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ON THE ASYMPTOTIC DISTRIBUTION OF
SCRAMBLED NET QUADRATURE

BY WEI-LIEM LOH
National University of Singapore

Recently, in a series of articles, Owen proposed the use of scrambled
(t,m, s) nets and (¢, 5) sequences in high-dimensional numerical integration.
These scrambled nets and sequences achieve the superior accuracy of
equidistribution methods while allowing for the simpler error estimation
techniques of Monte Carlo methods. The main aim of this article is to
use Stein’s method to study the asymptotic distribution of the scrambled
(0, m, s) net integral estimate. In particular, it is shown that, for suitably
smooth integrands on the s-dimensional unit hypercube, the estimate has an
asymptotic normal distribution.

1. Introduction. Let X be a random vector uniformly distributed on the
s-dimensional unit hypercube [0, 1) and let f be an integrable function from
[0,1)* to K. An objective of many computer experiments [see, e.g., McKay,
Conover and Beckman (1979), Stein (1987), Owen (1992a) and Tang (1993)] is
to estimate

(1) w=Ef(X) =f[0 £y dx

D?

using a fixed number of function evaluations. It is well known [see Owen (1995)]
that as the dimension s increases, Monte Carlo methods and (deterministic)
equidistribution methods become competitive and ultimately dominant. Davis
and Rabinowitz [(1984), Chapter 5.10] considered s > 15 to be a high enough
dimensionality that sampling or equidistribution methods are indicated. Evans and
Swartz [(2000), Chapter 1] gave an updated discussion of the dimension effect in
numerical integration.

Among equidistribution methods, (¢,m, s) nets and (¢, s) sequences are one
of the most popular and successful. They have been developed by Sobol’, Faure,
Niederreiter and Xing, among others. A comprehensive account of (¢, m, s) nets
and (¢, s) sequences can be found in Niederreiter [(1992), Chapter 4; see also
Niederreiter and Xing (1998) for more recent developments]. It is generally the
case that equidistribution methods offer superior convergence rates and accuracy,
while Monte Carlo methods allow for simpler error estimation techniques. With
this as motivation, Owen (1995, 1997a, b, 1998), in a series of articles, proposed
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the use of scrambled (z,m,s) nets and (z,s) sequences in high-dimensional
numerical integration. The scrambled net and sequence approach can be regarded
as a hybrid of equidistribution and Monte Carlo methods in that it possesses the
superior accuracy of the former as well as the simpler error estimation techniques
of the latter. Owen further showed that the resulting scrambled net or sequence
estimator for wu is unbiased and has a variance that is o(1/n) along the sample
size sequence n = Ab™, 1 < A < b, 0 < m, where b denotes the base of the net
or sequence. Thus for any nonconstant f, the ratio of the scrambled net variance
to the usual Monte Carlo variance tends to zero as n — oo. Generalizations of
Owen’s work can be found in Yue (1999), Yue and Mao (1999) and Hickernell and
Yue (2000).

The main purpose of this article is to study the asymptotic distribution of
the scrambled net estimator. For instance, such a result will be useful in the
construction of asymptotically valid confidence intervals for p. The remainder
of this article proceeds as follows. Section 2 gives a brief review of nets, (¢, s)
sequences and scrambled (z,m,s) nets. Following Owen (1997a), Section 3
develops a nested analysis of variance (ANOVA) type decomposition of f. This
facilitates the computation of the variance of the scrambled net estimator. In
particular, Theorem 1 shows that for a suitably smooth integrand f on [0, 1)*,
the variance of the scrambled (0, m, s) net estimator fio . s is exactly of order
Om*~'b=3") as m — oo.

Stein (1972) introduced a powerful and general method for obtaining an explicit
bound for the error in the normal approximation to the distribution of a sum of
dependent random variables. Since then, Stein’s method has found considerable
application in combinatorics, probability and statistics [see, e.g., Stein (1986),
Bolthausen and Gotze (1993) and Shorack (2000), Chapter 11]. In Section 4,
Stein’s method is used to determine the asymptotic distribution of the scrambled
(0, m, s) net estimator fto 5. In particular, Theorem 2 establishes the asymptotic
normality of [i¢ . s under weak smoothness conditions on f. We note that Hong,
Hickernell and Wei (2001) exhibited additional empirical evidence that the central
limit effect for scrambled nets can take place for reasonable sample sizes.

The Appendix consists of technical results that are needed in the proofs of
Proposition 1 and Theorem 3. We end this Introduction with a remark on the
notation used in this article. The indicator function is given by J{-} and || - ||;
denotes the Euclidean norm in R°. If g: R — R is a differentiable function, we
write g(1 as its first derivative and if x is a vector, then x’ is its transpose. Finally,
-] denotes the greatest integer function, while #2 denotes the cardinality of a
set 2.

2. Nets, (¢, s) sequences and scrambled (¢, m, s) nets. Letb>2ands > 1
be integers. An elementary interval in base b is a subset of [0, 1)* of the form

T < cj~+1)
8‘}1[%’ bki




1284 W.-L. LOH
for integers ¢, k; withk; >0and 0 <¢; < bki —1.

DEFINITION. Let0 <t <m be integers. A finite sequence {A;:i =1, ..., 5"}
of points from [0, 1)® is a (¢, m, s) net in base b if every elementary interval & in
base b of s-dimensional Lebesgue measure b’ satisfies

hnl

> I{Aje&)=b"

i=1

DEFINITION. For ¢ > 0, an infinite sequence {A; :i = 1, 2, ...} of points from
[0, 1)® is a (¢, s) sequence in base b if for all integers k > 0 and m > ¢, the finite
sequence {A;:i =kb™ +1,...,(k+ 1)b™}is a (t,m, s) net in base b.

The usual (¢, m, s) net or (¢, s) sequence estimate for u is given by
N
p=—2 f(AD.
i=1

If f is of finite total variation in the sense of Hardy and Krause, it follows from the
Koksma-Hlawka inequality that | — u| = O((log, n)s_l/n) if{A;:i=1,...,n}
is a (t,m,s) net in base b and |i — u| = O((log,n)*/n) if {A;:i > 1} is a
(t,s) sequence in base b. For more precise statements as well as details of the
above statements and results, refer to Owen [(1997a), page 1887] and Niederreiter
[(1992), Theorems 4.10 and 4.17].

Owen (1995) introduced the idea of scrambled (¢, m, s) nets as follows. Suppose
that {A; = (Ai1, ..., Aiy) ti=1,...,b™}isa (t,m, s) net in base b. We observe
that A; ; can be expressed as

o0
() Aij= Z ai,j,kb_k
k=1

for suitable integers 0 < a; jx <b — 1. Let
3) {7, Tjia), Tiarays Tjsaragazs --- 1 <j<5,0<ar<b—-1k=1,2,...}

be a set of mutually independent random permutations of {0, 1, ..., b — 1}, where
each of these permutations is uniformly distributed over its b! possible values.
Now a scrambled (¢, m, s) net in base b has the form {X; = (X; 1,..., Xi5) i =
1,...,b™}, where

[e.e]
—k
Xi,j = in,j,kb
k=1
and,for1 <i<bp™,1<j<s,
Xij1 =7mj(ai 1),

4

xi,j,k = nj;ai.jyl,...,aiyj_kfl (ai,j,k)v Vk > 2.
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Owen [(1995), pages 307-308] further showed that {X;:i =1,...,b"} is also a
(t,m, s) net in base b with probability 1 and that for each i, X; has the uniform
distribution on [0, 1)%.

For the remainder of this article, we shall assume that the integrand f in (1) is
smooth in the following sense.

DEFINITION. A real-valued function f on [0,1)° is smooth and has a
Lipschitz continuous mixed partial of order s if there exist finite constants B > 0
and B8 € (0, 1] such that

s N

a
- < Bllx —vy|? Yx,yel0,1).
T T AL R s axsf(y)’ <Blx—ylIf  Vxyel0,1)
The estimator for y that we are concerned with in this article is based on the

scrambled (¢, m, s) net {X;:i =1,...,b™}, namely
1 b"l

5) fms = 7o Zl fX0).
i=

Since X; is uniformly distributed over [0, 1)*, fi; .5 is an unbiased estimator
for .

3. Nested ANOVA decomposition. Owen (1997a, b, 1998) investigated
the variance of the scrambled (z,m,s) net estimator f[i;, s by applying an
s-dimensional base » Haar multiresolution analysis to f. More precisely, for any
integer k > 0, let Y be the linear span of the functions {yr ;c:f > 0,0 <c¢ <
b — 1}, where

i (@) = b*D 200 ) = br 4 ¢} —p* D20 1bFx =1} Vxel0,1)

for integers ¢+ > 0 and 0 < ¢ < b — 1. We observe that for arbitrary (but fixed)
integers #; and fp, the functions in ¥ are constant on (b~ %1 (1 + Db~
and integrate to zero over (120K, (ty + 1)b—%). Next let U denote the space of
functions that are constant on [0, 1) and

U={g+g+ +g-1:8€Uo, gj€Yj, j=0,....k—1} Vk>1.

Then it is well known that |J{2, Uy is dense in L2([0, 1)) and N2, Uk = Uo.
We further observe from Owen [(1997a), page 1897] that a typical basis function
for L2([0, 1)*) is of the form

1
(6) [1¥%, 050, () V(xia..ox) €10, 1),

r=1

where 1 < j; <--- < jj<s,and k;, >0,0 =<1, < bkir —1,0<¢;, <b-1
whenever 1 < r </. Here by convention, an empty product (i.e., [ = 0) is taken
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to be 1. Hence for a smooth function f, it follows from (6.6) of Owen [(1997a),
page 1898] that

oo hfl—l b—1

<x>—u+2 )OS DD DD

I=11<j1<- <]1<vk“—0 15, =0 ¢j; =0

00 b”—l b—1
(7 Z Z Z <f l_[ wkjr Ljr> er> l_[ lpk/r LjrsCjr Jr)

kjl—O l]]—O cjl—O r=1

Vx e[0,1)%,

where p is as in (1) and the inner product (-, -) is defined as
1 1
&) <f’ [ wkjr’[jr’cjr> = /[.0 Iys S [ [ Vi sty )y (xjr):| dx.
r=1 ’ r=1

REMARK. As noted by Owen [(1997a), page 1895], the basis functions in (6)
are not mutually orthogonal, but Lemma 3 of Owen (1997a) shows that (7) is still
valid.

Nextlet fig s beasin (S) withz =0andlet {X;:i =1,..., 0™} be ascrambled
(0, m, s) net in base b. Assuming that Var(io . s) = ‘702,m,s > 0, we define

) W =0 s (Rom.s — ).
For simplicity let
{U[Ej,l,...,Ej,ujzl§j§s]:055j,1,...,6j,uj <b—1,u;>0,1<j<s}

be a set of mutually independent random vectors, where each Ulcj i, ...,
Cju i 1 < j < s] has the uniform distribution on the elementary interval

s uj
H[chkb b J—l—Zc]kb )

Furthermore we assume that the U’s are independent of the 7 ’s [defined as in (3)].

For nonnegative integers uf, uy, ..., uy, us, we write:
) (i, ...,uy) =X (uy, ..., uy) ifandonlyifujfuj foralll1 <j <s;
(i) (uj,...,uy) < (ui,...,us) if and only ifujf <ujforall 1 <j<s withat

least one strict inequality.
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With (7) as motivation, the following construction establishes a nested ANOVA
decomposition of Ef(U). Forintegersu; >0,0<c¢;) <b—-1,1<j<s,k>1,
define recursively

Vuy,..., us[Ejvl,...,Ej,ujilfjfs]

:Ef(U[Ej,l,...,Ej’uj 01 fjfs])

N Z Vut, .., u;“[éj,l,--u,gj’ujilfjfs]
ul,enf (0,00 XU, u¥)<(uy ..., us)
and hence
C i <ji<
Ml,...l,llf?%oo Ef(U[C/’I’ 2 Cjuj 1<j S])
(10) B . )
= Z Vg vots (€15 o os Cuy i 1 < J < 5],

Writing |u| = Zj.:l J{uj>1}suchthat 1 < j; <--- < jj, <sandu; > 1if and
only if j € {ji1,..., ju}, it follows from (7) that v,, . can be written down
explicitly as

.....

vo,..oll=p  if|u|=

and
Vuq,..., MS[CJ 1» Ej,uj 1<J<S]
b1~ 1 p—1 'l l—1 b— u|
S YR ORR VR oE (3 (ORI
(11D =0 tl\u\_o Clu |—0

Jut]

HWujl—l,tj],le o Uj][Ej,la ---an,uj 1< .] fs]}
=1

if u| > 1.

Here Uj, denotes the jjth coordinate of U. Another useful consequence of the
ANOVA decomposition is

(12) > Vit sotts [€j 15 -2 Gy 11 < j <5]=0
0=<Cy <b—1: (k,D=(j,uj+1),....(j.uj), 1<j<s

whenever (u7, ..., uy) < (uy, ..., uy).
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REMARK. Since wujl—l,fj[,cj[ is constant on [t~ "1, (t; + 1)b™"ir) for an
arbitrary but fixed integer #;, we note that in (11),

|ul
E HWujl—l,zj],cj[ OUj[[Ej,lv""Ej,uj 1<j<s]
=1
(13)
Jut]
= l_[wujl—l,tjl,c‘jl on[[Cj,h "'7Cj,uj o1 <] ES]
=1

Let {A; = (Ai1, ..., Ajg) :i=1,...,b™} be the deterministic (0, m, s) net in
base b from which the scrambled net {X;:i =1, ..., b"} is derived. We observe
from (2), (4), (10) and the smoothness of f that

/:\LO,m,s — M
bm

1
= o Y LX) —ul
i=1

m

1

bm

i=luy,...,us:(0,...,00<(uy,...,ug)
X Vo [ (@i 1), -
nj;ai,j_l,...,ai.j,ujfl (ai,j,uj) i1 = ,] = S]

m
1 b

= >

i=luy,..,us>0:uy+--4ug>m+1
X Vuyy, ... us [Jrj(a,‘,j,l), ey
nJ.;ai,j,lv---sai,j,uj—l (ai,j,uj) l=j= S]'
The last equality uses (12) and the definition of a (0, m, s) net. Hence we conclude
from (9) that
1
B me'O,m,s

b"l

(14) X Z Z

i=luy,..,us>0:u1++us>m+1
X Vg [0 (ai 1), -

T8 j,1seees =1 (ai,j,uj) H1<j<s].
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REMARK. Related (although admittedly simpler) ANOVA-type decomposi-
tions have been applied to other sampling designs in computer experiments such
as randomized orthogonal arrays [see, e.g., Owen (1992a) and Loh (1996a)] and
Latin hypercube sampling [see Owen (1992b) and Loh (1996b)].

The following theorem, which is from Owen (1997b), gives the exact rate of
convergence for a& mst

THEOREM 1. Let b > max{s, 2} and f:[0,1)* — R be smooth and have a
Lipschitz continuous mixed partial of order s such that

9% 2
—f(x)| dx>0.
/[0,1)5 [ax1 ‘. ang( )]

Then there exist positive constants c, C such that

cms—lb—3m < O_OZm S < Cms—lb—3m

as m — OQ.

Theorem 2 in Owen (1997b) explicitly gives the upper bound, while the lower
bound can be obtained easily from the proof of the same theorem. We note that
Owen’s proof essentially makes use of the previously discussed nested ANOVA
decomposition.

REMARK. Owen [(1997b), page 1555] noted that it is an open question
whether the rate in Theorem 1 holds under weaker smoothness conditions.

We end this section with a lemma on (0, m, s) nets and (0, s) sequences that
complements Theorem 1.

LEMMA 1. Form >2,a (0,m,s) net in base b can exist only if s < b + 1.
Furthermore a (0, s) sequence in base b can exist only if s < b.

The reader is referred to Corollaries 4.21 and 4.24 of Niederreiter (1992) for the
proof of Lemma 1.

4. Stein’s method. In this section, we shall use Stein’s method to determine
the asymptotic distribution of fig ,, s, Where [Lo . s is as in (5) with r = 0 and
{X;:i=1,...,b™}is a scrambled (0, m, s) net in base b. Central to this normal
approximation technique is the following lemma.

LEMMA 2 (Stein). Let z € R and let ® and ¢ denote the cumulative
distribution function and probability density function of the standard normal
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distribution, respectively. The unique bounded solution g,:R — R of the
differential equation

g(l)(w)—wg(w)zl{wfz}—cb(z) YweR
is given by

P(w)l - P()]/Pp(w),  fw=gz,
e[ - Pw)l/p(w),  fw>z.

Furthermore, 0 < g,(w) <1 and |g§1)(w)| <1 forallwe R.

g (w) =

Lemma 2 is from Stein (1972); refer to his paper for a proof.
The following theorem is the main result of this article.

THEOREM 2. Let b > max{s,2}, f:[0,1)® - R be smooth and have a
Lipschitz continuous mixed partial of order s such that

9% 2
/ [7]’()0] dx >0
[0,1) Ldxy - -+ dxg
and let W be as in (9). Then W — ® in distribution as m — o0.

To prove Theorem 2, it is convenient first to define m = [2slog;, m| and

W 1
meO,m,s
bnl
15 X >
i=luy,..,ug>m:uy++ug>m+1

..... wlmwitaij), ...,
nj;ai.j,la"'aai.j,ujfl (aln]suj) : 1 S j S s]'

PROPOSITION 1. Let b > max{s, 2} and let f:]0,1)* — R be smooth and
have a Lipschitz continuous mixed partial of order s such that

o° 2
—f(x)| dx>0.
/[0,1)5‘ [axl e axsf( )}

Then E[(W — Vi/)z] = O(m/m) and hence W — W—0 in probability as m — 00,
where W and W are as in (14) and (15), respectively.

The proof of Proposition 1 is deferred to the Appendix. Hence it follows from
Proposition 1 and Slutsky’s theorem that to prove Theorem 2, it suffices to establish
the asymptotic normality of W via Stein’s method.
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THEOREM 3. Let b > max{s, 2}, let f:]10,1) — R be smooth and have a
Lipschitz continuous mixed partial of order s such that

9° 2
/ [7f(x)] dx >0,
[0,1)f LOX1 -+ 0X;s

and let W be as in (15). Then as m — oo,

m

7 12
sup {|[P(W <w) — ®(w)|: —00o <w <w}=0<<w> )

PROOF. Let I and J be random variables uniformly distributed over {1, ...,

b™} and {1, ..., s}, respectively. Furthermore let
* ok * * . . _
{nj,n'j;al,nj;al’az,nj;al’azm,... 1<j<s,0<ar<b-1,k=1,2,...}

be an independent replication of the 7’s as defined in (3). We assume that 7, J
and the 7*’s are independent and that they are also independent of all previously
defined random quantities. Next define for 1 <i <b™,1 < j <y,

nJ';ai.j,lnn,ai,j.ujfl
% . . ' o
= =(a,‘,j,1,...,a,‘,j,n~1_1) andujZm,
nj?“i,j.lwwai,j.ujfl , otherwise,

where the g; ; ;’s are as in (2) for the (0,m,s) net {A;:i =1,...,b"}. With the
representation of W in (15) as motivation, define

e L
meO,zn,s
b"l
XY >
i=luy,.., us>m:uy+-+ug>m—+1

X Vyp,oous [ (@1 e

(@i ju) 1<) <s].

nj;ai,j,l,---,ai,j,uj

From symmetry, we observe that (W: W*) is an exchangeable pair of random
variables in that (W, W*) and (W*, W) possess the same bivariate distribution.
We now write

wW*—Ww
1%

S—38,

(16)

[
=

- S,
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where
~ 1
§=——
me'O,m,s
b"l
x > {2 1,0, }
i=luy,..,ug>m:uj+-+us>m+1
X Vyp, s [T (@ 1) s
nj;“i,j_lwnaai.j,ujfl (ai,j,uj) l=<j= S],
1
B me'O,m,s
le
< > {2 1,7, }
i=luy,..,ug>m:uj+-+us>m+1
X Vyp, s (7@ 1) s
nj;“i,j_lwnaai.j,ujfl (ai,j,uj) 1=<j= S]
and €; ;. 7.» denotes the event that (a; j1,...,a7 7.m—1) = (@i J1, -5 0i J7—1)-

Let ‘W be the o-field generated by the random quantities
(17) {nj(ai,j,1)7 nj;ai,j’l(ai,j,ZL T[].;ai,j,l,ai,j,Z<aisjv3)’ ceet 1 S l S bm’ 1 S J S S}

and let EY denote conditional expectation given W. Next let z € R and
g, R — R be as in Lemma 2. From the exchangeability of (W, W*), we have

0= E{(W* = Wlg:(W) + g (W)}
= 2E[g. WEY (W* = W)] + E{(W* = W)[g.(W*) — g.(W)]}.
Consequently we observe from Proposition 2 (see the Appendix) that

m—1

E[Wg.(W)] = E{(W* — W)[g,(W*) — g.(W)]}

(18)
= E[/ gDV + w)KW’W*(w)dw],

where for all w € R,

B (WE=W), ifS<w<S§,
(19) Ky jiew) =1 @1 2)(W —W¥), ifS<w<S,

0, otherwise.
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Now we observe from Lemma 2 and (18) that
P(W <2)— ®(2)
= E[g{" (W) — Wg(W)]
= E/ [ngl)(vf/) - 8§,1)(V + w)]KW’W*(w) dw
+ E[gi”(W)]EU KW!W*(w)dw}

— E[ggl)(W)/KW’W*(w)dw]

(20)

+ [Egi”(vf/)][l - E/KW’W*(w)dw]

Thus to prove Theorem 3, it suffices to obtain appropriate bounds for the terms on
the right-hand side of (20). This is achieved by Propositions 3—5 in the Appendix.
Hence we conclude that as m — oo,

sup{lP(W <w)— P(w)|:—00 <w < oo}

oo
0((10%1,;171)1/2)‘

This proves Theorem 3. [J

REMARK. The first two terms on the right-hand side of (20) have been
studied in some detail by Ho and Chen (1978) in the context of investigating
the convergence rate of Hoeffding’s combinatorial central limit theorem and the
proof of Proposition 4 was motivated by their results. A Berry—Esseen type bound
eventually was obtained by Bolthausen (1984) for Hoeffding’s combinatorial
central limit theorem using mathematical induction in conjunction with Stein’s
method.

REMARK. The reason for using W as a proxy for W is that it is possible then
to obtain a sharp bound for the fourth moment of S (see Lemma 4 in the Appendix)
even though the proof is rather tedious and involved. It can be shown (by taking
explicit note of the error terms) that the proofs of this article give a logarithmic
upper bound (with respect to sample size n) on the convergence rate of the law
of W to normality. However, because the somewhat crude proxy W is used for W,
we believe it is unlikely that the above convergence rate is optimal. As we noted in
the Introduction, numerical studies reported in Hong, Hickernell and Wei (2001),
for example, indicate that the central limit effect can take place for reasonable
sample sizes.
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APPENDIX

PROOF OF PROPOSITION 1. We observe from (14) and (15) that

s—1
1) W=W=3 " > Aj

r=11<ji<--<j,<s

where
A 1
Jlseeesd)
' meO,m s
hnl

X2 2
i=1luy,.usg>01uy - Fus=m+1,
ugZmeke(ji, ... jr}

nj:“i,j,ls---sai,j,uj—l (ai,j,uj) 1=<j= S]‘

Here < denotes if and only if. Next as in (11), we write |u| = Z‘}:l Luj > 1}
and define
1
Yiyigsjouj = m[bi{(ail,j,l, @iy o) = @iy j1s s @iy ;) }
— (@i s iy jug—1) = (@15 -5 i jug-1) -
Consequently Y, j,: ;0 = 1 and from the definition of a (0, m, s) net [see also
Corollary 4 of Owen (1997a)], we obtain

b s
Z H TilJz:J.vuj
ir=1j=1
— 1 ‘M‘ |I/l| bl 1 \u\—l 1 bm_ul_"'—lls‘HM\—l
(22) T Z( ;)P (=DM max {1, }
1=0
0, ifu;+---+us <m,
= Ful,...,u‘;a fm4+1<wur+---+us <m+ul—1,
1, ifuy+---4+ug>m++ |ul,
where
(=D
Pttt =14 G
M=y =ty +|u| | =1 _ym—t =gl

m—uy—-—us+ul u| l
- ( ! )“l’) }
=0
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We observe that the left-hand side of (22) does not depend on i;. Owen [(1997b),
page 1547] showed that 0 < T',,, ., <e since s < b. We further observe from
(11)and (12) thatfor 1 < j; <--- < j, <,

2
EAj,....0)

1
T p2m 42
b O—O,m,s

h m bﬂ’l

x2. 2 2

i1=lir=luq,...us>0:uj+-+us>m+1
ug>mske{ji,.... jr}

X E{vuy,.u [ (@i j1)s - -
Tj3aiy jitsn@iy -1 (ail,j,uj) l<j= S]
X Vyy,... ug [ﬂj(aiz,j,1), ceey

nj§ai2,j,ls---saiz,j,uj—l (aizvj,uj) 1=<j= S]}

(23) =—5——>5—
bzmo—(%,m,s

bln bln s
x > > ( > I Til,iz;j,u,)
Ulyeoslg=>0uy+Fug>m+1i1=1 \ip=1 j=1
up=m<ke{ji,...,jr}

X E{vuy,.u [7j(ai, 1), -
. 2
Tj3@iy jitso iy -1 (ail,j,uj) l=j= s] }
e

— 2
m
b O_O,m,s

x >
ULy hg=0 U+ Fug>m—+1
u=mskelji,..., jr}
X E{Uula---sus [ﬂj(al,j,l)a T

. 2
nj;al,j,l,---,al,j,uj—l (al,j,uj) l=<j< S] }

For simplicity, we write 1 < j" <--- < j* . < such that {ji,..., j-, j], ...,
Jo b =A{1,...,s}. Now it follows from Theorem 1, (23) and Lemma 3 that
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as m — 00,
2
E(Ajl,...,jr)
n—1 m—1
_ o(1) Z p 2t us)
bmo? g
0,m,s Mjik:() ujs*_rzoujl ,,,,, Ujp > w4ty >m+1
o(1)
=
b UOms
2 jetupr ) - I—1
- u * u * 2] —_
YT > ()
u; *_0 ux =0 I=m—4+1—u ;x——u ;x
Js—r A Js—r

0<1> ol afl+m
b3m Z Z Zb <r—1>

Omsul*_O =01=0

m\S~"
o)
m
This implies that E[(W — W)z] = O(m/m) and consequently, using Markov’s

inequality, we obtain W — W — 0 in probability as m — oco. This proves
Proposition 1. [

L%
Jsr

PROPOSITION 2. With the notation and assumptions of Theorem 3,

Wi v =
E"(W"—=W)= bnﬁ—IW'
PROOF. First we observe from (17) that
1
EYS) = ——
(5 Sbm+m_100,zn,s
b s
XD ) >
i=1k=1uj,..., > et 1
(24) 1 Ui Us=M U +FUsg=>m~+
X Vyy,..., [ﬂj(a, J 1)

nj;ai.j,la""ai,j.ujfl (al’Jsuj) : 1 S j S s]
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Next we observe from (12) and (17) that
(25) EVI@§ =0 = EY(S) =0,

where E"-1-/ denotes conditional expectation given ‘W, I and J. Since W*—W =
S — S, Proposition 2 follows directly from (24) and (25). O

LEMMA 3. With the notation and assumptions of Proposition 1 or Theorem 3,

Jul
<fv 1_[ wujl_l’tjl’cjl>
=1
— p G uy=2lup/2
(26) glul
: [W /[0,1)5'"' Fsus i) 11 dx]}

1<j<s:u;=0

u [ue]
2Cj —b+1 —(14B)u;
X (l_[lT)(l‘i_O( E b A I s

=1 =1

where 1 < ji <--- < jlyy <s and uj > 1 if and only if j € {j1,..., jlu}. Here
the jth coordinate of the point XUy ooy ool equals b_”i“(tj +05)ifje
{j1, ..., Ji} and equals x j otherwise. Furthermore we have

. 2
E{Uul ..... Ug [nj(al,j,l)a ceey nj;alyj_l,...,alyj_ujfl (al,j,uj) 1 =J= S] }

2urttuy) (7 = T\ a (1+5)
=p T ”5< ) 14+ 0 b~ i
) (re(zre)
olul
o Froeee o
[(),1)Iul ale"'aleul

2
X/[.O 1)57|u|f(xlv-..,)€s) l_[ dxj:| dle...dleul

I1<j<s:u;=0

27)

and

. 4
E{Uul ..... Ug [nj(al,j,l)a s nj;alyj_l,...,alyj_ujfl (al,j,uj) 1< J= S] }

— O(b—4(u1+-~~+us))_
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PROOF.  For the proofs of (26) and (27), we refer the reader to Lemmas 1 and 2
of Owen [(1997b), pages 1552 and 1553]. Next we observe from (11) and (13) that

. . 4
Vuy,....ug [nj (a1, .-, nj§al,j,la---aal,j,uj—l (al,j,uj) l=j= S]
P o T

1j =0 tj|u|:0

4 ( b1 b—1 lul
(28) X i Z Z <f’l_[‘ﬂuj,—1,rj,,a-.j,>
=1

i Ci,j =0 Ci’j|u|:0 =1
|ul
X 1_[ WMj[—l,tjl,c,’,jl (Ujl [nj(al,j,l)v ceey
=1

nj§al,j,la---aal,j,uj—l (alvjs”j) l<j= S])}’

and

4 |ul
E{ l_[ l_[ Vuj —1.1j,.ci (Uj[rjtar,j),...,

i=1l=1

”j;dl,j.1,~~~,a1.j,uj71(al,j,uj) 1<j< s])}
(29)

Jue]

1 4
= 1_[/0 |:l_[v/uj[_1stj1sci.j1 (le):| dxj,
=1 i=1

— O (b i),

The final statement of Lemma 3 follows from (26), (28) and (29). [

PROPOSITION 3.  With the notation and assumptions of Theorem 3,

‘E/KW’W*(w)dw _ 1’ - o(ﬁ)

m

as m — Q.
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PROOF. We observe from (21) and the proof of Proposition 1 that

s—1
EWH=EWH -2 > EWAj..;)

r=11<ji<--<j,<s

s—1
@) FY X B

r=11<ji<--<j,<s

=1+0<%)

as m — oo. By replacing gZ(W) by W in (18), we have EfKW e (w)dw =
E(W?) and this proves Proposition 3. [

PROPOSITION 4. With the notation and assumptions of Theorem 3,

’E/ [s" W) — g (v + w)]KW,W*(w)dw’ — 03

as m — oo.
PROOF. Lete > 0. From Lemma 2, we observe that

E[/ gD W) — gD (v + w)|KW’W*(w)dw}
§2E|:-/w|>28 KW’W*<w)dw]
+2E[/w|<281{|S| > 28}KW’W*(w)dw}
+E[/w|§28 |4{V + S <z}
— 2V 4w =] < 26Ky () do |
+E[/w|§28|WgZ(W)
—(V4+w)g(V+w)l|d{lS| < 28}KW’W*(w)dw}
§2E|:-/w|>28 KW’W*(w)dw]

31) +EU Hz—2e<V <z+26)Ky W*(w)dw]
jw|<2e :
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+2E[/ LS| > 2e}K W*(w)dw]
|lw|<2e ’

+4sE[/| <2€(|W|+1)KW’W~,*(w)dw].

Now it suffices to establish appropriate bounds for the terms on the right-hand side
of (31). To do so we shall divide the remainder of this proof into four steps.
Step 1. First we observe that

2E [ /w>2€ KW’W* () dwi|

:2E|:/ ) (1{S < S'} + I{S > S‘})KW’W*(w)dw}

< 2EU (1(8 = 2¢) + 4(S = 28})KW’W*(w)dw}
=b"VE[(S — $)2(4{S = 26} + 4{S > 2¢})].

Using symmetry and Lemma 4, we have

2E|:/|w>2€ KW,W*(w) du):|

<bH"VE[(S — $)*(L{IS] = 2¢} + L{|S| > 2¢})]
< 8" [E(SH] P[P (18] = 26)1'/2
<2b" e "2 E (5%

= 0@ 2™

as m — oo uniformly over € > 0.
Step 2. Using Holder’s and Markov’s inequalities, we have

2E[/|wgze HISt> zg}KW,w*(w)dw]

<2eb™VE[(|S] + IS L{|S| > 2¢}]

VAP (S| > 26)1/4

<4eb™E(Sh)]
< b”’_lg_zE(S4)
=02

as m — oo uniformly over € > 0.
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Step 3. Next we observe from (16), (19) and (30) that

48E[/;be”v|+I)KWJhAw)dw}
=< 28b’h—1E[(|W| + DS - 52
= 8eb"{[E(sH]PEWD] + E(sP)
=0(e)

as m — oo uniformly over & > 0.
Step 4. Define

—4e, if w <z —4e,
h(w)y={w—z,  ifz—4e<w<z+4e,
de, ifz4+4e <w.

Consequently,
E[/hg“(v + w)KW’W*(w)dw]
ZE[/ 1(2—285V§z+28)KWW*(w)dw].
lw|<2e ’
Thus we observe as in (18) and (30) that
’EI:/ 1(2—28§V§Z+28)KW W*(w)dw”
|lw|<2e ’

< E|Wh,(W)|
<4¢E|W|
=0(e)

as m — oo uniformly over ¢ > 0. Now Proposition 4 follows from (31) and

Steps 1-4 by taking ¢ =b~""/3. O
LEMMA 4. With the notation and assumptions of Theorem 3,
P ESY) =140 (ﬂ)
m
E(SH =007

as m — OQ.
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PROOF. We observe from the definition of S in (16) that
brh—l E w (SZ)

bm—l
= om, 2
b GO,m,s

bln
XEW{|:Z Z ‘Z{Qi,I;J;rh}
i=luy,...,ug>m:uj+---+ug>m+1

X Viy s [77(a 1)

2
nj:“i,j,ls---sai,j,uj—l (al}jvuj) l=j= s]i| }

X iEW{[hZ > Qi 11 }

k=1 i=luy, o ug>m: w4ty >m+1
X Vyy s [70(@ 1) )
(32) nj?“i,j.ls~~~sai.j,uj—1 (ai,j,uj) 1< ] < S]:| }
1

T o H2m 2
sb O’O,m,s
s
x2 2 >
k=liy=luyy,....uy ¢>m:uy4Fuy g=m+1
X Vup 1,y s [nj(aihj,l)’ cees
nj;ail,j.ls"'sail,j.ul’jfl (ail’jsul,j) : 1 S -] S S]

b m

X Z Z ‘Z{Qil,iz;k;rh}

ir=luy 1,....up s>m:uy 1+-+uy s >m+l
X Vuy g [7(@ir, j,1)s -
nj§ai2,j,ls---saiz,j,uz_j—l (ai27jsu2,j) l=j= S]‘
Hence it follows from (15) and (30) that
b1 E(S2)
— E[brh—lEW(SZ)]
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1
T p2m 52
b O—O,m,s

b"l b"l

D3P 2

i1=Lin=1uy,...,ug>sit : ) +-tuts>m+1
X E{vy,.u[7wj(ai 1), -- -,
T jsaiy 1wl -1 (ail,j,uj) 1<j<s]
X Vyy,..ug [nj(aiz,j,l)» s
T3t j,1seesliy 1 (@iy.ju;):1<j<s]}

= E(W?)

=1+0<%)

as m — oo. Next without loss of generality, we shall suppose for the remainder
of this proof that s > 2 since the case for s = 1 is similar though more
straightforward. We observe that

b2(rh—1) E(S4)

4 1"
in |:Z Z Qi 150:m)
=1

=l g,y >0 up g g >m+1

X Vg ey s 705G 1) s

(33) T jsaip jotso@ip g, -1 (ai/,j,ul,j) l=j= s]:| }
p20A—1)
= 7 7
sb™oq
s 4 b™
32011 DN SR
k=1 =1 i[zlul,l,...,ul_sziﬁ:u1’1+---+u1_52m+1

X Vi ooy [ (@i 1)+

TUjiaip jtsip. oy, ;-1 (aiz,jvuz.j) l<j= S]:“
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bm—l

4m 4
sb GO,m,s

k=1 =1

b >

=Ly ey 200wy Ay g >mA+-1

X Vup 1t 5 [7j (@i j1), -
nj§ai[,j,17---sai1,j,ul_j—1 (ailsjvul,j) l=j= S]i| }

X Qi i igskonn |
where €2;, i, i3.is:k;m denotes the event that

(@i 1o - @iy kgii—1) = - = (ig k1o -+ - Qi fogii—1)-

To evaluate the right-hand side of (33), more notation is needed. Writing
{l1,0, 13,14} ={1,2,3, 4}, we define the following subsets of {1,2,...,s}:

(a) j e Sil{1,2,3,4}]if and only if

(@i s - @iy g j—1) = = (g 1o s Qi g —1)-

(b) j € Salih, b}, {3, 4}] if and only if u;, j =uy, j, usy,j =uy,,j,
(ai[l,j,la B ai[l?jvull,j_l) = (ailz,j,la B ai[zvjvulz,j_l)’
(ai[3,j,1a ey al‘[37jsu13,j_1) = (ai14,j,1a ey ai[4,j,u14,j—1)a

(aill i ls e iy ,j,ull,j/\u13,j—1) # (ai13,j,1v s aiz3,j,u/1,j/\u13,j—1)-

(© jeSsl{li,lr, I3}, {l4}]if and only if uy, j = uy, j = upy, ;> uy,, |,
(aill,j,lv ceey aill,j,ull,j—l) === (ai13,j,17 ceey ai13,j,ul3’j—1)v

(@iry ji1s - @iy gy j—1) = (@i o1 @iy gy —1)-
(d) ] € S4[{11, lz}, {13}, {14}] if and only if Up,j=ul,j > Up;,j \ Uly,js
@iy, 1o o @iy oy 1) = (@i o1 s @iy, oy —1)s
(34) (@i o1 e es @iy oy j—1) = (@i o1 o5 Gy o 1)
(@i, o1 - @iy g j—1) = (@i jits - s @iy, oy j—1)-
REMARK. We observe that if there is at least one k not contained in any one

of the above mentioned subsets S;[-], 1 <i <4, then

4
E l_[ Vg g,y g [”k(aiz,k,l)v o TRy k1 g -1 (aiz,k,ul,k) I<k< S]} =0.
=1
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Hence it follows from (33) that it suffices to consider only the subsets S;[-], 1 <
i <4.

Given integers s1, ..., S14 > 0 such that sy 4 - - - 4+ 514 = 5, define

Esprss = L1, s1} = S11{1, 2, 3,4},
{s1+1,...,51 + 5} =5[{1, 2}, {3,4}],
{si+s2+ 1,051+ + 531 = 5[{1, 3}, {2,4}],
{s14+--+s3+1,...,51+---+s4) = S[{1,4}, {2, 3}],
{s1+-+sa+1,...,51 4+ +55} =53[{2, 3,4}, {1}],
{s1+--+ss+1,...,51 4+ +56} = S3[{1, 3,4}, {2}],
{si1+---+se+1,....514+---+57} = S$3[{1, 2, 4}, {3}],
{si4+--+s7+ 1. 51+ 458} = 83[{1,2,3}, {4}],
{s14+---4sg+1,...,51 4+ -+ 59} = S4[{1, 2}, {3}, {4}].
{s14+--4so+1,....81 4+ 4+ 510} = S4[{2, 3}, {1}, {4}],
{s14--+sio+1,....51 4+ +s11} = S4[{1, 3}, {2}, {4}],
{s14+--+su+1,...,51 4+ +s12) = S4[{2,4}, {1}, (3},
{s14+--+sn2+1,...,51 4+ + 513} = S4[{1, 4}, {2}, {3}].
{s14-+si3+1,....50 4+ +s1a} = Sal{3,4}, {1}, {2}1}.

For {l1,1r, 13,14} = {1, 2, 3,4}, we further define

Bl 03,1430
= Sl{li, 3}, {2, a1 U S2l{h, La}, {l2, 1331 U S3[{l2, I3, 14}, {11 }]
U Ss[{l1, 13, 14}, {l2}]U Sal{la, I3}, {11}, {la}] U Salfly, 13}, {l2}, {l4}]
U Sal{la, L}, A}, {33 U Sal{lh, La}, {2}, {1331 U Salfls, 14}, {11}, {I2}],
TRV
= Sl{li, b}, {13, a1V S3l{lh, Lo, La}, {1331 U Sal{lh, 2}, {13}, {l4}]
U Sal{la, L}, A}, {33 U Sal{lh, La}, {2}, {1331 U Salfls, 14}, {11}, {I2}],
El1,1. 03,1431y
= S3[{l1, b, 3}, {la}1 U Sal{lh, 12}, {13}, {la}] U Sal{la, 13}, {11}, {la}]
U Sal{l1, 13}, {2}, {l4}]
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and

and

ﬁ11,12,l3,l4;l1,

ﬁ11,12,13,14;12,

ﬁ11,12,13,14;12,

1211,12,13,14;13,

1211 NONZNIHER

ﬂll D, 13,14505,

1211,12,13,14;14,

1211,12,13,14;14,

ﬂll 1,013,145y,

1211,12,13,14;14,

- B
Ui,y =

~ sk _
Wiy =

Ul =

~f¢; _
U b0y =

-t _
Wbl =

W.-L. LOH

=l Vi=1,...,s,

j=uj VjeSil{1,2,3,40U S[{l1, b}, {13, 14}]
U Ss[{l1, b, s}, {1331 U S3[{l1, L2, 13}, {l4}]
U Sal{l1, 2}, {13}, {l4}],

j=uhj VJE€EB Lk

j=uj VjeSil{1,2,3,40U S[{l1, 3}, {l2, 14}]
U Ss[{l1, 13, 14}, {1231 U S3[{l1, I2, I3}, {I4}]
U Sal{l1, I3}, {2}, {1431,

j=un V€Sl lah b, BNU Sk, I3, s}, {1}
U Sal{l2, I3}, {1}, {1431,

j=unj VJE€EB L

j=u VjeSi{l1,2,3,41U S [{l, 14}, {Ib, I3}]
U Ss[{lr, 13, 14}, {1231 U S3[{l1, I2, 14}, {I3}]
U Sal{l1, 4}, {2}, {I3}],

j=un Vje Salih, I3}, {l2, 1431V S3[{l2, I3, 14}, {11}]
U Sal{la, 14}, {1}, {13}],

=, VjeSalili, b} {13, 14310 Sal{ls, s}, {11}, {12}],

j=ul,j YV E€EN L,

ﬂll 0304500,
JE€S3[{l2.03, 14}, {11 IUS4[{l2. 13}, {11} {la JUS4 (L2, 1} {11 ), {13)]

Z ﬁ11712,l3,l4;12,j

JESI{1,2,3,4JUS4l{l1 13}, {l2} {LaHUSs ({11, 14} {12}, {13}]

+ > ULy b0, 0431, j
JE€S3 113,14} {2 HUS3 [{1, 12,14}, {13 }1US3 [{11,02, 13}, {4}]

Z ﬁ11,12,13,14;12,j»

J€Sal{l1.2}{13,14}1US4 {11, 12}, {3}, {l4}]

(a1, Dbl Y ”11,12,13,14;12,1)’
J€Salilz. 14}, {11}, {2}]

Z (”11,12,13,14;11,J' A ”11,12,13,14;12,1)'
J€Salilz. 14}, {11}, {2}]
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From (33), Theorem 1 and Lemma 3, we have via symmetry,
b2(n~1—1)E(S4)
— O(I)m—Z(S—l)bszrlﬁ

x 2.

S15..,8514>0: 51+ +514=5

4
(35) x i I { 3 ,,—(u,,1+...+u,,s)“
uj

=1Ly g, up s> ug j+up s >m+1

s h m bﬂ’l bﬂ’l bﬂ’l

X Z Z Z Z Z l{Qilvi27i3,i4;k;ﬁ1}ésl,...,sM.

k=1i1=1ir=1i3=1i4=1
Next we consider four cases that enable an evaluation of the right-hand side of (35).

Case 1. Suppose that k € {1, ...,s1}. Thenif sy +s5s+---+sg+s10+ -+
513 > 2 and using the definition of a (0, m, s) net,

4
m—2(s—1)b2m+r7l{ 1_[ |: Z b—(ul,1+'“+ul,s):| }
Upg,..

=1 SULsZAL U AUy s >mA]

le b m b m b m

x Z Z Z Z ‘I{Qil’i2si3si4§k§7;l}S51,~~~,514

i1=lip=1liz=liz=1

4
_ m—2(s—1)b2m+rh{ l_[ |: Z b—(u1,1+~~~+u1,s)i| }
Upg,..

=1 LUl s =0 U e tug g >mA+-1

le le b m b m

X Jl{’zjrs,z,l = ﬂ,z,3,4} Z Z Z Z U, iy iz gk |Esi 14

i1=lip=1liz=lis=1

4
+ m—2(s—1)b2m+rh{ 1_[ |: Z b—(u1,1+~~+uz,s)i|}
=1

U1 sensl s 2000 Up ety s >m]

le h m h m h m

X Jl{’zjrs,z,l > ’21,2,3,4} Z Z Z Z IRy i.igigikom | Esi 14

ig=liz=1ir=1i1=1

= O(1ym 26— Dpmtig

4
qui »
U1,2,3,4:0,15-

=1 123,40, 21 23 450,112,340, ZMA]

(36) % b—(ﬁ1,2,3,4;1,1+"-+ﬁ1,2,3,4;l,s)i|}
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i i il
x Wity 3, < ”1,2,3,4}bm< v 1)

=% =k =T ~if
pt23atU o34y 534U 34

.
pM s ( pm
X v = = \% 1)
pi23.43, 1123435 +Hil 34 b¥1.23. 441+ FU1L2 3,445

+ O(lym=26-Dpmtig

4
quif 2
U432.1:0,15-

I=1 U432, 150,521 10430, 1;0,1F 432, 1;1, s =m+1

% b—(ﬁ4,3,2,1;1,1+'~~+ﬁ4,3,2,1;1,s):| }

it il m b" .
X Jl{”4,3,2,1 > “1,2,3,4}b Vv

= ok ~F ~if
a2 tias o 1 Flaz0 1 Fls 30

-t
ptiinga . ( pm 1)
X Vv = — \
plas2 121 Fia 32,152 s +il 35 bU432 11T A3 2 151

-0(;)

as m — 00. The second from last equality uses the fact that given &, ,,, there
is a great deal of redundancy in the notation for u; x,1 </ <4,1 <k <s. For
example, if k € S1[{1, 2,3, 4}], then u; x = --- = uq . The additional notation
used there helps to eliminate that type of redundancy and facilitate the use of
a counting argument to obtain the appropriate bound. The last equality uses the
observations that as m — 00,

b" >
=5 ~ s ~ff = O(bm_zm)’
b1234 U234 34
i
pMtiasa "
- - —— = 00",
bu1.2,3.4;3.1+~'~+u1.2,3.4;3.s+M'1',2,3,4
bm
v1i=0()

bi1.2,3,4:4,1FFi01,2,3 414,

[incidentally, this is the main point for introducing the proxy W for W in (15)] and

4
l_[ |: 2 : b—(ﬁ1,2,3,4;1,1+'"+ﬁl,2,3,4;/,s)i|
11,2,3,4;1,15

I=1 1,234,020 01 23 4,01+ 11,23, 4:0,s =m+1

— 0(1)m4(s—1)b—4m‘
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On the other hand, if sy =1,s5+---+sg+s10+---+s;3=0and sg+s514 > 1,
the above argument can be applied with the order of summations for iy, i», i3, is
suitably altered to obtain the bound in (36). If s; = 1 and s + s3 + 54 =5 — 1, then
following (36) we have

4
m—2(s—1)b2m+rh H Z b~ a4Auis)

I=1Luy g, ups>mup 1 +—u s >m+1

b"l bln bln bln

x Z Z Z Z ‘[{Qil’i2si3si4§k§7;l}S51,~~~,514

i1=lip=1liz=lis=1
_ —2(s—1) 1 3m+i
=0()m b ssl,...,sm
% § : pH1.23.41k
U10,3,4:1, 150 01,2,3,4;1,s 21 U1,2.3,4,1,1F+11,2,34;1,s 2m+]
% b—(ﬁ1,2,3,4;1,1+"'+ﬁ1,2,3,4;1,s)
x )
12,3,4;2,j =M J€E123,4;2,11,2,3,4,2,1F+1,2,3 42,5 =m+1
w 123421+ +1234:2.5)
x )
i1,2,3,4:3,j M JEE123,4,3,11,2,3,4;3,1 F+i1,2,3,4,3,s>m+1

(37) % b_(ﬁ1’2’3’4;3’ 14+ 4i1,2,3,4.3,5)
—2(s—1) 3. 3m-+m
+ O(I)m (s )b " mésl,...,sm

% § : pla3.2, 14k
U4,32,1;4,15--04,32,1;4,5 M U4,32,1;4,1F+i4.3 2, 1;4,s Zm+1
w b~ W43 2140+ Hia 32104 5)
x )
U4,32,1;3,j =M J€E432,1;3,14,32,1;3,1F+i4,32,1;3,s=m+1
w b~ 432,131+ +4321:3.5)
x )
i4,32,1;2,j =M j€B432,1,2,44,3,2,1;2,1 ++i4.32,1;2,s=m+1

w b~ Wa3 2121+ Fi4321:0,5)

— O(l)ms—1+(s2—1\/0)+(S3+s4—1\/O)m—Z(s—l)

()
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as m — oo. The second from last equality is a consequence of the observa-
tions that #81234.0 =#8432.1.3 =83 + 84, #81234.3 = #E432.1.2 =52 and
h~M2341k = p~"1k < h~™ Here we adopt the convention that
Z p— 123431+ +1234:3.5)
123,43,/ =2M: jEE12,3,4;3,061,2,3,4:3,1 ++il1,2,343,s=m+1
= p— 123431+ +i123.4:3.5)
if B1,2.3,4:3 = ¢ and so forth.

Case 2. Suppose that k € {s1 + 52+ 1,...,51 + 52 + s3}. Then if 51 + 55 +
---+ 858+ 510+ - + 513 > 1, we have as in (36), but keeping in mind the term

‘I{Qil,iz,i3,i4;k;n~1}’

4
m—2(s—1)b2m+rh{ l_[ |: Z b—(u1,1+~~~+u1,s)i| }
=1

UL Lo Ul s 2T U e Ug s >mt1

b m b m le le

XD D> > Ui i isigko sy s

i1=lip=1i3=1i4=1

= O(lym =2 Dpdmtig

1 >

1=1 Ll 03,40 15000 01,2,3,4:0,5 =100 12,3 4,11+l 2,3 4,1, =m+1

x b_(ﬁ1,2,3,4;l,1+"'+’Zl,2,3,4;l,s):|}

~F ~t "
x Uity 351 S0y 03.4) v

=% =k =t ~if -
p23at U 2347 5 34 UT S 3 40

bm-‘rﬁz 391 pm
“\ 2 il it Vi ( iz i sy 1)
pH12343 012345351 534 b"1.2.3.4:4, A

+ O(lym=26-Dpdmtig

4
qul 2
U432, 1:0,15-

I=1 W43, 130, 2 04,32, 1;0,1 430,10, =m+1

% b—(ﬁ4,3,2,1;1,1+~~~+ﬁ4,3,2,1;1,s):|}

- - b"
(38) x iy 301> ”1,2,3,4}( Vv 1)

=5 ~ s ~ ~ff ~
a2 TUaz 0 130 g3 T
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.
ptiinga | ( pm 1)
X \% = = \
pias2 12,1 F a3 10 +ily 3 U432 111 a3 1 s

of)

as m — 00. On the other hand, if 57 +s5+ -+ + 53 + 510+ -+ + 513 = 0 and
§9 4 s14 > 1, the above argument can be applied with the order of the summations
for iy, ip, i3, i4 appropriately altered to obtain (38). This implies that (38) holds
whenever s, + 53 + s4 < s — 1. Finally, if 52 + 53 + s4 = s, by simplifying (38)
further we have

4
m—2(s—1)b2m+rh{ 1_[ Z b—(ul,1+~~~+u1,s) }

I=1 Ly g s>y 14 +up g >m+1

h m b m b m bﬂ’l

x Z Z Z Z 1{91'1,i2,i3,i4;k;}’h}SS],...,S14

i1=lip=liz=lis=1

=0()ym™26=Dpdme

x )
w bW 32411+ Hl132.4:15)

x 2

U1,32,4;3,j 21 JE€EEB]32,4:3,1,32,4;3,1F 11,3243 =m+1

w p~ 132431+ F0132.4:3,5)

x 2

w h— 132,421+ F132,42,5)
—2(s—1)1.3m
+OMm 2O

x >
U423,134,155 0423 14,5 M 11423 1;4,1F+i4.2,3,1;4,s >m+1
x b—(ﬁ4,2_3,1;4,1+“‘+L74,2.3,1:4,s)
x >
4.2,3,1;2,j 2 j€EB42.31;2,04,2,3,1;2,1 F+142,31;2,s =m+1
w b~ a23 121+ H4231:2.5)

x 2

4.2,3,1;3,j 2 j€EE42.3,1;3-14,2,3,1;3,1 F+142,31;3,s =m+1
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w p~ 423,131+ F1423.1:3.5)
= O(1)m* = =1V Hs2sa=1v0)  =2(s—1)

as m — 00. The last equality follows from the observation that #&1 324.3 =
#8423.1.2 =52+ 54 and #E1 3,2.4.2 =#E842.3.1:3 = 53. Since s3 > 1, we conclude
that

4
m—Z(S—l)me-Hﬁ{ 1_[ |: Z b—(ul,l+~~~+ul.s):| }
=1

UL Lsees Ul s 2T U ooy s >mt]

b"l b"l bln bln

X Z Z Z Z ‘I{Qil,iz,i3,i4;k;ﬁ1}SS],...,SM

i1=1lir=1iz=1lis=1
=O0()[Ifs3=s}+m ']

as m — 00.
Case 3. Suppose that k € {s; + --- 4+ 55+ 1,...,851 + -+ + s¢}. Then if

S1+85+ - +sg+si0+ - +513>2,
4
m—2(s—1)b2m+rh{ 1_[ |: Z b—(u1,1+~~+uz,s)i|}
I=1 Ly g,y s >mcup  +tuy s >m+1

hln hln b"l b"l

X Z Z Z Z ‘1{Qi1,i2,i3,i4;k;n~1}€s1,...,s14

i1=lir=1ir=1i4=1

= O(lym =2 Dpdmtig

4
» { 1 [ >
=1Ly 3400,

U123, 450,521 11 23,4;0,1 i 23,450, 5 Zm+ ]

x b—(ﬁ1,2,3,4;1,1+'~'+ﬁ1,2,3,4;1,s)i| }

i i b™
x J{i < } v
4,3,2,1 1,2,3,4 ~ ~ ~f ~1f
P 2341 34T 2341754

p a0 b"
X v ~ ~ v 1
bH1.23.441FFU123 44

~ ~ ~%
123430123435 534

+ O(ym 26— Dpdmbmg

4
qull 2
U432, 1:0,15-

=1 430 10,5 2 432,150,143 0,10, s Zm A1

(39) x b—(ﬁ4,3,2,1;1,1+'"+ﬁ4,3,2,1;/,s)i| }
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i i b"
x ity 3412 ”1,2,3,4}( v 1)

~5 ~ s ~ ~1f
phasaitiaz o titaso gy,

ot
ptiinga ( Hm
X v = = vV 1)
plas 221t ia 3010 +ily 30, bi432. 1511432150

~0(;)

= —
as m — o00. On the other hand, if s¢ =1, s{ +s5+57+s3+s10+---+s13=0and
§9 4 s14 > 1, the above argument can be applied with the order of the summations
for iy, i, i3, i4 suitably altered to obtain the bound in (39). Next suppose that

so=1and s3+s4 =5 — 1 (ie., 52 =0). Then ii} 3, =1ii] 53, =0 and, on
simplifying (39), we have

4
m—2(s—1)b2m+n~1{ 1_[ |: Z b—(ul,1+"~+lll,s)i| }
UL 15U

I=1 g Uy =m+1

hln hln hln b"l

XY 20 2 MRy iy iackeri Vs s

i1=1lir=1i3=1i4=1
—2(s—1)1.3
= O(Hm™26=Dpdme

x )
w =432, 141+ H432 1:4.5)

x 2

432,153, ;=0 JE€B4 32 1;3,184,3,2,1;3,1 ++i14,32,1;3,s =m+1

(40)

w p~#a32.13 1+ F4321:35)

x 2

043,2,1,2,j 20 J€E432,1;2,14,32,1:2,1 F+1l432,1,2,s Zm+1

x p~ a3 2121 F4321:05)

— O(1)ms—1+(S3+S4—1)+(S6—1)—2(S—1)

1
—0o=
m
as m — oo. The second equality uses #E432.1.3 =83 + 54 and #8432 1.2 =
52 + s¢. Using symmetry, it remains to consider s¢ = 1, 5o + 53 +s4 =5 — 1 and
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s; > 1 whenever 2 <i < 4. Then following essentially (39), we have

b_(”1,1+"'+“l.s)

= 2= 1) py2m-+i li[ Z
=1

U1 seees U] s 2005 U Uy g >m+ ]

b"l b"l bln bln

X Z Z Z Z I{Qi1,i2,i3,i4;k;nﬁ}Ssl,...,sM

i1=1ir=1i3=1i4=1

= O0()ym=26=Dpdme

x 2

U1,0,3,4:1, 150 01,2,3,4;1,s 21,23 41,1+ +11,2,34;1,s >m+1
w b1 23.40 1+ 41 23.4:1.5)

x 2.

(i ) il .
x b (W1,2,3.42,1t+U1,2,3,4,2,5)

x 2.

i1,2,3,4:3,j2M: jJEE1,2,3,4,3,161,2,3,4;3,1 ++11,2,3,4,3,s=m+1
% b—(ﬁ1,2,3,4;3,1+"'+ﬁ1,2,3,4;3,s)

41)
+O0(m=26=Dpdme

x 2

U432, 154,15+, 14,32,1;4,s 211 14,32, 1;4,1 T 1432, 1,45 Zm+1
w b~ Ha32, 141+ F432.1:4.5)

x 2

64,3,2,1;3,j 201 JE€B432,1;3,184,3,2,1;3,1 F+143.2,1;3,s Zm+1
w p~ 432,131+ F1432.1:3.5)

x >
w p~ a3 212143 2.1:0.5)

— O(1)[mS—1+(S3+S4+S6—1)-‘1—(.?2—1)—2(.?—1)

+ mS—1+(S3+S4—1)+(S2+S6—1)—2(S—1)]
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as m — oo. The second equality uses #E1234.2 = $3 + s4 + s¢ and
#E1,2,3,4;3 = 52.

Case 4. Suppose that k € {s; +--- +sppo+ 1,...,51 + --- + s13}. Then if
s1+8s+---+853+ 8510+ -+ 513 > 2, we have, as in (36),

4
m—2(s—1)b2m+rh{ 1_[ |: Z b—(u1,1+~~+uz,s)i|}
Ml’

=1 Loeees ] s 2005 Uy 1+ 1ty s >m+1

(42) le le hm hm

1
X Z Z Z Z l{Qil,iz,i3,i4;k;r7l}ésl,...,sM = O<W>

i1=lip=1i3=1lis=1

as m — 00. On the other hand, if s;3=1,s1 +s5+---+sg+s10+---+512=0
and s9 4 s14 > 1, the above argument can be applied with the order of the
summations for iy, iy, i3, i4 suitably altered to obtain the bound in (42). Next
suppose that s;3 =1 and s3 + 54 = s — 1. Arguing as in (40), we have

4
m—2(s—1)b2m+rh{ l_[ |: Z b—(u1,1+~~~+uz,s)i| }
up

=1 s g = U U s >m+-1

le le b m b m 1

X Z Z Z Z Iy g izigski s ooosia = O(Z)

i1=lip=1i3=1lis=1

as m — oo. Using symmetry, it remains to consider sj3 =1, s +s3+s4 =5 — 1,
s> > 1 and s3 4+ s4 > 1. Then arguing as in (41), we have

4
m—2(s—1)b2m+rh{ 1_[ |: Z b—(u1,1+~~+uz,s)i|}
Ml’

=1 Loeens ] s 2005 Uy 1+ 1y s >m+1

P B b 1
X Z Z Z Z l{Qil,iz,i3,i4;k;r7l}ésl,...,sM = 0(%)

i1=lip=1i3=1lis=1

as m — oo. Using symmetry, (35) and Cases 1-4 implies that b2~ D E(§%) =
O (1) as m — oo. This completes the proof of Lemma 4. [

PROPOSITION 5.  With the notation and assumptions of Theorem 3,

‘E[gél)(W)]E[/KW’W*(w)dw] — E[gél)(W)/KW’W*(w)dw]‘

~o((2)")

as m — oo uniformly over z € R.
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PROOF. Since |g\"(w)| < 1 for all w € R, we observe from (17), (19) and
Proposition 3 that

‘E[g§1)<W>]E[/KVV,W*(w)dw} —E[gil)W)/Kw,w*(w)dw”

(43) SE‘EW[/KW’W*(w)dw—1“+0<Z>

m—1

:E’Ew[b > S—9)2%— 1“ + 0(%)

as m — o0. Hence it follows from (16) that

T LA
E|E [T(S—S) —1]
1 - ~ ~
=EE]EW[bm_l(SZ—ZSS+S2)—2]\
[ ; . L -
< SEP"TIEY(SH) — 1|+ 6" E[EY (S| + SER" T EY () — 1

(44)
< SB[ BV sh) 1) 4 Y [SE Y )

[

+ (BT EY(SH - 1)

[\

<[E["'EY(SH] — 20" E(S?) + 1}12.

The last inequality uses (25) and that
E[p" ' EY$H ] < E[p" ' EY($?H)]
via Jensen’s inequality and symmetry. We observe from (32) that

E(p BV AT

1
T 2pdm 4
s<b 00 m.s
s b
{pop> >
kiy=liy=luy 1,...,ups=m:uy1+Fups>m+l

X Vuyp,un, [7Tj (ail,jvl)’ B

(45) nj?“il,j,ls---sail,j,u]‘j—l (ailvjs”l,j) l=j< S]



SCRAMBLED NET QUADRATURE 1317

hln

x ) > Iy gk }

ip=lup 1,....up s> uy 1++uz s>m+1

X Vuy 1, un g [7[]' (aizvj,l)’ R

2
TUjiaiy.j1sGiy. iy ;-1 (aiZsijZ,j) l=j= s]i| }

=R+ Ry,
where
R — 1
1= S2b4m6(im,s
s b
x E Z Z
ki=1i=1

x 2

ulyl,...,ul_szrh:u1_1+~~~+u1_szm+l
XV ety [ 750y 1) s

nj;ail,j.ls~~~aail.j,u1’j71 (ail’jsul,j) : 1 S -] S S]

le

X Z Z ‘l{Qil,iz;kl;VFl}

i2=lup 1,....ups>m:uy 1+-+uy g >m+1
X Vup 1.t [nj (aiz,j,l)v s

T jiaiy.jtsliy. g -1 (ai27jsu2,j) 1<j<s]

s b m

x 2.2 2

ks=liz=lusz1,...,u3 s>m:u3 1 ++uz s>m+1
X Vuz p,..,uz [nj (ai3,j,1)’ SRR

Tjiaiy jitsliy g -1 (ai37jsu3,j) 1<j<s]

b"l

XY > I{ Qs gk }

ig=1 u4_1,...,u4_szrh:u4,1+~~~+u4_szm+l
X Vuy 1, g [nj (ai4,j,1)v s
T ji@iy jitstiy g -1 (ai4,j,u4,j) 1<j<s]

x L{#S5[{1,2}, {3, 4}] = 5},
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$>[{1,2},{3,4}] is as in (34) and Ry = E{[p" TEY(5%)]?} — R,. We observe
from (22) that

1

2h4m 4
s“b O0.m

,8

R =

s le

<ELY Y

ki=1i=1
s

x Z ( Z 1_[ Tilviz;jvul,j>
UYLl g2 U Uy g 2m+1 Nip=1 j=1

X Vup g, [”j(ail,j,l)v S

Ty jo1seeesdliy oy 1 @iy oy ;) 1<) < 5]2
N
x 2 2.
k3=1i3#i;
7
X Z ( Z 1_[ TiSJij“S,j)
U3, 1,00 U3 s 200 U3 | tuz g =m+1 Nig=1j=1
X Vg q,.u3 s [7Tj (ai3,j,1)’ ce
TGy, .1 oo, 1 (aia,j,ua,j) =)< 5]2}
x L{#S:[{1,2}, {3, 4}] = 5}.
Foreach j =1,...,s, define
Miy i j = max {k = 1:(aiy j1, - @iy jk—1) = (@, .15 - @i, k1)
Since #5>[{1, 2}, {3, 4}] = s implies M;, ;;;; <uy j Au3 j— 1, we have
1

= 2p4m 4
s°b 00 m.s

Ry

s le

X E ZZ

ki=lij=1
2
x Z ( Z 1_[ Tilviz;jvul,j>
UYL seeslt] g2 U Uy g 2m+1 Nip=1 j=1

X vul,ls---s”l,s[nj(ailvjsl)’“" 5
(46) nj?“il,j,ls---sail,j,u]‘j—l (ailvjs”l,j) l=j< S]
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N
>
k3=1i3#i;
s

X Z Z H Yi.ig:jus,
U3 1otz s> U3 1 +tus g >m+1 \ig=1 j=1

X Vys p,.u3 [nj (aiz,j,l)v S

. 2
nj;ai3,j.1""’ai3.j,u3’j71 (ai3’jsu3,j) * 1 S -] S s]

x L{#S:[{1, 2}, {3, 4}1 =5}

ulyl/\u3,1—1 ul_s/\ug_s—l

<[ Y o Y UMy =myil<j<s)

mi=1 msg=1
1
T phm g4
b O—O,m,s

[

X > Yo I Mg

ULyl s =M Uy Uy g >m+1 Nip=1 j=1

1
X S
b1+t

~ ~ . 2
X Z vulyl,...,ul_s[cl,j,lv---vcl,j,ul_j:I S] SS]
0=<Cy,jk<b—1:1=j<s,1<k=<uy j

" s

x Z Z l_[ Yhigs jous

U315 U3 =M U3 |+ Fu3 s >m+1 Nig=1 j=1

up1Auz1—1 upsAuzs—1 pm

X Z Z ZZ‘Z{MHJ%J':mJ':ISjES}

mi=1 me=1 ij=1i3i

1
X (b — l)sbu3,1+"'+u3,s_ml_"'_ms

x 2

OEES,j,rnj <b—1: ES,j,mj #El,j,mj JA<j<s

x 2

0=<C3,jk<b—1:1=<j<s,mj+1<k<uj ;

X Vusy,.u3 [Cljtseees

. - - . .2
Clijumj=1s €3 -5 €3 jug ;11 < j <]
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From the definition of a (0, m, s) net that every elementary interval in base b of
s-dimensional Lebesgue measure b~ contains exactly one point of the net, we
have

Z Jl{j‘/[il,lé:j =mj:1<j 55}
i3]
:(b_ 1)sbm—m1—...—ms Vm1++mv <m

and
Z Jl{]‘/[l'1,1'3:1' =mj:1<j SS}
371
< pMmTm s Ymi+---+mg>m+1.
Hence it follows from (15), (30) and (46) that
R 1
1 = _—
b’"a&m’s
hm S 1
x > ( > 11 Tl,iz:j,ul,j)m
ULl s> Uy 4y g >m+1 Nip=1 j=1
2
~ ~ . 2
47 x > Vg g eott  [C1 s o5 Cljiug ;2 1 < < 5] }

+Rii1+ Rz
=[E(WWHP +Ri1+ R

m
=1+ 0(—) + Ri1+ Ri2,
m

where we observe from (22), Theorem 1 and Lemma 3 that
o(1)
|R11| < b2m7

4
GO,m,s

b s 1
x Z ( Z 1_[ T1,i2;j,u1,j)m

UL Lyl s = Uy 4 Uy g >m+1 Nip=1 j=1

X Z Vulyl,...,ul_s[gl,j,lv---»El,j,ul_j:1fj55]2

74 s 1
48)  x > ( > [1 Tl,m:f,us,j) 2 T,

u3’1,...,u3’szn~1:u3’1+~-~+u3’szm+1 ip=1j=1 =1
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x 2 2

G301,k C3,1 k=C1 1 k> | <k<(uyAu3z)—10=<C3; x <b—1:ujAu3;<k<us;

~ ~ . 2
X Z Vusi,...,u3 [C3J,1’ <o C3 juz it l<j=< S]
0<¢3,jx<b—1: j#l,1<k<us ;

=00b™)

and

2¢%b*
<
by, (b —1)s

0,m,s

x 2

UYLyl g >0 U U] g >mA]

1
HU1 1+t

X 2

0=<Cy,jk<b—1:1=j<s,1<k=<uy j

|R1,2

X

172
- . 4
X Vup 1,y s [Cl,j,l’ con Cljuy l<j< S]

x 2

U3 150y U3 g >0 U3 |+ U3 g >m+]

1
HU3, 1+ tus

X 2

0=<¢3,jk<b—1:1=<j<s,1<k=<u3 ;

49) X

1/2

~ ~ . 4
X Vuzq,..u3 [C3J,1’ w0 €3 jus - l<j=< 5]

X Z b2m—m1—---—ms

1<mj<uj jAuz j—1:1<j<s,mi++ms=m+1

4m
— M b2t s)
26-1) Z
m -
UL, 15y U] s 20Uty g >m+1
% E : b2z 1t tus )

U310y U3 g >0 U3 |+ U3 g >m+]

« Z s

my,...ms>1:my+-+ms>m+1

=Oom* b
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as m — oo. Finally we observe that as m — oo,

1

Ry=——
214m ~4
s°b O’O,m,s

K bln

xEY DD, 2

ki=lit=luy 1,...,uy s> uy +-~+uy s >m+1
X Vg, [7j(aiy, i), -
nj;“il,j.l,~~~9ai1.j,u1’j—l (ail,j,ul,j) l=j= S]

le

X Z Z 1{Qilsi2§k1§7h}

i2=luy q,....up s> up +-+uy s >m+l1
X Vuy 1, un g [7[]' (aizvj,l)’ SRR
nj;aiz.j,l""saiz,j.uz’jfl (aizaj’uz.j) : 1 S J S s]

s bﬂ’l

X2 2. 2

ks=liz=1lug 1,...,u3 s>m:u3 1+ +u3s>m+1
(50) X Vs 1 [ (@i, 1) -
TUjiaiy 1oy juy -1 (ai3,j,u3,j) 1<) <s]

b"l

Xy > Qs ik}

ig=lugq,....us s>m:us+-+ug s>m+1

X Vi, [T (@0 1)
nj;ai4.j,l""sai4,j.u4’j71 (ai4aj’u4.j) : 1 S j S s]}
x J{#S[{1,2}, {3, 4} < s — 1}
|
“o(2)
m
The proof of the last equality follows in a similar manner as the proof of Lemma 4.

Proposition 5 is now a direct consequence of (43)—(45), (47)—-(50) and Lemma 4.
O
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