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Consider the fractional ARIMA time series with innovations that
have infinite variance. This is a finite parameter model which exhibits
both long-range dependence (long memory) and high variability. We prove
the consistency of an estimator of the unknown parameters which is based
on the periodogram and derive its asymptotic distribution. This shows
that the results of Mikosch, Gadrich, Klippelberg and Adler for ARMA
time series remain valid for fractional ARIMA with long-range depen-
dence. We also extend the limit theorem for sample autocovariances of
infinite variance moving averages developed in Davis and Resnick to
moving averages whose coefficients are not absolutely summable.

1. Introduction and main results. This paper is concerned with the
estimation of the parameters of the fractional ARIMA time series {X,}
defined by the equations

(1.1) ®(B)X, = O(B)AZ,,

where the innovations Z, have infinite variance and where d is a positive
fractional number. B and A denote the backward and differencing operator,
respectively. Because of the presence of the fractional d, the time series (1.1)
has not only infinite variance, but also exhibits long-range dependence (long
memory). For more details, see [24], [19] and [20].

Our goal is to estimate both d and the coefficients of the polynomials ®
and 0, by using a variant of Whittle’s method. For a stationary Gaussian
time series with spectral density g(A, 8), — 7 < A < 7, Whittle’s method,
which provides an estimate of B, requires replacing the inverse covariance
matrix that appears in the Gaussian likelihood by a Toeplitz (covariance)
matrix with spectral density 1/g and then maximizing the quadratic form.
Hannan [15] applied Whittle’s method to finite variance ARMA time series,
that is, to (1.1) with d = 0. He proved that the estimator is consistent and
asymptotically normal. An ARMA time series, however, has short range
dependence because the correlations decrease exponentially fast. Fox and
Gaqqu [12] extended this result to Gaussian time series with long-range
dependence such as fractional Gaussian noise or fractional ARIMA by appeal-
ing to a central limit theorem for weighted quadratic forms whose weights
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are chosen in such a way as to compensate for the long-range dependence.
Fox and Taqqu’s result, which was later generalized to the full maximum
likelihood by Dahlhaus [8], is the basis of one of the most commonly used
techniques for estimating the intensity of long-range dependence in Gaussian
time series (see [2]). Giraitis and Surgailis [13] extended Fox and Taqqu’s
result to finite variance innovations without Gaussian assumptions and
Heyde and Gay [17] to random fields.

When the innovations are in the domain of attraction of an infinite
variance stable random variable, covariances stop making sense. One can,
however, still use the same estimator as in the Gaussian case. Doing so has
the advantage of not having to determine beforehand the often unknown
distributions of the innovations. It is necessary, however, to verify that these
estimators have good properties in the infinite variance case as well. Mikosch,
Gadrich, Klippelberg and Adler to showed that this is the case for ARMA
time series. In this paper we extend the result of Mikosch, Gadrich, Klippel-
berg and Adler to fractional ARIMA time series which have long-range
dependence. We prove that the estimator is consistent and determine its
asymptotic distribution. Because of the slow decay of the coefficients in the
fractional ARIMA time series, very few of the technical arguments used by
Mikosch, Gadrich, Kliippelberg and Adler [21] carry over to our setting and
hence significantly different proofs of the basic lemmas had to be developed.

Assume then that the innovations Z, in (1.1) are ii.d. with mean zero and
are in the domain of attraction of an a-stable law with 1 < a < 2, that is,

(1.2) P(1Z,] >x) =x""L(x) as x — o,
where L is a slowly varying function, and
(13) P(Z,>x)/P(Z,| >x) > a, P(Z,< —-x)/P(Z,l >x) —> b,

where a and b are nonnegative numbers satisfying a + b = 1. It has been
shown by Kokoszka [18] (and Kokoszka and Taqqu [19] in the case of stable
innovations) that for the Z, as above, there is a unique moving average

(14) X, = Zochn,j
=

satisfying (1.1), provided that the polynomials ® and ® have no zeros in the
closed unit disk D = {z: |z] < 1} and no zeros in common and that d < 1 —
1/a. (This is why we suppose « greater than 1.) The coefficients c; in (1.4)
are defined by

0(z)

=——, |l <1,
®(2)(1-2)

(1.5) Y ¢z’
j=0

and are asymptotically proportional to j9~! as j — . Therefore, they do not
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satisfy the fundamental assumption

(1.6) Zjlcjll“‘ <o forsome0 < u < «
j=0

of Mikosch, Gadrich, Kliippelberg and Adler [21]. The fact that the c;’s are
not absolutely summable turns out to be a major source of difficulties.
We want to estimate the (p + g + 1)-dimensional vector

B0= (¢17"'a¢p,01""70q7d)’

where ¢,,...,¢, and 6,,...,0, are the coefficients of the autoregressive
polynomial ®(z) =1 — ¢,z — - — ¢, 2” and the moving average polynomial
©(z) =1+ 6,z + --- +6,2% respectively, and d is the differencing parame-
ter in (1.1). We assume that the true value of d is positive and hence lies in
the open interval (0,1 — 1/a). In the case of Gaussian innovations, positive d
corresponds to a spectral density that diverges at zero (1/f noise). The
preceding discussion motivates the choice of our parameter space E, namely,
a compact set contained in

{(q’)l,...,d)p,01,...,0q,d): ¢, # 0,6, #0,®P(z)and O(z) have no

common zeros, P(z)O(z) # Ofor |z| < 1,d € (0, 1- %)}
We introduce now some additional notation which will be used throughout
the paper. The time series (1.4), called fractional ARIMA, will be referred to
as FARIMA(p, d, q). The elements of E are denoted B, possibly with some
sub- and /or superscripts. The last coordinate of the vector B is the difference
parameter d. The true value of the parameter vector is denoted B,. The
sample autocovariance and autocorrelation functions are defined, respec-
tively, by

1 n—Inl
(1-7) Yn(h) = ; ;1 XtXt+\h\
and
n —1/n—|n|
(18)  py(h) = ( ;IXf) ( ) XtXM.) = (3(0) " n(h).

We will frequently use the corresponding deterministic quantities

%]

(1.9) y(h) = Ocjcjﬂh‘, p(h) = (y(0)) 'y(h).

j=
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The normalized periodogram is defined as

2

n 1 n
(1.10) fn(A) = ( )y Xt2) 2 Xe ™™
t=1 t=1
= Y p,(h)e i, —T< A<,

|hl<n

For B € E, the power transfer function is

O(e” ", B)
e, B)(1—e ™

2 2

=]

P cj( B)eii“

Jj=0

(L.11) g(A,B) =

Following Fox and Taqqu [12], who consider Gaussian fractional ARIMA, and
Mikosch, Gadrich, Kliippelberg and Adler [21], who study infinite variance
ARMA processes, we define the estimator 8, based on the sample X;,..., X,
as the value of 8 minimizing

(1.12) ax(B) = [" LY 0 pem

- g( /\7 B )
Notice that under our assumptions, the function 1/g(:,-)is continuous on
[— 7, 7] X E and, hence, in particular, the integral in (1.12) is well defined.
The following consistency result holds:

THEOREM 1.1. If B, is the true parameter and B, is the value of B
minimizing o?(B), then

(1.13) B, =P Bo
and
2 o2

This theorem is proved in Section 2.2. As part of the proof, we extend the
limit theorem for sample autocovariances of infinite variance moving aver-
ages developed in Davis and Resnick [9] to moving averages whose coeffi-
cients are not absolutely summable.

We now turn to the asymptotic distribution of the estimator B,. Theorem
1.2, which generalizes Theorem 2.2 of Mikosch, Gadrich, Kluppelberg and
Adler [21] and which is an infinite variance analog of Theorem 2 of Fox and
Taqqu [12], is valid under a more restrictive assumption on the innovations
Z,. We now assume that the Z, are symmetric and are in the domain of
normal attraction of a SaS law, that is,

(1.15) nVe Y Z >, Y,
j=1

where E exp(i0Y) = exp{— o % 6|“}. Relation (1.15) is equivalent to (see, e.g.,
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Gnedenko and Kolmogorov [14])

(1.16)  lim A°P(Z < —A) = — and lim \*P(Z > A) = “2 :
A—> A—>
where
o dx -1
C,= afo (1—cosx)F
l—«
1.17 if a#1
( ) ) T(2 = a)cos(ma/2)’ ne ’
)2
—, if a=1.
T

We make these additional assumptions on the Z, because our proofs depend
heavily on the results of Rosinski and Woyczynski [23], which require that the
Z, (the X; in their paper) be symmetric and satisfy lim sup, _, . A“P(IZ,,| > A) <
C < o,

In order to state our result, we introduce the (p +q + 1) X (p +qg + 1)
matrix W( 8,) with entries

2

™ J
= -1
(1.18) wif‘f_ﬂg("’ﬁo) 7.5, (A Po) dd,

i,j=1,...,p+q + 1,

and the (p + g + 1)-dimensional vectors b,, & € Z, whose jth coordinate is

(b); = o [ e Mg (A, Bo)—g~ (A, Bo) dA
k)j 27Tf77e g aBO &ng ’BO )

(1.19)

j=1,...,p+q+ 1.

The following theorem shows that, as in the Gaussian case, the asymptotic
result for d = 0 extends to d > 0.

THEOREM 1.2. If the innovations Z, are symmetric and satisfy

(1.20) lim A°P(1Z] > A) = C, 0%,
A—>®©
then
1/a ) 0 Yk
1.21 - 4 - —
a2 (] (B B0 = 47V B T 3o,

where Y, is positive a/2-stable with scale parameter C,7{* and the Y}, k > 1
are i.i.d. SaS with scale parameter C*/“. The random variables Y,,Y,,Y,, ...
are independent and C, is given in (1.17).
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Setting ¢, = 47W~1( 8,)b,, observe that the jth coordinate of the limiting
random vector X} _;c,Y, /Y, is distributed as (¥;_,|(c});|")/*Y, /Y, that is,
as the ratio of two independent stable random variables. Observe also that
the result is similar to the one in the ARMA case (see [21], Theorem 2.2. In
that theorem, the scale parameter of Y,, £ > 1, should be C,'/* and not
Cl«).

Theorem 1.2 is a first step in the development of statistical procedures for
time series that exhibit both infinite variance and long-range dependence. Its
proof is presented in Section 3. In Section 4 we describe the results of a small
simulation study.

2. Consistency of the estimator. The proof of the consistency Theorem
1.1, which is presented in Section 2.1, follows, in its main outline, that of
Theorem 2.1 of Mikosch, Gadrich, Kliippelberg and Adler [21]. In our case,
however, the power transfer function g(A, B,) diverges to infinity at A = 0, so
the arguments developed for continuous g do not carry over. By working with
the compact parameter space E, we are able to avoid some technical compli-
cations.

We first establish the following extension of Theorem 4.2 of Davis and
Resnick [9].

THEOREM 2.1. Suppose the inovations Z, have mean zero and satisfy (1.2)
and (1.3) and

(2'1) Z |Cj|a_g < ®
j=0
for some & > 0. Then, for the moving average
X, = Z chn,j,
j=0

we have

ﬂ*‘hl e}
(2.2) |a,? Zl X, Xy i Il <m| >, (( Zocjcj+|h|)Y0, lhl <m],

t= j=

where Y, is as in Theorem 1.2 and the a, are determined by the condition

(2.3) Vx>0 lim nP(1Z,| > a,x) = x"“.

Observe that in Theorem 2.1 we do not assume the absolute summability
of the c¢; if @ > 1, which was a global assumption in the paper by Davis and
Resnick [9]. A careful study of their proofs shows that the result depends on
the relation

P(Zi_gc;Z)| >t) &
2.4 li T = Y lejl®
(2.4) P P(Z,| > t) -:0|C’|

J



1886 P. S. KOKOSZKA AND M. TAQQU

and on condition (2.1), which guarantees that the process X, is well defined
(see, e.g., [1]). Relation (2.4) was proved by Cline [7] under the assumption
that X7_olc;| < if a > 1. Because the coefficients c; in the movmg average
representatlon of fractional ARIMA processes behave like j~ ! as j — o, they
are not absolutely summable if d > 0, and hence we cannot use Cline’s result
here. We will show, however, that (2.4) continues to hold under condition (2.1)
if the Z; have mean zero. As this fact is of central importance to the present
paper and is also of independent interest, we formulate it as a separate

theorem.

THEOREM 2.2. Suppose 1 < a < 2 and the Z, have mean zero and satisfy
(1.2) and (1.3). Then condition (2.1) implies relation (2.4).

The preceding discussion and Theorem 2.2 imply Theorem 2.1.

The proof of Theorem 2.2, which utilizes the ideas of the proof of Lemma
4.2 of Resnick [22], is given below. (The theorem holds, with the same proof,
for two-sided moving averages.)

2.1. Proof of Theorem 2.2. We start by describing the basic idea. While
our argument essentially follows the one presented in [22], pages 228-230,
the crucial difference is that in order to find an effective upper bound for

P(]

we use the Chebyshev inequality rather than the Markov inequality. This
makes it unnecessary to use Jensen’s inequality to reduce the case a > 1
to the case a <1, a procedure which required the assumption Xlc;| <
(X, stands for X7_, or X7_ _..). Observe first that

) S >
HIZi < xle;l 1]

J

J*—:x:
P( c.Z Z;| > x, suplchjl > x
J J
> x, supchI <x)
J
(2.5)
(U{|CZ|>x})+P Ljez,< x| > %
J
2
< LP(Z) > xle)l ) + 2 2E| e, ZY 72 aie,
J J
We first verify that the series Y)Y, Y, =c;Z1, converges in L2

Observe that the Y need not be orthogonal It sufﬁces to‘ sh]ow that Z IEYI <

and Y JE IYJ EYJI < o, In the arguments below we often use Potters theo-
rem (see Theorem 1.5.6(c) of Bingham, Goldie and Teugels [4]). Since EZ ;=0
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we have for sufficiently large j,

|EY)| = | E{¢;Z1. 7,5 )

<f (Ie;Z] > x) dt+f (Ie; 2| > t) dt

(2'6) _ B oo
<x(1+ s)x‘”‘”lcjla 4+ (1+ s)IcJ-I“ 8/ t-etedt

x

- &
— (1 + S)fxl—om—skwafg’

which shows that the series ©; EY; converges absolutely. Since X_; EIY EY; 1 <
¥,EY?, it remains to verify that L,EY? < . It follows from the well-known
relatlon

E[Zfluznsx]] L

x?P(1Z,| > x) 2 —a

(see Section 8.1 of Bingham, Goldie and Teugels [4]) that the function
U(x) == E[|Z1|21[|Z1|£x]] is regularly varying with index 2 — a and, conse-
quently, for sufficiently large x and some constant K,

(2.7)

EY}? _ |c'zE[Z121[\Z1|sx|cj\711]
x2P(|Z1| > x) J sz(IZII > x)
(2.8) e Ulxle)™)  U(x)
T 9 TTO(x) %2P(Zy] > x)
_1\2—ate a—s
<Kle)P(le)l ") " = Klel* .

Since E|X;Y)|” = Var(LY)) + (ELY))? < ©;EY;* + (L,|EY}|)?, we obtain from
(2.5), (2.6) and (2.8),

(|ZJCJZJ| > x)
(2.9) P(|Z1| S x) <Si(x) +8S,(x) +S5(x),
where
s B P(|Z1| > xlcjlfl)
i(x) = %: P(Z,| >x)
EY?
Sy(x) = ;W,
_(zEY))
Sy(x) = x?P(1Z,| > x)"

Since P(|Z,| > x) is regularly varying at infinity with index —«, for suffi-
ciently large j the summands in the sum defining S,(x) do not exceed



1888 P. S. KOKOSZKA AND M. TAQQU

1+ &)le;l* %, and so lim, . S (x) = X/lc;|* By (2.7), (2.8) and the domi-
nated convergence theorem, lim, Sz(x) =a/(2 — a)Ljlc;|*. Finally, by
(2.6), S3(x) < c(a, eXZ,le;|“ “)?x~***. The inequality (2. 9) and these rela-
tions yield

P(IZjc,Z;| > x) 2

2.10 li S <
(2.10) S T AR Il R

Now, for any 0 < r < 1 and any positive integer m,
P( c.Z Zch>(1+r)x)—P(
J

[jl<m
Since the hypothesis of the theorem holds for finite sums (see the proposition
on page 278 of Feller [11)]), (2.10) yields

>rx|.

)y ¢;Z;

[jl>m

- |

P(IZ c.Z| > x)
lim inf S
x> ® P(|Z1| > x)
(2.11) 9
> (1+ r)fa Yo e - — Y el
ljl<m ! (2 —a)r® 2, !
Similarly,
(|Z c.Z| > x)
lim su S
P TTP(Z, > %)
(2.12)

<(1-r) " X lel“+ 2 lel®

ljl<m (2_ T i,
Letting first m — « and then r — 0 in (2.11) and (2.12), we get (2.4). O
2.2. Proof of the consistency Theorem 1.1. The proof of Theorem 1.1 uses
two lemmas. The first extends Proposition 10.8.1 of Brockwell and Davis [5];

the second extends Lemma 1 of Fox and Taqqu [12] and Lemma 6.1 of
Mikosch, Gadrich, Kliippelberg and Adler [21].

LEmMA 2.1. Suppose By, B, € E. If By # By, then

1 ™ g(/\7 Bl)
ProOF. For |z| <1 and B € E define
0(z,B) > .
C(z,B) = = . I
(2 B) = S - gﬁwv
H(z,B) = C=p) - j;ohj(ﬂ)z]'
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Let {&,} be a sequence of i.i.d. N(0,1) random variables and consider the
Gaussian fractional ARIMA process

Xn( Bl) = ~¥Oc'i( :Bl)‘gn—j'

It is well known (see, e.g, Brockwell and Davis [5], Section 13.2) that
Var(X, , (B)) — £j_u; X, ;(B,) is minimized if and only if u; = —h;, ,(B,)
and the minimum value of the variance is 1. Since 8, # B8,, we have H(:, 8,)
# H(-, ;), and so Var(X, ,(B)) + Xi_oh; (By)X, ;(By) > 1. This con-
cludes the proof because that variance equals

2

i 1 = 4 .
Y| X hi(Ba)esw(B)| = 5= [ |H(e ™, B,)C(e™, By)* dA
j=0lk=0 2m) g

_ 1 T C(eii)‘,ﬁl) ?

= Zf,ﬂ- C(e—i)\’ Bg) d)\

_ 1 ™ g(Aa Bl)

“2) ey -

REMARK. The lemma holds whenever |d| < 1, thus not only for positive
values of d. Indeed, since for d < 3, C(e %, B) € L*[— 7, 7] and for d > — 3,
H(e ', B) € L*[m, w], Parseval’s relation applies whenever |d| < 1/2.

LEMmMA 2.2.  Let f(), B) be any continuous (and hence uniformly continu-
ous) function on [ —m, 7] X E. Then, as n — o,

sup [ £(, B)L,() dA
(2.14) peb _”1
~Sqy ) B)e(X By | = 0.

ProoF. The proof is similar to the proof of Lemma 6.1 of Mikosch,
Gadrich, Kluppelberg and Adler [21]. Note, however, that for fractional
ARIMA processes the function g(A, 8,) diverges at A = 0.

Let K, (e') = Xjnj<m(1 — |hl/m)e'* denote the Fejér kernel. Fix &> 0
and choose m so large that for all A and g,

(2.15) K, (0, B) = F(0, B <

[To verify (2.15), repeat the proof of Fejér’s theorem for continuous functions
and use the uniform continuity of f in both variables.] Hence, for any S,

[ Fu B Ly dr = [T K, (A BT, () dA

E M (N da ==
< — = —.
477/_7,1() 5
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Consequently,

p(m;p f_:f()t, B, (V) dA — «/<0)*1f_”wfu,ﬁ)g(mso> dA\ > )

< P(sup
B

(2.16) —7(0)*1flf(A,B)g(A,BO)dA >

&
= =1,
2 )

where p,(h) is given in (1.8) and f(h, B) = (1/27)[™ e "*f(A, B) dA. The
last quantity in (2.16) is bounded above by

w* FOX, BYLL(X) dA

NO| o
—_

gy 27 Y (1—%)15(’1,3)%(71)

lhl<m

sup
B

=y [7 F(0 B8 (A, B) A

hl e
Plsup|2m X (p.(h) —p(h))(l—'—)f(h B)| = —)
|hl<m
Al
(2.17) +P sup 27 Y p(h)(l——)f(h B)
|hl<m

8 )
> —|.
4

The first term in (2.17) tends to zero because, by Theorem 2.1, p,(h) —
p(h) and |f(h, B)| < sup_ » <2< SuPg e glf(A, B)| < . To evaluate the second
term in (2.17) observe that

=7 [T 70, B)a(), B) d

27 ¥ p(h>(1— u)f(h 8)

|hl<m
- h
=y [ [ )3 y(h)( | ') ”h]fu B) dx
|h|<m
and
|l
Y 'y(h)(l——) ”‘h=Km*g()\,BO).
|hl<m

Therefore the second term in (2.17) equals

A0 [ (K 80,80 ~ g0 B (1 B) N =

P( sup
B

&~ o
-



ESTIMATION FOR INFINITE VARIANCE FARIMA 1891

which is zero for sufficiently large m because f(A, 8) is uniformly bounded on
[— 7, 7] X E and, by Fejér’s theorem (see, e.g., Helson [16], page 14),

J7 1K, g(X,By) — (A Bo)ldA > 0 asm -,

since g(-, B,) € L'[ — 7, 7]. This concludes the proof. O

PROOF OF THE CONSISTENCY THEOREM 1.1. Since d(8) > 0, the function
1/g(A, B) is continuous on [ — 7, 7] X E, and hence Lemma 2.2 applies. We
get

= I(A A,
g 7(0) -= 8, )
where 0,2 and o? are random elements of the function space C(E) of

continuous functions on E equipped with the sup-norm. The remainder of the
proof, included for completeness, is a variation on the proof of Theorem 2.1 of
Mikosch, Gadrich, Klippelberg and Adler.

Since B, is a constant, to prove (1.13) it suffices to show that 8, -, B,.
Because E is compact, the sequence { 8,} is tight, and hence B8, —, B, if and
only if every weakly convergent subsequence of { 8,} converges weakly to S,.

Let then {B,,} be a subsequence of {8,} such that B, -, B’ (B’ is a
random variable). We want to show that 8’ = B, a.s.

By (2.18) and Theorem 4.4 of Billingsley [3],

(2.19) (0.2, B,) o (0%, 8") [in C(E) X E],

since o2 is a nonrandom element in C(E). By the continuous mapping

theorem, (2.19) implies

(2.20) T (Bn) 2o 0*(B).
and hence, for any ¢,
(2.21) limsupP(0,2( B,) <t) <P(c?(B’) <t).

Now, the definition of B, and (2.18) yield

27

0.2(B,) < 0,2(By) —p by = W

Consequently,

hmmfP( 2(B) <t)

(2.22)
> hmmfP( 2(By) <t)=1 Vt>t,,

and so limsup,, P(c,2(B,,) <t) =1 for all ¢t > ¢,. Using (2.21) we obtain
(2.23) P(o?(B) <t)=1 Vi>t,.
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Moreover, by Lemma 2.1, o2( 8') > ¢, whenever 8’ # 8,, and so
(2.24) lmP{c*(B') <t, B' # By} = P{c?(B') <ty, B # By} = 0.
£t
The equality (2.23) implies that for any ¢ > ¢,
1=P(c?(B') <t,B =By) +P(c*(B')<t,B #By)

<P(B'=By) +P(c*(B') <t, B' # By),

which together with (2.24) yields P(B’ = B,) = 1. This is what we wanted to
establish.
Finally, to prove (1.14), write

P("Tnz( Bn) - 0-2( BO)| = 8)
(2.25) <P(lg2(B,) — a?( Bl = £/2)
+P(lo*(B,) = o>(Bo)l = £/2).

The first term in the right-hand side of (2.25) tends to zero by (2.18), the
second because B8, —p B, and o2 is continuous on E. O

3. Asymptotic distribution of the estimator. The crucial element in
the proof of Theorem 1.2 is Proposition 3.1, which is established in Section
3.2. We show first that this proposition yields Theorem 1.2.

PROPOSITION 3.1.  For real numbers uy, uy, ..., U, . (which are fixed but
arbitrary) set
ptqg+1 9
(3.1) n(A) = L w—rg (A Bo)
-1 9P

Then, as n — ©,

(10g n )W J" L (ym(a) da

47T s Y 1 T )
(o e g g da)|
27/,

(3.2)

N
o v(0) x21 Yo

where the random variables Y,,,Y,,Y, are as in Theorem 1.2.
Proor or THEOREM 1.2. Let B/dB denote the column vector with entries

/B, j=1,...,p +q+1,and 9°/9B* the matrix with entries 9°/3dB; B;,
i,j=1,..., p + g + 1. Relation (3.2) implies

)l/a d 47T ot Yk

a_ﬁ‘fnz(ﬁo) 29 - 0

(3.3) ( 7(0) E=1 Y,

log n
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[cf. (1.12)]. Also,
P _— J?
(3.4) ng( B,) = f In(/\)wg’l()h Bo) dA.

Differentiation under the integral in (3.3) and (3.4) is justified because the
function g(A, B) is proportional to the spectral density of Gaussian fractional
ARIMA and consequently satisfies condition (A3) on page 521 of Fox and
Taqqu [12], namely, for any 8 > 0 there are constants K;(5) and K,(8) such
that

J
(3.5) bﬁg%mﬁ)gKgmmwmﬁ, j=1,...,p+q+1,
J

and

2

<K (O)INP4P=2 =1, . p+q+ 1
76, 98, o(8)IAl J p+tq

(3.6)

g (L B)

Since E is compact, we can clearly assume that there is a § > 0 such that
(3.7) inf (2d(B) — 8) > 0.
BEE

Condition (3.7) together with (3.6) show that d2/d82(g (A, B,)) has continu-
ous components, and so, by Lemma 2.2 and (3.4),
2

1
757 % (B) - WW( Bo)

Since 8, minimizes o %( ), there is some B satisfying || 8F — B,ll < I8, —
B,ll such that

(3.8) sup
BeE

—p 0.

2

P P
(3.9) (9_30”2( Bo) = —Wffnz( By (B, — Bo)-

Multiplying both sides of (3.9) by (n/log n)Y/“ and using (3.3) and (3.8)
together with Theorem 4.4 of Billingsley [3], yields (1.21). O

3.1. Tools. We state here several results on which we rely extensively.
The following proposition follows from Theorem 3.1 of Rosinski and Woy-
czynski [23].

ProposITION 3.2. Suppose Z,,Z,,... is a sequence of i.i.d. symmetric
random variables satisfying
(3.10) limsup A“P(|Z;| > A) < C < oo,
A—>x
where 0 < a < 2. Consider the sequence of bilinear forms
Jok=1

Jj*k
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and set

(3.12) N = ¥ lg(j, k)(1 + log, lg(j, &) ).
Ji k=1
j*k

Then there is a constant D, such that
(3.13) P(1Q,l > A) <D, A"*(1 + log, ) N™.

Moreover, if N, = lim, _,, N < o, then the sequence {Q,} converges in L?,
for any 0 < p < a, to the limit

(3.14) Q= Y q9(j,k)Z;Z,,
k=1
J*k
which satisfies
(3.15) P(QI > A) <D A" “(1+ log, A\)N,.

By log, x we mean log x if x > 1 and 0 otherwise. Combining this
proposition with the inequality

1
(3.16) x“(1+log+—) <(a—pw) tx*,
X
valid for 1 < u < ¢ and 0 < x < 1, we get the following corollary:

COROLLARY 3.1. Suppose p is a real number. If for some 1 < u < a,
lim Y [nq,(j, k)" =0,
n—ow ik

jrk
then
nfy. q.(J,k)Z;Z), »p 0 asn — x.
ik
2

The next proposition is a direct consequence of Theorem 3.3 of Davis and
Resnick [10].

ProprosiTION 3.3. Suppose the Z, and the Y,, k > 0, are as in Theorem
1.2. Then, for any m > 0, as n — o,

n n—1
n~2« Y 72 (nlogn) V' ¥ Z,Z,.,,...,
t=1 t=1

(3.17) C1e
(nlogn) Y Z Z,Z.,,
t=1

-, (C20?)(Y,,Y,,...,Y,).

We shall use the following lemma often.
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LEmMMA 3.1.  Suppose the c; are defined by (1.5). Then for 0 < |A\| < 7 and
any integers n, < n,,

ng
(3.18) Y cjetM| < Knd AT
Jj=ny
and
ng
(3.19) Y, c;e’™| < K[A| 7Y,
J=nq

where K does not depend on nq, n, and A.

ProOOF. Inequality (3.18) follows immediately from the fact that
lim;_, . c;/ j9=1 exists (cf. Bingham, Goldie and Teugels [4], page 208). In-
equality (3.19) can be proved by modifying slightly the proof of Theorem 2.6
and using inequalities 2.26 and 2.27 on page 191 of Zygmund [25]. O

3.2. Proof of Proposition 3.1. Proposition 3.1 follows from a number of
lemmas which are proved below, some of which are of independent interest.

LEMMA 3.2. Consider the function m defined in Proposition 3.1 and set

x(A) = n(A)g(A, By)
and

1 .«
_ —i Ak
fi= 52 e M (0 da
Then f, = O(k|™") as k — .

Proor. By (1.11),
(P*q—l dg (A, Bo)

x(A)

Yoy

=1 IPB;
p+g+1

=— X urlogg(rB
= J&Bj ( 0)

)g(A’BO)

pra+l g O(e ™, By) 2 .
= — Y uj—{log|——5—=| —2d(By)logll —e ).

1 9B ®(e™™, Bo) ’

Thus, we can write
A
(3.20) X() = 1(A) + ACBy og25in
where
pra+l @(e—i)\’BO) 2

3.21 xi(A) = — u.—log| ———%
( ) 1( ) J§1 ]3,31 ¢(e “\’BO)
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and
ptg+1l 9
(3.22) A(By) =2 Z uj%d( Bo)-
j=0 J
By (3.20), f, = f1, + A(By) S5, where f;, is the Fourier coefficient of y; and
Lom o A
(3.23) for = ﬂf_ﬂe log 2s1n§ dA.

As the function y; has continuous derivative on [—m, 7], we have f;, =
O(Jk| " YHand so it remains to show that for = O(E| ) Integrating the right-
hand side of (3.23) by parts and setting A = 2u, we get

1 /2 sin(2ku)cos u
3.24 = —— —d
( ) fan Tk /;) sin w
Consequently, we must show that the integrals

o2 Sin(jp)eos
- [

. w
sin w

are uniformly bounded in j. To verify this, decompose I; as I; =1I;; + I;,
where

=2 sin( ju)cos u
Iljzf/ Ld
0 2

and
1

sinpu u

du.

/2 ..
I, = fo sin( j u)cos ,u(

Since |1/sin u — 1/ul = O(w), as u — 0, the sequence {I,,} is bounded. To
see that the sequence {I, ;} is bounded, observe that

xs2 sin(j — 1)u
L=t [,

1( ;e sin(j+1)p
e,

and

9 sin(ju /9 SIn x ® Sin x
[ sin(7#) )d,u=/7”/ dx > | dx
0 1 0 X 0 X

as j — oo, the last integral converging conditionally. O

Lemma 3.2 is used in the proof of Proposition 3.4, in which fn’ ,(A) denotes
the self-normalized periodogram of the process {Z,}, that is,

n 2

-1
zz)
1

(3.25) I, 2()) = ( Y Z,e M
t t=1



ESTIMATION FOR INFINITE VARIANCE FARIMA 1897

PROPOSITION 3.4. Suppose the Z, and the Y,, k > 0, are as in Theorem 1.2
and the function x and the sequence {f,} are as in Lemma 3.2. Then

1/« _— o0 Yk
| [ L x() da s 4w T P
— r=1 Yo

(3.26) ( og

asn — »,

ProoF. This proof follows closely that of Lemma 6.3 of Mikosch, Gadrich,
Kluppelberg and Adler [21]. We use here o > 1 and Lemma 3.2 rather than
the assumption X|f,|* < o« for some u € (0,1 A «), which holds in the ARMA
case.

By Theorem 4.2 of Billingsley [3], relation (3.26) will follow, once we have
verified that, as m — oo,

o

Y, Y,
(3.27) 27 ¥ oy hior 4w Y o f

lkl<m 0 k=1 -0

and, as n — o,

1/a T Yk
| [ L da o, 2 B L
- |kl<m YO

(3.28) ( o7

for each fixed m, where x,,(A\) = Ljkj<mf,e'** and

n 1/a T
(3.29) ,}Eif‘m“msupp{(logn) /an,z(A)(x(A)—xm(A))dA\m}

n— o

=0

for any ¢ > 0.
In order to verify (3.27) observe first that

(3.30) f” log g(A,8)dA=0 VBeE.
Relation (3.30) follows from the remark on page 520 of Fox and Taqqu [12]
and the fact that g(A, B) = 27 f(A, B), where f(A, B) is the spectral density
of the Gaussian fractional ARIMA. Using condition (A.1) of Fox and Taqqu
[12] with g in place of f, we get, by (3.30),

ptg+1 1 - J .
= — [ —logg 1(A, By) dA
fO ng uJZWf_ﬁ &Bj og g ( ::80)

pratl ( 1 .=

— == 1 A dr| =0.
P uJ(?,Bj o e Ogg( 730)
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In view of the above relation and the fact that f, = f_,, it remains to show
that

Y,
(3.31) Y ?kfk >, 0 asm — .
|kl>m ~0

Since Y, is independent of the remaining Y,’s, it suffices to verify that
Yiki>mf},Y, —p 0. The latter relation follows from the three series theorem
and Lemma 3.2.

Direct verification, moreover, shows that

( 102 n )l/af:fn,z()\)xm(/\) dA

ki

n -1 n—|k|
= 277(n_2/a ZZE) 2 fk[(nlog n)il/a > ZiZyy

t=1 |kl <m t=1

so relation (3.28) follows from Proposition 3.3.
Finally, to verify (3.29), notice that for m < n,

[ s =) dr = [7 [ T oy a(me | E fret|an

“T Mhl<n |kl >m
(3:32) = T o[ X ferih)ar
|hl<n TTMEI>m
=27 Z pn,Z(h)fh’
m<|h|<n
where
n 1/ n—|n
(3.33) Pn,z(h) = ( ZZtZ) ( ) ZtZt+h)'
t=1 t=1

[The last equality in (3.32) is justified by the fact that Yi>mlf,|* < «.]
Equalities (3.32) and (3.33) and a change of indices yield

Va
(logn) f, I, z(M)(x(A) = xn(A)) dA
(3.34) g

n

n -1 n—-m-1
=477(n2/“ ZZ?) (nlogn) " Y Z, ¥ fi_.Z.
t=1

t=1 h=m+t+1

By Proposition 3.3, n~2/%Y"_Z2 —>_ Y,, so (3.28) will follow once we have
verified that

n-m-—1 n
(3.35)  lim limsupP{(nlog n) e Z, Y fi.Z, >g} =0.
m-ow© o,y t=1 h=m+t+1
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By (3.13) and the inequality (3.16), the probability in (3.35) is bounded above
by

n-m-1 h

(336) Ka,p,gianil Z Z |fhft|pd'

t=1 h=m+t+1

Since, by Lemma 3.2,

-1

n-m-1 n
n

Y Y flsntY Y <Kmie,
=m+1

t=1 h=m+t+1 t=1j

we see that (3.35) holds. O

Our next goal is to establish a relationship between the right-hand side of
(3.2) and the right-hand side of (3.26). The first step in this direction is to
relate the sample variances of the processes {X,} and {Z,}.

LeEmMmA 3.3. Suppose the Z X, and a, are as in Theorem 2.1. Then

n? Cj’
(3.37) a:? ¥ X7 - ( y ) 5 Z3(1 + op(1)).
k=1 j=0 k=1

Proor. We only sketch the proof since it is similar to the proofs in Davis
and Resnick [9, 10] which rely on point processes techniques. Let

Mdx) = apx™ M, (x) dx + ag(—x) “ 1 _. o (x) dx

be the Lévy measure of a stable random variable and set u(dt, dx) = dt X
Mdx), t > 0, where dt stands for the Lebesgue measure. If X}, _, ¢, ;, is the
Poisson random measure with mean measure u, then Theorem 2.2 of Davis
and Resnick [9] asserts that

o0 o m
(338) Z Ek/n,a;l2®) = Z Z Ety,ren?
kE=1 k=1i=1

where = denotes the weak convergence of random measures on (0, ) X
R™\{0,...,0}, Z® =(Z,,Z,_,,...,Z,_,,,,) and where e, € R™ is the basis
element with ith component equal to 1 and the rest 0. Instead of applying, as

in Davis and Resnick [9], the continuous map (z,,2z,_1,-.-, 25 mi1) =
Y, e;z,_; to both sides of (3.38), we shall apply the continuous map
(24s 24153 Zhoms1) = 0,244, 2). Thus using Theorems 4.2 and 5.1

of Billingsley [3] and the arguments of the proof of Theorem 2.4 of Davis and
Resnick, we get

o0

n o)
(3.39) Y i xezn = o | Ecoiin T 2 Eein0) |
k=1 k=1 1

i=1

where now the space is R? \ {0,}0}. Proceeding as in the proof of Theorem 4.2
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of Davis and Resnick [9], it can be verified that (3.39) yields
(3.40) 0t ¥ (X2.22) ag( y c;,l)s,
k=1 j=0

where the «/2-stable random variable S is as in Theorem 2.1. Finally,
applying the continuous map A(u,v) = (u — (Zj_c})v)/v to both sides of
(3.40), we obtain (3.37). O

REMARK. Lemma 3.3 extends Lemma 5.2 of Mikosch, Gadrich, Kluppel-
berg and Adler, which was proved under the assumption (1.6). We have
shown that condition (2.1) is sufficient for (3.37) to hold.

Lemma 3.3 yields the following useful corollary:

COROLLARY 3.2. For any fractional ARIMA process whose innovations
satisfy (1.2) and (1.3),

[7 B ()m(») da

341 =07 A +op(D) [ L, 2(N)& (A, Bo)n(2) dA

+y(0) (1 op(1>)(a;2kilzz) " R(n(W) d,

where y(0) = Zj;oc]? and

R,(A) =1Y,(N) + Yn(A)( i cje”j)(an1 i Zkei’”")
j=0 k=1

(3.42) B
+ Yn(—A)( Y Cje_i)‘j)(a,fl Y Zke‘“k)
Jj=0 k=1
and where
o n—j n
(343) Yn(/\) = a;l Z Cjei)‘j( Z Zke*i)\k _ Zke“k).
Jj=0 k=1—j E=1

PrOOF. Defining

2 2

n .
Z Zte—t)\t

t=1

n .
Z Xte—z)\t

1
and I, ,(A) = —
t=1 ’ a

n

1
In,X(A) = ?

n

K

it can be verified identically as in the case of finite variance ARMA processes
(cf., e.g., the proof of Theorem 10.3.1 of Brockwell and Davis [5]) that
- 2
Y cje*i’\j
j=0

(3.44) I, x(A) = L, 2(A) + R,(A).
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Now, using Lemma 3.3, we have

[ Lomoyda= [0 ( ¥ Xk)

—m\p=1

2

n(A) dA

n

—iAk
Z X,e
k=1

- ( > X) [ L x(Vm() dA
k=1 -

: [v<0)a;2kilzf(1 + op<1))}

%7 1&(h Bo) L 2(N) + Ry(V)]n(2) d

v(0) (1 + 0p(1)) [ 1, 2(1)&(A, Bo) (1)

(0 (1 op(1>)(aﬂkilzz) " Ru(n(n) da.
O

Since g(A, By)n(N) = x(A) and a,?X7_,Z2 -, S, by (3.40), we obtain the
following corollary.

COROLLARY 3.3. The relation

1/ -
) [ R.(Mn(N)dr—p 0 asn -

(3.45) ( log n -

together with Proposition 3.4 will imply relation (3.2) and hence will complete
the proof of Proposition 3.1.

Therefore, it remains to establish (3.45). In view of (3.42) and the fact that
under the assumptions of Theorem 1.2, a, is proportional to n'/%, relation
(3.45) will follow once we have proved the following two lemmas:

LEMMA 3.4. Setting Y,(A) = a,'A, (), we have
(3.46) (nlogn) '/* fﬁ 1A, (M) (L) dA —=p 0 asn — o,
LEMMA 3.5. Setting C(A) = T7_,c,e'™, we have
(nlogn) /[ An(A)C(A)( ¥ zke“k)nw dx
- k=1

—-p 0 asn — ».

(3.47)

The proof of these lemmas involves delicate bounds where the assumption
0 <d <1-1/a plays a crucial role.
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3.3. Proof of the two lemmas.

Proor oF LEMMA 3.4. We show that

(3.48) e [T (DPR(A) dA > 0.
Observe that A,(A) can be conveniently split into four sums as follows:
0 n*]’ n
AN = Yee ™ Y Zye ™ = ) Zye ™M
(3.49) P ho1-j h=1
= 1—‘Iln()‘) + FZn( /\) + I‘I3n()‘) + r4n(/\)’
where
n—2 n+k ) )
(3.50) [ (2) = X )y Cjel(k_J))\)Z—k
k=0 \j=k+1
o n+k ) )
(3.51) (M) = X ( )y cjel(kfj“ Z_,
k=n—1\j=k+1
) n—2 n—1 ) )
(3.52) [3,(A) = —e™™ )0 ( )y Cjel(kfj))\ Y
k=0 \j=k+1
(3.53) [,,(A) = —( h cje‘”j) Y Z,e M,
j=n t=1
Clearly, (3.48) will follow once we have verified that
(3.54) e [T ()P dA =5 0
for u=1,2,3,4.
Step 1. We first verify (3.54) with u = 1. Write
[ TPl da
n—2 n+t ) _2
= L Z%|[ | X ¢e™|In()lda
t=0 Tmlj=t+1
n—2 - n+k
+ Y Z ,Z_ Y C»ei(k_j))‘)
(3.55) Traf |
t#k
n+t N
D cje‘(ft))‘)ln()\)ld)\
j=t+1
n—2 n—2
= Y v(t)Z%, + Y «k,(k,t)Z_,Z_,.
t=0 t, k=0

t#k
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In order to establish upper bounds on the coefficients v,(¢) and «, (%, ¢),
observe that by condition (A.3) on page 521 of Fox and Taqqu [12], for any
5> 0,

(3.56) In(A) = O(A**"%) as A — 0.
Relation (3.56) and the two inequalities of Lemma 3.1 yield

(3‘57) |Vn(t)| < Kltd—lfﬂ |A|fd71+2d75 dA SKztd_l
if 6 is small enough. The same argument shows that

(3.58) Ik, (k,t) < Ky(t Vv E) .
Using (3.57), we obtain, for 1 < u < «,

n—2 n—2 n/2

Pin Ve Y v(t)Z2, > 8} <& H2p r/2E| Y v (t)Z2,
t=0 t=0
n—2

(3.59) < e kP kB Y [ ()2 )

: t=0

n—2

< 87“/2E|Z1|”K£‘/2n7“/2“ Z $(d=Dp/2
t=0

— O(n—#/20+(@d=Duy/2+ 1y

Observe that the condition d < 1 — 1/« implies that the exponent — /2o +
((d — Dw)/2 + 1 is negative for u sufficiently close to a. Therefore,

n—2
(3.60) nVe N y(t)Z%, -5 0.
t=0
By Corollary 3.1, to show
n—2
(3.61) n Ve N k(k,t)Z_,Z_, >p 0
t’t}ijel
it suffices to verify that for some 1 < u < «,
(3.62) Y (VR 50 asn o .

1<t<k<n-2

Note that the left-hand side of (3.62) is bounded above by a multiple of
n—u/a/n (/nk(d—l)u dk) dt = O(n(d_l)”+2_“/“),
1 \Je

which tends to 0 as n — « for u sufficiently close to «. Indeed if u = «, the
exponent of n becomes —1 + (d — 1)a + 2 = (d — 1)a + 1, which is negative
since d <1-1/a.

Relations (3.60), (3.61) and (3.55) prove (3.54) with u = 1.

Step 2. To verify (3.54) with u = 2, we must show that

(3.63) nVe Y u(£)Z2, —>p 0

t=n-1
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and

(3.64) n- e Y k,(t,kYZ_,Z_, »p O
t,k=n—-1
t+k

with the »,(¢) and the «,(k,t) as in the case u = 1. Here, however, we need
more delicate bounds than (3.57) and (3.58). Write

lk,(k, )l <2(I, + 1),

where
n/n n+t o n+k o

(3.65) L= Y cie™|| Y cie™In(A)lda,
Y j=t+1 j=k+1
- n+t o n+k o

(3.66) L= Y ceM| X e |n(A)dA.
m/n | j=t+1 Jj=k+1

Note that by (3.56), for sufficiently small § > 0,
(3.67) I, = o(f()”/”n%dlkdwd@d)\) = O(t? g 1nim2d+0),
To establish an upper bound on I,, set x = n A in (3.66). Then

I, = O(td1kd1n12d+5/"”x2d26 dx)

T

(3.68)
= O(t¢ R Iplm2dtoy,

Combining (3.67) and (3.68), we get

(3.69) k,(k,t) = O(t? kI 1pl=2d+9)

and, in particular,

(3.70) v,(t) = O(¢*?~ Dpl=2d+2),

Now we verify (3.63). By (3.70), for 1 < u < «, we have

w/2

o

Z Vn(t)Z%t

t=n-1

Y (022,

t=n-1

P{nl/“ > 8} < (enV/*) "*E

(3.71) < K-1/2a i (t2(d—1)n1—2d+3)”’/2

t=n—1
— O(n*,u./(Za)Jr(d*1)u+1+(1*2d+§)u/2)'

Notice that if § = 0, and u = «a, the exponent is equal to — 1 + (d — Da +
1+0-2d)a/2 =1 — a)/2 and is negative iff « > 1. This completes the
proof of (3.63).
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To prove (3.64), we use Corollary 3.1. We have

o0

X V%, (k)"

/

n

t, k=
t+

ol

%]

(3.72) _ O( (j;ew|nl/atdlkd1n12d+élﬂ dt) dk)

_ O(n(1+3—l/a—2d)p,fmk(d—l)p,/oot(d—l)p, dtdk)

n n

_ O(n(1+5—1/a—2d)M+2(d—1m+2)
b

1905

which again tends to 0 as n — o for w sufficiently close to «. This completes

the proof of (3.64) and (3.54) with u = 2.

Step 3. The proof of (3.54) with u = 3 is the same as in the case u = 1.
Step 4. The case u = 4 is dealt with similarly to the previous three cases.

Write
[ CnPm(Dldr =5, 22+ L k(6 k) 2,2,
- t=1 1<t#k<n
where now
T ot 2
v, =f Y cie M n(A)ldA
—a |/ n
and
w *© 2
ko(kot) = [ | X e In(N)le™ =0 d.
—a |/ Tn

By Lemma 3.1 and (3.56) we obtain
v, =0(n%1) and «,(¢,k)=0(n?"").
Consequently, Proposition 3.3 and the condition d < 1 — 1/« imply

(3.73) n Ve yZ? sKn(l/“)=d_1(n_2/“ Y Zf) —p 0.
t=1 t=1
The relation
(3.74) n-1/e Y k,(k,t)Z,Z, —»p 0
1<t<k<n

follows, by Corollary 3.1, from the relation

Z |nf1/and—1|M_)O’
1<t<k<n

which is easily seen to hold for u sufficiently close to a.

This proves (3.54) with u = 4, completing the proof of Lemma 3.4. O
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Proor oF LEMMA 3.5. Here it is convenient to split A () as

An(/\) = A1rL()\) + A2n(/\) + A3n()\)’
where

A, () =T5,(A) +15,(2) = nilei“( icjztj),
AZn(/\) = 1—‘371()\) - an Z e g ¢ n+t J)’

A3n<A>=r4n<A>=—(§c )2

J=n =1

We verify below that

(3.75) n-l/af” Aun(/\)( ¥ Zke“k)C()\)n(/\) dX —>p 0
-7 k=1

for u =1,2,3.
To prove (3.75) for u = 1 and u = 2, we need the following lemma.

LEMMA 3.6. Suppose C(N) =Y. _.c;e’V and E(N) = L;__.ee™ are

e
functions on [ —m, w] whose Fourier coefﬁaents satisfy

(3.76) ¢;=0(j1""), e, =O(kI Y

for some 0 < d < 1/2 and & > 0. Then the Fourier coefficients of the product
CE satisfy

(3.77) h, = %f:e‘i“C()\)E()\) dA = 0(19° 1),

ProoF. Conditions (3.76) imply that both C and E are in L?*[—, 7], so

h,=X;__.cje;_;. We have, for [ > 0,
|h1| < Z |Cj||el_j| + Z |Cj||€l_j|.
ljl<l/2 ljl>1/2
By (3.76),

> |cj|elj|:0( )y |J'|d1|l—j|gl)
ljl<l/2

ljl<l/2

/2 . N —e—
ol [/
- o[ e [ a
0

O(ld 1- a)_O(ld 1)
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and
L lefle =0 X lﬂ“lez-j')=0(”” z |ek|)=0(ld-1>. 0
ljl>1/2 ljl>1/2 h=—w
Now introduce the function
p+tqg+1 9
H(\) =C(M)n(A) = X ujC(/\)Wg‘l(A,Bo)-
j=1 j

By Lemma 5 on page 526 of Fox and Taqqu [12], the Fourier coefficients of
the functions (d/dB,)g~ (A, B,) are O(Ikl?df”‘s), so applying Lemma 3.6
(with E = 7) we see that H(\) = X7_ __h,e'", where

(3.78) h,=0(1% ).

Using (3.78) and the elementary identity

n—1 n n—1 n—2
3.79 a,e M b,ert | = A el + A e it
t k s s
t=1 k=1 s=1 s=0

where

n—s n—1-s
A, = Y ab,,,, s>0, and A_,= ) b,a,,,, s=0,
t=1

t=1
we shall now show that for v = 1 and u = 2,

(3.80) nt " H(A)Aun(A)( ¥ Zke“k) dA —p O.
- k=1

Step 1. Consider first the case u = 1. By (3.79), A, ,(A(X}_,Z,e"*) =
YrolAe™ + Yr2A e M) where

A, - z(
t=1

0

n—1-s o
cht—j)Zt+s and A_ = Zt( Y chHS_j).
t Z

j= t=1 Jj=t+s
Consequently,

1 .= n ,

-/ H(/\)Aln()t)( Y Zke”‘k) dA

2774 k=1
1 - o ) n—1 ) n—2 )

=_f ( Z hle”‘l)( Z Asel)\s+ Z Asel)\s) da

27/ = —o s=1 s=0

n—1 n—2
h A+ Y hA .

s=1 s=0
We will show that

n—1 n—1 n—s o0
(381) n Ve Y h A —n YT ( zcjzt_j)zt+s o,
1

s= s=1 t=1 \j=t
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the verification of

n—2 n—2 n—1-s oo
(382) n—l/a Z h’sA—s = n—l/a Z hs Z Zt( Z cht+s J) _)P 0
s=0 s=0 t=1 Jj=t+s

being similar.
By Corollary 3.1, since the bilinear form in (3.81) has no diagonal ele-
ments, it suffices to verify that for some u < «,

(3.83) n-H/« Z |h_ " Z 2 lejl" = 0.
t=1 j=t
By (3.78), this reduces to showing
3.84 non/e (" g@-vu g ("7 qp [T j@-vegi 0.
(3.84) fl /1 /t J j

An elementary computation shows that the LHS of (3.84) is
O(n—#/2t(@=Drt2) The condition (d — 1)a + 1 < 0 guarantees that the ex-
ponent is negative for u sufficiently close to «.

Step 2. Now consider the case u = 2. It is convenient to express A, ,()) as
A, (M) = —e A, (A). By (3.79), A, (MNXP_,Z,e**) = Xr21A et +
Yro2A_ e ", where

n—1-s
Z,,, and A_,= Y Z

t=1

n—-s[n-1
A=) ( )y Ciliyiij
j=t

t=1

n—1
Z CjZn+t+s—j .

Jj=t+s

Consequently,

1 .« n A
- H(/\)AZn(/\)( Y Zke”‘k) dX
27— n k=1

1 noo
= Ef_ e”"H(/\)A'zn(/\)( Y Zye™

=if ( Y h, )(nilA eihs + ZA ”‘s)d

27 _ [
n—1 —

= Z hn SAS + Z h
s=1 s=0

We first show that

Zt+s -p 0.

n—1 -
(385) n*l/a Z h’nfsAs = n*l/a Z hn s Z ( Z n+t7j
s=1

s=1 t=1
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The bilinear form in (3.85) contains diagonal elements, so we prove sepa-
rately that

n—1 n—s
(3.86) nVE Y hyy Yy Ll —op O
s=1 t=1
and
n—1 n—1 n—1
(387) n—l/a Z hn—s E Z chn+t—j Zt+s ~p 0.
s=1 t=1 j=t
Jj#n—s

To prove (3.86), observe that

n—1 n—s n—1 J
Z hnfs Z cnsttQJrs = Z hjcj Z Zt2+nfj
s=1 t=1 j=1 t=1
n n—1
- ; Z2 . Y 1hjcj)
(388) m=2 j=n—m+
n - n—1 o
-y z,i{—/ H(A)( 3 )}
m=2 2 -7 Jj=n-m+1
= L n(m)Z;.
m=2

Since H(A) = C()n(A) = O(A| "4 A297%) = O(A1Y"°) by (3.56), inequality
(3.18) yields »,(m) = O((n — m + 1)?~1). Consequently, for any u < a,

n /2

E\ln YV Y v(m)Z2

m=2

n
<n H2E|Z* Y |y, (m)*?

m=2

< Kn ®/2¢ n—m+ 1)l w2
(3.89) AR )

n—1
— Kn~#/2e Y J@d=Du/2
=1
SKln*M/ZCVJr(d*l)(M/Z)*l‘

The condition (d — 1)a + 1 < 0 again guarantees that the exponent in the
last expression in (3.89) is negative, which proves (3.86).
To verify (3.87), it suffices to show

n—-1 n—-sn-1
(3.90) nr e Y hy, R Y Y lel* = 0.
s=1 t=1 j=¢

It is easy to check that the LHS of (3.90) is O(n~#/«+*2d=Dr+3) and that the
exponent is negative for u < a sufficiently close to a.
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We must also check that

S

n—2

-1

ne Y hy AL
s=0

(391) n—2 n—-1-s n—1
= n—l/a Z hn+s Z Zt Z chn+t+s—j) _)P 0.
s=0 t=1 Jj=t+s

Since the bilinear form in (3.91) has no diagonal elements, one checks as
above that

n—1

n—2 n—1-s
(3.92) nH e Y b, Y X el =0
t=1

s=0 Jj=t+s

if u < «a is sufficiently close to «.
Step 3. It remains to verify (3.75) with u = 3. Denote the left-hand side of
(8.75) by —n~/°I,,. Then I,, =1,,, + 21,,,, where I,,, = v, X", Z? with

v, = [T ,COXZ]_,c;e”")m(A) DA and
n—-1n—k

I,y = Z Z Kk (R)Z,Zy
k=1 t=1

with
K, (k) = f_” C(/\)( i cje“j)cos()\k)n()\)d/\.

One can verify that n='/*I,,, -, 0, i = 1,2, in the same way as relations
(3.73) and (3.74). This completes the proof of Lemma 3.5. O

4. Simulation. The estimator B, of the unknown parameter vector
minimizes the function ¢,2(8) in (1.12). To find B,, one can use, without
modification, programs for Gaussian time series, for example, the one given
in Section 12.1.3 of Beran [2]. These programs follow the minimization
procedure described in Fox and Taqqu [12]. This procedure differs from the
one discussed in Section 1 in two respects, neither of which affects the
results. The division by X7_, X? in (1.10) can be ignored because this quantity
does not depend on the unknown parameter vector 8. There is also no need
for subtracting (7 _log g(A, B8) dA as in Fox and Taqqu [12], because, in the
case of FARIMA, this integral equals a constant independent of .

Mikosch, Gadrich, Klippelberg and Adler [21] ran a simulation using
ARMA sequences. Focusing on long-range dependence, we generate here
FARIMA (0, d,0) sequences with SaS innovations. In the Gaussian case
a =2, one can apply the Durbin-Levinson algorithm (see Brockwell and
Davis [5]) to generate an exact FARIMA, using for example, the arima.frac-
diff.sim function in S-Plus. Because there is no known technique to generate
an exact FARIMA in the stable case, we will approximate the infinite moving
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average (1.4) by the finite one

J
(4.1) X, = YcZ ;, t=1,...,n.
j=0

Here c; =T'(j + d)/(I'(dT(j + 1) (see relation (7.13.1) in Samorodnitsky
and Taqqu [24]) and, therefore, these coefficients can be easily obtained by
using the recursion relation

j+d
Cj+1=j+1Cj.

co =1,

The SaS innovations are obtained through the S-Plus function rstadb which
uses a version of the Chambers, Mallow and Stuck [6] algorithm described in
Section 1.7 of Samorodnitsky and Taqqu [24].

We set J = 1000 in (4.1) and simulate series with parameters

(a,d) = (1.2,0.1), (1.5,0.2), (2,0.1), (2,0.2)

and sample sizes n = 100, 1000 and 10,000. Observe that 0 <d <1 — 1/a.
We included the Gaussian a = 2, so that one can compare the results with
this known case. Gaussian series are generated with the S-Plus function
arima. fracdiff.sim referred to earlier.

For each kind of time series, we generated 50 independent samples and
reported the average values of the estimates of d, the corresponding sample
standard deviations and the square root of the sample MSEs. The following
notation is used. If d, is the nominal value of d and d; is the estimate for
sample i, then

— 50 s 1 50 . ) 50 \
d=z 2 d, o =4_92(di_d), MSE = % Y. (d;, — d,)".
i=1 i=1 i=1

The results are summarized in Table 1. Figure 1 displays the corresponding
box plots and shows the relative scatter of the 50 estimates. The vertical axis

TABLE 1
Estimation results for d using 50 replications

a =12 «a =15 a=2 o =2
n d=0.1 d=02 d=0.1 d=02
Average 0.066 0.161 0.087 0.161
100 a 0.079 0.059 0.089 0.095
VMSE 0.085 0.071 0.089 0.102
Average 0.096 0.195 0.098 0.196
1,000 s 0.021 0.030 0.027 0.026
VMSE 0.021 0.030 0.027 0.026
Average 0.099 0.200 0.101 0.200
10,000 5 0.005 0.006 0.008 0.007
MSE 0.005 0.006 0.008 0.007
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Whittle Estimator applied to FARIMA(0,d,0)

0.2

B 1 —alpha=1.2, d=0.1
| -  E ey
—a =2, =U.
- _ T | 4—algha=2, d=0.2
o L —
[0 { H i —_
2 ! E = = -—
g i T ‘ : = = T M
go M U ] - E E E = = o =
.éo ] : :E _E I.:.% E
2 = T 4 1
c _ R = oy
£ H H U =
S_ I : _
§°1 | i
E g [RE] {
3 - = 4
'oq_ _ ._L
q ——
@]
q
1 2 3 4 1 2 3 4 1 2 3 4
N=100 N=1000 N=10,000
Fic. 1.

in the figure indicates the deviations from the nominal values of d. For each
time series we have (1) a thick line for the median; (2) a box representing the
middle 50% of the data; (3) “whiskers” encompassing approximately 95% of
the data, and designated by dashed lines; (4) outliers that fall beyond the
whiskers.

The parameter d, as is well known, is hard to estimate when the time
series is short. As in the Gaussian case, & and VYMSE are relatively large for
n = 100. The estimates improve dramatically for large sample sizes. They are
very good when n = 1000 and excellent when n = 10,000.
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for performing the simulations and also the two anonymous referees.

REFERENCES

[1] AvraMm, F. and TaQQu, M. S. (1986). Weak convergence of moving averages with infinite
variance. In Dependence in Probability and Statistics (E. Eberlien and M. S. Taqqu,
eds.) 399-415. Birkh#user, Boston.

[2] BERAN, J. (1994). Statistics for Long-Memory Processes. Chapman and Hall, New York.

[3] BILLINGSLEY, P. (1968). Convergence of Probability Measures. Wiley, New York.

[4] BingHAM, N. H., GoLDIE, C. M. and TEUGELS, J. L. (1987). Regular Variation. Cambridge
Univ. Press.



ESTIMATION FOR INFINITE VARIANCE FARIMA 1913

[5] BROCKWELL, P. J. and Davis, R. A. (1991). Time Series: Theory and Methods, 2nd ed.
Springer, New York.
[6] CHAMBERS, J. M., MaLLOows, C. L. and STUCK, B. W. (1976). A method for simulating stable
random variables. J. Amer. Statist. Assoc. 71 340—-344.
[7] CLINE, D. B. H. (1983). Estimation and linear prediction for regression, autoregression and
ARMA with infinite variance data. Ph.D. dissertation, Colorado State Univ.
[8] DAHLHAUS, R. (1989). Efficient parameter estimation for self similar processes. Ann. Statist.
17 1749-1766.
[9] Davis, R. A. and REsNICK, S. I. (1985). Limit theory for moving averages of random
variables with regularly varying tail probabilities. Ann. Probab. 13 179-195.
[10] Davis, R. A. and REsNICK, S. I. (1986). Limit theory for the sample covariance and
correlation functions of moving averages. Ann. Statist. 14 533-558.
[11] FELLER, W. (1971). An Introduction to Probability Theory and its Applications, 2nd ed.
Wiley, New York.
[12] Fox, R. and TaQQu, M. S. (1986). Large-sample properties of parameter estimates for
strongly dependent stationary Gaussian time series. Ann. Statist. 14 517-532.
[13] GirarTis, L. and SurcaiLis, D. (1990). A central limit theorem for quadratic forms in
strongly dependent linear variables and application to asymptotical normality of
Whittle’s estimate. Probab. Theory Related Fields 86.
[14] GNEDENKO, B. V. and KoLMOGOROV, A. N. (1954). Limit Distributions for Sums of Indepen-
dent Random Variables. Addison-Wesley, Reading, MA.
[15] HANNAN, E. J. (1973). The asymptotic theory of linear time series models. J. Appl. Probab.
10 130-145.
[16] HELSON, H. (1983). Harmonic Analysis. Addison-Wesley, Reading, MA.
[17] HEYDE, C. C. and Gay, R. (1993). Smoothed periodogram asymptotics and estimation for
processes and fields with possible long-range dependence. Stochastic Process. Appl. 45
169-182.
[18] Kokoszka, P. S. (1996). Prediction of infinite variance fractional ARIMA. Probab. Math.
Statist. 16 65-83.
[19] Kokoszka, P. S. and TaQqu, M. S. (1995). Fractional ARIMA with stable innovations.
Stochastic Process. Appl. 60 19-47.
[20] KokoszkA, P. S. and TAQQu, M. S. (1995). Infinite variance stable moving averages with
long memory. J. Econometrics 73 79-99.
[21] MikoscH, T., GADRICH, T., KLUPPELBERG, C. and ADLER, R. J. (1995). Parameter estimation
for ARMA models with infinite variance innovations. Ann. Statist. 23 305-326.
[22] REsNICK, S. 1. (1987). Extreme Values, Regular Variation and Point Processes. Springer,
New York.
[23] RosiNski, J. and Wovczynskl, W. A. (1987). Multilinear forms in Pareto-like random
variables and product random measures. Collog. Math. 51 303-313.
[24] SAMORODNITSKY, G. and TAaQQUu, M. S. (1994). Stable Non-Gaussian Processes: Stochastic
Models with Infinite Variance. Chapman and Hall, New York.
[25] ZyaMUND, A. (1979). Trigonometric Series 1, 2. Cambridge Univ. Press.

DEPARTMENT OF MATHEMATICS DEPARTMENT OF MATHEMATICS
UNIVERSITY OF UTAH BosTON UNIVERSITY

233 WIDTSOE BUILDING 111 CUMMINGTON STREET

SALT LAKE CiTy, UTAH 84112 BOSTON, MASSACHUSETTS 02215

E-MAIL: kokoszka@math.utah.edu E-MAIL: murad@math.bu.edu



