Homogeneous principal bundles over the
upper half-plane

Indranil Biswas

Abstract Let G be a connected complex reductive linear algebraic group, and let K C
G be a maximal compact subgroup. The Lie algebra of K is denoted by £. A holomorphic
Hermitian principal G-bundle is a pair of the form (Fq, Ex ), where Eg is a holomorphic
principal G-bundle and Ex C E¢g is a C°°-reduction of structure group to K. Two holo-
morphic Hermitian principal G-bundles (Eg, Ex ) and (Ef,, £}, ) are called holomorphi-
cally isometric if there is a holomorphic isomorphism of the principal G-bundle Eg
with E7, which takes Ex to E}.. We consider all holomorphic Hermitian principal
G-bundles (Eg, Ex ) over the upper half-plane H such that the pullback of (Eq, Fx ) by
each holomorphic automorphism of H is holomorphically isometric to (Eg, F ) itself.
We prove that the isomorphism classes of such pairs are parameterized by the equiva-
lence classes of pairs of the form (x, A), where x : R — K is a homomorphism, and A €
t ®g C such that [A, dx(1)] = 2¢/—1-A. (Here dx : R — ¢ is the homomorphism of Lie
algebras associated to x.) Two such pairs (x, A) and (x’, A’) are called equivalent if there
is an element go € K such that x’ = Ad(go) o x and A’ = Ad(go)(A).

1. Introduction

Let G be a connected complex reductive linear algebraic group. Fix a maximal
compact subgroup K C G. Let g (resp., £) denote the Lie algebra of G (resp.,
K). The inclusion of ¢ in g extends (uniquely) to a C-linear isomorphism of
Lie algebras ¢t ®g C — g. Let Eg be a holomorphic principal G-bundle over
the upper half-plane H C C. A Hermitian structure on F¢ is defined to be a
C*°-reduction of structure group

Ex C Eg

to the subgroup K. By a holomorphic Hermitian principal G-bundle over H we
mean a pair (Eg, Ex) of the above type. Two holomorphic Hermitian principal
G-bundles (Eq, Ex) and (Ey,, E) over H are called holomorphically isometric
if there is a holomorphic isomorphism of principal G-bundles

v: Eq — Eg
such that v(Ex) = E.
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We consider all holomorphic Hermitian principal G-bundles (E¢g, Ex ) over H
such that for each holomorphic automorphism 7 of H, the pulled-back holomor-
phic Hermitian principal G-bundle (7*Eqg,7*Ek) is holomorphically isometric
to (Eg, Fx) itself. We call such a pair (Eq, Ex) an invariant holomorphic Her-
mitian principal G-bundle.

Consider all pairs of the form (y, A), where

- x: R— K is a homomorphism, and

. Ais an element of the Lie algebra g of G such that [A,dx(1)] =2y/~1- A4,
where dy : R — £ is the homomorphism of Lie algebras associated to the above
homomorphism .

Two such pairs (x,A) and (', A’) are called equivalent if there is an element
go € K such that

- X'(t) = gox(t)gy* for all t € R, and
- A"=Ad(go)(A), where Ad(go) is the automorphism of g associated to the
inner automorphism of G defined by g — gogg, L

The following theorem classifies all the invariant holomorphic Hermitian prin-
cipal G-bundles over H up to a holomorphic isometry (see Theorem 6.4).

THEOREM 1.1

There is a canonical bijection between all the holomorphic isometry classes of
invariant holomorphic Hermitian principal G-bundles over H and all the equiv-
alence classes of pairs of the form (x, A).

—_~—

In [BM], all the isomorphism classes of SL(2,R)-homogeneous holomorphic Her-
mitian principal GL(n,C)-bundles were classified for every n. If we set G =
GL(n,C) and K =U(n), then Theorem 1.1 coincides with the classification done
in [BM].

The bijection in Theorem 1.1 is constructed in Section 6.

—_—~—

Let SL(2,R) denote the universal cover of the group PSL(2,R). The group
of all holomorphic automorphisms of H is identified with PSL(2,R), and hence
we have an action

o SI/J(—EEQ) — Aut(H).

An SL(2,R)-homogeneous holomorphic Hermitian principal G-bundle on H
is defined to be a triple (Eq, Ex;p), where

- f: Eg — H is a holomorphic principal G-bundle,
- Fx C Eg is a C'*°-reduction of structure group to K, and
. p is a C*-action of SL(2,R) on the total space of Fg,

—_~—

p:SL(2,R) x B¢ — FEg,

such that the following four conditions hold:
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1

(o p)(9,%) = 6(9)(F(2)) for all (g,2) €SL(ZR) x Fo,
2) t

he actlons of G and SL(2,R) on E¢ commute,

3) p(S ( ,R) x EK) Ex, and

4) for each g € SL( R), the diffeomorphism Fg — E¢ defined by z +——
p(g,2) is holomorphic.

(
(
(
(

—_— — ~— ~—

Two SL(2,R)-homogeneous holomorphic Hermitian principal G-bundles (E¢,
Ek;p) and (Ey, E%;p') over H are called isomorphic if there is a holomorphic
isomorphism of principal G-bundles

h:Eg — EL,
such that h(Ex) = E} and hop=p o (Idgr

—_~—

SOR )xh)

An SL(2,R)-homogeneous holomorphic Hermitian principal G-bundle is
clearly invariant.

Here we prove that the two categories, namely, the SL(2,R)-homogeneous
holomorphic Hermitian principal G-bundles on H and the invariant holomorphic
Hermitian principal G-bundles on H, coincide (see Proposition 2.5). Hence Theo-

rem 1.1 also classifies the SL(2,R)-homogeneous holomorphic Hermitian principal
G-bundles on H (see Theorem 6.3).

2. Invariant principal bundles

2.1. The upper half-plane
Let

H:={z € C|Im(z) >0}

be the upper half of the complex plane. The group of all holomorphic automor-
phisms of H, which is denoted by Aut(H), is identified with PSL(2,R). We recall
that SL(2,R) has an action on H defined by

a b (2) = az+b
c d ez +d
This action descends to a homomorphism

(2.1) o+ PSL(2,R) —> Aut(H)

which is in fact an isomorphism.
It is customary to denote the universal cover of the group PSL(2,R) by

SL(2,R). Let
(2.2) p: SL(2,R) — PSL(2,R)

—_~—

be the projection. The group SL(2,R) acts on H using the composition homo-
morphism

(23) ¢:: ¢00p,
where ¢ is defined in (2.1).
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2.2. Invariant principal bundles
Let G be a connected reductive linear algebraic group defined over the field of
complex numbers. We fix a maximal compact subgroup

(2.4) K cCdaG.

It is known that any two maximal compact subgroups of G are conjugate (see
[He, Theorem 2.1, p. 256]).

We recall that a holomorphic principal G-bundle over H is a complex mani-
fold E¢ and a surjective holomorphic submersion

(2.5) fiEc—H
such that

. the complex manifold Eq is equipped with a right holomorphic action of
the complex Lie group G

(2,6) p: EegxG— Eg

(so ¢ is a holomorphic map),
- foyp= fopy, where p; is the projection of Eg x G to the first factor, and
- the action of G is free and transitive on each fiber of the projection f in
equation (2.5).

The last condition is equivalent to the assertion that the diagonal map to the
fiber product

(pxpltEGXG—>Eg><HEG

is an isomorphism. We recall that Fg xy FEg is the submanifold of Eg X Eg
consisting of all points (y1,y2) such that f(y1) = f(y2)-

A Hermitian structure on a holomorphic principal G-bundle Eg is a C*°-
reduction of structure group of E¢,

Fx C Eg,

to the subgroup K in (2.4). This means that Fk is a K-invariant C°*°-submanifold
of E¢, and for each point y € H, the action of K on (Ek), = Ex(\f"(y) is
transitive.

We note that any C°°-section

c:H— E¢/K,

of the natural projection E¢ /K — H constructed using f, yields a C*°-reduction
of structure group of Fg to K. Indeed,

Eg =q '(c(H)) C Eqg,

where ¢: Eq — Eg/K is the quotient map, is a C*°-reduction of structure
group of Eg to K.
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DEFINITION 2.1
A holomorphic Hermitian principal G-bundle on H is a holomorphic principal
G-bundle E¢ on H together with a Hermitian structure Ex on Eg.

Let (Eq, Ex) and (Ef,, Ej) be two holomorphic Hermitian principal G-bundles
over H. Let

h:EK—>E}{

be a C'°°-isomorphism of principal K-bundles. Then h extends uniquely to a
C*°-isomorphism

(2.7) h: Eg— E
of principal G-bundles. To construct E, we first note that
Eq:=Ex x¥ G=(Ex xQ)/K,

where the action of any k € K on Ex X G sends any (2,9) € Ex x G to (zk,k™1g).
The diffeomorphism

hx1Idg: Ex x G— E x G
descends to the map
E:EK XKGHE}( XKG

in (2.7) between the quotient spaces.

DEFINITION 2.2
The isomorphism h : Ex — E% is called a holomorphic isometry if the map h
in (2.7) is holomorphic.

Two holomorphic Hermitian principal G-bundles are called holomorphically
isometric if there exists a holomorphic isometry between them.

If A is a holomorphic isometry, then h is also called a holomorphic isometry.
Since h is the restriction of h to Ex, the map h is uniquely determined by h.
Therefore, there is no abuse of the terminology holomorphic isometry.

REMARK 2.3

We recall that a connection V on a holomorphic principal G-bundle is called a
complex connection if the Lie algebra valued one-form on the total space of Eg
defining V is of Hodge type (1,0). Let (Eq, Ex) be a holomorphic Hermitian
principal G-bundle over H. There is a unique complex connection V on the holo-
morphic principal G-bundle Eg which preserves Ex. Equivalently, the principal
K-bundle Ex has a unique C'°°-connection Vg such that the connection on Fg
induced by Vg is complex. The connection Vj is simply the restriction of V to
Ek (see [AB, p. 220] for the details).
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For any holomorphic map
T:H—H

and any holomorphic Hermitian principal G-bundle (E¢g, Ex) over H, the pull-
back

T(Eq,Ek):=(T"Eq, 7" EKx)

is clearly a holomorphic Hermitian principal G-bundle over H. This holomorphic
Hermitian principal G-bundle 7*(Eg, Fk) is called the pullback of (Egq,Ex)
by .

DEFINITION 2.4
A holomorphic Hermitian principal G-bundle (Eq, Ex) on H is called invariant if
for each 7 € Aut(H), the pulled-back holomorphic Hermitian principal G-bundle
(t*Eg,7*Ek) is holomorphically isometric to (E,h).
An SL(2,R)-homogeneous holomorphic Hermitian principal G-bundle on H is
defined to be a triple (Eq, Ek;p), where

- (Fg, EKx) is a holomorphic Hermitian principal G-bundle on H and

. pis a C*-action of SL(2,R) on the total space of Eg,

—_—~—

(2.8) p: SL(2,R) X FEg— Ec;,

such that the following four conditions hold:

—_~

(1) (fop)(g,2)=0(g)(f(2)) for all (g,z) € SL(2,R) x Eg, where ¢ is con-
structed in (2.3) and f is the projection as in (2.5),

(2) the actions of G and SL(2,R) on Eg commute,
(3) p(SL(2,R) x Fx)= FEk, and

(4) for each g € SL(2,R), the diffecomorphism Fg — FE¢g defined by z +——
p(g, z) is holomorphic.

Two SL(2, R)-homogeneous holomorphic Hermitian principal G-bundles (E¢,
Ex;p) and (Eg, Ey; p') are called isomorphic if there is a holomorphic isometry

E:Eg—>E'G

such that hop=p'o (Idsm) xh).

—~—

We note that for any SL(2,R)-homogeneous holomorphic Hermitian principal

—_~—

G-bundle (E¢g, Ek; p) over H, and any element g € SL(2,R), the map
EG E— EG

defined by z — p(g, z) is a holomorphic isometry of the pulled-back holomorphic
Hermitian principal G-bundle (¢(¢~!)*Eq,¢(971)*Ek) with (Eg, Ex), where
¢ is constructed in (2.3). Therefore, any SL(2,R)-homogeneous holomorphic
Hermitian principal G-bundle is invariant.
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Although, a priori, the condition for a holomorphic Hermitian principal G-

bundle to be a SL(2,R)-homogeneous holomorphic Hermitian principal G-bundle
is stronger than the condition for it to be invariant, the following proposition
shows that the two definitions are in fact equivalent.

PROPOSITION 2.5

Let (Eg, Ex) be an invariant holomorphic Hermitian principal G-bundle over H.
Then the principal G-bundle Eq admits a C* -action

p: SL(?,R) X EG — EG

such that the triple (Eq,Ek;p) is an SL(2,R)-homogeneous holomorphic Her-
mitian principal G-bundle.

Furthermore, there is exactly one action p of SL(2,R) on Eg which makes

—_~

(Eg, Ex;p) an SL(2,R)-homogeneous holomorphic Hermitian principal G-bundle.

Proof

Let U denote the group of all holomorphic isometries of the holomorphic Her-
mitian principal G-bundle (Eq, Ex) with itself. Therefore, U is the group of all
holomorphic automorphisms

E : EG — EG
such that

. foh=h, where f as in (2.5) is the projection of Fg to H,

. h(EK) = EK, and
- h commutes with the action of G on F¢.

We show that U is a compact Lie group.

To prove that U is a compact Lie group, fix a point 2o € H. Let Aut((Ex)q,)
denote the group of all diffeomorphisms of the fiber (Fk);, which commute
with the action of K on (Ek)s,. Now, fix a point zg € (Fk)s,.- We have an
isomorphism of groups

hy o K —>Aut((EK)m0)

which sends any g € K to the automorphism of (Ef )., defined by 209’ — z09¢’,
where ¢’ € K. We note that this isomorphism h., depends on the choice of z.
However, for any go € K, we have

hzogo (g> = hzo (gOggal)

for all g € K, where h,,g, : K — Aut((Ek)q,) is the isomorphism that sends
any g"” € K to the automorphism of (Ex )., defined by z0gog’ — 2z090g” g', where
g’ € K. Therefore, the Lie group Aut((Ek),,) is compact and connected.

The group Aut((Ek)s,) has the following alternative description. Let

(2.9) Ad(Eg)=Ex x¥ K —H
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be the adjoint bundle. So Ad(Fk) is associated to the principal K-bundle E
for the adjoint action of K on itself. We recall that the adjoint action on K of
any go € K is defined by g — goggo_l. Therefore, two points (z,g) and (2/,¢’)
of Fx x K are identified in the quotient space Ad(FEk) if and only if there is
an element k& € K such that 2z’ = zk and ¢’ = k~'gk. The fibers of the natural
projection Ad(Ex) — H are groups isomorphic to K. The fiber Ad(Ek)y, of
Ad(Eg) over zg is canonically identified with the group Aut((Ek)z,) defined
earlier. To construct the action of any y € Ad(Ek)s, on (Fx)s,, fix a point
(20, 90) € (Ek )z, X K which projects to y. The action of y on (Ek ), is defined
by 209 — 20909, where g € K.
Let

(2.10) pr: U — Aut((Br)a)

0

be the homomorphism that sends any holomorphic isometry h of (Eg,Ek) to
its restriction E(CUO)‘(EK)IO to the fiber (Fk)z,. The homomorphism p; in (2.10)
is in fact injective. Indeed, any automorphism heU of E¢ leaves invariant the
unique complex connection on E¢ which preserves the reduction Fx C Eg (see
Remark 2.3). We note that any automorphism of a principal bundle over a
connected base which preserves a given connection is uniquely determined by the
restriction of the automorphism over one fixed point of the base. Indeed, over any
other point of the base, the automorphism is simply the parallel transport of the
automorphism over the fixed point of the base. Consequently, the homomorphism
p1 in (2.10) is injective.

The subgroup U of the compact Lie group Aut((Ek).,) is clearly closed.
Hence it follows that U is a compact Lie group.

Let U denote the group of all pairs of the form (v, T'), where v € Aut(H) and

T:(y)"E¢ — Eg

is a holomorphic isometry between the two holomorphic Hermitian principal G-
bundles (Eg,Ex) and ((y"!)*Eg,(y1)*Ek). The group operation on U is
defined by

(leTl)(’Ya T) = (’Yl °, T/)a

where T" is the composition

1y x ks ol (ODT e T
(o™ ) Eg=0r) (v 1) Ee = () Eg — Eg.

It can be shown that U is a finite-dimensional Lie group. (This also follows from
the short exact sequence in (2.11).)

Since (Eq, Fk) is an invariant holomorphic Hermitian principal G-bundle,
for each v € Aut(H) there is at least one holomorphic isometry T' such that
(v,T) € U. Consequently, we have a short exact sequence of Lie groups

(2.11) e— U -5 U 2% Aut(H) — e,
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where Hj is the homomorphism defined by (v,T) — ~, and I is the homomor-
phism defined by h+—— (Idg, h).
The Lie algebra of U (resp., U) is denoted by u (resp., u). Let

(2.12) 0—u—51 2% 81(2,R) — 0

be the short exact sequence of Lie algebras associated to the exact sequence
in (2.11); the Lie algebra of Aut(H) is identified with sl(2,R) using the isomor-
phism of Lie algebras associated to the homomorphism ¢ in (2.3).

The Lie algebra sl(2,R) is simple. Hence the homomorphism hg in (2.12)
splits. In other words, there is a homomorphism of Lie algebras

(2.13) hy:sl(2,R) —u

such that hg o hy = Idg 2 r) (see [Bou, Corollaire 3, p. 91]).

We fix a homomorphism of Lie algebras h; as in (2.13) such that hgohy =
Idg(2,r)- We show that the image of hy commutes with the image of the homo-
morphism ¢ in (2.12).

To prove that the images of hy and ¢ commute, we first note that u in (2.12)
is an ideal of the Lie algebra u. Hence, using the Lie algebra operation of 1, we
have a homomorphism from u to the Lie algebra of derivations of u. We denote
by Der(u) the Lie algebra of derivations of u. Let

(2.14) d: s8l(2,R) — Der(u)

be the homomorphism of Lie algebras which sends any w € sl(2,R) to the deriva-
tion of u given by hq(w), where h; is the homomorphism in (2.13).
Let

(2.15) Z(u)Cu

be the center. We recall that u is the Lie algebra of a compact Lie group. So the
quotient map u — u/Z(u) identifies [u,u] with u/Z(u). Furthermore,

Der(u) =u/Z(u) = [u,u].

The homomorphism [u, u] — Der(u) is defined by the Lie algebra operation of u.
In particular, all the elements of Der(u) are semisimple. On the other hand, the
Lie algebra sl(2,R) has nilpotent elements, and also, it is simple. From the
properties of the Jordan decomposition (see [Bor, Section 4.4, Theorem, pp. 83—
84]), we know that any homomorphism of Lie algebras

sl(2,R) — [u, u]

takes nilpotent elements of sl(2,R) to nilpotent elements of [u,u]. Hence there is
no nonzero homomorphism of Lie algebras from sl(2,R) to [u,u]. In particular,
the homomorphism § in (2.14) vanishes.

Since the homomorphism 4 in (2.14) vanishes, it follows immediately that
the images of hy and ¢ commute. We next show that the splitting homomorphism
hi in (2.13) is actually unique.
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Take any homomorphism of Lie algebras
Ry sl(2,R) —u

such that hg o by =Idg(2r). (The homomorphism hy is defined in (2.12).) From
the above observation that the images of hy and ¢« commute, it follows immedi-
ately that there is a homomorphism of Lie algebras

ag: sl(2,R) —u

such that hf = hy + ¢ 0 g, where hy is the fixed homomorphism in (2.13).

Now, u=[u,u]P Z(u) (see (2.15)). We already noted that there is no
nonzero homomorphism from sl(2,R) to [u,u] = Der(u). On the other hand,
there is no nonzero homomorphism from sl(2,R) to the abelian Lie algebra Z(u).
Consequently, there is no nonzero homomorphism from sl(2,R) to u. Hence we
conclude that there is exactly one homomorphism of Lie algebras

hy:sl(2,R) —u
such that
ho o h1 =1Idg2R) -

Now we are in a position to complete the proof of the proposition. Since the

—_~—

group SL(2,R) is simply connected, the space of all homomorphisms
(2.16) fi:SL(ZR) — U

such that Hy o f1 =p, where Hy and p are constructed in (2.11) and (2.2),
respectively, are parameterized by the space of all homomorphism of Lie algebras

hy:sl(2,R) —u

such that hg o hy = Idg2 k), Where hq is constructed in (2.12). We proved that

there is exactly one such homomorphism h; of Lie algebras. Consequently, there

is exactly one homomorphism of Lie groups f; as in (2.16) such that Hgo f; = p.
Now we define the map

(2.17) p:SL(2,R) x Eg — Eg
which sends any (g, 2) € SL(2,R) x Eg to f1(g)(z), where f; is the unique homo-
morphism in (2.16). It is straightforward to check that p in (2.17) satisfies all the

conditions that are imposed on the map in (2.8). Consequently, (Eq, Ex;p) is an

—_~—

SL(2,R)-homogeneous holomorphic Hermitian principal G-bundle. This proves
the first part of the proposition.
Let

p’:SLf(i,/]R)ng—JEG

e~ e~

be another action of SL(2,R) on Eg which makes (Eq, Ex;p’) an SL(2,R)-
homogeneous holomorphic Hermitian principal G-bundle. Let

f1:SL(2,R) — U
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be the homomorphism (the group U is as in (2.11)) that sends any g to the
automorphism of E¢ defined by z — p/(g,2). It is easy to see that Hyo f] =p,
where Hy and p are constructed in (2.11) and (2.2), respectively. Now from
the uniqueness of the homomorphism f; in (2.16) it follows immediately that f]
coincides with f;. Consequently, p’ coincides with p constructed in (2.17). This
completes the proof of the proposition. (I

In view of Proposition 2.5, given any invariant holomorphic Hermitian principal

—

G-bundle (Eg, Ex) over H, the unique action p of SL(2,R) on E¢, which makes

—_

(Eg, Ex;p) a SL(2,R)-homogeneous holomorphic Hermitian principal G-bundle,
is automatically assumed.

3. Invariant holomorphic Hermitian C*-bundles

Invariant holomorphic Hermitian principal C*-bundles on H were investigated in

[BM, Section 3]. We reexamine them in this section from the present point of

view, which is to reconstruct invariant holomorphic Hermitian principwndles

from the principal R-bundle on H obtained from the action on it of SL(2,R).
Set xp:=+/—1€cH. Let

(3.1) H,, C SL(Z,R)

be the isotropy subgroup of zq for the action ¢ of SL(2,R) on H constructed in
(2.3). We have a surjective homomorphism

(3.2) a:R— p(H,,) C PSL(2,R)

defined by
cosf sinf
0—s . ,
—sinf cosd
where p is the homomorphism in (2.2). Let

(3.3) a:R— H,,

be the unique homomorphism such that poa = «, where « is defined in (3.2). It
is easy to see that a is an isomorphism. Using &, we have

e~

H = SL(2,R)/R.

The corresponding quotient map

(3.4) SL(2,R) — SL(2,R)/R = H

defines a C*°-principal R-bundle over H. The group R = H,, acts on SL(2,R)
as right translations. Let

P

(3.5) q: Fr:=SL(2,R) — H

be the principal R-bundle over H defined by the quotient map in (3.4).
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—_~

The tangent bundle TSL(2,R) of SL(2,R) is equipped with a nondegenerate
symmetric bilinear form defined by the Killing form on the Lie algebra sl(2,R)

e~

of SL(2,R). The restriction of this bilinear form to the line subbundle

kernel(dg) C Tsm)

—_~—

is clearly nondegenerate, where dq : TSL(2,R) — ¢*TH is the differential of the
map ¢ in (3.5). Note that the subbundle kernel(dg) coincides with the one defined

—~

by the orbits of the right translation action, on SL(2,R), of the subgroup H,, in

—_~—

(3.1). Consider the orthogonal projection of T'SL(2,R) to kernel(dg). As the Lie
algebra of H,, =R (see (3.3)) is identified with the Lie algebra R, this orthogo-
nal projection defines a C'*° one-form

—_~—

e’e) el
(3.6) wo € C* (SL(2,R); Qsm))
on SI/I(\Q,/R) Using the fact that the Killing form on sl(2,R) is invariant under

the adjoint action of SL(2,R) on sl(2,R), it is easy to deduce that wy defines a
C*°-connection on the principal R-bundle Fx in (3.5). This C°°-connection on
Fy is denoted by V§.

The curvature of the above connection V§ on Fg is denoted by K(Vg).
Since the group R is abelian and its Lie algebra is R, the adjoint vector bundle
ad(Fg) = Fr x® R is the trivial line bundle H x R over H. (The construction of the
adjoint bundle is recalled in (4.10).) In other words, we have a C°°-isomorphism

(3.7) p:ad(Fr) — H xR

of vector bundles. Using this isomorphism, we have

(3-8) K (V) € O (H; ),

or in other words, the curvature K(V§) is a C* two-form on H.

The left translation action of SL(2,R) on itself commutes with the right trans-
lation action of SL(2,R) on itself. Also, the projection in (3.4) intertwines the left
translation action of SL(2,R) on itself and the action of SL(2,R) on H defined by
¢ in (2.3). In other words, the left translation action of SL(2,R) on itself makes

Fr a smooth SL(2,R)-homogeneous principal R-bundle. The connection V§ on

Fg constructed above is preserved by the action of SL(2,R) on Fg. Consequently,

—~—

the curvature form K(VY) in (3.8) is preserved by the action of SL(2,R) on H.
This immediately implies that

(3.9) K(VY) = Alom—\/(j dz [\ dz

for some Ay € R, where z is the tautological holomorphic function on C.
From the definition of the curvature of a connection, we have

¢ K(VY) = dw,
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where wy is the one-form in (3.6), and ¢ is the projection in (3.5). Using this, it
can be shown that the constant Ao in (3.9) is —1.
Take any ¢t € R. Let

(3.10) p: R—TU(1)CC*
be the homomorphism defined by A —— exp(v/—1-tA). Let
(3.11) Ft. .= Fr(pt)

be the C*°-principal C*-bundle over H obtained by extending the structure group
of the principal R-bundle F in (3.5) using the homomorphism p; in (3.10). Since
p¢ factors through the subgroup U(1) C C*, the principal C*-bundle F{. in (3.11)
is equipped with a tautological reduction of structure group

(3.12) F};, C F.

to U(1). Note that F}, is identified with the principal U(1)-bundle over H
obtained by extending the structure group of the principal R-bundle Fg using p;.

The connection V$ on Fr induces a connection on the principal U(1)-bundle
F}, in (3.12). This induced connection on F}; is denoted by V*. The connection
on the principal C*-bundle Ff. induced by V} is denoted by VL. We note that
the connection V* on F}; induces the connection VE on F{. using the reduction
of structure group in (3.12).

The Lie algebra Lie(U(1)) of U(1) is identified with R using the homomor-
phism of Lie algebras associated to the homomorphism p; (see (3.10)). In terms
of this identification, the homomorphism of Lie algebras

R = Lie(R) — Lie(U(1)) =R
associated to the homomorphism p; in (3.10) is multiplication by ¢. Hence from
(3.9) it follows that the curvature K(V?) of the connection V* satisfies the identity

(3.13) K(VH = m dz \z.

The curvature of the connection VL on F{. clearly coincides with K(V?).

As the differential form K(V?) is of type (1,1) (any nonzero two-form on a
Riemann surface is of Hodge type (1,1)), there is a unique holomorphic structure
on the principal C*-bundle F{. which satisfies the following two conditions:

- the natural projection of F{. to H is holomorphic, and
- the connection form V§ on F., which is a complex differential form on
Fl., is of Hodge type (1,0)

(see [Ko, Proposition 4.17, p. 12]).

Therefore, the pair (F{., F};) is a holomorphic Hermitian principal C*-bundle
over H. The following proposition shows that they classify all the invariant
holomorphic Hermitian principal C*-bundles.
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PROPOSITION 3.1

The holomorphic Hermitian principal C*-bundle (F{.,Fl) constructed above is
invariant. Given any invariant holomorphic Hermitian principal C*-bundle (Ec-,
Ey1y) on H, there is a unique t € R such that (FL.,Fl) is holomorphically iso-
metric to (Ec-, Ey()).

Proof
We noted earlier that using the identification Fg := SL(2,R) in (3.5), the left
translation action of SL(2,R) on itself makes Fg a smooth SL(2,R)-homogeneous

principal R-bundle. Therefore, we have an induced action of SL(2,R) on any fiber
bundle associated to the principal R-bundle Fgr. More precisely, if R acts on T,

then the action of SL(2,R) on Fg X T defined by the trivial action of SL(2,R) on

T and the above action on Fg descends to an action of SL(2,R) on the associated
fiber bundle Fr x®T'. In particular, both Ft. and F}; are equipped with an action
of SL(2,R). It is easy to check that these actions of SL(2,R) on F{. and F},
make (FL., F}) an SL(2,R)-homogeneous holomorphic Hermitian principal C*-
bundle. In particular, the holomorphic Hermitian principal C*-bundle (F¢., Ff;)
is invariant.

Let (Ec-, Ey(1y) be an invariant holomorphic Hermitian principal C*-bundle

over H. Let V‘lc* be the corresponding complex connection on the principal
C*-bundle E¢~ (see Remark 2.3). The curvature

K(VT') € 0 (H; Q)
of the above connection V{ " satisfies the condition

(3.14) KvE) = tofd Nz

for some tg € R. Indeed, this follows 1mmed1ately from the fact that any Aut(H)-
invariant real two-form on H must be a constant real multiple of (v/—1/
m(z))dz \Z.

Therefore, from (3.13) it follows that the curvature IC(V*/*) of the connec-
tion V*/% on the principal C*-bundle F(é‘i/ A coincides with K(VE), where \g
is the nonzero constant in (3.9). Now using [BM, Lemma 3.1, p. 6], we conclude
that the two holomorphic Hermitian principal C*-bundles (Fé‘l/ Ao Ft‘)/ )‘0) and
(Ec-, Ey(1y) are holomorphically isometric.

Since Ao in (3.9) is nonzero, from (3.13) we conclude that K(V?) # K(V*) if
t # s. In particular, (F{., Fl;) and (F§., F§) are not holomorphically isometric if
t # s. Therefore, any invariant holomorphic Hermitian principal C*-bundle over
H is holomorphically isometric to (F{., F};) for exactly one ¢ € R. This completes
the proof of the proposition. O

COROLLARY 3.2
The holomorphic isometry classes of invariant holomorphic Hermitian principal
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C*-bundles over H are parameterized by R. For each t € R, the corresponding in-
variant holomorphic Hermitian principal C*-bundle is (F{., Ff).

Similarly, the isomorphism classes of all SL(2,R)-homogeneous holomorphic
Hermitian principal C*-bundles over H are parameterized by R, and for each

t €R, the corresponding SL(2,R)-homogeneous holomorphic Hermitian principal
C*-bundle is (F¢., ).

Proof

The first part of the corollary is a reformulation of Proposition 3.1. Also, in
view of Proposition 2.5, the second part of the corollary is deduced using its first
part. O

4. The center of GG and the action of an isotropy subgroup
Let E¢ be a holomorphic principal G-bundle over H. Its adjoint bundle
(4.1) Ad(Eg) :=Eq x9 @

is the holomorphic fiber bundle over H associated to Eg for the adjoint action
of G on itself. So Ad(E¢) is a quotient of Eg x G, and two points (z1,¢1) and
(22,92) of Eg x G are identified in Ad(E¢) if and only if there is an element
go € G such that

(22,92) = (2195 ", Ad(g0)g1),
where
(4.2) Ad(gy): G— G

is the inner automorphism defined by g — goggy !, Since Ad(go) is an automor-
phism of the group G for all gg, the fibers of Ad(E¢) are groups isomorphic to G.
For each point x € H, the fiber Ad(Eg), is the group of all diffeomorphisms of
(Eg)s which commute with the action of G on (Eg),. Fix a point z € Ad(Eg) -
Using it, we get an isomorphism

(4.3) Y, G— Ad(Eg):

which sends any g € G to the image of (z,¢9) in Ad(Eg),.
Let

(4.4) Z(G)caG

be the center of the group G. For any element g € Z(G), let ¢, be the auto-
morphism of E¢ defined by z+— zg. Since the actions of Z(G) and G on Eg
commute, this map t, defines a holomorphic section of Ad(E¢) over H. There-
fore, for each point x € H, we have an injective homomorphism of groups

(4.5) Byt Z(G) — Ad(Eg),

which sends any g € Z(G) to the automorphism of (Eg), defined by z +—— zg.
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Let
(4.6) Z(K)=Z(G)NK
be the center of the maximal compact subgroup K in (2.4). Let
(4.7) Be: Z(K) — Ad(EG)s
be the restriction of the homomorphism 3, in (4.5).
Let (Eg, Ex) be an invariant holomorphic Hermitian principal G-bundle over

H. The corresponding action of SL(2,R) on E¢ (see Proposition 2.5) induces an

action of SL(2,R) on the total space of Ad(E¢) which lifts the action of SL(2,R)
on H defined by ¢ in (2.3). We noted earlier that for any point x € H, the fiber
Ad(Eg)y is the group of all diffeomorphisms of (Eg), which commute with the

action of G on (Eg),. Hence the action of the isotropy subgroup H,, (see (3.1))
on (Eg)s, yields a homomorphism

(4.8) Vo * Hyg =R — Ad(Eq)q, -
(As before, Hy, is identified with R using & in (3.3).)

REMARK 4.1
The image of the injective homomorphism 3, in (4.5) is the center of the group
Ad(Eq),. Also, the image of the homomorphism ~,, in (4.8) lies in the subgroup

Ad(Ex)e, C Ad(EG)a,

which preserves (Fx )z, C (Eg)z, (see (2.9)). Therefore, the following two state-
ments are equivalent.

(1) The image of the homomorphism 7,, in (4.8) lies inside the center of
Ad(Eg)q, -

(2) The homomorphism ~,, satisfies the condition that there be a homomor-
phism ¢ : H,, — Z(K), where Z(K) is defined in (4.6), such that v, = Bz, 0 &,
where (,, is constructed in (4.7).

PROPOSITION 4.2

Let (Eg, Ex;p) be a SL(2,R)-homogeneous holomorphic Hermitian principal G-
bundle over H. Let

(4.9) & Hyy — Z(K)

—_~—

be a homomorphism, where Z(K) is defined in (4.6). Assume that

Yzo = ﬁzo © ga
where By, and vy, are constructed in (4.7) and (4.8), respectively. Then the
following two hold.
(1) The underlying C*°-principal G-bundle E¢ does not admit any different

holomorphic structure Eo for which (Eg, Ex;p) is also a SL(2,R)-homogeneous
holomorphic Hermitian principal G-bundle.
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P

(2) Let (Ey, Ey;p') be another SL(2,R)-homogeneous holomorphic Hermit-
ian principal G-bundle over H such that

/y;,’(] = ;:0 © 67
where € is the homomorphism in (4.9), and the two homomorphisms 3, and
Ve, @re constructed exactly as By, and v, are constructed in (4.7) and (4.8),

—_~—

respectively, after replacing (Eq, Er; p) with (E(, E; p). Then the two SL(2,R)-
homogeneous holomorphic Hermitian principal G-bundles (Eq, Er;p) and (Eg,
Elsp') are isomorphic.

Proof
Let g denote the Lie algebra of the group G. Let
(4.10) ad(Eg)=Eq x%g

be the holomorphic vector bundle over H associated to the principal G-bundle
E¢ for the adjoint action of G on g. We note that the total space of ad(E¢g) is a
quotient of Eg x g, and two points (z1,v1) and (z2,v2) of Eg X g are identified
in ad(Eg) if there is an element gy € G such that (z9,v2) = (2195 *, Ad(go)(v1)),
where Ad(go) is the automorphism of Lie algebras associated to the inner auto-
morphism of G in (4.2).

The action p of SL(2,R) on Eg induces an action of SI?(ET]R) on ad(Eg).
Indeed, the diagonal action of SL(2,R) on Eg X g constructed using the trivial

—~

action on g descends to an action of SL(2,R) on the quotient space ad(E¢q).
Assume that the C*°-principal G-bundle Eg admits a different holomorphic

structure Eg for which (Eg,Ex;p) is an SL(2,R)-homogeneous holomorphic
Hermitian principal G-bundle. We note that any two holomorphic structures on
the C*°-principal G-bundle E¢g differ by a smooth (0,1)-form on H with values
in ad(Eg).

Let

(4.11) 6 € C>(H; g’ (ad(Eg)))

be the section by which the holomorphic structure of EG differs from that of
FE¢. Since thgll_o/lomorphic structures of both Eg and E‘G are Br\e_s/erved by the
action p of SL(2,R), it follows immediately that the action of SL(2,R) leaves the
section 6 in (4.11) invariant. In particular, the action of the isotropy subgroup

H,, (see (3.1)) on the fiber (T2:')* ® ad(Eq ), fixes the vector
(4.12) 0(x0) € (To")* @ ad(EG)ay -
Consider the adjoint action of G on g. Its restriction to Z(G) is the trivial
action (see (4.4)). Hence from the given condition
Yo = Bao 0 &,

we conclude that H,, acts trivially on the fiber ad(Eg),,. On the other hand,
H_, acts nontrivially on the complex line Tgél. Consequently, there is no nonzero
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vector in (T9:')* ® ad(Egq)a, which is fixed by the action of Hy,. Therefore, the
invariant vector 6(z¢) in (4.12) must vanish. Since the section # in (4.11) is left
invariant by the action of SL(2,R) and the action of SL(2,R) on H is transitive,
we now conclude that

0=0.

In other words, the holomorphic structure of EG coincides with that of Eg. This
completes the proof of the first part of the proposition.
To prove the second part, define

(4.13) (: Mg(E,E') —H

to be the holomorphic fiber bundle whose fiber Mg (E, E'), := £~!(z) over any
point z € H is the space of all G-equivariant isomorphisms (Eg)y — (EG)z,
where Ef, is as in the statement of the proposition. We note that the group
Ad(E¢q), acts freely transitively on the right of Mg(FE,E’),, and the group
Ad(Ey), acts freely transitively on the left of Mg (E, E’),. The two actions p
and p of SL(2 R) on E¢ and EY;, respectively, together deﬁne an action of
SL(2, R) on M¢(E, E’). More precisely, the action of any A € SL(2 R) sends any
§ € Mg(E,E'), to the map (Eg)s — (Eg)a defined by p(A,z) — p'(4,£(2)),
where z € (Eg),-
Let
MK(E7E/) C MG(EvEl)

(4.14) l
H

be the subbundle whose fiber Mg (E, E’), over any point x € H is the space of
all K-equivariant isomorphisms (Fx ), — (E% ). The action of SL(2,R) on
Mq(E,E") preserves My (E,E’). Indeed, this follows from the fact that the
actions p and p’ preserve Ex and EY, respectively.

Recall that v, = f;, 0§ and 7., = (4, 0 (see the statement of the propo-
sition). From these it follows immediately that the isotropy subgroup H,, acts
trivially on the fiber Mg (E, E’);,. Using this, we show that the fiber bundle
Mg (E,E") (see (4.14)) admits a C*°-section that is left invariant by the action
of SL(2,R).

To prove this, fix any element

To € MK(E,E/)QL.O.

—_~

Now, consider the orbit O(7) of 79 under the action of SL(2,R) on Mk (FE, E’).
Since H,, acts trivially on Mg (F, E’);, and SL(2,R) acts transitively on H, we
conclude that the projection

oy : O(ro) — H

is a C'*°-section of the fiber bundle My (E, E') in (4.14), where ¢ is the projection
n (4.13).
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—_~—

Any SL(2,R)-invariant C'°°-section of the fiber bundle Mg (FE, E’) defines a
C*-isomorphism Eg — Ef; of principal G-bundles which takes Ex to Ef and
also intertwines the actions of SI?(E,TR) Now the second part of the proposition
follows from the first part. This completes the proof of the proposition. O

Fix any homomorphism
(4.15) x:H;,=R—KCG

to the maximal compact subgroup. (Recall that H,, is identified with R using
ain (3.3).) Let

(4.16) EX —H (resp., Ef — H)

be the C*°-principal G-bundle (resp., principal K-bundle) obtained by extending
the structure group of the principal R-bundle Fg (see (3.5)) using the homomor-
phism x in (4.15). Let

(4.17) V¢ eC™(ELgec (TEY))

be the connection on the principal G-bundle EY induced by the connection Ve
on Fi defined by the form wy in (3.6). The curvature of V& on EJ is of Hodge
type (1,1). (Any nonzero two-form on H is of Hodge type (1,1).) Therefore,
there is a unique holomorphic structure on E such that the natural projection
EX — H is holomorphic, and the g-valued one-form V¢ in (4.17) is of Hodge
type (1,0) (see [Ko, Proposition 4.17, p. 12]).

Since EY = SL(2,R) x® G, using the left translation action of SL(2,R) on

—_~—

itself we get an action p’ of SL(2,R) on the principal G-bundle E. This action

—_~—

p" of SL(2,R) on E} clearly preserves the submanifold

EX =SL(2,R) x* K c EY.

Therefore, (EY, E;p') is a SL(2,R)-homogeneous holomorphic Hermitian prin-
cipal G-bundle over H.

Consider the fiber (E),, of E} over the point zg € H (see (3.1)). We have
a natural biholomorphism

(4.18) G — (E&)z,
which sends any g € G to the image of

(e.9) €SL(2.R) x G

in the quotient space E} = SL(2,R) x® G, where e is the identity element of

SL(2,R). The biholomorphism in (4.18) takes the action of G on the fiber (EY),,
to the right translation action of G on itself. Similarly, the fiber Ad(E})s, of
the adjoint bundle Ad(E}) is identified with the group G. More precisely, we
have an isomorphism of algebraic groups

(4.19) G — Ad(EX),
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which sends any g € G to the image of

(e.9) € SL2.R) x G

—_~—

in the quotient space Ad(EY) of SL(2,R) x G (see (4.1)). The isomorphism
in (4.19) clearly takes the subgroup K C G isomorphically to the subgroup
Ad(EY)ay C AA(ES) -
Consider the homomorphism
’7/10  He, _>Ad(Eé‘)fL’0 =G

—_~—

constructed as in (4.8) for the SL(2,R)-homogeneous holomorphic Hermitian
principal G-bundle (EY, E%;p'). It is now straightforward to check that it sat-
isfies the identity

(4.20) Voo = X

where x is the homomorphism in (4.15).
If we fix a point of (EY)4,, then we get an isomorphism of G with Ad(EY)q,
(see (4.3)). Let

(4.21) 20 € (E§)

be the image of (e,e) € SL(2,R) x G, where e denotes the identity element. The
isomorphism G — Ad(E{)q, corresponding to zg clearly coincides with the one
in (4.19).

We summarize the above construction in the following lemma.

LEMMA 4.3
Take any homomorphism x : Hyy =R — K asin (4.15). Then there is a natural

SL(2,R)-homogeneous holomorphic Hermitian principal G-bundle (EY, E%;p')
and a point 29 € (E% )4, (see (4.21)) such that the corresponding identification
of Ad(EY)z, with G has the following property.

The homomorphism

7;0 : Hzo HAd(Eé‘)Io =G

constructed as in (4.8) coincides with x.
Note that if z € (E%),,, then the isomorphism ), in (4.3) takes K to Ad(E} )z, -

DEFINITION 4.4

Any given SL(2,R)-homogeneous holomorphic Hermitian principal G-bundle
(Eq, Ex;p) over H is called split if there is a homomorphism

Xx:Hyy — K

such that the corresponding SL(2, R)-homogeneous holomorphic Hermitian prin-
cipal G-bundle in Lemma 4.3 is isomorphic to (Eg, Ex;p).
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An invariant holomorphic Hermitian principal G-bundle over H is called split
if it corresponds, by Proposition 2.5, to a split SL(2, R)-homogeneous holomor-
phic Hermitian principal G-bundle.

REMARK 4.5
From Corollary 3.2 it follows that all invariant holomorphic Hermitian principal
C*-bundles over H are split.

PROPOSITION 4.6

Lethy : Hyy — K and hy : Hyy — K be two homomorphisms. Let (EL, Ex; pt)
and (E%, E%; p?) be the split SL(2,R)-homogeneous holomorphic Hermitian prin-
cipal G-bundles over H corresponding to hy and ho, respectively (see Lemma 4.3).
Then (EL, Ei; pt) is isomorphic to (EZ, E%;p?) if and only if there is an ele-
ment go € K such that

ha(t) = goha (t)gy !
forallte Hy,.

Proof
We recall that Ef, (resp., E ) is the extension of structure group of the principal
R-bundle Fg using h; (see (4.16)), where i =1, 2.

First, assume that there is an element gg € K such that

ho(t) = goh1(t)gp

for all t € H,,. Consider the diffeomorphism

—_~ e/~

go: SL(2,R) x G — SL(2,R) x G

defined by (z,9) — (2,90g). This diffecomorphism gy evidently descends to a
holomorphic map between the quotient spaces

(4.22) g, : EL — EZ.
This descended map gj, clearly takes Fi to E%. Furthermore, g intertwines

the actions of SL(2,R). (Note that this also follows immediately from Proposi-
tion 2.5.) Therefore, (E},, E};p') is isomorphic to (EZ%, E%; p?).
To prove the converse, let

(4.23) ¢: By — E%
be a holomorphic map such that
+ {(BX) = Bk, and
- ¢ intertwines the actions of SI?(E,/]R)
For i=1,2, let
Voo + Hog — Ad(EG)a,
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be the homomorphism constructed as in (4.8) (see also Lemma 4.3). The iso-
morphism

¢ Ad(ES) s — Ad(E)w,
induced by ¢ in (4.23) clearly satisfies the identity

(4.24) Voo =0 Yy
For i=1,2, let
(4.25) % € (B )z

be a point that satisfies the condition in Lemma 4.3 which says that the corre-
sponding isomorphism

(4.26) G — Ad(EL),,

(see (4.3)) takes the homomorphism h; to the homomorphism % . Let go € K
be the unique element such that

(4.27) C(21) = 2290,

where z; and zy are the points in (4.25).
Since the isomorphism in (4.26) takes 7% to h;, using (4.24) it follows that

ha(t) = goha (t)gg "

for all t € H,,, where g is the element in (4.27). This completes the proof of the
proposition. O

REMARK 4.7
We use the notation of Proposition 4.6. For i =1,2, let ad(E% ) be the adjoint

vector bundle of E%.. So ad(E%) is a quotient of SL(2,R) x &, where £ is the Lie

—~—

algebra of K. Note that two elements (z,k) and (2,k') of SL(2,R) x & are
identified in ad(E%) if and only if there is an element gy € H,, such that (2/,k') =
(zg5*, Ad(hi(go))(k)) (see (4.10)). Consider the isomorphism of Lie algebras

(4.28) t— ad(Ek).,

which sends any k € £ to the element in ad(E% )., defined by (e, k) € SL(2,R) x &,
where e is the identity element of SL(2,R). Let

§6 : ad(E}()fo - ad(E%()fo

be the isomorphism constructed using gj defined in (4.22). (Recall that g)(E%) =
E2.)) In terms of the identifications in (4.28), the above isomorphism g}, coincides
with the automorphism Ad(go) of .

—~

The set of all isomorphism classes of split SL(2,R)-homogeneous holomorphic
Hermitian principal G-bundles over H are contained in the set of all isomorphism
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—_~—

classes of SL(2,R)-homogeneous holomorphic Hermitian principal G-bundles. In
the next section we construct a retraction map to this subset (see Remark 5.13).

5. Splitting of an invariant bundle

Let
(Ea, Ex;p)

be an SL(2,R)-homogeneous holomorphic Hermitian principal G-bundle over H.

—_~—

Consider the homomorphism ~y,, constructed in (4.8). Since the action of SL(2,R)
on Eg preserves Eg, the image of 7, lies inside the subgroup Ad(Ek)., C
Ad(EGf)ﬂ]. Let

(5.1) dYze : R — ad(Fx )z,

be the homomorphism of Lie algebras associated to 7;,; here the Lie algebra
of H,, is identified with R using & in (3.3). Also, note that the Lie algebra of
Ad(EK)mO is ad(EK)zo.

Let ¢ denote the Lie algebra of the compact Lie group K.

We recall that ad(Ek )z, (resp., ad(Eq)s,) is a quotient of (Ex )y, X € (resp.,
(EG)z, X 8). Two points of (z1,v1) and (z2,v2) of (Fk )z, X & (vesp., (Eq)z, X §)
are identified in ad(Ek )4, (resp., ad(Eq)s,) if and only if there is g € K (resp.,
g € G) such that (2q,v2) = (21971, Ad(g)(v1)) (see (4.10)). Let

(52) dK (EK):I:O Xt — ad(EK)IO
be the quotient map. Similarly, let
(5.3) G : (Eg)a, x 9 — ad(Eg)a,

be the quotient map.
Fix any point

(54) 20 € (EK);C()'
Let
(5.5) 0z 1 €= ad(EK )z,

be the isomorphism of Lie algebras defined by v +—— gk (20,v), where gx is the
map in (5.2). Now, define

(5.6) @ = ((620) " o dys,) (1) €F,
where dvy,, and d,, are defined in (5.1) and (5.5), respectively.

LEMMA 5.1
The conjugacy class of the element w in (5.6) is independent of the choice of the
element zo in (5.4).

Take any element @' € € in the conjugacy class of w. Then there is some
2 € (Ek)a, such that if we replace zo by z' in the construction of w, then the
resulting element in (5.6) is w'.



348 Indranil Biswas

Proof
Take any go € G. Let

0, :9—ad(Eg)z,

be the isomorphism of Lie algebras defined by v — qa(2090,v), where g¢ is the
map in (5.3) and zq is the element in (5.4). Then

(5.7) 5, =10,,0Ad(go)

(Ad(go) is the inner automorphism of g defined before; see (4.10)).
Now set

@, = (6.) " (dvae (1)) €9,
where dy,, is defined in (5.1) and §, is defined above. From (5.7) we have
(5.8) w. = Ad(g; ") (@)

This proves the first part of the lemma.
To prove the second part, take gy € K such that @’ = Ad(g; )(¢). Then
from (5.8) it follows that 2z’ = zggo satisfies the condition in the lemma. O

Fix an element

(5.9) ko € &

which lies in the conjugacy class, in the Lie algebra £, of the element w in (5.6).
From Lemma 5.1 we know that this conjugacy class depends only on (Eg, Ek; p).
Let

(5.10) KyCK
be the centralizer of the element ko in (5.9) for the adjoint action of K on ¢. Let
(5.11) GoCG

be the centralizer of ky € £ C g for the adjoint action of G on g. This subgroup
Gy coincides with the complex Lie subgroup of G generated by the compact
subgroup Kj in (5.10).

Define
(512) SK = {Z S (EK):I:O ‘ qK(Z,ko) = d’yxn(l)} C (EK)xm

where dv,, and gk are the maps in (5.1) and (5.2), respectively, and ko is the
element in (5.9). Similarly, define

(5.13) Sa:={2 € (Ea)s, | qa(z, ko) = dyay (1)} C (EG)ay,

where g¢ is the map in (5.3).

PROPOSITION 5.2 o o
Consider the action p of SL(2,R) on Eqg. The SL(2,R)-invariant subset

EKO = SL(QJR)(S}{) C Fi
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generated by Sk in (5.12), equipped with the natural map Ex, — H, is a C*°-
principal Ko-bundle over H, where Ky is the subgroup constructed in (5.10).
Furthermore, Er, N f~Y(z0) = Sk, where f is the projection of Eg to H.

The SI.T(E,TR) -tnvariant subset

E¢, :=SL(2,R)(Sa)
generated by Sg in (5.13), equipped with the natural map Eg, — H, is a C*°-
principal Go-bundle over H, where Gq is the subgroup constructed in (5.11).
Furthermore, Eg, N f~1(x) = Sg.

Proof
The actions of G and SIT@TR) on Eg commute, and the group Sm) acts
transitively on H. Therefore, to prove that Eq, (resp., Ek,) is a C*-principal
Go-bundle (resp., Ko-bundle) over H, it suffices to show that the following four
statements are valid.

(1) The subset S¢ (resp., Sk) is nonempty.

(2) The action of the isotropy subgroup H,, (see (3.1)) on (Eq)., preserves
S¢ (resp., Sk).

(3) The subset S (resp., Sk) is preserved by the action of Gy (resp., Ko)
on (Eg)zo.

(4) The action of the group Gy (resp., Ky) on Sg (resp., Si) is transitive.

Since kg lies in the conjugacy class, in €, of the element w in (5.6), the first
statement follows from the second part of Lemma 5.1. (Note that Sk C Sg.)

Take any z € Sg. Since qx(z, ko) = dvs,(1), from the construction of the
homomorphism v, (see (4.8)) it follows immediately that the orbit of z under the
action of the isotropy subgroup H,, is {zexp(tko) }+er. The image of (zexp(tko),
ko) € (FK)z, x in ad(Ek)s, coincides with that of (z, Ad(exp(tko))(ko)) (see
(4.10)). Since Ad(exp(tko))(ko) = ko, we have

4K (Z exp(tko), kO) = qK(Z’ /{30) = d'yaio(l)'

Hence zexp(tko) € Sk for all ¢ € R. This proves the second statement.
From (5.7) it follows immediately that

- the subset Sg (resp., Sk) is preserved by the action of Gy (resp., Kj) on
(EG)a,, and
- the action of Gy (resp., Kg) on Sg (resp., Sk ) is transitive.

This completes the proof of the proposition. O
Consider G defined in (5.11) as the centralizer of kg. We note that an element
g € G lies in Gy if and only if

gt exp(cko)g = exp(cko)

for each ¢ € C. Since kg € ¢, we know that kg is semisimple. Therefore, from
the above characterization of the subgroup Gg, we conclude that Gy is a Levi



350 Indranil Biswas

subgroup of some parabolic subgroup of G (see [DM, Proposition 1.22, p. 26]).
We recall the definition of a Levi subgroup. Let P be a parabolic subgroup of
G, and let R, (P) C P be the unipotent radical of P. So the quotient P/R,(P)
is a connected reductive linear algebraic group defined over C. A Levi subgroup
of P is a closed connected subgroup L(P) C P such that the composition

L(P) < P — P/R,(P)

is an isomorphism (see [Bor, Section 11.22, p. 158] and [Hu, Section 30.2, p. 184]).

Therefore, Gy is a connected reductive linear algebraic group defined over C.
Since K is a maximal compact subgroup of G, it follows that Ko =Gy N K is
also a maximal compaﬂbgroup of Gy.

The action p of SL(2,R) on Eg preserves both E¢, and Ek, (see Proposi-
tion 5.2). The restriction of p to E¢, is denoted by po.
Consider the triple

(5.14) (EGq: Exys po)-

We show that Eg, admits a unique holomorphic structure such that this triple

becomes an SL/(ﬁ)—homogeneous holomorphic Hermitian principal Go-bundle.
Consider the action pg of SM) on Eg,. Restricting it to the isotropy

subgroup H,, (see (3.1)), we get a homomorphism of groups

(5.15) ho: Hyy — Ad(Eky) o

where Ad(FEk,) is the adjoint bundle of Fk,.
We note that the canonical inclusion of Ad(Ek, )
the homomorphism +,, constructed in (4.8).

in Ad(Eg)as, takes hg to

[¢]

LEMMA 5.3
The principal Go-bundle Eq, admits a unique holomorphic structure such that

—_~—

the triple (Ec,, Ex,;po) in (5.14) is an SL(2,R)-homogeneous holomorphic Her-
mitian principal Go-bundle.

Proof
The existence of a holomorphic structure on Eg, such that the triple (Eq,, Ex,;

po) is an SL(2,R)-homogeneous holomorphic Hermitian principal Go-bundle fol-
lows from the construction in Lemma 4.3. More precisely, in Lemma 4.3, set
G =Gy and K = K. To construct the homomorphism x in Lemma 4.3, fix a
point

20 € (EKO)JKO.
Let
Yoo : Ko — Ad(Eky )z

be the isomorphism of groups which sends any g € Ky to the image of (2o, go0)
in (Fk,)z, (see (4.1)). Now, if we set x in Lemma 4.3 to be (7,,) ! o ho, where
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—_~—

hg is the homomorphism in (5.15), then the SL(2, R)-homogeneous holomorphic
Hermitian principal Gg-bundle given by Lemma 4.3 is isomorphic to the one in
(5.14).

To prove the uniqueness of the holomorphic structure on Eg,,, first recall that
(Er, )z, coincides with Sk in (5.12) (see Proposition 5.2). From the construction
of Sk, it follows immediately that Ad(FEk, ), is the centralizer of dvy,, (1) (see
(5.1)) for the adjoint action of the group Ad(Fk )4, on its Lie algebra ad(Fk )4,-
Consequently, the image of the homomorphism hg in (5.15) lies inside the center
of Ad(EKO)mO .

Therefore, the triple (Egq,, Fk,;po) satisfy the condition in Proposition 4.2
(see also Remark 4.1). Hence from the first part of Proposition 4.2 we know
that Eg, admits at most one holomorphic structure such that (Eq,, Ek,;po)

is an SL(2,R)-homogeneous holomorphic Hermitian principal Go-bundle. This
completes the proof of the lemma. O

Let (Ef, EY; p') denote the SL(2,R)-homogeneous holomorphic Hermitian prin-
cipal G-bundle obtained from the above SL(2, R)-homogeneous holomorphic Her-
mitian principal Go-bundle (Egq,, Ek,; po) using the inclusion of G in G. There-
fore,

(5.16) El,=FEg, x% G

is the holomorphic principal G-bundle obtained by extending the structure group
of Eg, using the inclusion map Gy < G. Similarly, B} = Ex, x° K is the C°-
principal K-bundle obtained by extending the structure group of Ek, using the
inclusion map Ky < K. The action p’ is the one induced by pg.

LEMMA 5.4
The isomorphism class of the above SL(2,R)-homogeneous holomorphic Hermit-
ian principal G-bundle (Ef, El;p') is independent of the choice of the element

—_~—

Proof
Take any go € K. Replace ko in (5.9) by Ad(gy*)(ko), where Ad(gy*') is the Lie
algebra automorphism ¢ — ¢ associated to the inner automorphism

Ad(gyY): K — K
defined by g+ gy 'ggo. The centralizer K in (5.10) gets replaced by
(5.17) Ky = Ad(gy ) (Ko) € K.

where Ad(gy') is defined above. Similarly, the centralizer Gy in (5.11) gets
replaced by

(5.18) 6 :=Ad(g;")(Go) CG.
(Here Ad(g, 1) is the inner automorphism of G defined by 9o 1)
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Let 8% (resp., S;) be the submanifold of (Ex )4, (resp., (Eg)a,) constructed
as in (5.12) (resp., (5.13)) after replacing ko by Ad(gy')(ko). From the quotient
construction of the adjoint vector bundle (see (4.10)), it follows that

(519) S}( = SKQO and S& = Sggo C (EG)io'

Let Eg; (resp., Eg;) be the principal Kg-bundle (resp., principal Gj-bundle)
obtained in place of E, (resp., Eg,) after we replace ko by Ad(gy")(ko) (see
Proposition 5.2). From (5.19) it follows immediately that

(5.20) EK(/) = EKOQO and EG6 = Egogo C Eq.
Consider the subgroup Gy in (5.18). Let
(5.21) A: Gy — G

be the isomorphism defined by g — Ad(gy')(g) := g5 *gg0- The restriction of A
to Ky is denoted by A|x,. Let

(5.22) B:Sc — S

be the C*°-map defined by z — zgp.
Note that

B(zg) = B(2)A(g)

for all z € Sg and all g € Gy, where A and B are constructed in (5.21) and
(5.22), respectively. Also, the map B intertwines the actions of H,, on S and

S(; because the actions of SL(2,R) and G on Eg commute. Therefore, using

the actions of SL(2,R) on Eg, and Eg;, the map B extends to an SL(2,R)-
equivariant isomorphism

(523) E : EGO — EG,O

of principal bundles with respect to the homomorphism A in (5.21). In other
words,

B(zg9) = B(z)A(9)
for all z € Eg, and all g € Gg. Now from the first part of Proposition 4.2 (which
asserts uniqueness of the holomorphic structure), it follows immediately that the
map B in (5.23) is holomorphic.
Let

(5.24) EG = EG6 XG6 G

be the principal G-bundle obtained by extending the structure group of the
principal Gg-bundle Eg; in (5.20) using the inclusion of Gy in G.
Consider the map

EGUXG—>EG6XG
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defined by (z,9) — (290,95 'g). It is straightforward to check that this map
descends to a map between the quotient spaces

(5.25) V: EL,— Eg,
where Eg is defined in (5.24) and EY, is defined in (5.16). This map ¥ intertwines

the actions of G as well as those of SL(2,R). Furthermore, from the holomor-
phicity of the map B in (5.23), it follows immediately that the map ¥ is also
holomorphic.

The map B in (5.23) clearly sends Ek, to Ek;. Hence the map V¥ in
(5.25) sends Ej C E to Egy x Ko K; here Eg; x®o K is the principal K-
bundle obtained by extending the structure group of the principal K|-bundle
Eg; in (5.20) using the inclusion of K in K. Thus the isomorphism class of the
Sm)—homogeneous holomorphic Hermitian principal G-bundle (Ef, E;p')
coincides with that of the holomorphic Hermitian principal G-bundle given by the
pair (Ec;, Ek; x Ko K) equipped with the action of SL(2,RR). This completes the
proof of the lemma. O

The element kg in (5.9) was the only choice made in the construction of (Ey;, E';
p') from (Egq, Ek;p). Therefore, Lemma 5.4 has the following corollary.

COROLLARY 5.5
The isomorphism class of the SL(2,R)-homogeneous holomorphic Hermitian prin-
cipal G-bundle (Eg, Ef; p') over H depends only on the isomorphism class of the

—_~—

SL(2,R)-homogeneous holomorphic Hermitian principal G-bundle (Eq, Ex;p).

The following corollary shows that there a canonical C'*°-isomorphism of Ef,
with Eg.

COROLLARY 5.6
There is a canonical C°°-isomorphism of the principal G-bundle Eg with the
principal G-bundle Ef, constructed in (5.16). This isomorphism takes Ex C Eg

to the reduction Ey. C Ef,. Also, it intertwines the actions of SL(2,R) on Eg
and E¢,.

Proof
Consider EJ = Eg, x% G constructed in (5.16). Note that Eg, C Eg (see
Proposition 5.2). Therefore, we have a map

(526) EGO xXG— Eq

defined by the action of G (see (2.6)).
Two points (z1,g1) and (22, g2) of E¢, x G are identified in the quotient space
Ef, if and only if there is an element g € Gy such that (z2,92) = (219, 'g1).
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Hence the map in (5.26) descends to a G-equivariant C'*°-isomorphism
(5.27) 7' B, — Eg

from the quotient space Ef;, of Eg, x G. This map 7’ clearly takes the subman-
ifold

Ex C Eg
to By C Ef,. It is straightforward to check that 7/ intertwines the actions p and p’
of SL(2,R) on E¢g and EY;, respectively. a
REMARK 5.7

It should be emphasized that the isomorphism 7/ in (5.27) need not be holomor-
phic. The isoniorphism 7’ has the following property.
Consider Eg constructed in (5.24). Let

7~':Eg—>EG

be the C*-isomorphism of principal G-bundles constructed as in (5.27). So T is
obtained from the map Eg; x G — E¢ defined by the action of G (see (5.26)).
It is easy to see that

(5.28) ToU =1

where ¥ is the holomorphic isomorphism in (5.25).

Examining the construction of (Ef, E;p’) from (Egq, Ek;p) in Corollary 5.5,

—~

it can be seen that (E(, E;p') is a split SL(2,R)-homogeneous holomorphic
Hermitian principal G-bundle (see Definition 4.4). Indeed, as noted in the proof

P

of Lemma 5.3, if we set x in Lemma 4.3 to be (v,)~! o hg, then the SL(2,R)-
homogeneous holomorphic Hermitian principal Gp-bundle given by Lemma 4.3
is isomorphic to the one in (5.14). Therefore, we have the following corollary.

COROLLARY 5.8
The SL(2,R)-homogeneous holomorphic Hermitian principal G-bundle (Ef, E;
p') in Corollary 5.5 is split.

We see in Proposition 5.11 that the construction in Corollary 5.5 sends a split

—_~—

SL(2,R)-homogeneous holomorphic Hermitian principal G-bundle to itself.
Take any point € H. Let

(5.29) H, CSL(2,R)

be the isotropy subgroup of x for the action of SL(2,R) on H defined by ¢ in
(2.3). In view of the fact that H,, is abelian, the isomorphism & in (3.3) also
gives an isomorphism of H, with R. To explain this, take any g € SL(2,R) such
that ¢(g)(zo) =x. We now have an isomorphism

(5.30) H,, — H,
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defined by x —— gxg~!. Since H,, is abelian, the isomorphism in (5.30) is inde-
pendent of the choice of g. Therefore, we have a natural isomorphism
(5.31) H, R
Let
(Ec, Ex;p)

—_~—

be an SL(2,R)-homogeneous holomorphic Hermitian principal G-bundle over H.
Consider the action, given by p, of the isotropy subgroup H, on the fiber (Eg).,.

Since actions of G and SL(2,R) on Eg commute, we obtain a homomorphism

(5.32) Vo : Hy =R — Ad(Eg)s
(see (4.8)). Let
(5.33) dyz : R — ad(Eg).

be the corresponding homomorphism of Lie algebras (as in (5.1)), where Lie(H,)
is identified with R using the isomorphism in (5.31).
Let

(5.34) 0,: H— ad(Eq)
be the C*°-section of the adjoint vector bundle defined by
2 (1),

where dry, is the homomorphism in (5.33).
Let f : Eg — Hbethenatural projection (asin (2.5)). Recall that ad(Eq) f(»)
is a quotient space of (Eg)s(.) X g (see (4.10)).

PROPOSITION 5.9

The submanifold Eq, C Eq constructed in Proposition 5.2 coincides with the
subset of Eg consisting of all points z such that the point in ad(Eg)y(.) defined
by (z,ko) coincides with ©,(f(z)), where ©, and ko are defined in (5.34) and
(5.9), respectively.

Proof
The action p of SI?(\Z/R) on E¢ induces an action of SI_T(E,/R) on the vector bundle
ad(E¢) lifting the action of SL(2,R) on H. From the construction of the section
©, in (5.34), it follows immediately that ©, is left invariant by the action of
SI/J@,/R) on ad(Eg).

Let

(5.35) ScEq

be the subset consisting of all points z such that the point in ad(Eg)f(.) defined
by (z,ko) coincides with ©,(f(z)). Since the section ©, is left invariant by the

action of SL(2,R) on ad(F¢), it follows immediately that the subset S is also left
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—_~—

invariant by the action of SL(2,R) on Eg. Therefore, to prove that S coincides
with Fg, it suffices to show that

(5.36) (Ecy)ao =S50 [ (x0),

where g is the base point in (3.1).

In Proposition 5.2 we saw that (Eg,)s, = Sq. Comparing the constructions
of Sg and ©,, it follows immediately that (5.36) holds. This completes the proof
of the proposition. O

The following lemma is deduced from Proposition 5.9.

LEMMA 5.10
If the section ©, in (5.34) is holomorphic, then the map 7" in (5.27) is holomor-
phic.

Proof

If ©, is holomorphic, then using Proposition 5.9 it follows that the reduction
EGU C Eg

constructed in Proposition 5.2 is a complex submanifold. Consequently, the map

7" is holomorphic if the section ©,, is holomorphic. (|

PROPOSITION 5.11
Let (Eg, Ex; p) be a split SL(2,R)-homogeneous holomorphic Hermitian princi-

—_~

pal G-bundle over H. Then the SL(2,R)-homogeneous holomorphic Hermitian
principal G-bundle (E,, E; p') associated to (Eq, Ex;p) (see Corollary 5.5) is
isomorphic to it.

Proof
Fix a homomorphism

(5.37) X:Hyy=R— K

such that the corresponding SL(2, R)-homogeneous holomorphic Hermitian prin-
cipal G-bundle (EY, Ey;p') (see Lemma 4.3) is isomorphic to (Eg, Ex;p). We
interchange (EY, E%;p') and (Eq, Ex; p) without any further explanation.

Let

(5.38) dy:R—t

be the homomorphism of Lie algebras corresponding to x.

The principal G-bundle EY is the extension of structure group of the prin-
cipal R-bundle Fy (defined in (3.5)) using the homomorphism y in (5.37) (see
(4.16)). Hence we have a homomorphism of Lie algebra bundles

(5.39) P : ad(Fr) — ad(E}).
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More precisely, the map Fgr X R — Fg X g defined by (z,v) — (2, dx(v)), where
dx is defined in (5.38), descends to a map ® between the quotient spaces.

Recall that the adjoint vector bundle ad(Fg) is the trivial line bundle H x R
(see (3.7)). Let

(5.40) 0o : H — ad(FR)
be the section given by the constant function 1. Let
(5.41) 0" :=® ol € C™(H;ad(EY))

be the smooth section, where ® is the homomorphism of vector bundles in (5.39).
We show that the section ©” in (5.41) coincides with ©, constructed in (5.34).
To prove that ©' =© o, first note that both the sections are left invariant by
the action of SL(2,R) on ad(EY). Hence it suffices to show that they coincide
at xg. It is straightforward to check that they do coincide at xy. Therefore, we
have ©' =©,.
A connection on a principal bundle induces a connection on its adjoint bun-

dle. Since R is abelian, the connection on ad(Fg) induced by a connection on Fg
coincides with the trivial connection associated to the trivialization of ad(Fg) in
(3.7). In particular, the section 6y in (5.40) is flat with respect to the connection
on ad(Fgr) induced by the connection V% on Fg defined by the one-form wy in
(3.6).

Since 6y is flat, we know that the section © in (5.41) is flat with respect to the
connection on ad(Ep) induced by the connection V¢ in (4.17). We recall that the
holomorphic structure of E is defined using the connection V&. Consequently,
the section ©’ is holomorphic.

We now conclude that the section ©, is holomorphic because ® = ©, and
©' is holomorphic. This in turn implies that the subset S C Eg constructed in
(5.35) is a complex submanifold. (It is a C'°*°-submanifold by Proposition 5.9.)
Now, using Proposition 5.9, we conclude that the reduction

EGO C E¢

constructed in Proposition 5.2 is a complex submanifold. Consequently, the C'*°-
isomorphism 7/ constructed in (5.27) is actually holomorphic.

From Lemma 5.3 we know that there is a unique holomorphic structure
on the C*-principal G-bundle Eg, which makes the triple (Fq,, Ek,;po) an

SL(2,R)-homogeneous holomorphic Hermitian principal Go-bundle. On the other
hand, the holomorphic structure on the C'°°-principal Gp-bundle E¢, induced
by the holomorphic structure on E¢ (we have shown above that Eg, is a complex

—_~—

submanifold of E¢) makes the triple (Eg,, Fk,;p0) an SL(2,R)-homogeneous
holomorphic Hermitian principal Go-bundle. Therefore, the map 7/ constructed

in (5.27) is an isomorphism of the SL(2,R)-homogeneous holomorphic Hermit-

—_~

ian principal G-bundle (E¢, Fk;p) with the SL(2, R)-homogeneous holomorphic
Hermitian principal G-bundle (Ey, E;p’) associated to (Eq, Ek;p) by Corol-
lary 5.5. This completes the proof of the proposition. (I
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The proof of Proposition 5.11 yields the following corollary.

COROLLARY 5.12
Let (Eg, Ex;p) be any SL(2,R)-homogeneous holomorphic Hermitian principal

P

G-bundle over H. Let (E(, E;p') be the split SL(2,R)-homogeneous holomor-
phic Hermitian principal G-bundle associated to it. Let

7 ad(Eg) — ad(Ey)

—_~—

be the C*°-isomorphism of adjoint vector bundles obtained from the C'*°-isomor-
phism (/)71 in (5.27). Then the section

7(0,) € C (H; ad(EL))

is holomorphic, where ©, is the section constructed in (5.34).

Proof o
Note that the section ©, in (5.34) depends only on the action of SL(2,R)
on the C*-principal G-bundle Eg. Therefore, if we replace (Eq, Ex;p) with
(Ef, Ef;p') in the construction of ©, in (5.34), then the resulting section of
ad(Ey;) coincides with the section 7/(©,).

Now, set (EY,E%) in the proof of Proposition 5.11 to be the Sm)—
homogeneous holomorphic Hermitian principal G-bundle (Ef,, E;p’). In the
proof of Proposition 5.11 we saw that the section ©, for (EY, E%) is holomor-
phic. This completes the proof of the corollary. O

REMARK 5.13
Combining Corollary 5.8 and Proposition 5.11, we obtain a retraction map from

the set of all isomorphism classes of SL(2,R)-homogeneous holomorphic Her-
mitian principal G-bundle over H to the set of all isomorphism classes of split

SL(2,R)-homogeneous holomorphic Hermitian principal G-bundles over H.

We also have the following characterization of an SL(2, R)-homogeneous holo-
morphic Hermitian principal G-bundle.

LEMMA 5.14 o

Let (Eq, Ex;p) be any SL(2,R)-homogeneous holomorphic Hermitian principal
G-bundle over H. Then (Egq, Ex;p) is split if and only if the section ©, con-
structed in (5.84) is holomorphic.

Proof
Assume that (Eg, Fx;p) is split. In the proof of Proposition 5.11 we showed
that ©, is holomorphic.
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Now, assume that ©,, is holomorphic. Then in Proposition 5.11 it was shown

that the map 7" in (5.27) is an isomorphism of the SL(2,R)-homogeneous holo-
morphic Hermitian principal G-bundle (Eg, Ek;p) with the one associated to

it by Corollary 5.5. From Corollary 5.8 we know that the associated SL(2,R)-
homogeneous holomorphic Hermitian principal G-bundle is split. This completes

the proof of the lemma. |

6. Classification of invariant holomorphic Hermitian principal bundles

Take any SL(2,R)-homogeneous holomorphic Hermitian principal G-bundle

(Eq, Ex;p)

—~—

over H. Consider the SL(2,R)-homogeneous holomorphic Hermitian principal
G-bundle (Ef,, Ey;p’) on H constructed from (Eg, Ex;p) (see Corollary 5.5).
There is a canonical C'*°-isomorphism of the principal G-bundle Eg with Ef,
(see Corollary 5.6). Let 0g,, (resp., EEIG) denote the Dolbeault operator defining
the holomorphic structure of E¢ (resp., E(;). Holomorphic structures on the C*°-
principal G-bundle Eg form an affine space for the vector space of all smooth
(0,1)-forms on H with values in the adjoint bundle ad(Eq). Therefore,

(6.1) 1:=0p — 0, € C™(H; Qs (ad(Eq))).
The Dolbeault operator 5E’c; is considered as a Dolbeault operator on Eg using
the C'*°-isomorphism 7/ in (5.27).

Let EOE .. denote the Dolbeault operator on the adjoint vector bundle ad(E¢).

So 5(,)3 .. is induced by the Dolbeault operator dg,, in (6.1). Consider the smooth
section ©, of ad(E¢) constructed in (5.34). We have

=0
(6.2) 95, (0,) € C* (H; Q' (ad(Eg)))-
LEMMA 6.1
The identity
=0
8EG(@p) = 2\/ _1 . 77
holds, where n and 50EG (©,) are constructed in (6.1) and (6.2), respectively.

Proof
Let 5%& denote the Dolbeault operator on the adjoint vector bundle ad(Ef) =

El, x% g of the holomorphic principal G-bundle E/,. So 5(])% is induced by the
Dolbeault operator 5E’c in (6.1). We know that ©, is holomorphic with respect
to 5?% (see Corollary 5.12). Therefore,

(6.3) 056 (0,) =B, (©,) + [1,0,] = [1,0,],
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where 7 is constructed in (6.1). There is a unique smooth section
A:H— ad(Eg)
such that
(6.4) n=A®dz.
We note that [n,0,] =[A,0,] ® dz. Therefore, from (6.3) we have
(6.5) Op,(0,) =[A,0,] @ dz.
Since the holomorphic structures of both Eg and Ef, are preserved by the

—_~—

actions p and p’ of SL(2,R), and since the isomorphism between Eg and E,

intertwines the actions of SL(2,R) (see Corollary 5.6), we know that the section
7 is left invariant by the action of SE&TR) on the vector bundle Q%’l(ad(Eg)).
Consider the action of the isotropy subgroup H,, =R on the cotangent line
(T2:1)*. (As before, Hy, is identified with R using & in (3.3).) Any ¢ € R acts on
(T2:')* as multiplication by exp(2y/—1¢). It can now be shown that the action
of te R=H,, on ad(Eq),, sends the vector

A(xo) € ad(Eg)z,

(see (6.4)) to exp(—2v/—1t)A(xo). Indeed, this follows immediately using the
fact that the action of H,, on the fiber Qgﬁl(ad(EG))zo fixes n(zo).

Since the action of t € R = H,, on ad(Eg ), sends A(zg) to exp(—2y/—1t) x
A(zg), from the construction of ©, in (5.34) we conclude that

(Op(x0), Alao)] = ~2v/~1- Afay).

Hence from (6.5) we have
(6.6) (05 (8,)) (o) = 2v/=T1 - A(wo) @ dZ = 2v/—1 - ().

We already noted that the section 7 is left invariant by the action of SL(2,R)
on Q]%’l(ad(Eg)). On the other hand, the action of SL(2,R) on the vector bundle
ad(E¢q) preserves the section ©,. Hence the section 5(])3 +(©,) is also preserved

by the action of SL/(E,/R) on Q%' (ad(Eg)). Therefore, from (6.6) we conclude
that

=0
0p.(0,) =2vV—1-1n.
This completes the proof of the lemma. O

Consider all pairs of the form (y, A), where

- x: Hyy =R — K is a homomorphism and
- A is an element of the Lie algebra g of G such that [A,dx(1)]=2v—1- A,
where

dy:R—¢

is the homomorphism of Lie algebras associated to the homomorphism Y.
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DEFINITION 6.2
Two pairs (x,A) and (x’', A’) of the above type are called equivalent if there is
an element gy € K such that

- X'(t) = gox(t)gy * for all t € R and
- A"=Ad(go)(A), where Ad(go) is the automorphism of g associated to the
inner automorphism of G defined by g — gogg, L

e~

The following theorem classifies the isomorphism classes of SL(2,R)-homogeneous
holomorphic Hermitian principal G-bundles.

THEOREM 6.3 o
There is a canonical bijection between the isomorphism classes of all SL(2,R)-
homogeneous holomorphic Hermitian principal G-bundles over H and the equiv-
alence classes of all pairs of the form (x,A) (see Definition 6.2).

Proof
Let (Eg,EK;p) be an SL(2,R)-homogeneous holomorphic Hermitian principal
G-bundle over H. The Dolbeault operator defining the holomorphic structure of
FE¢ is denoted by EEG.

Consider the C*°-section ©, of the adjoint vector bundle ad(E¢) constructed
in (5.34). Let 3 be the new Dolbeault operator on the C'°°-principal G-bundle
E¢ defined as

5.5 9B (0))
0 :=0g, — ENSE
Let E{, denote the holomorphic principal G-bundle defined by this Dolbeault
operator 3 on the C*°-principal G-bundle Eg. From Lemma 6.1 we know that
the triple (E;, Ex; p) defines a split Sm)—homogeneous holomorphic Hermit-

ian principal G-bundle, which is associated to (Eg, Ek;p) by Corollary 5.5.
Fix a homomorphism

X:Hyy=R— K

which gives the above-defined split SL(2,R)-homogeneous holomorphic Hermit-
ian principal G-bundle (Ef,, Ek; p). Fix an identification of (Ey;, Ek;p) with the

split SL(2, R)-homogeneous holomorphic Hermitian principal G-bundle (EY, E%;
p') given by x (see Lemma 4.3). Recall that

—_~—

EX=S8L(2,R) x* G
(see (4.16)). Therefore,

—_~—

(6.7) ad(EY%) =SL(2,R) x* ¢.

Note that the C*°-vector bundle ad(E¢) is identified with ad(Ef;) because
the C°°-principal G-bundles underlying Eg and Ef, coincide. Therefore, using
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the above identification of El, with EY, the section dp,(0,) of QY 1(ad(Eg))
gives a C'°°-section of Q%fl(ad(Eé)). This section of Q% w'(ad(E %)) is denoted
by ©X. Let

A’ e ad(EY) s,
be the unique element that satisfies the identity
OX(z) = A’ @ dz.
Now, let
Acyg

be the unique element such that (e, A) € Sm) X g projects to A’ by the
quotient map (see (6.7)). Using Lemma 6.1 together with (6.5), we know that
[A,dx(1)] =2y/—1- A. In other words, the above pair (x, A) is of the type con-
sidered in Definition 6.2.

In view of Remark 4.7, from Proposition 4.6 it follows immediately that the
equivalence class of the pair (y, A) is uniquely determined by the isomorphism
class of the Sm)—homogeneous holomorphic Hermitian principal G-bundle
(Eg, Ex;p).

For the reverse direction, take any pair (x,A) as in Definition 6.2. Let
(E&, E%; p') be the split Sm)—homogeneous holomorphic Hermitian principal
G-bundle over H associated to x (see Lemma 4.3). The action of the isotropy
subgroup H,, C SL/(E,TR) on the fiber Q%' (ad(EX)), clearly fixes the element
defined by A ® dz. Hence the orbit of this element A ® dz € Q%’l(ad(Eé)) by the
action of SL/(E,EQ) is a C™-section, over H, of the vector bundle Q%' (ad(EY)).
Let

(6.8) Ae 0= (H; Q%" (ad(EY)))

be the section defined by this orbit.

Let EEX be the Dolbeault operator of the holomorphic principal G-bundle
E}. Let EG be the holomorphlc principal G-bundle over H defined by the
Dolbeault operator 6'Ex + A on the C*>- principal G-bundle E§, where A is

constructed in (6.8). The reverse construction associates to (x,A) the SL(2 R)-

homogeneous holomorphic Hermitian principal G-bundle (E¢, E%;p'). This com-
pletes the proof of the theorem. ([l

In view of Proposition 2.5, from Theorem 6.3 we have the following classifica-
tion of the holomorphic isometry classes of the invariant holomorphic Hermitian
principal G-bundles over H.

THEOREM 6.4
There is a canonical bijection between the holomorphic isometry classes of all the
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invariant holomorphic Hermitian principal G-bundles over H and all the equiva-
lence classes of pairs of the form (x, A), where x : R — K is a homomorphism,
and A is an element of the Lie algebra g of G such that [A,dx(1)] =2y/-1-A
(see Definition 6.2).
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