible.
(These are conditions played in the first “run” of the subgame. Note that then
Py, p;’, are incompatible whenever y # y’ mod p,.)

4. Letx € {a, b}. A forcing notion Q is nicely double x-bounding over i (and
U ifx =b)if

(a) Qis strategically (<A)-complete, and
(b) GENERIC has a nice winning strategy in the game DLPZ"‘ (p, Q) (DL—C’%{} (p, Q)
if x = b) for every p € Q.

Remark 3.10

1. Reasonable double x-boundedness (for x € {a, b}) is an iterable relative
of reasonable x-boundedness introduced in [7, Definition 3.1, pp. 206-7].
Technical differences in the definitions of suitable games are to achieve the
preservation of the corresponding property in A-support iterations (see Theo-
rems 3.13, 3.14 below).

2. The game D;f,zcg (p, Q) is easier to win for GENERIC than D;fza(p, Q) (be-
cause the winning criterion is weaker). Therefore, if we are interested in
A-properness for A-support iterations only, then Theorem 3.14 will cover a
larger class of forcing notions than Theorem 3.13.

Definition 3.11 (See [7], Definition 6.1)  Suppose that A is inaccessible and
kK = (kg : o < A) is a sequence of cardinals, 1 < x, < 4 fora < A. We define a
forcing notion P* as follows.

A condition in P¥ is a pair p = (f?, CP) such that

C”g/lisaclubof/landfpeH{xl:zei\C”}.
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The order <pi=< of PX is given by
p <pi q ifandonlyif C? C CPand f? C f9.

Proposition 3.12

1. Assume that k, . are as in Definition 3.11 above and let a sequence
i = (g : a < A) be chosen so that [| kg < puq < A (fora < A).
p<a
Then the forcing notion P* is nicely double b-bounding over i, D,.
2. If kg = K forall o < ) and p, > k%, then P* is nicely double a-bounding

over [.

Proof (1) A natural modification of the proof of [7, Proposition 6.1] works here.

Note that if 6 = (J, : @ < 1) is an increasing continuous sequence constructed as

there during a play of 023 (p, P¥), then the set B &f {a <2 T1 ks < pa}isin
’ p<a

the filter D;. In the game, the stages o € 1\ B are ignored and only those for a € B

are “active.” Also, at each stage a we may create u, ‘“not active” steps at each run

of the subgame by picking an antichain of conditions incompatible with p.

(2) Similar; we get double a-bounding here as at each stage oo < A of the game we
know that [] xs, = x* < 14 (so all steps are “active”). (]
p<a

Theorem 3.13  Assume that

(a) A is a strongly inaccessible cardinal,

®) p = (ug : a < A) is a sequence of cardinals below J such that

1
(Va < D)(Ro < g = plf ™,
(©) Q@ = (P, Qy : ¢ < %) is a A-support iteration such that for every { < y,

IFp. “Q¢ is nicely double a-bounding over i”.

Then Pyx = 1im(Q) is nicely double a-bounding over u (and so Py« is also A-
proper).

Proof Our arguments refine those presented in the proof of [7, Theorem 3.2,
p- 217], but the differences in the games involved eliminate the use of trees of
conditions. However, trees of conditions are implicitly present here too. The tree at
level 0 of the argument is indexed by

T(s:U{ H 1 ¢ € ws U{C*Y}
SewsNg
and it is formed in part by conditions played in the game for various t € [] ws =
Cews
{t € Ts : rk(t) = ¢*}; note the coherence demand in (X)7.

Let p € Py. We will describe a strategy st for GENERIC in the game
DL—Cza(p, Pr+). The strategy st instructs GENERIC to play the game ag% on each
relevant coordinate ¢ < ¢* using her winning strategy st-. At stage 0 < 1 GENERIC
will be concerned with coordinates ( € ws for some set zbg of size < A. If &5 < A is
the ordinal put by ANTIGENERIC in the play of DL—CZ*‘ (p, Py+), then in the simulated
plays on coordinates { € ws GENERIC pretends that her opponent put &5 = us - &5.
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The innings of the two players, GENERIC and ANTIGENERIC, in the subgame of level
o0 on a coordinate ( are

Poc =Pty <ms-&Y) and Gop = (g5, 1y < ps-&5),

respectively. GENERIC’s innings in the subgame of D}fza (p, Py+) will be associated
with sequences t € [] us = (t;? : j < us) = 1°. The innings of the two players
ews

will be pg, qf (for e < ps-Es) and they will be related to what happens at coordinates
¢ € ws as follows. If t = t?, { € ws,and f = (¢); < ws, then in the subgame of
D;fza (p, Py+) of level ¢ at stages of the form & = us-i+ j we will have pf(() = ?g‘,f
and qf ©) = g(ys, o»Wherey = pus-¢+p. Tokeep track of what happens at coordinates
¢ ¢ ws GENERIC will use conditions rg.

Let us note that the construction of st presented in detail below would be some-
what simpler if we knew that all forcings Q are (</)-complete (and not only strate-
gically (<A)-complete). Then §t2, ry and pf’* could be eliminated as their role is
to make sure that some sequences of conditions (related to rs and/or pf ) have upper
bounds. However, many natural forcing notions tend to have strategic completeness
only (see [8, Part B]).

Let us formalize the ideas presented above. For each ¢ < ¢*, pick a P--name §tg
such that

IFp, “s}? is a winning strategy for COMPLETE in D()j (@(, @@{) such that if
INCOMPLETE plays D, , then COMPLETE answers with &g, as well”.

In the course of a play of Dgza (p,Pr+), at astage § < A, GENERIC will be instructed
to construct on the side

(®)s we, 10, &L, sty (for ¢ € worr \ ws), Do.csdo.cs po* (for & < ug - &), and
rs > ts-
These objects will be chosen so that if
(&. (P2, qd cy < ms-&s):o < i)

is a play of E);-‘fza (p, Ps+) in which GENERIC follows st, and the additional objects
constructed at stage 6 < A are listed in (®)s, then the following conditions are
satisfied (for each 6 < 1).

&1 ry,rs € Pee, 1y (0) = ro(0) = p(0), ws S ¢*, |wsl = |0+ 1],
U Dom(r,) = U wa, wo = {0}, ws € wsy; and if 6 is limit then
a<i o<
ws = | wqg.

<o

(X)> Foreacha < 6 < A we have (V¢ € wg1)(r. () = 1y (¢) = rs(0)) and
p=<ry <rqy <ry <rs and pf}* € Prx (fore < us - &)
X)s If¢ €™\ wg, then
r5|¢ Ikp. “the sequence (r, ({),rq(¢) + @ < J) is a legal partial play of
25(Q¢» Pa,) in which CoMPLETE follows s,
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and if ¢ € wgy1 \ wy, then st- is a P--name for a nice winning strategy for
GENERIC in DE{CZ“‘ (rs(¢), Q7). (And stg is a nice winning strategy of GENERIC

in %% (p(0), Qp).)
Ry, = (t}; : J < ws) is an enumeration of [] us = "o us.
(EwWs
(X)s &§ = s - &s (the ordinal product) and Poc = <Pty5,( Dy < ug- &) and
qs,; = (qg o1V < po - &5) are Pr-names for sequences of conditions in @
of length x5 - & (for ¢ € U wy).

a<i
™X)e If¢ €ewpyrr\wp, f <o(or =p=0),then
ke, “(y> (FZ,C,QZ“{ 1Y < lg - EF) ta < 0)is apartial play of
DL-Cza(rﬁ (¢), Q) in which GENERIC uses st-”.
Xy; fe=pus-i+j,i <&, Jj < us,then
Dom(p%*) = Dom(p?) = ws U Dom(p) U |J Dom(r,) U U Dom(qg,)

a<o g'<e

and for each ¢ € ws U {¢*} the condition pg* [¢ is an upper bound to
{pI}Ufral¢ ra <d}U
aolc e/ =ps-i'+j <e&i' <&G&J < us &191C =191¢).

R)s Ifj < po,i <&, ¢ € ws, () = frande = ps-i+j, 7 = ps-¢+p,
then p2*(¢) = p2(¢) = pj . and I 1¢ Fp, ¢2(0) = g5 .-

X He=ps-i+j,i<&,j<us, €l \ws,andt € [[{us: &€ wsnNy,
t < t;.s, then
Pl IFp, “the sequence (pf,’*((), pf,(() cel = psi’+j < g&i’ <& &

< us &t < tj,) is a legal partial play of O4(Q;, p(¢)) in
which COMPLETE follows st’”.

(X)10 Dom(ry) = Dom(ry) = U{Dom(g?) : & < ps- &) and if ¢ € ¢\ wy,
tell{us: & ewsn¢l,andg € Prog > ry [¢and g > q° ¢ whenever
e=us-i+j,i <&, J <,u(5,andt<t(5 then
q Ik, “ifthe set {p(O}U{ra(() o0 <0} U{gd(0) 16 = ps-i+j &i <&

&j < us&t t()} has an upper bound in Q¢, then ry5 ({) is

such an upper bound, otherwise, r; () is just an upper bound to

(PO} U{ry () :a <6},

Assume that the two players arrived to stage J of 92:23 (p, Pr+) and

(5aa(P?"I? 16 < figCa) it <5)

is the play constructed so far, and that GENERIC followed st and determined objects
listed in (®), (for a < J) with properties (X);—(X)1g.

Below, whenever we say GENERIC chooses x such that we mean GENERIC chooses
the <’ -first x such that, and so on. First, GENERIC uses her favorite bookkeeping
dev1ce to determine ws so that the demands of (X); are satisfied (and that at the
end we will have U Dom(r,) = U we). If f < dand ¢ € wg, then we already

have Pai>qac for a < 0 (see (X)s) but we have not yet defined those objects
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when 6 = dp + 1 and ¢ € ws \ wg,. Soif 6 = dp + 1 and ¢ € ws \ wg, then let
Pa; = (gfl,( 1y < pa - &) and Go o = QIZ,; Ly < Ug - EF) (for a < J) be such
that )

IFp, “(y> (PZ,[’ EIZ,C 1Y < fg - EX) ta < 0) is apartial play of D}fza(r(;o((), Q)
in which GENERIC uses st; and p], . = ¢, . foralla <4,y < e - &

Condition (X)4 and our rule of taking “the <;‘(-ﬁrst” determine the enumeration
= (t;.; 2 j < ps)of J] ws. Now ANTIGENERIC picks & and the two players start

Ew,

a subgame of length ,ljg -655. During the subgame GENERIC will simulate subgames
of level J at coordinates ¢ € ws pretending that ANTIGENERIC played & = us - &s
there. Each step in the subgame of E)L-Cza( P, P+) will correspond to u; steps in the
subgames of E)}fz“(rﬁ((), Q;) (when ¢ € wpq1 \ wp, f < 0). So suppose that
the two opponents have arrived to a stage ¢ = ugs - i + j of the subgame, i < &;,
Jj < s, and assume also that GENERIC (playing according to st) has already defined
D595, for& € ws, y < s - &, and pi;* for &’ < &, so that the requirements of
(X)6—(X)9 are satisfied. Note that (by (5)7—(X)9)

®) ife> e =us-i'+j > = ps i+ ¢ € ws UL and 191¢ = 10, 1¢,
. \
then p?, ¢ < q2,1¢ < plI¢ < plIC.

For each ¢ € wsand f < (t?)c_“’ let pé‘?%ﬁ — qg‘rz‘{f‘i’ﬁ be P--names for conditions

in @ such that (the relevant part 06 X)s holds. The same clause determines also
gé‘jﬁ”ﬂ for f = (t.?)f’ ¢ € wg. Then the requirements in (X)7 4 (K)g essentially
describe what pf°* is. Note that the “upper bound demands” in (X)7 can be satisfied
because of (X)9 + (X)3 and (®) above. Next, GENERIC’S inning pf in DL_CZ"( P, Pr)
is chosen so that Dom(p‘g) = Dom(pf’*) and clauses (X)g + (X)g hold. After
this ANTIGENERIC answers with a condition qf > pf, and GENERIC picks for the

construction on the side names qg ‘EHﬁ for € wsand f = (tf)c by the demand in
(X)g. She also picks pg‘zyrﬁ = qé“}'ﬁﬂ for ¢ € ws and (tf.)éw < B < ug so that

(X)) holds.

This completes the description of what happens during the us - & steps of the
subgame. After the subgame is over and the sequence ( p?,qf Dyo< us - és)
is constructed, GENERIC chooses conditions r , 75 € P+ by (K)1—(X)3 and (X)1o.
(Note: since st are names for nice strategies, if { € C\ws, i, 11 < Es, Jo, J1 < Uss
80 = ps - io + jo, &1 = ps - i1+ ji to, 01 € [[lus s & € wsN)to 19,10 <19
and 79 # t1, then the conditions qfo I qfl [¢ are incompatible.) This finishes the
description of the strategy st.

Let us argue that st is a winning strategy for GENERIC. Suppose that

is a play of D°22(p, P+) in which GENERIC followed st and she constructed the side

objects listeduin (®)s (for 6 < 1) so that demands (X);—(X) o are satisfied. We

define a condition » € P+ as follows. Let Dom(r) = J Dom(rs). For { € Dom(r)
<A

d
let (¢) be a P--name for a condition in @ such that

X1 if¢ € wet1 \ wg, a < A (or ¢ = a = 0), then
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Fp, “r(0) = ra(Q) and r(0) kg, (Vo<2)(3j<ps) (Ve <&) (qg‘zfﬂ € Gag,)"

Clearly, r is well defined (remember (X)g) and (V6 < 1)(rs <r)and p <r.

Suppose now that § < 4 and r’ > r. We are going to find j < us and a condition
r"” > r’ such that (Vi < 55)(%‘35-#/' < r”). To this end let (¢ : a < a*) be the
increasing enumeration of ws U {¢*}. For ¢ < ¢* and g € P, let st({, ) be a
winning strategy of COMPLETE in E)é (P, g) with the coherence properties given in
Proposition 3.3.

By induction on . < a* we will choose conditions r;, r
such that

D12 rCa <)
(X)3 ifi <&, j < psand (l‘?)(ﬁ = (t)¢; for B < a, then q;jé,l.ﬂ. [Cu <15,

™) 14 (rzﬁr’[[(ﬁ gt "M¢p,¢*) + P < a) is a partial legal play of
(P(* r')in Wthh COMPLETE uses her winning strategy st(¢*, r’).

*e Py, and (1), < us

a

Suppose that o < a* is a limit ordinal and we have already defined (), < w5
and rﬂ r;* € Py for f < a. Let =sup({p : B < a). It follows from
(X)14 that we may pick a condition s € P, stronger than all r;* for § < a. Put

re=s5"r"1[¢, ¢a) € Pr,. Then plainly r'[¢, < r} and q/‘i(s.iﬂ. [¢ < r}[¢ whenever
)" i <&, j < s and (19, = (1), forall f < a.

Now by induction on ¢ < ¢, we show that q ¢ < r¥I& whenever (&)1
holds. For ¢ < ¢ we are already done, so assume é € g, (a) and we have shown
that ¢° it [¢ < rXI& whenever (&)15/ % holds. It follows from (X)7 + (X)g that the
condition r; [£ forces in P¢ that

“the set {p()}U{ra (&) s o < S)U{ql(0) 1 e = psi+j &i <& & j < ps&
(Vﬂ < a) ((t;})(/} = (t)g;)} has an upper bound in Q¢”.

and therefore we may use (X))o to conclude that
rElEIEE(R)E holds, then g2, (&) < r5(E) < F'(©) = 1@

The limit stages are trivial and we may claim that qﬁ(j_ i+ [Ca < r) whenever (&)'g *
holds. Next, ;™ is determined by (X)14.

Now suppose that « = f# + 1 < a* and we have already defined rz, rE* € Py
and ((t);, : 7 < B). It follows from (X);; that

rit ke, “r(@p) Fay, Bp < wo) (Ve < &) (g5%, " € Gay,)”
so we may pick p = (#);; and a condition s € P, such that rE* < s[¢p and

sicp ke, (Ve < &) (g5, < s@p)).

It follows from (X);3 4+ (X)g that then also qu5~i+j [((p + 1) < s whenever i < ¢,
j < us, and (t;.;)CV = (t);, fory < . Weletry = s7r'[({p, (s) and exactly like
in the limit case we argue that r'[¢, < r) and ‘125-1' n [Ca < r) wheneveri < &,
j < us,and (tf:)(), = (t)¢, for y < B. Again, r;* is determined by (X)14.
After the induction is completed look at " = r}, and j < us such that
= ()t < a¥). O
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Theorem 3.14  Assume (a), (b) of Theorem 3.13. Suppose that U is a normal filter
on A and

(c) @= (Pr, Qp : ¢ < *) is a A-support iteration such that for every { <y,
IFp. “Q; is nicely double b-bounding over u, uPe .
Then Pp+ = 1lim(Q) is nicely double b-bounding over u, U.
Proof The proof essentially repeats that of Theorem 3.13 with the following modi-
fications in the arguments that st is a winning strategy for GENERIC in DLP,Z‘E (p, Pr).

We assume that (&, (p;S , qgf ty < ws&s) 1 & < A)isaplay in which GENERIC fol-
lows st and the objects listed in (®)s were constructed on a side. A conditionr € P«

is chosen so that Dom(r) = |J Dom(rs) = |J ws and for each ¢ € wgy1 \ Wy,
d<A o<l
o < A, we have

IFp, “r(¢) = ra(() and '
r(Q) kg, {6 <4:(3j < us)(Ve < fg)(gg’&éjsw € Gg,)} € YUPc+17,
Then, for each ¢ € Dom(r), we choose P -names Af for elements of U such that
e, “r(¢) IFq, (Vo € 5A/1 A5)E) < us) (Ve < EN(g57 " e Ga, )
<
Finally, we show that for each limit ordinal 6 < 4,
rlrp,. “(Wews)de A AS) = ) < us)(Vi <&)g),i4; € Gp.)
¢ 521 uoitj 4
For this we start with arbitrary condition ' > r such that
rikp., “(¥ ews)(de A AS)”
d<A

and we repeat the arguments from the end of the proof of Theorem 3.13 to find
J < usandr” > r’ such that (Vi < 5‘5)(‘125-#/ <r). O

4 Reasonable Ultrafilters with Small Generating Systems

Our aim here is to show that, consistently, there may exist a very reasonable ultrafilter
on an inaccessible cardinal A with generating system of size less than 2.

Lemma 4.1  Assume that G* C @9 is directed (with respect to <°) and fil(G*) is
an ultrafilter on 1, r € G*. Let P be a forcing notion not adding bounded subsets of
A, p € P and let A be a P-name for a subset of A such that p |Fp A € (ﬁl(G*))+.
Then

Yy €\ {25 :6€C and p e “ANZ} ¢ d5} € L(GY).
Proof Assume toward contradiction that ¥ ¢ fil(G*). Then we may find s € G*
such that 7 <% s and 1\ Y € fil(s). Take & < A such that

ifa e C°\ g, thenZ, \Y €d, and (VA €d;)3p € C")(AN ZZ; € d/r);).

(Remember Proposition 2.5.) Now take a generic filter G € P over V such that
p € G and work in V[G]. Since A® € fil(s)T, we may pick & € C* such that & < «
and A9 N Z$ € d5. Thenalso Z$ N A9\ Y € dS and thus we may find # € C” such
that Z;OAGOZ;}\Y € dz,. In particular, Z;\Y #a,s0pl- AOZ;} ¢ d;}, and thus
A9 N Zz ¢ d;. Consequently, Z5 N A9 N Zz \Y ¢ d;; giving a contradiction. [
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Theorem 4.2  Assume that

(1) A is strongly inaccessible, i = (g : @ < A), each p, is a regular cardinal,
Ro < g < A and (Vf € “pa)(| [T £ < pa) fora < 2

E<a

(i) Q = (Pe, Qg : & < y) is a A-support iteration such that for every & <y,
IFp. “Q¢ is reasonably A-bounding over ji”’;

(i) G* C @g is a <"-downward closed [i-super reasonable family such that
fil(G™) is an ultrafilter on .
Then
IFp, “f1(G™) is an ultrafilter on 1”.

Proof The proof is by induction on the length y of the iteration Q. So we assume
that (i)—(iii) hold and for each ¢ < y

(©)¢ IFp,  “fil(G*) is an ultrafilter on A”.

Note that (by the strategic (<4)-completeness of P, ) forcing with PP, does not add
P

bounded subsets of 4, and therefore (@g)v - ((Ll)(/{)V y.

Claim 4.3  Assume that
(@) Ais a Py -name for a subset of /. such thatlbp, A € (ﬁl(G*))+,
(b) w € [y]=® and T is a finite standard (w, 1)? -tree, and
(¢) p={(p;:t €T)isa (finite) tree of conditions in Q, and
(d) r € G* and X is the set of all a € C" for which there is a tree of conditions
q=1{q::t €T)suchthatq > p and

~VMreT)k(t) =y = ¢ IFANZ ed).
Then \J{Z], : a € X} € fil(G™).

Proof of the Claim Induction on |w|. If w = @ and so T = {()}, then the assertion
follows directly from Lemma 4.1 (with p, P there standing for p(), P, here). As-
sume that [w| = n + 1, {* = max(w), w’' = w \ {¢*} and the claim is true for w’
(in place of w) and any A, p. Let Pg+, be a Pg+-name for a forcing notion with the
universe Pg+, = {p[[¢*,y) : p € P, } and the order relation <P, such that

if G C P¢+ is generic over V and f, g € Pgry,
then V[G] = f =<p.., (G & if and only if FpeG)(pU f=<p, pUg.

Note that Pgx, is from V but the relation =P, [G] is defined in V[G] only. Also P,
is isomorphic with a dense subset of the composition Pg+ * Pex,, .

We are going to define a P¢+-name Y for a subset of A. Suppose that G C Pg+ is
generic over V and work in V[G]. For ¢ € T such that rk(z) = y let X; consist of all
a € C" for which there is f € Pg+, such that

pllE™, y) Spayi1 f and  flrp. 61 ANZ, € dy.

Let ¥, = U{Z, : @ € X} (fort € T such that tk(t) = y). It follows from
Lemma 4.1 that each Y; belongs to fil(G*) (remember that L “fil(G*) is an ultra-
filter” by (©)¢+). Hence

y* &f O {¥: i1 e T &rk(r) =y} € fil(GY).
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Note that for each a € C”, either Z, N Y* = @or Z] C Y*.

Going back to V, let Y*,Y;, X; be Ps+-names for the objects described as
Y*,Y;, X; above. Thus IFp.. ¥ * € fil(G*) and we may apply the inductive hypoth-
esistow’, T ={t[&* :t € T}, and p’ = (py : ¥’ € T') C Pg«. Thus, if X* is the
set of all & € C” for which there is a tree of conditions ¢’ = (g, : ' € T") C Pe«
such that g’ > p’ and

(V' e T)(tk(t) = &* = q) IFp. YN Z), € d}),

then |J {Z, : o € X*} € fil(G*).
Now suppose that ¢ € X* is witnessed by ¢’ and let ¢/ € T be such that
tk(t') = &*. Then ¢, Fp.. Zy C Y* and hence q; IFp.. a € X, forallt € T

with tk(#) = y, so we have Pg+-names f ;/ for elements of P¢+, such that

ap e “pillE*y) <pa, fi & f1 Fp. ANZ, ed).
Now use Proposition 3.5 (or just finite induction) to get a tree of conditions
§"=(q):t' €T C Pex

and objects g!, (fort’ € T', 1 € T, tk(t') = &*, tk(r) = y) such that g’ < §” and
q; IFpe. ﬂ/ = g;,. Now, forz € T, put

1. ¢ = q/ if k(¢) < &*, and

2. q =g} gl ifk(n) = 7.
It should be clear that § = (g, : + € T) is a tree of conditions in @, p < §
and for every t+ € T with tk(f) = y we have ¢/ IFp, AN Z, € d,. This

shows that X* is included in the set X defined in the assumption (d), and hence
U{Z; : a € X} € fil(G). O

Let A be a ’,-name for a subset of 4 such thatl-p, A € (ﬁl(G*))+ andlet p € P,.
We will find a condition p* > p such that p* IFp, A € fil(G*). It will be pro-
vided by the winning criterion (®)%* of the game DgeeA (p, Q) (see Definition 3.7;
remember P, is reasonably* A (Q)-bounding over i by Theorem 3.8).

Let st be a winning strategy of GENERIC in DgeeA (p, @), and for ¢ < y and
q € P, let us fix a winning strategy st(e, g) of COMPLETE in Dé (P, g) so that the

coherence demands (i)—(iii) of Propos1t10n 3.3 are satisfied.
We are going to describe a strategy st™ of INC in the game DE(G*) In the course

of a play of E)EB(G*) INC will construct on the side a play of E)/tieeA (p, @) in which
GENERIC plays according to st. So suppose that INC and com arrived to a stage o < A
of a play of E) (G™), and they have constructed

(®)1 (I}/:ly’u}/s<r}/,i>r}/’l”(ﬂy9i5 y,i: y,i):l <l}/):y <a)'

Also, let us assume that INC (playing according to stE) has written on the side a
partial play

@5 (7.p7.4" 17 <a)

of DgeEA (p, Q) (in which GENERIC plays according to st). Let a standard tree 7, and
a tree of conditions p* = (p{ : t € Ty) be given to GENERIC by the strategy st in
answer to (®)5 (so |Ty| < uq).
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On the board of D?(G*), the strategy st™ instructs INC to play the set

e T, k() = 7)

and the <§-ﬁrst enumeration i, = (Uq,; : I < ig) of [Ig]=? (50 iy < pq)
Now the two players start playing a subgame of length i, to determine a sequence
(Fais T 0> (Bayis Za,ir dg,i) i i < ig). During the subgame INC will construct on the

side a sequence <‘11 ,ql i <i,) of trees of conditions in P, so that

(®)3 c]ig = (qﬁi ct € Ty) (for ¢ <2,i <iy)and for each t € T,, the sequence
(qtol., qtli 11 <) is alegal play of Dé (P, (), p{) in which COMPLETE uses
her winning strategy st(rk, (¢), pf).

Suppose that com and INC arrive at level i < i, of the subgame (of DE‘H(G*)) and
@)y (rajsry s Bojs Zayjsdaj) 1 J < i) and (G0, G 2 j < i)

have been determined and com has chosen r,,; € G*. INC’s answer is given by st
as follows. First, INC takes the < first tree of conditions ¢ in @ such that

®)35 q° = (¢ :t € Ty) and ¢/ € Py is an upper bound to the set
{p!1U g, :j < i} (foreacht € T,)

(remember (®)3). Then INC lets X € C’«i be the set of all § € C’«i greater than
sup( U uz,;u U Zy j) + 890 and such that

/<0!]<l)

(®)2 there is a tree of conditions ¢’ in @ such that ¢® < g’ and

if 1 € ugi,then g/ IFp, AN z}” € dZ!"".

Since ug,; is finite, it follows from Claim 4.3 that | J {Zr‘“ p € X} € fil(G*).
Then INC picks also the club C of 4 such that C € C'«/ and Tq,i 1 restrictable to
(X, C) (see Definition 2.7) and min(C) = min(X), and his inning at the stage i of
the subgame of DEH(G*) is r(;,i = rq,i[{X, C) (again, see Definition 2.7; note that
r, ; € G* by Proposition 2.8).

"After this com answers with (Bais Zayisdayi) € #(r ;1) and then INC chooses
(for the construction on the side) the <5 * first tree of conditions q in Q such that
q° < q and

(®) ift € uq,i, then q H—[p ANZ,; €dy,.

Then cjil = (q,1 ; ot € Ty) is a tree of conditions determined by the demand in (®)3
and the strategies st(tk, (1), p{) (for t € T,); remember the coherence conditions of
Proposition 3.3.

This completes the description of how INC plays in the subgame of stage a.. After
the subgame is finished, INC determines the move g% of ANTIGENERIC in the play of
Dg"’eA (p, Q) which he is constructing on the side:

(®)7 g% isthe <j‘(-ﬁrst tree of conditions (g; : t € Tg) such that q"? < cjl.l < q*
foralli < i,.
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(There is such a tree of conditions by (®)3; remember i, < g < A.)
This completes the description of the strategy st™. Since G* is [L-super reason-
able, st® cannot be a winning strategy, so there is a play

(®)8 (]a, lg,Ug, (roc,iyrt;,,'y (ﬁa,ia Za,is da,i) Vi <lig)ra < /1>
of aj!ﬁ(c*) in which Nc follows st™, but

(®)9 for some r € G*, for every (j, : a < 1) € [] I, we have
<A

{(ﬂ(l,i’ Z(X,i: da,i) ta<A&i< i(x & ](x € ua,i} S* #(r)
Let (T, p*, @* : & < A) be the play of D;-feeA (p, Q) constructed on the side by INC
(so this is a play in which GENERIC uses her winning strategy st). Since GENERIC
won that play, there is a condition p* € P, stronger than p and such that for each

a < Atheset{q) :t € T, & rk,(t) = y} is pre-dense above p*. Note that if we
show that

(®)10 itisforcedin P, that for every j={ja:a <) e [] 1, we have

a<i

{(ﬂa,ia Z(X,ia da,i) o < A&i<ig & j, € ua,i} <* #(r)s
then we will be able to conclude that p* IF A € fil(r) (remember (®)¢ + (®)7 and
Observation 2.10), finishing the proof of the theorem. So let us argue that (®);9
holds true.
It follows from the description of stB (see the description of X after (®)3) that
we may choose a continuous increasing sequence (d, : a < A) € 4 such that

(Va < /1) (5a < Pao =< sup( U Za,i) < 5a+1).
i<ig
Now, we will say that f € C” is a sick case whenever there are ap < a1 < A and
B e dlrg such that Z;; C [Jag> da,) and
(Va € [ag, a1)) (3 € 1) (Vi < ig)(t € ugi or BN Zg; ¢ dy;).
Using Observation 2.10(2) one can easily verify that the following two conditions
are equivalent:

(®)P¢  thereis (j, : @ < A) € [] I, such that

a<i

{(ﬁa,ia Zyisdai) o <A &1 <ig & jg € “a,i} ﬁ* #(r);
(®)]° there are A many sick cases of § € C”.

Since the forcing with PP, does not add bounded subsets of 4, being a sick case is
absolute between V and VF7. So we may conclude (from (®)o) that (®)10 is true
and thus the proof of Theorem 4.2 is complete. U

Theorem 4.4  Assume (i) and (ii) of Theorem 4.2 and
() K = (ks : o < A) is a sequence of regular cardinals such that for eacha < A,
Mo <Kg <A and (Yu < uq)(2" < k),

(B) G* C @g is k-super reasonable.
Thenl-p, “G*is ji — strongly reasonable”.
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Proof First of all note that the forcing notion P, is reasonably* A (Q)-bounding

over i and A-proper (see Theorem 3.8). Therefore I-p, “([G*]SA)V is cofinal in

[G*]=*, and consequently IFp, “G* is (<A™*)-directed (with respect to <0y,
Suppose that sﬁB is a P, -name, p € P, and

IFp, “§t® is a strategy of INC in D?(G*) such that

all values given by it are from V”.

We are going to find a condition p* > p and a P, -name g, such that

p*lFp, “g;isaplay of D? (G*) in which INC uses st®but com wins the play”.

The condition p* will be provided by the winning criterion (®)4°

Dﬁﬁee“ (p, Q) (see Definition 3.7).

In the rest of the proof whenever we say “INC chooses/picks x such that” we mean
“INC chooses/picks the <>';(-ﬁrst x such that”. Let us fix

of the game

(i) a winning strategy st of GENERIC in E);lfeeA (», Q),

(i1) winning strategies st(e, g) of COMPLETE in Dé (Pg,q) (fore <y, q € Py)
such that the coherence conditions of Proposition 3.3 are satisfied.

We are going to describe a strategy st® of INC in the game D;E(G*). In the course of a
play of DEE(G*), INC will simulate a play of DECCA (p, @) and he will consider names
. @ . . .

for partial plays of O i (G*) in which INC uses st®. Thus players INc/com will appear
in the play of DEE(G*) in V and in the play of D;‘-?(G*) in VP7. To avoid confusion we
will refer to them as comY , ncV for DEE(G*) (in V) and com¥"” , e’ for Oj‘-?(G*)
(in VF7).

So suppose that incY and comY arrived at a stage a < A of the play of DE(G*)
(in V), and INcY (playing according to stEE) has written on the side,

(®)§ apartial play (73, p*, 3% : p < a) of DEC"A(p, @) in which GENERIC plays
according to st, and
(®)5 alP,-name g, = (Ip,ip,up,Xp : p < a) of a partial play of D?(G*) (in

. . P
VP7) in which INcY'” uses the strategy st®,

(®)5 ordinals ig < up such that q,ﬂ IFip =ip forevery t € Ty withrkg(t) =y
(for p < a).

Note that /4 is a [P, -name for a set of size < g from V, ug is a P, -name for an
ip-sequence of finite subsets of /4 and x4 is a P, -name for the result of the subgame
of length i 5 of level g.

Let I, be a P, -name for the answer by st® to the play g, of DEB(G*) (in VP7).
Let 7 and p* ( p? :t € T,) be given to GENERIC by the strategy st as an answer
to (®){. Let g° = (¢, : t € Ty,) be a tree of conditions in @ such that

(®)j p* < q° and gqp,q; are incompatible for distinct f9,#1 € T, with
kg (t0) = 1k (11),

(@)2 for every t € T, with rk,(r) = y the condition ¢; decides the value of [,
say, g IFp, “lq = Il
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(Note that IFp, I, € V by the choice of st®; remember Proposition 3.5.)
In the play of DEH(G*), the strategy st instructs INcV to choose the set

Ia :H{I(; S Ta &rka(t)zy}

and an enumeration ity = (Ug,; @ i < i) of [I;]°“. Note that |I(;| < Uugq for all
relevant t € T, and |T,| < p, so by our assumptions on u, and x, we know that
|1,| < Ky (sO also iy, < Ky).

Then, in the play of D?(G*) eV’ pretends that com¥ played an ordinal
ig € lig,A)and g = (Uq,; 1 i < i,) such that

o, “ig S 1o and | Jluai i <ia) = 14"
and for each ¢t € T,, with rk,(#) = y we have
q; IFp, “ig =iq and ug; = {c(t) : ¢ € ugi} fori <i,”.

Now, both in D®(G*) of V¥ and in E)EH(G*) of V the two players start a subgame.
The length of the subgame in V"7 may be longer than i,, but we will restrict our
attention to the first i, steps of that subgame. In our active case we will have i, = iy;
see the choice of i, above. When playing the subgame, iveY will build a sequence
(ql s ql 11 < iy) of trees of conditions in @ such that (in addition to demands stated
later),

(®)3 q] (qtj teTa),éQSc};.)fc}}§q"lpf0r£’<2,j<i<ia,and

(@)g’ for each t € T,, the sequence <‘110,i7 qtl’l. 1i < ig) is alegal play of the game
Dé (P, (1)> ¢7) in which COMPLETE uses her winning strategy st(rk, (1), g;).

He (as INCVPV) will also construct a name for a play of a subgame of D;‘-?(G*) of VP
for this stage.

Suppose that INcY and comY have arrived to a stage i < i, of the subgame and
iNcY has determined on the side q for j <i,{ < 2,and aP,-name ( L j o< i)
for a partial play of the subgame of D;‘?(G*) of VP7. Now comV chooses Ta,i € G*

. P, . P,
which INcY passes to INcY 7 as an inning of comY"’
level a of DGB(G*) in V7 There the strategy st® gives INC

Next, INcY picks a tree of conditions ¢ ‘11 (qt ;i1 €Ty)in @ such that

at the ith step of the subgame of

V7 an answer i < A

@)% (¥j <i)g] <g))andg® < g/, and
(@)g forevery t € T, withrk, () = y, the condition qlo ; decides the value of dg;,
say, q7; Ibp, dai =9l

Then iNcY lets

S sup({é reT, &k =y}u ] U Zﬂ,quza,j)Jrggo
B<a j<ig j<i

and in the subgame of E)EH(G*) (in V) he is instructed to put r/ , such that
C'wi =C'\ &, and dﬁ = dj"" for f € C'ui.
(Note that rl; ; € G* by Definition 2.11(2)(ii).)
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After this comY chooses (Bu.i, Zo.i» do.i) € #(r) ), 50 Bui € C1, foi = I},
andd,; = d;;“” . Next incV lets

1. c}il be the tree of conditions in @ fully determined by demand (69)'5’ and
2. z7 be a P, -name for a legal result of stage i of the subgame of level a of
E)j? (G*) in VP7 such that for each r € T, with rk, (1) = y we have

0
4q:,i ”_[P’y Z:l = (ra,i,§a,ia (ﬂa,i, Zg,i, da,i))'

Then the subgame continues.

After all i, steps of the subgame are completed, INcY chooses a tree of conditions
q* = (g 1t € T,) in Q such that (Vi < ia)(cf,-l < g%) and he also lets x, be
a P, -name for the result of the subgame of level a of D?(G*) in V"7 such that
Xqlia = (z¥ :1 < iy). Note that all the objects described by (EiB)'{H'l—(GB)‘g“|rl are
determined now.

This completes the description of the strategy st® of INc (ie., INcY) in D}EZE (G™).
Since G* is k-super reasonable, this strategy cannot be a winning one, so there is a
play

(@)7 <I(l> i(l’ I/_[(l: (ra,ia r;’is (ﬁ(l,ia Za,ia d(l,i) : l < la) La < i)
of 9P (G*) in which iNc follows st, but

(®)g for some r € G*, forevery (j, : a < 1) € [] I, we have
o<k

{(ﬂ(l,is Zoirdai)io <A&i <iyg & o €ug i} <* #(r).

Exactly as in the proof of Theorem 4.2 we may argue that then also

(®)9 itis forced in P, that

(V./TG H Ia)({(ﬁa,ia Zairdai):a < A& <ig & jg € ua,i} <* #(r)).
a<l
(See (®)19 in the proof of Theorem 4.2.) _

Let (75, p*, g% : & < 1) be the play of DgeeA(p, Q) constructed on the side by
INC. GENERIC won that play, so there is a condition p* € P, stronger than p and
such that for each a < A the set {g/* : t € T, & 1k, (t) = y} is pre-dense above p*.
Also, let g; be the P, -name of a play of Di‘-f (G*) (in VP7) constructed on the side in

the same run of DEH(G*) (see ()2). We are going to argue that

(®)10 the condition p* forces (in P, ) that

(Vj € H!(X)({(ﬂ(l,l: Za,ia d(x,i) ta < A&i <£.(x &](x € ’Ja,i} S* #(r))a

a<i

that is,

Py . . ”
“com” ” wins the play g, as witnessed by r”.

p* ke,
Suppose that G C P, is generic over V, p* € G and let us work in V[G]. For ev-
ery a < A there is a unique t = t(a) € T, such that tk,(t) = y and ¢/ € G,
and thus ([a)G =1, Q’a)G = i, and (ga)G = ((Wa.))® 1 i < ig), where
(ya,,-)G = {c(t) : ¢ € uqi} C I'. Suppose that j = (j, a0 < 1) € [] 11 For

o<l
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eacha < A, fix jF € I, = [[{I} : t € T, & 1k, (r) = y} such that j¥(t(a)) = jg.
Note that if j} € uq;, i < iq,then j, € (ya,l-)G and, therefore,

{(ﬂa,iaza,iada,i):a <A&i <ia&j;€ua,i} 5* #(r)

. . . G
{(ﬁ(x,ia Za,ia da,i) o< A&i<ig & j, € (k‘a,i) }o<*

(remember (B)g). Now ()19 follows and the proof of the theorem is complete. [

Corollary 4.5  Assume that 1 is a strongly inaccessible cardinal. Then there is a
forcing notion P such that

lFp “A is strongly inaccessible and 2* = 3 and there is a strongly reasonable
Sfamily G* C @3 such that il(G*) is an ultrafilter on 1 and |G*| = A*;
in particular, there is a very reasonable ultrafilter on ). with a generating
system of size < 2.

Proof We may start with a universe V in which O gt holds (and 4 is strongly

inaccessible). It follows from Proposition 2.15 that (in V) there is a §O—increasing

sequence (r, :a < AT) C @9 such that G* & (re @9 c@a < 2D <0 ry))is

super reasonable and fil(G*) is an ultrafilter on A.

Let @ = (P,,Q, : @ < ATT) be a A-support iteration of the forcing notion
@fgf(l(l, %) defined in the proof of [8, Proposition B.8.5]. This forcing is reason-
ably A-bounding (by [7, Proposition 4.1, p. 221] and [8, Theorem B.6.5]), so we

may use Theorems 4.2 and 4.4 to conclude that
IFp,,. “G*is strongly reasonable, |G*| =% < 2%, and fil(G*) is ultrafilter on 1”.
If one analyzes the proof of Theorem 4.4, one may notice that even

Fp oy “ra o < 2T} is strongly reasonable”. U

5 A Feature, Not a Bug

One may wonder if Theorems 4.2 and 4.4 could be improved by replacing the as-
sumption that we are working with the iteration of reasonably A-bounding forcings
by, say, just dealing with a nicely double a-bounding forcing. A result of that sort
would be more natural and the fact that we had to refer to an iteration-specific prop-
erty could be seen as some lack of knowledge. However, this is a feature, not a
bug as nicely double a-bounding forcing notions may cause that fil(G*) is not an
ultrafilter anymore.
In this section we assume that A is a strongly inaccessible cardinal.

Definition 5.1
1. Let P* consist of all pairs p = (»”, C?) such that ¥ : A —> {—1, 1} and
CP isaclub of A. A binary relation <=<p« on P* is defined by letting p < ¢
if and only if
(a) C7 CCP, 47 min(CP) = »” | min(CP), and
(B) for all successive members o < S of CP we have

nP(a)

(7 €la A" ) =75

P ().
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2. For p e P*and a € C? let

pos(p, a) def {nlla:q e P* & p <q}.
3. For p e P*,a < A,andv : a —> {—1, 1} we define
Vg p="n"[la, 1), CP\ a).
(Plainly, v %, p € P*.)

Remark 5.2  P* is a natural generalization of the forcing notion used by Goldstern
and Shelah [4] to the context of uncountable cardinals.

Proposition 5.3  Let ji = (g : a < A), g = 2141750 (for o < 1). Then P* is a
nicely double a-bounding over i forcing notion. Also |P*| = 2*.

Proof One easily verifies that the relation <p+ is transitive and reflexive; also
plainly |P*| = 274,

Claim 5.4 [P* is (<1)-complete.

Proof of the Claim Suppose that 6 < 4 and (ps : { < J) is a <p=-increasing
sequence of conditions in P*. Let C = () CP¢ (it is a club of 1) and let
<0
n: A —> {—1, 1} be defined by :
(i) if y <min(C) and ¢ = min (8 <d:y < min(CPS)),
then n(y) = n"<(y);
(i) if ¢ < S are successive members of the club C, a < y < f and
¢ = min (8 <J:y < min (C”L‘ \ (o + 1))), then 7(y) = nP<(a) - nP<(y).

Plainly, # is well defined and ¢ & (3, C) € P*. We claim that (Y¢ < 0)(ps < q).
To this end, suppose & < d. Clearly, C € CP¢. Now, if y < min(C¥?¢), then
n(y) = n?<(y) for some ¢ < & such that y < min(C#¢). Since p; < p¢, we have
n?<(y) = nP<(y) and thus #?<(y) = n(y).

Next, suppose that a < £ are successive members of C? anda <y < f. If
y < min(C) and ¢ = min (a <d:y < min(C”L‘)), then ¢ > &, n(a) = nP<(a) and
@ ) =02 () = LD () = L e (),

So assume C N B # & and let a’ < B’ be successive members of C such that
o <a<y<p<p.Let =min(e <5:y <min(CP\ (o' +1))). Ifa = o,
then ¢ < ¢ and
0> n(y) =7 (@) - P (y) = n% (@) - "pZEZ; nP<(y) =
e

nPe(a) - P (y) = LS P (y)
(as n(a) = n(@’) = 1). If o’ < a, then & < ¢ and 5(a) = P (a’) - #?¢(a), and
hence,
@ 10 =0 @)% () = K () =

C
ﬁ%-ﬂpgﬁji nP(y) = Loy g(“ P (y).

Clearly, (%)'—(x)> are what we need to justify Definition 5.1(14) and conclude
pe=q. O
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Claim 5.5 Let p € P*. Then GENERIC has a nice winning strategy in the game
E);l-cza(p, P*) (see Definition 3.9).

Proof of the Claim We will describe a strategy st for GENERIC in Dgza(p, P*).
Whenever we say GENERIC chooses x such that we mean GENERIC chooses the <’)",-
first x such that (and likewise for other variants).

During a play of E)L-Cza (p, P*) GENERIC constructs on the side sequences
(po i < A)yand 6 = (d, : @ < A) so that for each a < 1:

(a) ¢ is a strictly increasing continuous sequence of ordinals below 1, p, € P*

and {0¢ : & <w+a} =CP* N (Opta + 1),

(b) if B < a, then pg < p, and 5P [0y p = nPF 00y p.

© {0¢: ¢ <wy={0eCP:otp(0NCP) <w}and py = p,

(d) dp+a+1 and p,y1 are determined right after stage o of DL—CZZ‘( p, P*).

So suppose that the two players have arrived to a stage a < A of a play of
Oz-fza(p, [P*), and GENERIC has constructed on the side J,,4 41 and pgyq for f < a.
If @ = 0 or a is a limit ordinal, then conditions (a)—(c) and our rule of taking “the
<}—ﬁrst” fully determine {6 : { < ® + a} and p, (the suitable bounds exists
essentially by Claim 5.4).

Now GENERIC chooses an enumeration (without repetition) p = (p;’.‘ T J < Ug)
of pos(pa, dw+a) such that pj = n”*[dy4q. ANTIGENERIC picks a nonzero ordinal
&, < A and the two players start a subgame of length u, -&,. In the course of the sub-
game, in addition to her innings p, GENERIC will also choose ordinals ¢} = &, < 4
and sequences q);j‘ = ¢, : &y —> {—1, 1}. These objects will satisfy the following
demands (letting ¢’ be the innings of ANTIGENERIC):

©) dwta < & < & € C% and @y 0w+as€y) = @y [[0w+ta,&yr) for
7' <y < taas
) ify =uqg-i+2j,i <é;andj < ug, then
® ,0? <@y D gyt 9 = 17 ey, and 9, 410) = —y"+1(9) for
0 € [Ow+as €y +1),
(i) p§ = PG *6u4a Pa> min(CPO) > 0414, and (@, [&,/) g,/ q;‘, < p? for
v/ <y, and
(iii) gy < @y *e, DYy < Pyl ke, 4y 4
So suppose that the two players have arrived to a stage y = puq -1 + 2j
(i < &, j < pg) of the subgame and p;‘,,q;‘,,(pyl,g},/ have been determined
fory’ <vy.Letp = pi~ U 9,/ [[0wtas&yr). It follows from (f) that the sequence
y'<y
((pley e,/ q;‘, .y’ < y)is <ps-increasing, so GENERIC may choose an upper bound
py € P* toit. (Note that necessarily ¢ < nPr, sup(e,r @ y' < y) < min(C?7).)
She plays pj in the subgame and ANTIGENERIC answers with ¢jf > pJ. Now
GENERIC lets &, € C% be such that [C% N gy | = 1 and she puts ¢, = n? le, and
she lets y : &, —> {—1, 1} be defined by v [dpa = p;’.‘ and y () = —o, (9) for
0 € [Jwta, &y). Then GENERIC plays p;f 41 = Ve, gy as herinning at stage y +1 of
the subgame and ANTIGENERIC answers with q;‘ = p;f - Finally, GENERIC picks

a a
ey4+1 € CT+1 such that |[C?+1 N g, 41| = 1 and she takes ¢, 41 : &y41 —> {—1, 1}
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such that ¢, <1 ¢, 41 and ¢, 1(J) = —nq?“(é) for 6 € [ey, &, 11). Plainly, if
i" <i,y" = g i’ +2j then q;", < pfj andq;"/+1 < p;f+1 so both p;‘ and p;‘H
are legal innings in E)mz“(p P*). Also easily the demands in (e)+(f) are satisfied.
Moreover, if j' < j < pg then the conditions p*
After the subgame is over, GENERIC lets

b’ and p* ot Are incompatible.
¢ = PS‘AU{% [[Owtas 8;/) 1Y < ta - Sa)s
and she picks a <p+-upper bound p/, 4 to the increasing sequence
((pley) *e, q;x DY < pa - Ca)-
Note that ¢, < min (C”ﬁwl) and ¢le, < ,71’[14,. for all y < wg4 - &, so also
p§ = 1P [0wra < pPa+i. Also
(@ (qPetiley) *q, qf < p, . forally < g -&.
Let pgs1 € P* be such that CPe+1 = {5; : & < @ 4 a} U CPatt and yPe+t = pPus

(plainly po < pa+1) and let 6 g1 = min (CPa+1).
This finishes the description of the strategy st. Let us argue that st is a winning
strategy for GENERIC. To this end suppose that

@) (&, (PS.ay 1y <o -So) o < A)

is a result of a play of Drcza (p,P*) in which GENERIC follows st and the objects
constructed on the side are

(E)Z p;:pa;‘sfa (8;(;{0;( :y <ﬂa'fa)a (pja .] </u(l)
(and the demands in (a)- (g) are satisfied). Let C = {Js : { < A} (soitis a club
of ) and y = U P [0ptq (clearly, # : A —> {—1, 1}; remember (b)), and let

<A
p* = (;1, 0). It is a condition in P* and it is stronger than all p, (for a < /1) SO
also p* > p. Suppose that « < A and p’ > p*. We will show that there is p” > p’
such that for some j < u,, the condition p” is stronger than all qy, .iv; for all

i < &;. Without loss of generality, min(C?) > 8ypar1. Let j' < ugq be such that
;71’, [Opta = p;’,‘,. We consider two cases now.

Case 1 7" (Ouia) = 7" Outa) = 774 (Ouwta)- Then n” [[Gutas Sotat1) =
NP [Oyta> Oprat1). Let j =2+ j' < ug, and we will argue that quiH <p
foralli < ¢&,. Soleti < &,y = pq -i + j. By the choice of j' we know that
1 10ota = P = 1" 100+q and also

05 artar £5) = 1P [Ourtar €5) = 17 N[dwrar £2).
Hence (by (f)(Q)) "’ ley = an le5 and now

ay < (" &) e 4y = (" 10wta) %61 p;+1

(7/ r w+a+1) *()uH»aJrl p(x-{—] - ('7 r 0)+(X+1) *()w+a+l Pa+1

< (" 10rat1) %oyrans P* < 17 10utas1) %60 P =1

(for the second inequality remember (g)).
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Case 2 7" (Outa) = —1" (Guta) = =P+ (Gutq). Then 7P (0) = —yP" (9) =
—nPot1(0) for all 0 € [Opras Owiatr1). Let j = 2 - j 4+ 1 and let us argue that
qga.iﬂ- < p'foralli <¢&,. Soleti <&,y = g -i + j. As in the previous case
we show that ;7”/ ley = ;7‘1”7 ¢} and then easily

‘];X <@ ley) *e ‘];X < (1" 1dwra+1) *Opratl P,/X.H =

(7" 100ta+1) %640 P =p'. O

Proposition 5.6 Let 17 be a P*-name such that
e = Jn? Tmin(CP) : p € Gp+}.
Then Ibp«“n : A —> {—1, 1}” and for every s € @2 ny,
lFpe “fa <A:n(a)=—1} € fil(s)" and {a < A: n(a) =1} € fil(s)* .

Proof It should be clear that IFp«“y : 4 — {—1, 1}”, so let us show the second
statement. Assume p € P*, s € @(/{ Choose a continuous increasing sequence
(0 : & < A) € CP such that for every ¢ < A there is a = a({) € C* such that
Z) C [0¢,0:41). Thenlet C = {67 : £ < Aiseven } (it is a club of 1) and let
n: A —> {—1, 1} be such that
L. n1d¢, 0e41) € {nP 110z, Oc41), =P 10¢, e1)} 5
2. if & < A is even, then {5 €Z . 5= l} ed

a(@) - a(©)’
3. if & < Zisodd, then {d € Zj, - : n(0) = ~1} € &)+
Now note that (5, C) € P* is a condition stronger than p and it forces in P* that
o <d:ple) =1} efil()™ and {a < i:p(a) = -1} efils)™. O

Corollary 5.7  Assume A is a strongly inaccessible cardinal. Then there is a forcing
notion P such that

lFp “2 is strongly inaccessible and 2* = . and there is no very reasonable
ultrafilter on A with a generating system of size < 2*”.

Proof We may start with the universe V in which 24 =)t Let Q@ = (P,, Qu :a
< ATT) be a A-support iteration of the forcing notion P* (see Definition 5.1). This
forcing is nicely double a-bounding over fi (where u, = 2!*I*%0; remember Propo-
sition 5.3) and hence [P,++ is nicely double a-bounding over & (by Theorem 3.13).
Using Theorem 3.2 we conclude that P ;++ does not collapse any cardinals and forces
that 2 = A+, Proposition 5.6 implies that

IFp,,. “for no family G* C @3 of size < 2%, fil(G™) is an ultrafilter on A”.
O

Problem 5.8

1. Is it consistent that for some uncountable regular cardinal 4 we have that
there is no super reasonable ultrafilter on A? Or even no very reasonable one?
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2. In particular, are there super reasonable ultrafilters on 4 in the model con-

structed for Corollary 5.7?

3. Do we need the inaccessibility of 4 for the assertions of Corollaries 4.5 and

5.7 (concerning ultrafilters on 4)?
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