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SOME CONJECTURES ON ENDOSCOPIC
REPRESENTATIONS IN ODD ORTHOGONAL GROUPS

DAVID GINZBURG anp DIHUA JIANG

In memory of Hiroshi Saito

Abstract. In this paper, we introduce two conjectures on characterizations
of endoscopy structures of irreducible generic cuspidal automorphic represen-
tations of odd special orthogonal groups in terms of nonvanishing of certain
period of automorphic forms. We discuss a relation between the two conjec-
tures and prove that a special case of Conjecture 1 (and hence Conjecture 2)
is true.

§1. Introduction

Let 7 denote an irreducible generic cuspidal automorphic representation
of SO2,+1(A). Here A is the ring of adeles of a number field F. We say
that 7 is an endoscopic representation with respect to SOgy11 X SOg(p )41
if there are generic cuspidal automorphic representations o1 and oy of
SO2;+1(A) and SOg(;,—ry11(A), Tespectively, such that 7 is the Langlands
functorial lift of o7 ® o9. This functorial lift corresponds to the L-group
homomorphism Spy,(C) X Spy(,—r)(C) = Spy,,(C), which is given by the
direct sum embedding. More generally, we say that w is an endoscopic rep-
resentation with respect to SOg; 41 X -+ X SOgp, 41 if there exists an irre-
ducible generic cuspidal automorphic representation o; of each SOg,,+1(A)
such that 7 is the Langlands functorial lift of 01 ® --- ® 0. Here 1 <1<k
and r{ + - -+ 4+ 1 = m. As above, this lift corresponds to the L-group homo-
morphism

Sp2r1 (C) X X Sp2,,.k (C) — Sme(C)
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If an irreducible generic cuspidal automorphic representation 7 of
SO2m+1(A) is not endoscopic, we say that 7 is stable (or simple, which is
compatible with the notion of simple parameters of Arthur [A]). It follows
from the Langlands functoriality conjecture (or, more precisely, the theory
of endoscopy) that, for any irreducible generic cuspidal automorphic repre-
sentation m of SOgy,+1(A), there exists a partition m = Zle r; and there
exists an irreducible, stable, generic cuspidal automorphic representation o;
of each SOg,,4+1(A) such that 7 is an endoscopy lift from 01 ® --- ® 0. In
this case, we say that 7 has a stable endoscopy type (o1,...,0k). Hence, if
7 has a stable endoscopy type (o1,...,0k), then 7 is also endoscopic with
respect to SOgp41 X SOg(5,—p)41 for a suitable value of r.

This suggests two important problems.

(1) Ewxistence. Given a set of irreducible cuspidal automorphic repre-
sentations o; defined on SOg,,+1(A), with ¢ =1,2,... k, prove the exis-
tence of an endoscopic representation 7 of SOg,,41(A) with respect to
SO2y, 41 X = -+ X SOg2y, 41, which is the endoscopic transfer from 01 ®---® oy,.

(2) Characterization. Characterize the image of this lift. In other words,
given an irreducible generic cuspidal automorphic representation 7 of
SO9m+1(A), determine when it is an endoscopic representation. This char-
acterization can be given in terms of poles of L-functions, of nonvanishing
of certain period integrals, or of both.

For problem (1), currently there are constructive methods to prove the
existence of such lifts. The first construction is the so-called descent method.
This method uses a Fourier coefficient of a certain residue of an Eisen-
stein series defined on the even orthogonal groups (see [S] for some details).
Another construction of endoscopic representation is given in [G3], using
an extension of the descent method. We should mention that both con-
structions use the functorial lift from an odd orthogonal group to GL,, as
established in [CKPS]|. The existence of such endoscopy lifts is in general
expected to follow from the method of the trace formula.

For the characterization of the image, that is, problem (2), some partial
results are known. First, regarding poles of L-functions, the result of [J]
gives a relation between this lifting and the order of the pole of the partial
L-function attached to the second fundamental representation of Sp,,,(C).
Regarding the characterization of the image of the lift in terms of period
integrals, we have the following.
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THEOREM 1 ([G3, Theorem 6]). An irreducible generic cuspidal automor-
phic representation ™ of SOgpm+1(A) has a stable endoscopy type (o1, ...,0k),
with o; being an irreducible stable generic cuspidal automorphic represen-
tation of SO, +1(A), i=1,2,...,k, if and only if there exist k irreducible,
nonisomorphic, cuspidal automorphic representations T; of GLay, (A),
respectively, such that all the period integrals P(mw,T;), defined in [G3], are
nonzero for some choice of data.

Even though the above theorem does give a characterization of the image,
there are two problems with it. First, it requires a set of period integrals
and not just one. Second, the period integral is not defined using the repre-
sentation 7 only but also in terms of cuspidal representations of the group
GL,(A).

In this paper we introduce a family of period integrals which we conjec-
ture to give a certain characterization of the image of the lift. Our main
conjecture is the following.

CONJECTURE 1. Assume that 2r < m. An irreducible generic cuspidal
automorphic representation w is endoscopic with respect to SOgpyq X
SO2(m—r)+1 if and only if the period integral

(1) Q,(m) :/ / or(uh)Yy, (u) dudh
Spa, (F)\ Spa,.(A) YU (F)\Ur(A)

is not 0 for some choice of data.

The precise definition of the integrals Q,(m) will be given in Section 2.
The difference between Conjecture 1 and Theorem 1 is that in Conjecture 1,
the period integral involves only the representation m and only one period
integral. In contrast, Theorem 1 is more general and also gives the stable
endoscopy type of 7.

The main result related to this conjecture is as follows.

THEOREM 2. Conjecture 1 holds for r=1.

We prove this theorem in Section 2.

In the third section we state a conjecture involving a period integral,
which characterizes when the representation 7 is an endoscopic functorial
lift from SOz X SOgp41 X SOg(;,—py—1. Clearly, if we use Theorem 1 to this
case, we need three different but similar types of periods to characterize this
endoscopy structure (i.e., three endoscopy factors). Our conjecture (Con-
jecture 2 in Section 3) characterizes the endoscopy structure (with three



148 D. GINZBURG AND D. JIANG

endoscopy factors) in terms of one period integral. However, in contrast to
Conjecture 1, the period integral used in Conjecture 2 not only involves
the representation 7 but also involves a cuspidal representation of SO3(A).
The main result in Section 3 is to prove that Conjecture 2 follows from
Conjecture 1, in particular, that Conjecture 2 holds for » = 1.

The last section is an appendix where we collect some known results
which we use mainly in the third section. We also remark that the main idea
used in the proofs in this paper is to consider various Fourier expansions of
automorphic forms along certain unipotent subgroups. In general, one may
consider Fourier coefficients of automorphic forms attached to unipotent
orbits. We refer to [G2] and the references therein for general discussions on
this topic.

§2. On the main conjecture

We keep the notation of the introduction. Let 7 denote an irreducible
generic cuspidal automorphic representation of SOg;;,4+1(A). The orthogonal
group is realized as the group of all matrices g € GLo,, 1 such that gt.Jg = J.
Here J is the 2m + 1 matrix which has ones on the other diagonal and zeros
elsewhere.

We now describe the groups used to define the period integral Q,(w) as
given in integral (1). Here 2r <m. Let U, denote the unipotent radical of
the parabolic subgroup of SOg,, 11 whose Levi part is GLT”T x GLg,. Let
U, be the subgroup of U, which consists of all u = (u; ;) € U] such that
Uim41 =0 for all m —2r +1 < <m. Let 1 denote a nontrivial additive
character of F\A. The character ¢y, is defined as

QbUr (u) = w(ul,Q +u23+ -+ Un—2r—1m—2r + Um—2rm+1

+ Um—2r+1,m+2 + Um—2r+2m+3 + -+ Um—nm—i—r—i—l)-

Then Sp,, embedded inside GLg, stabilizes the character 1;,. We note that
for experienced readers it will not be hard to find that the introduction of
the unipotent subgroup U, and the character vy, is motivated by the auto-
morphic descent constructions and generalized Shalika periods (see [GRS],

JQ).

Proof of Theorem 2. Assume first that « is endoscopic with respect to
SO3 x SO2y,—1. Thus, 7 is the functorial lift of an irreducible generic cuspidal
automorphic representation 7 of SO3(A) and an irreducible generic cuspidal
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automorphic representation o of SOg,,—1(A). We view 7 as an irreducible
representation of GLa(A) with a trivial central character. Then, as stated
in Theorem 1, it follows from [G3] that the integral

(2) ex(vg)bu, (v) Er(g) dvdg

/504(F)\SO4(A) /Vl(F)\Vl (A)
is not 0 for some choice of data. Here V; is the unipotent radical of the
parabolic subgroup of SOg,,11 whose Levi part is GLT_g x SOs5. Notice that
V] is a subgroup of U;, and we view vy, as a character of V] by restriction.
Also, E+(g) denotes the residue of the Eisenstein series defined on SO4 which
is induced from 7. More precisely, let E;(g,s) denote the Eisenstein series
of SO4(A) associated with the induced representation Indi?éi?) 70, . Here
P is a maximal parabolic subgroup of SO4 whose Levi part is GLy. Since
7 has a trivial central character, this Eisenstein series has a simple pole at
s =1. We denote the residue representation by E-(g).

Restricting F-(g) as a function to SLa(A) x SLa(A), it follows from inte-
gral (2) that the integral

/ / or(v(g1,92))
(SL2(F)xSL2(F))\(SL2(A)xSL2(A)) J Vi (F)\V1(A)
X QbU1 (U)SOT (91) dv dgl dg2

is not 0 for some choice of data. This implies that as a function of g; €
SLa(A), the function

B floa)= pr (v(g1,92))Yu, (v) dv dgs

/SLQ(F)\ SL2(A) /VI(F)\VI (A)

is not 0, and moreover, it is not the identity function. Therefore, it has a
nonzero Fourier coefficient. Thus, there is o € F™* such that the integral

1 x
[ A e G (G X3
SLa(F)\SLa(A) JF\A JVi(F)\Vi(A)

x Y (ax)Yy, (v) dzdv dgs

is not 0 for some choice of data. However, conjugating by the torus element of
SO2m+1 given by diag(In,, o, Is,a™ !, I,,_2), we deduce that when a = 1, the
above integral is not 0 for some choice of data. By definition, the unipotent
group we integrate over in the above integral is the group U;. Also, the
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character defined on this group is exactly vy,. Thus, we conclude that
integral (1) with » =1 is not 0 for some choice of data.

To prove the converse, we start with integral (1), and arguing backward,
we deduce that integral (3) is not 0 for some choice of data. Changing
variables in the g, variable in integral (3), we obtain that f((%)g1) =
f(g1) for all @ € F* and that f((a a)gl) = f(g1) for all a € A*. Hence, the
function f(g;) defined in integral (3) defines a nonzero automorphic function
of GLa(A). Let 7/ denote the representation of GL2(A) generated by the
space of functions f(g1) given by (3). It follows from the above that 7 has
a trivial central character. We claim that 7’ is a cuspidal representation.
Assuming that, let 7 denote an irreducible summand of 7. From the above,
we deduce that the integral

/ / / o (v(g1,92))
Z(A)GL2(F)\ GL2(A) JSL2(F))\SL2(A) JV1(F)\Vi(A)

X Y, (V)@ (91) dv dgr dgo

is not 0 for some choice of data, which implies that the integral (2) is not 0
for some choice of data. Thus, it follows from [G3] that 7 is endoscopic.

It remains to prove that the representation 7’ is cuspidal. Thus, we need
to prove that the integral

Jra? (D))

is 0 for all choice of data. Let

Im—2
I

Conjugating the argument of ¢, by w, we need to prove that the integral

I2 xr Yy IQ

/‘pﬂ' IQm—3 x* v
Iy I

I g
x|z Igm_s 193 Yy (v)d(---)
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is 0 for all choice of data. Here, x € Mat! "=

2x(2
of matrices Matg’X(Qm_g)( )\Matg’;ré%lz_g)(A), where f,m — 1 indicate that
the first m — 1 columns are 0. Also, y is a 2 x 2 matrix such that the first

matrix in the argument of ¢, in integral (4) is a matrix in SOsgy,11. Let

3) is integrated over the group

V' denote the maximal unipotent subgroup of SOs,,_3. We embed it inside
SO2/m+1 as in the second matrix in integral (4). Then, v is integrated over
V(F)\V(A). The character 1y is the Whittaker character of V. In other
words, if v = (v; ;) € V, then ¢y (v) =¥ (vi2+v23+- - +Um—2m—1). Next, 2
is integrated over Maté’;n(grlnim (F)\ Maté’;n(;ilig) (A), where [,n—1 indicate
that the last m — 1 rows are 0. Finally, g is integrated over SLa(F")\ SLa(A

Next, we perform a sequence of Fourier expansions. We start by expand-
ing integral (4) along the unipotent group [(r1,72) = Iom41 + 71(€1,m+1 —
em+12m+1) + T2€1 2m+1 + r2(€2,m+1 — €m+1,2m) + T5€2.21n. Here, for all 4, j,
we denote by e; ; the (2m + 1) x (2m + 1) matrix which has 1 in the (3, 7)
entry and 0 elsewhere. Thus, integral (4) is equal to

Z /%r (r1,m2)(%,9,v,2,9)) Py (V)P (ears + agrg) d(---).

a1,a2€F

Here, 1 and 7o are integrated over F\A and all other variables are inte-
grated as before. For fixed ay,a € F, consider the matrix s(aq,an) =
Dpmi1 + ca(emi — e2mt1,m+2) + a2(em2 — €2mm+2). Use the left invariant
property of ¢, under matrices in SOgp4+1(F'), to write in the above inte-
gral pr(h) = ¢r(s(a1,a2)h). Conjugating s(aq,a2) to the right, changing
variables in v, we obtain that the above integral is equal to

/ o (1,0, 2,9)) v (v) d(-- ),

where now x is integrated over Matgfzgni 5 (F)\Matg’:gni_g) (A) and 2 is

integrated over Maté’f(zi 5 (F )\Maté;n%ln 5)(A). All other variables are
integrated as before. We continue this process, and we deduce that the

following integral

]2 Xz y IQ g
\/go7r I3 x* v Iop, 3 wV('U) d( o )
I I g

is an inner integration to the integral (4). Here, x is integrated over the

group of matrices Matg’xwm 3)( N Ma‘ch1 om—3) (A) and all other variables
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are integrated as before. Thus, it is enough to show that this integral is 0
for all choices of data. To do that, we expand it along the group I(ry,rs) =
Iypmi1+ri(ers —eam—1,2m+1) +r2(€2,3 — €2m—1,2m). Thus, the above integral
is equal to

Z /SOW (l(’r’l,Tg)(.%', Y, Uag)Wv(UW(alﬁ + 0527“2) d( o )

ay,02€lF

Recall that g is integrated along SLa(F')\SL2(A). From the embedding
of this group inside SOg,,+1, as described in integral (4), it follows that
this group acts on the above expansion with two orbits. The trivial orbit
contributes 0 to the above integral. Indeed, in this case, the integration
over x and y produces the integral of ¢, along the unipotent radical of the
maximal parabolic subgroup of SOs,,11 whose Levi part is GLo X SOy, _3.
By the cuspidality of 7, it follows that it is 0. When considering the second
orbit of the above expansion, the stabilizer inside SLjs is the group N which
consists of all upper unipotent matrices inside SLs. If we combine this group
with the x and y integration, we obtain as inner integration an integration
over a unipotent radical of a parabolic subgroup of SOg,+1. This time it is
the parabolic subgroup whose Levi part is GL; X SOg,,—1. Thus, it is also 0.
Thus, integral (4) is 0 which implies that the representation 7’ is cuspidal.

The proof of Theorem 2 is complete. 0

§3. On the lift from three orthogonal groups

Let 1 <r, and assume that m > 2r + 1. In this section, we state our
conjecture on when an irreducible generic cuspidal automorphic represen-
tation m of SOg,,4+1(A) is an endoscopic representation with respect to
S03 x SO2r41 X SOg(sp,—p)—1- Notice that since m > 2r + 1, then 2(m —r) —
1>2r+1.

To state the conjecture, we first fix some notation. Let E(g, s) denote the
Eisenstein series on SOy(,41) associated with the induced representation

SO4(r41)(A)
IndP(A)+
whose Levi part is GLg(,11). For Re(s) > 1/2, the poles of this Eisenstein

series were studied in [KR]. Let ©2r14) denote the residual representation
of E(g,s) at the point sp = (r 4+ 1)/(2r + 1). Then one can show that the
unipotent orbit attached to this residual representation is [22714].

0p. Here P is the maximal parabolic subgroup of SOy11)
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With the above data, we define the following family of period integrals.
First, if m =2r + 1, define

Pyp(m, )= / ©r(9)07,4(r+1)(9)0122r14(9) dg.
SO4r+3(F)\SOur43(A)

Here 0[32-14) is a vector in the representation ©p2r141, and 0, 4,1 1) s a vector
in the residual representation © 4(,;1), as defined in [G3].
When m > 2r + 1, we define P,.(7,7) to be equal to

/ / ox(v9)
SO4(r41) (F)I\SOy(r41)(A) SV (FNV 9,2 (A)

m—2r—2

X Pym (V)07 4r41)(9)0)22r14(9) dv dg.

Here, for 1 <k <m, we denote by V™ the unipotent subgroup of SO2p,41
defined as follows. Consider the standard parabolic subgroup of SOg;,11
whose Levi part is GL’f X SO9pm—2x+1- We denote its unipotent radical by
V™. To define pym, let v = (v;;) € V;*. Then we set ¢y, (v) = (vi2+va3+
oo+ Up—1 % + Vkmt1). We have the following.

CONJECTURE 2. With the above notation, the representation 7 is endo-
scopic with respect to SOz x SOgp41 X SOy —ry—1 4f and only if the period
integral Pr(m,T) is not 0 for some choice of data.

The relation between the two conjectures is as follows.
THEOREM 3. Conjecture 1 implies Conjecture 2.
COROLLARY 1. Conjecture 2 holds for r=1.

3.1. Proof of Theorem 3

Assume first that 7 is endoscopic with respect to SOz x SOgp11 X
SO2(;m—r)—1- Thus, there exist irreducible generic cuspidal automorphic rep-
resentations 7, p1, and € of SO3(A ), SOg;4+1(A), and SOy(,—p)—1(A), respec-
tively, such that 7 is endoscopic with respect to (7, u,€).

Consider the automorphic function on SOg,,_1(A) defined by integral
(26) in the appendix, and let o denote the representation of SOg,—1(A)
generated by these functions. Since 7 is endoscopic with respect to (7, u, €),
it follows from Theorem 1 that integral (2) is not 0 for some choice of data.
Applying Theorem 5 in the appendix, we deduce that o is a nonzero generic
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cuspidal representation. Moreover, it is endoscopic with respect to (u,€) as
defined above. Since we assume Conjecture 1, we deduce that the integral

(5)  Qp(o)= cpg(uh)wwnq (u) dudh

/S"?T(F )\Sp2r(A) /Ul"‘l(F)\U:H(A)

is not 0 for some choice of data. Notice that in integral (1) the representation
7 is defined on SOgy,+1, and in integral (5) the representation o is defined
on SOg,_1. Also, we wrote U™~ ! in integral (5) instead of U, as written
in integral (1). This means that here we view the groups Sp,, and U1 as
subgroups of SOg,—1. Plugging integral (26) in the appendix into integral
(5), we deduce that the integral

/ / -1 -1 / Pr (g)
Spon (F)\ Spy,.(A) JUT Y ENU Y (A) JSO2m 11 (F)\ SO2mm 41 (A)
X 0r.4m ((9, Uh))l/)U;n—l (u) dg dudh

is not 0 for some choice of data. This integral converges, but not absolutely.
In fact, because o is a cuspidal representation, it follows that the integral

/ ‘ / B B / e (9)
8D, (F)\ S92, (A) VUL~ H (FNUL T (A) SO0 41 (F)\SO2m1(A)

X Or 4 (g, uh) ) om1 () dg du‘ dh

converges. Thus, as long as we do not change the order of integration involv-
ing the h variable, we can perform a series of Fourier expansions.

The embedding of the matrices (g, uh) inside SOy, is as follows. First we
embed

(g,h) — diag(Ipm—2r—1,h, g, h", Ly—2r—1).

Then, the embedding of the group U™ is as follows:

Uy U2 U3 U4 U

-[27‘ Yy UZ

u= 1 us | — (1,u)
I27= ’LL;
uj
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Uur U2 0 us 0 Ug4 U5

Iom, 0
= I 2 0 u§
Ispyy, 0 0

I 20 u§

uf

Here, the variables are defined as follows. First, we have uj; € Zp,_9,_1
defined to be the standard maximal unipotent subgroup of GL,,_2,_1.
Thus, Z,,_2,_1 consists of all upper unipotent matrices. Next, we have uy €
Mat(,,—2,—1)x2r and ug € Mat(,_9,_1)x1- The matrix (1;4 Zi) €
Mat(,—1)x(m—1) is such that the above matrix u is in SOgp,—1. Finally,
all u; are such that the above matrix is in SOgy,.

To proceed, we will apply an inductive argument. In other words, we will
relate integral (6) for the values (m,r) when m > 2r + 1 with integral (6)
for the values (m —1,7).

Let Y7 denote the unipotent subgroup of SOy, which consists of all matri-
ces of the form

2m+2
(8) y1 = Lym + Z [Tz‘(el,m—i-z‘—l — €m+z‘—1,4m)} + T*€1,4m-
i=1
Here r*, which depends on rq,...,rom42, is such that the above matrix

is in SOyy,. Expand the function 64, in integral (6) along the group
Y1(F)\Y1(A). The group SOg;+2, embedded in SOy, as t+— diag(lyn—1,
t,I,,—1), acts on this expansion with three type of orbits. Each term of the
expansion corresponds to a vector of size 2m + 2. Consider the contribution
to the expansion from the orbits corresponding to vectors of nonzero length.
For 1 <i<2m —1, let L; denote the unipotent radical of the standard par-
abolic subgroup of SOy, whose Levi part is GL{ x SO(2m—4)- Thus, when
considering, in the above expansion, the terms corresponding to vectors with
nonzero length, we get, when combining the integration over Y; and U™ !,

/ Or (1), (1) dl
Li(F)\L1(A)

as inner integration. Here 1)1, is defined as follows. For [ = (l; j), we have
Y1) = ¢Y(lig + ligm + aligms1) for some o € F*. It follows from the

the integral
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description of Fourier coefficients corresponding to unipotent orbits as
described in [G2] that this Fourier coefficient corresponds to the unipotent
orbit with partition (31#"~3). From Proposition 1 in the appendix, it fol-
lows that the representation ©; 4., does not support this Fourier coefficient.
Thus, the contribution to the expansion from vectors of nonzero length is 0.

Similarly, the contribution to the expansion from the constant term along
Y7 also contributes 0. To see that we further expand the integral, this time
along the unipotent group Y5 given by

2m—+2
Y2 = Igm + Z [1i(€2,mti-1 — €mti—14m—1)] + 77 €2, 4m—1.
i=1
Acting on this expansion by the same copy of SOg,,12 we obtain two types
of Fourier coefficients. The first type corresponds to the unipotent orbit with
partition (514™~?) which contributes 0 by Proposition 1 in the appendix.
In the second type of Fourier coefficient, we obtain the integral

/ O (3o, (1)
La(F)\L2(A)
as inner integration. Here 11, is defined as follows. For I = (I; ;), we have
Y1, (1) =9 (li2 + l23). Further expansions show that ©; 4y, cannot support
this Fourier coeflicient.

Thus, in the expansion along Y7, we are left with the term corresponding
to nonzero vectors of 0 length. Under the action of SOgy,+2(F"), this is one
orbit, and hence integral (6) is equal to

/ Z /Yl(F)\Yl(A) #rlg)

"/EPO(SOQm)(F)\ SOQm+2(F)
X O am (y177(g, uh) )by, (y1)ym—1 (w) dy1 dg du dh.

Here PO(SOQm) = S02,, 51 is the subgroup of the standard maximal para-
bolic subgroup of SOg,12 whose Levi part is GL; X SO9,,. The character
Py, is given by vy, (y1) = ¢ (r1), where we use the coordinates given in (8).

Consider the space of double cosets PY(SOg,)(F)\SO2mio(F)/
SOgpm+1(F"). To choose a set of representatives, we first denote the following
Weyl elements of SOy, by

. 1 1
wj = diag <Ij—1, (1 ) s Tam—2j—2, (1 > an—1> .
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Here 1 < j < 2m — 1. With this notation, representatives of the double
cosets can be chosen as e and W Wmt1 - Wom—oWom—1t, where t is a cer-
tain torus element. We claim that if m 4+ 1 > 2r + 1, then the contribution
to the integral from the second representative is 0. Indeed, consider the
unipotent subgroup of SOg,,—1 given by all matrices of the form z(r) =
Iom—1+r(e1m —em2m—1) +r*e12m—1. Here r* is such that x(r) is a matrix
in SOg,,_1. This is a subgroup of U™~ and assuming that m + 1> 2r +1,
the character 'l/}U”lnfl is trivial on this subgroup. By the parameterization
given in (7), we have

(17 37(7“)) = Ly +7(€1,2m — €1,2m+1 + €2m am — €2m+1,4m) + 7 €1.4m.

Notice that the group (1,z(r)) is a subgroup of Y;. Furthermore, after con-
jugation by Wy W41 - - - Wom—2wam—1t, this group is conjugated to the sub-
group of Y7 given by all matrices of the form Ly, +7(e1,m — €1,3m+1+ €m,4m —
€3m+1,4m) +1%€1,4m. It follows from the definition of ¢y, that this character
is not trivial on this group, and after a change of variables in Y7, we obtain
f F\A Y (ar)dr as inner integration. Here a € F'* is a factor which is obtained
from the torus element t. Thus, this integral is 0.

We are left with the representative e. Thus, the above integral is equal to

/] [
PO(SO2m—1)(F)\SO2m+1(A) JY1(F)\Y1(A)
X Or am (y1(g, uh) ) ¥y, (Y1) g1 (w) dyr dg dudh.

Here P°(SO2,—1) = SO2mm_1 Vlmf1 is the subgroup of the maximal parabolic
subgroup of SOgy,4+1 whose Levi part is GL; x SOg,,—1. The group Vlmf1
was defined right after the definition of P,(m,7). The other variables are
integrated as before.

As subgroups of SOy, we have Vlm_lYl = L1, where L; was defined
right after (8). Also, V;™ ™! is a subgroup of U”!. Hence, if we factor the
integration over that group, the above integral is equal to

/ / ) ) ) / / er(9)
Um T WV HAN\UT T H(A) Li(F)\L1(A)

X 07 am (l(g, uh))lﬁ/Ll (l)wwn_l (u)dldgdudh.
Here, the character w’Ll is defined as follows. For [ = (l; ;) € L1, we have
Y7, (1) = ¥(l12 + l1,m). Notice that ViU can be identified with

U2, Denote z = Wow3 -+ Wrp—12~, (1), where x4, (1) = Ium + e2m —
e3m+1,4m—1- Then 21 € SOup, (F'). Hence, 07 4, (1(g,uh)) = 07 am(21l(g, uh)).
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Conjugating z; to the right and then changing variables, we obtain

/ / / Pr (g)
PO(SO2im—1) (F)\ SOz, 11 (&) JUI 2 (F)\UZ 2 (A)

x gLLv (21(g, uh))l/JU:‘n72 (u) dudgdh,

T,4m

(9)
where h is integrated over Sp,,(F')\ Sps,(A). Also, we denote

(10) o5 (ag.un) = Or (121 (9, uh) o, (1) .
Li(F)\L1(A)

where 11, is defined as follows. For [ = (I; ;) € L1, we define ¢, (1) = (11 2).

In fact, we have

0740 (21(g,uh)) = 073 (21 (g, uh)),

T,4m T,4m

where the character ¢, is extended trivially from L; to Lo. Indeed, to
derive this identity, we expand integral (10) along the group Li\Ls (more
precisely, the A-rational points of L;\Ly modulo the F-rational points of
L1\Ls). The group SOyy,—4(F') acts on this expansion with three types of
orbits. In a similar way as in the expansion along Y; and then Y5, as was
done right after (8), we show that only the constant term gives a nonzero
contribution. Thus, the above identity holds.

In integral (9), we conjugate the matrices (1,u), where u € U™ 2, across
21, and we obtain the matrices (1,u); given by

I
ur— (Lu) = (1,u)
I

Here we view (1,u) as an element in SOy,,—4 embedded in SOy, as above
that is parameterized as in (7). In this way, we see that we reduced the
computations to the case with m — 1 instead of m.

We repeat this process m — 2r — 2 times. We deduce that integral (6) is
not 0 for some choice of data if and only if the integral

©r(g)
/ /PO(SOM%)(F)\SOMH(A)/ 2L F)\UR L (A)

B (g ) g ) dudgd

T,4m
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is not 0 for some choice of data. Here h is integrated as in integral (9),
and z is defined as follows. For 1 <i<m —2r — 2, let z,(1) = Iy +
€2imti—1 — €3m—it24m—2i+1. Define 2z; = wojwaiq1 -+ Wimgi—22+,(1). Then
Z=Zm_or_2- - 2921. Finally, we let Hf’i;lm_%_m’w be defined as in (10) where
we integrate over Loy _or—2)(F)\Lo(m—2r—2)(A), and r,, ., , (1) is
defined as follows. For [ = (I; j) € La(n—2,—2), we define

VLgmarny () =02+ B3a+ 56+ +lom2r2)-12(m—2r-2))

Next we expand integral (11) along the unipotent group Ya(m,_ar—2)41
defined as the group of all matrices of the form

4r+4-6

Y= I4m + 5 [ri(eQm—4r—3,2m—2r+i—3 - 62m+2r—i+4,2m+4r+4)]

(12) =1

*
+ 7 €2m—4r—3,2m+4r+4-

Here 7* is defined in a similar way as in (8). The group SOu4,4¢(F'), embed-
ded as g +— diag(l2m—2r—3,9, Iom—2r—3), acts on this expansion with three
types of orbits. One type of orbit is the constant term, the second type
corresponds to nonzero vectors with 0 length, and the third corresponds to
all vectors which have nonzero length. As in the case of the expansion of
Y1, we show that the contributions to the integral from the constant term
and from the nonzero length vectors are 0. We are left with the orbit of all
nonzero vectors which have 0 length. Thus, integral (11) is equal to

/ > / o (9)
) Yo(m—2r—2)+1(F)N\Y2(m—2r—2)+1(A)

YEPO(SO4r4+4)(F)\SOury6(F
L m—2r— R ~
X 97_7%,” 2 (yZ’Y(Q, Uh)) wYQ(m72T72>+1 (y)i/JUng (U) dy du dg dh.

Here ,(/)YQ(m—Qr—Z) ., is defined as follows. In the coordinates of this group,
as given in (12), we have ¢y, , , ., (y) =(r1). All other variables are
integrated as in (11).

Next we consider the space of double cosets P°(SOy;44)(F)\ SO4p46(F)/
SOy4r4+5(F). The space contains two types of elements, and as representatives
we may choose e and the elements Wo(m—r—1)W2m—2r—1""" Wam—2Wom—1h(C).
Here h(¢) = diag(I2m-1,¢, (1, Iam—1), where ¢ € F*. The contribution to
the above integral from the identity element is 0. This follows from the
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definition of the character ¢U3r+1. As for the other representatives, it also
follows from the definition of 1ZJU3T+1 that if ( # 1, then the contribution to
the above integral is 0. Indeed, conjugating the element u € U?"*! across
Wo(rm—r—1)W2m—2r—1 """ Wom—2Waom—1h(() and then changing variables in
Yo(m—2r—2)+1, We obtain the integral J((1 = ¢)r)dr as inner integration.
Here we integrate over F'\ A, and hence this integral is 0 unless ¢ = 1. Thus,
we are left with the Weyl element wy = Wo(m—r—1)W2m—2r—1"** W2m—2W2m—1-
The stabilizer of wg inside SOy,45 is SOy4r44, and hence we may collapse
summation with integration in the above integral. It follows that ¢ is now
integrated over V' o o(F) SOy4(r41)(F)\ SO2m11(A).
We have the group identity

Lom—2r—2)+1 = Logn—2r—2)Ya(m—ar—2)+1woU7" 1wy .

After a suitable conjugation, the above integral is equal to
L m—ar— 7¢
(13) //U2 o go,r(g)ﬁﬂi(m e (zo(g,uh))ngr(u) dudgdh.

Here h is integrated over Spo,(F')\Sp,,.(A), and ¢ is integrated over the
quotient given by 7;n—2r—2( )SO4 T+1)( )\ SO2m+1(A). The element 2 €
SOum(F) is equal to z'Zwgy, where 2/ = wom—ar—3Wom—dr—2 W —27—3.

Finally, ¢9L2<m 20-241% 4o defined in a similar way as in (10), where the
character of the group Loy, _or_2)41 is defined as follows. If [ = (; ;), then
the character is defined by ¥(l1 2+ 1344156+ +lam—2r—2)—1,2(m—2r—2) +
lo(m—2r— 2)“ 2(m—2r—2)+2)- Also, in a similar way as is shown right after (10),

2(m 2r— 2)+17'¢) — 9L2(m 2r— 2)+27'¢)

we have 67 dm

, where the character is extended
trivially.

Next we factor the integration V" 5, o(F) SOy(11)(F)\ SO21n11(A) into

/Van_m_z(A) SO4(r+1) (A)\SO2m41(A) /504(r+1)(F)\SO4(T+1)(A)

< / |
VI o (F\V 5 (A)

m

A matrix multiplication and a change of variables imply that, for all v €
m (A), we have

m—2r—2

L m—ar— bl
(v)§ 22 2>+2w(z()(g,uh)).

T,4m

L —2r— )
0 5m=? 2)+2w(20(U97Uh)) hym.

T,4m m—2r—2
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We denote

or¥(g) = / er(vg)ym  (v)dv.
V”rzi2'r72 (F)\VTZL72772 (A)

Using the same notation and conjugating by zg, integral (13) is equal to

/ / o en¥(909)
U (F)\UZ"0 ()

(14)
Lo(m—2r—1):% (1~ i
% 97220 (5 g0, B)120(g, 1)) b (y) dy dgo dg dh.
Here
1, 1,
I2T Yy h
y(go, h)1 = Iyry1y 90 :
I27‘ h*
1, 1,

where a = 2(m — 2r — 1) and go € SOy(41)- In the above integral, go is
integrated over SOy(,41)(F)\ SOy(,41)(A), the variable g is integrated over
Vi or_o(A) SO4(r41) (A)\ SO21,+1(A), and all other variables are integrated
as before. We also denote Uf %0 — ZoUETza 1, and we define the character @Z
by ¥(y) =¥(y11+ yo2 + -+ Yrs)-

Consider the group SOg,;t4, embedded inside SOy, as t +— diag(l,,t, I,),
where t € SOg,44. It follows from the above that the matrices y(go, )1 are
embedded inside the maximal parabolic subgroup of SOg,4+4 whose Levi
part is GLg, X SO4p4+4. Then, the unipotent radical of this parabolic group,
which we will denote by W,., has a structure of a generalized Heisenberg
group. Its center is the group UZ"* . To proceed with the computations, we
now apply the theory of Fourier-Jacobi coefficients, as developed in [Ik]. In
our context, this theory asserts that as a function of gg and h, the space of
functions

9232“”” ((90, 1)) / Qiﬂm_lw (w(go, h)120(g,1))
(15) W (F)\Wr(A)

S r(r
x 0,5 (1(w)(go, b)) dw

is a dense subspace inside the space of functions

L m—2r— 17#) ~ o
(go’h)H/U%vzow)\mr,zo(meni% T (W90, hr20(9, 1)) v (y) dy.
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In (15), the function 9222"(7'“) is the f-function defined on the double cover
of Spgy(r41)(A). Also, ¢ and ¢ are suitable Schwartz functions in
S(A?*2(+1)) We denote by I the projection from W, onto the Heisen-
berg group with 8r(r 4+ 1) 4+ 1 variables.

Denote the integral in (15) by F'(go,h;g). Here, g is a fixed element in
SO2y,+1(A). We have the following.

LEMMA 1. For all h € Spy,.(A), we have F(go,h;g) = F(go,1;9).

The proof of this lemma will be given after the proof of the theorem.
Assuming the lemma, we deduce that integral (14) is not 0 for some choice
of data if and only if the integral

S r(r
(16) /wW(gog)%iZ " ((g0,h)) F (g0, 1; ) dgo dg dh

is not 0 for some choice of data. Here all variables are integrated as before.
Next we calculate the inner integration of (16) along the variable h, which
is

S (7T
/ OV (90, 1)) dh.
SpQr(F)\ SpQr (A)

(17)
This integral may not converge for a general function ¢ € S(A?*2(r+1)),
Thus, we use regularization by a Hecke algebra element at one unrami-
fied local place to extend the integral to general Schwartz functions ¢ €
S(A?*2(r+1)) This idea of regularization was used by Ichino [Ich], which
extends that of Kudla and Rallis [KR] on a regularized Siegel-Weil formula.
The current case was done in [JS, Theorem 2.4]|. The theorem states that
there exists a Hecke algebra element «,, in the Hecke algebra of SOy4,41)
at a finite local place 1y such that the integral

-1 SPsr(r+1)
(18> COCV() /Sp2'r(F)\ Sp2r(A) ewwyo (1’0“’0)¢7¢ ((907 h)) dh

converges absolutely and is the unique extension of integral (17) to general
Schwartz functions ¢ in S(A2"*2("+1)), The second part of [JS, Theorem 2.4]
states that the integral (17) or, equivalently, (18) is identified as the residue
at s = (r+1)/(2r +1) of the Eisenstein series E(g, s) on SO4(,11)(A), which
is denoted by ©pp2rq4;.
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Hence, integral (16) is not 0 for some choice of data if and only if the
integral

/.

m—2r—2

x F'(go,1; 9)022r14(g0) dgo dg

/ vr"(909)
(A)SO4(r41)(AN\SO2m+1(A) /SOy (r41) (F)\SOy(ry1)(A)

is not 0 for some choice of data. By applying a standard argument, for
example, as in [GS, Section 7], we deduce that the above integral is nonzero
for some choice of data if and only if the integral

/ Y (g0) F (g0, 1; 1) (o) do
SO4(r+1) (F)\ SOy (ry1)(A)

is not 0 for some choice of data. Applying Proposition 2 from the appendix,
it follows from the definitions of the group Ly(;,_2,_1) and the character
defined on this group that the above integral is not 0 for some choice of
data if and only if the integral

/ v (go) / 0. 8r+a(wgo)
Wi (F)\ Wi (A)

S (T
x 9¢§),8¢( (Uw)(g0,1)) dwbjs2r141(g0) dgo

is not 0 for some choice of data. Here gq is integrated as before. Unfolding the
f-function (for the action of the Weil representation; see [Ik]) and collapsing
summation with integration, the inner integral is equal to

/ / / Or.8r44((2,y)gow’)
F(A) JX(PN\X(A) VY (F)\Y(A)
x wy (U2, y)gol(w")) ¢1(0) dz dy du’

= / / / Orgrta((z,y)gow’)
F(A) JX(N\X(A) VY (I)\Y(A)
x P (y)p1(w') d dy duw'.

Here, the embedding of X and Y in SOg,14 is given by

(19)

(20)

IT T yl y2
IT Y3 yf I2r
(,9)g0 — Liria o+ % ’ y:<y1 y3>.
L Iy, Ys

I,
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The character 1, is defined by v,(y) = ¥ (try;). Since ¢ is an arbitrary
Schwartz function, it follows that integral (19) is nonzero for some choice of
data if and only if the integral

/ @wa (90) / / 97’,87"-1-4 ((x7 y)g())
21) SO4(r41) (F)\SO4(r41)(A) X(FNX(A) JY(F)\Y(A)

X Pr(y)022r14)(90) dx dy dgo

is not 0 for some choice of data. Next we perform the following series of
Fourier expansions. Recall that for the above matrix y to be in the orthog-
onal group, we have

y= <yl yi) € Mat), = {A € Maty, : Jop A + Al Jy, =0},
Ys Y1

where Js, is the matrix of size 2r which has ones on the other diagonal

and zeros elsewhere. Let Y denote the subgroup of Y which consists of all

matrices y as above such that y; ; = 0 for all i < j. Let Z5, denote the group

of all matrices of the form

Zop = {z — <Zl j?) iz eZh e Z;’r} .
T

Here Zb, consists of all upper unipotent matrices in GL,, and Zy, consists
of all matrices of size r such that J,zo is lower triangular. Also, the matrix
Jr is defined in a similar way as we defined Jo,.. We will denote by Zs, the
subgroup of Z§, which consists of all matrices above such that the diagonal
entries of J,z9 are also 0.

We embed these groups in SOg,44 as all matrices of the form z —
diag(z, I4y44,2*), and we continue to denote it by Z§, or Za,.

In integral (21) we expand the function 60, g,44((x,y)go) along the group
Zar. Collapsing summation and integration over Y, integral (21) is equal

/ / ox(g0) / / Orsr+4(2(2,yY0)90)
YO(A) Zar(F)\Z2,(A)

X Uy (y) 01220141 (g0) dz dx dy dyo dgo.

to

Here gp and x are integrated as before, y is integrated over Y (F)Y?(A)\
Y (A), and yq is integrated over YY(A).



SOME CONJECTURES ON ENDOSCOPIC REPRESENTATIONS 165

In fact, we can extend trivially the integration from Zs, to Z5,. Indeed, we
identify the quotient Zs,\Z$, with the group of unipotent matrices I, 14 +
S i 1 7i(€i2r—it1 — €6rt+itasr—its). Thus, expanding integral (22) along this
quotient, we get two terms. The first term corresponds to the constant term,
and the second term corresponds to all other elements in the expansion. The
second term contributes 0 to the expansion. Indeed, a similar argument as
follows after (8) shows that this term will contain as inner integration a
Fourier coefficient of 6, 8,44 which corresponds to the unipotent orbit with
partition (3187*1). It follows from Proposition 1 in the appendix, applied to
8r—+4 instead of to 4m, that this Fourier coefficient is 0. Thus, we can replace
in integral (22) the integration over Zs.(F')\Z2,(A) by the integration over
25, (F)\Z5,(A).

Next we define the following Weyl element w of SOg;;4. For all 1 <i <r,
set

W21, = W24 6r+i+4 = Wr—i+58r—2i+6 = W2r—i+1,8r—2i+5 = 1.

Also, for 2r+1 <1i <6r+4, set w; ; = 1. All other entries of w are 0. Matrix
multiplication implies that L =w(Z5. - X - YO\Y)w~! is a subgroup of
Lo,. The groups L; were defined as subgroups of SOy, right after (8). In
a similar way, we define them as subgroups of any even orthogonal group,
in particular, for SOg, 4. Similarly, we define the character ¢, (). More
precisely, for [ = (l@j) € Lo, we define Q,ZJL% (l) = ¢(l172 + l3,4 +---+ l2r71,27‘)-
It follows from the matrix multiplication that, after the conjugation by w,
the character v, is conjugated to ¢, restricted to L. Thus, integral (22)
is not 0 for some choice of data if and only if the integral

/so (F)\SO4,11)(A) /YO(A) #n(90)
(23) 4(r+1) 4(r+1)

Ly~
X 97,28?1+p4(wy090)9[22r14] (90) dyo dgo

Lér’w
T,8r+4

(10). We claim that GTL’ 28';’4%4 = 957 281%4. In other words, we claim that integral

(23) is not 0 for some choice of data if and only if the integral

is not 0 for some choice of data. Here 6 is defined in a similar way as in

/so (F)\ SO (A) /YO(A) o (90)
4(r+1) 4(r+1)
(24) s

X 05 L4 (WY0go)O22r14) (90) dyo dgo
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is not 0 for some choice of data. This argument follows in a similar way as the
argument given right after (10) when we extended the integration from L; to
Lo as defined there. In our case, we expand integral (23) along the quotient
5. \L2,. Each element in this expansion which is not the constant term
contributes 0. This follows again by using Proposition 1 from the appendix.
Indeed, all Fourier coefficients which are not the constant term correspond
to unipotent orbits which are larger or not related to the partition (22"+1).
Arguing as above, in a similar way as in [GS], we deduce that integral
(24) is not 0 for some choice of data if and only if the integral

/ oY (90)05% L (Wg0)Bpa2r14)(g0) dgo
SO4(r4+1) (F)\SO4(r41)(A)

is not 0 for some choice of data. From the definition of w, we have wgy =
gow. Applying Proposition 2 from the appendix, we deduce that the above
integral is not 0 for some choice of data if and only if the integral

Vv’l/}

©x"(90)074r1+4(90)0 [22r14] (90) dgo

/504(7-+1) (F)\SO4(ry1y(A)

is not 0 for some choice of data. But this is integral P,(m, 7).

To complete the proof of this step, we still need to prove Lemma 1, which
is done in Section 3.2.

Next we need to prove the converse of Conjecture 2. In other words, we
need to prove that if P.(7,7) is not 0 for some choice of data, then 7 is
an endoscopic representation with respect to SOz x SOgy11 X SOg(p,—p)—1-
This is done by reversing the arguments in the first part. Indeed, starting
with the fact that P.(m,7) is not 0 for some choice of data, we obtain by
applying the converse of the above computations that the integral (6) is not
0 for some choice of data. But this implies that if we denote by o the space
of the representation of SOg,,—1(A), generated by the functions given by
integral (26) in the appendix, then o is not 0, and by (5), we obtain that
Q, (o) is not 0. Also, from Theorem 4 in the appendix, we deduce that o
is a cuspidal representation. Moreover, since o is not 0, then integral (27)
in the appendix is not 0 for some choice of data, which implies that = is
endoscopic with respect to 7 and o. Applying Conjecture 1, we obtain that
o is endoscopic with respect to SO2,11 X SOg(;y—p)—1, and we are done.

This completes the proof. 0
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3.2. Proof of Lemma 1

Let p(k) = I, + kej 2r. Then the group generated by these matrices is
a unipotent subgroup of Sp,, which corresponds to the highest root of
Spy,- Thus, to prove the lemma, it is enough to prove that F'(go,p(k)h;g) =
F(go,h;g) for all k € A. To prove that, it is enough to prove that the integral

(25) /F Pl b g) k)

is 0 for all choice of data and all o € F*. To prove that, we may assume
that gg, h, and g are the identity elements. Thus, from the definition of the
function F'(go,h;g), we need to prove that the integral

/ / Orsria (wp(k))ezlfi;“*” (I(w)(1, p(k))) (k) dk dw
W (F)\Wr(A) JF\A

is 0 for all choice of data. We unfold the #-function, and as in (20) and (21),
we deduce that it is enough to prove that the integral

/ / [ Orsria (@ )p9) i)k dhd dy
XINX(A) JY(F)\Y(A) JF\A

is 0 for all choice of data.
Defining the groups Zs, and Z5,. as defined right before (22), it is enough
to prove that the integral

/YO / /F)\Y(A)/F\A/ (F)\Z5, (A T8r+4(z(w’yy°)p(k))

x wxy)w(ak) dz dkdx dy dyo

is 0 for all choice of data. The subgroup generated by all p(k) is contained
in Z,\Z5,, and as explained right after (22), the character 1), is trivial on
this quotient. Hence, it is trivial on p(k), and conjugating this matrix to the
left and changing variables, we obtain the integral [, F\A Y(ak)dk as inner
integration. Since o € F™*, this integral is 0. Hence, integral (25) is 0 for all
choice of data.

Hence, this completes the proof. []

Appendix

In this appendix, we review the basic results regarding the construction
of the endoscopic lifting as it appears in [G3]. Some more details can also



168 D. GINZBURG AND D. JIANG

be found in [G1]. Since we need the details only for a special case, we will
concentrate only on the relevant details.

Let 7 denote an irreducible cuspidal representation of GLo with a trivial
central character. Let O; 4, denote the residue representation defined on
SO4m(A) as constructed in [G3, p. 461, Case 5]. (In the notation of that
reference, take m =1 and n =r.) The basic property of this representation
is given by the following.

PROPOSITION 1. We have Ogo,,, (Or.4m) = (22™).

The definition of this notation and the proof of a similar proposition, for
the symplectic group, can be found in [G3, Theorem 1] (see also [G3, p. 465,
Case (d)]).

Let 7 denote a generic irreducible cuspidal representation of SOg;,41(A).
Following [G3], we consider the space of functions defined on SOgy,—1(A)
given by

(26) ()071'(9)97',4771((97}7’)) dg

f = [
SO2m+1(F)\SO2m+1(A)

Here 0; 4, is a vector in the space of the representation © 4,,,. The function
f(h) defines an automorphic function of SOg,,—1(A), and we denote by o
the representation of SO2,,—1(A) generated by the above functions. We have
the following.

THEOREM 4 ([G3, Theorem 2]). The representation o is a cuspidal rep-
resentation of SOgp,—1(A).

The details in [G3, Theorem 2] are given for the symplectic group but
are the same for the orthogonal group.

We note that the constructed representation o could be 0. However, there
is a criterion for o to be generic, which in particular implies that o is
nonzero.

THEOREM 5 ([G3, Theorem 6]). The representation o is a generic repre-
sentation if and only if the representation w is an endoscopic representation
with respect to T and o.

The sketch of the proof is as follows. A computation of the Whittaker
coefficient of ¢ implies that it is not 0 for some choice of data if and only
if integral (2) is not 0 for some choice of data. But as argued in [G3],
the nonvanishing of this period integral is equivalent to the fact that w is
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endoscopic with respect to 7 and a certain automorphic representation of
SO2,—1(A). If o is not 0, then the period integral

/ / ox(9)
SO2m+1(F)\SO2m+1(A) JSO2m—1(F)\SO2m-1(A)

(27)
X @g(h)0ram ((g, h)) dhdg

is not 0 for some choice of data. But then, a similar argument given in [G3,
Sections 4, 5] or in the last section of [G1] proves that 7 is endoscopic with
respect to 7 and o.

Finally, we need to study a certain Fourier coefficient of ©r4y,. Let
Lo denote the unipotent radical of the standard parabolic subgroup of
SOy, whose Levi part is GL% X SO4pm—4. We define a character 91, on this
unipotent group as follows. For | = (l; ;) € Lo, define v¢,(I) =1 (l12). For
g € SO4m—4(A), the functions

g 97,4m(lg)¢L2 () dl
La(F)\L2(A)

are automorphic functions of SO4p,—4(A). We have the following.

PROPOSITION 2. The representation of SOym—4(A) generated by all the
above functions is ©r 4m—4.

The proof of this proposition follows from the definition of ©;4,, as a
multiresidue of a certain Eisenstein series. See [G3, Proposition 1] for some
details in a similar case done for the symplectic group.

Acknowledgment. We would like to thank the referee for helpful com-
ments.

REFERENCES

[A] J. Arthur, The endoscopic classification of representations: Orthogonal and sym-
plectic groups, preprint, 2011.

[CKPS] J. W. Cogdell, H. Kim, I. I. Piatetski-Shapiro, and F. Shahidi, Functoriality for
the classical groups, Publ. Math. Inst. Hautes Etudes Sci. 99 (2004), 163-233.

[GS] W. T. Gan and G. Savin, Real and global lifts from PGL3 to G2, Int. Math. Res.
Not. IMRN 50 (2003), 2699-2724.

[G1] D. Ginzburg, A construction of CAP representations for classical groups, Int.
Math. Res. Not. IMRN 20 (2003), 1123-1140.

, Certain conjectures relating unipotent orbits to automorphic representa-

tions, Israel J. Math. 151 (2006), 323-355.

(G2]



170

(G3]

[GRS]

D. GINZBURG AND D. JIANG

, Endoscopic lifting in classical groups and poles of tensor L-functions,
Duke Math. J. 141 (2008), 447-503.

D. Ginzburg, S. Rallis, and D. Soudry, The Descent Map from Automorphic
Representations of GL(n) to Classical Groups, World Sci., Hackensack, N.J.,
2011.

A. Ichino, On the regularized Siegel-Weil formula, J. Reine Angew. Math. 539
(2001), 201-234.

T. Ikeda, On the theory of Jacobi forms and Fourier-Jacobi coefficients of Eisen-
stein series, Kyoto J. Math. 34 (1994), 615-636.

D. Jiang, On the fundamental automorphic L-functions of SO(2n+1), Int. Math.
Res. Not. IMRN 2006, Art. ID 64069.

D. Jiang and Y.-J. Qin, Residues of Eisenstein series and generalized Shalika
models for SO(4n), J. Ramanujan Math. Soc. 22 (2007), 101-133.

D. Jiang and D. Soudry, On the genericity of cuspidal automorphic forms of
SOa2n+1, II, Compos. Math 143 (2007), 721-748.

S. S. Kudla and S. Rallis, A regularized Siegel-Weil formula: The first term iden-
tity, Ann. of Math. (2) 140 (1994), 1-80.

D. Soudry, Rankin-Selberg integrals, the descent method, and Langlands functo-
riality, Int. Congr. Math. 2, Eur. Math. Soc., Ziirich, 2006, 1311-1325.

David Ginzburg

School of Mathematical Sciences

Sackler Faculty of Fxact Sciences

Tel-Aviv University
Israel 69978

ginzburg@post.tau.ac.il

Dihua Jiang

School of Mathematics
University of Minnesota
Minneapolis, Minnesota 55455

USA

dhjiang@math.umn.edu


mailto:ginzburg@post.tau.ac.il
mailto:dhjiang@math.umn.edu

	Introduction
	On the main conjecture
	On the lift from three orthogonal groups
	Proof of Theorem 3
	Proof of Lemma 1

	Appendix
	Acknowledgment
	References
	Author's Addresses

