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Additive regression models have turned out to be useful statistical tools
in the analysis of high-dimensional data. The attraction of such models
is that the additive component can be estimated with the same optimal
convergence rate as a one-dimensional nonparametric regression. However,
this optimal property holds only when all the additive components have
the same degree of “homogeneous” smoothness. In this paper, we propose
a two-step wavelet thresholding estimation process in which the estimator
is adaptive to different degrees of smoothness in different components and
also adaptive to the “inhomogeneous” smoothness described by the Besov
space. The estimator of an additive component constructed by the proposed
procedure is shown to attain the one-dimensional optimal convergence rate
even when the components have different degrees of “inhomogeneous”
smoothness.

1. Introduction. Nonparametric regression models are flexible. They allow
researchers to evaluate data without knowledge of the shape of the relationship
between response and covariate(s). However, when the explanatory variables
are multidimensional, these methods are less efficient. In particular, the rate of
convergence for the standard estimator is usually poor, while no simple plot is
available for model selection. An elegant solution to this problem is an additive
model, which was proposed originally by Friedman and Stuetzle (1981) and
popularized by Hastie and Tibshirani (1990). Under the additive model, the
conditional expectation function of a dependent variable, Y, given the covariates
X1, ..., X4 is expressed as a sum of d terms, that is,

(1.1) EX|Xi=x1,...,Xa=x3)=8x1,...,xq) =g1(x1) + -+ ga(xq).

This model is easy to interpret and is much more flexible than a linear model.

In most previous papers using this model, the back-fitting technique based on
the iterative smoothing process has been used as the main tool for estimating the
additive model [Hastie and Tibshirani (1990)]. Although the back-fitting technique
has proved to be very useful in both application and simulation, it is somewhat
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difficult to analyze theoretically [see the recent work by Opsomer and Ruppert
(1997)]. For this reason, Linton and Nielsen (1995), Tjgstheim and Auestad
(1994), Linton (1996, 1997), Nielsen and Linton (1998) and Fan, Hérdle and
Mammen (1998) proposed the use of a direct method based on “marginal
integration” for estimation. It is based on the fact that, up to a constant, g,(x,)
is equal to

E[g(le ""XU—I’XU7XU+17 7Xd)]

Using this idea and weighted local linear fitting, Fan, Hirdle and Mammen (1998)
proved that an additive component can be estimated with the same asymptotic bias
and variance as if the other components were known.

In a series of studies, Stone (1985, 1986, 1994) proved that an additive
component can be estimated by the one-dimensional optimal convergence rate
under the assumption that all additive components have the same degree of
“homogeneous” smoothness in Holder space by using a linear estimator of the
form

n
(1.2) PR ALACHD SIS S
i=1

where (X1, Y1), ..., (X, Y,) is an R? x R-dimensional random sample of size n.

The methods mentioned above, using kernels, local polynomials or splines
directly, construct the estimator of the additive components. It is called a
one-step method. The one-step method, such as the local polynomial method,
implicitly assumes that all additive components possess the same degree of
smoothness and hence that they can be approximated equally well. However,
different additive components possess different degrees of smoothness. The one-
step estimator of a component, g,(-), cannot attain the optimal convergence
rate as if g,(-) were actually smoother than other components. This problem
has been raised explicitly by Fan and Zhang (1999) in the context of varying
coefficient models. Fan and Zhang (1999) have shown that the one-step method
cannot be optimal when different coefficient functions possess different degrees of
smoothness. Furthermore, the linear estimator in the form of (1.2) cannot capture
the “inhomogeneous” smoothness. Donoho and Johnstone (1998) and Zhang,
Wong and Zheng (2002) have demonstrated that, in a one-dimensional regression,
no linear estimator can attain the optimal convergence rate in a ball of Besov
space, By, ., for p <2 when the error is measured by L;-norm, while a suitable
wavelet thresholding estimator can attain the optimal convergence rate. Donoho
(1995), Donoho and Johnstone (1994, 1995), Donoho, Johnstone, Kerkyacharian
and Picard (1995), Hall and Turlach (1997), Hall, Kerkyacharian and Picard
(1998), Neumann and von Sachs (1995) and Zhang, Wong and Zheng (2002) have
discussed the advantages of wavelet thresholding estimation for regression and
density functions.

In this paper, a two-step procedure is proposed to construct an estimator for an
additive component. The first step involves establishing the initial estimator, g, (-),
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of the additive component, g,(-), using local polynomial fitting along with
“marginal integration.” Such an initial estimator is usually undersmoothed so that
its bias is small. Then, in the second step, we transform the initial estimator, g, (-),
by finite discrete wavelet transformation and use the thresholding technique to
estimate g, (-). As pointed out by Donoho and Johnstone (1995), this step is simple
and practical. It can be handled by an algorithm with functions in O (n) operations
for a sample of size n.
This procedure has the following advantages:

1. Using the proposed two-step procedure, we can construct an estimator that
is adaptive to different degrees of smoothness, s;, j =1,...,d, in different
components. This answers the question implied by Fan and Zhang (1999) for
varying coefficient models.

2. Even if the components have “inhomogeneous” smoothness in Besov space,
with appropriate choices of the bandwidth in the first step and of the threshold
in the second step, each additive component can be estimated with the one-
dimensional optimal convergence rate, which is the same optimal rate as if the
other components were known. This extends the results of Fan, Hérdle and
Mammen (1998) in Besov space in terms of convergence rate.

Intuitively, we use a two-step procedure instead of a one-step method to make
the estimator adaptive to different degrees of smoothness in different components.
We also use the wavelet thresholding estimator in the second step instead of a
linear estimator to capture the “inhomogeneous” smoothness.

This paper is organized as follows. In Section 2, we introduce some basic
concepts and properties of wavelet and Besov space in [0, 1] intervals. Section 3
proposes the procedure of a two-step wavelet thresholding estimation. Asymptotic
properties of the proposed estimator are presented in Section 4. Section 5 includes
the proofs of the main results. All proofs of the lemmas are given in the Appendix.

2. Wavelet and Besov space of [0, 1] intervals. In this paper, we confine
our attention to the wavelet basis of [0, 1] intervals given by Cohen, Daubechies
and Vial (1993), that is, the collection of {¢j,x, kK =0,1,. 20— 1 Yk
j>=Jo>0, k=0,1,..., 2/ — 1} forms an orthonormal basis of L2[0, 1]. The
wavelet series representation of a function, f € L2[0, 1], is then

2701 2/ -1
f=> apibii+ Y. D Bixvjk
k=0 j=Jo k=0

where the coefficients are

1 1
QD) agpi= /0 F@)bax)dx and Bjp= /0 FOW () do.

We also denote B,—1 x = oy, « for simplicity of notation.
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These basis functions are derived from Daubechies’ orthonormal compact-
supported wavelet [Daubechies (1992)] at the interior of the interval and with
boundary correction at the “edges.” This “boundary correction” affects only a
fixed number of wavelet coefficients at each resolution level and does not alter the
qualitative phenomenon we consider here. Thus, in the following discussion, we
assume that ¢; ¢ (x) = 2//2¢(2/x —k) and ¥/ x (x) = 2//2y (2 x — k) for all (j, k),
where ¢ and i are compact-supported scaling and wavelet functions, respectively.

DEFINITION 1. A wavelet basis on [0, 1] has regularity r if all functions used
in the analysis are compactly supported and have r continuous derivatives.

In practical application, a wavelet transformation is usually carried out by
the manipulation on the filter coefficients, that is, by a finite discrete wavelet
transformation rather than by evaluating the wavelet and scaling functions
explicitly. This transformation, along with a careful treatment of the boundary
correction, has been described by Cohen, Daubechies and Vial (1993) and Donoho
and Johnstone (1994). In the present paper, to focus on our main purpose, we
employ the simple periodic version of a finite discrete wavelet transformation. This
version yields an exact orthogonal transformation between the data and wavelet
coefficients [Donoho and Johnstone (1994)].

Suppose that we have data y = (yi)lN: 61 with N =27 For various combinations
of the regularity of the wavelet basis, r, and the low-resolution cutoff, Jy, one
may construct the finite discrete wavelet transformation matrix, ‘W, which is an
N x N orthogonal matrix. This matrix yields a vector, w, from the empirical
wavelet coefficients of y via w = ‘Wy and thus the inversion formula y = W7 w.

For the vector, w, with N =27/ elements, we index it dyadically as follows:

wix(j=Jo,...nJ =15 k=0,...,27 — 1)

corresponding to the wavelet coefficients, B x, given in (2.1) and the remaining
elements wy 1 (k = 0,...,2%0-1h corresponding to oy, x (or Bj,—1.x) given
in (2.1). To interpret these coefficients, denote W, i as the (j, k)th row of ‘W.
The wavelet transformation and, thus, the inversion formula become

N—1
(2.2) Wik = Z yiW; (@) and y; = Z wj kW@,

respectively. Furthermore, if y; is the true wavelet coefficient corresponding
to a scaling function of function f in resolution J, that is, yx = ajx =
S @7 x(x) f(x)dx, then w; ; given by (2.2) is the true wavelet coefficient, that is,
Bj.k, in resolution j givenin (2.1).
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DEFINITION 2 [Donoho and Johnstone (1998)]. Let aj,x and B be the
wavelet coefficients of f corresponding to a wavelet basis with regularity r (> s).
Define the norm

1/q
||f||B‘;,,q = llajpllp + (Z (zj(s+(1/2)—(l/p))||ﬂj ”p)tI)

Jj=Jo

for 1 < p,q < oo, where flajy |l = X5 " letjo xl? and 18,115 = 720" 18417
The Besov space of [0, 1], denoted by Bf,’q[O, 1], is the set of functions,
f:10,1] > R with ||f||B;‘,’q < 00. A Besov ball, denoted by Bf,’q(H), is given
by

B, ,(H)={f e B} 0, 11: fllg;, < H}
for a finite constant H.
Besov space contains many traditional function spaces. We recall some injection

results, from Donoho, Johnstone, Kerkyacharian and Picard (1996) and Triebel
(1992):

Bgo,oo[ov 1]=CV[Oa 1] forO<s < 1,
1
By 10.1]C CY10, 1] C Lso0, 1] fors > —,
’ p
) 1 1
Bz,q[oa I]CB;/"][O, 1] fOI‘S’:s—;—{—?’ p/Zp’
B, ,10,11C By, ,[0,1] fors > s’,

where C*[0, 1] and CO[O, 1] denote Holder and bounded continuous functional
spaces of [0, 1].
Further, we denote

B(x,t)={yel0,1]:]x — y| <1}, xe[0,1], t >0,
and

M .
0" (x)=inf sup £ ()= P
yeB(x,277)
in which the function, f, is clearly understood, where inf is taken over all
polynomials P with degree no greater than M; &, =27/ (m 4+ 1/2) and N =2/
for an integer J. Using this notation, we present the following propositions.

PROPOSITION 1 [Propositions 3.4.2 and 3.4.3 in Triebel (1992)]. For any
function f, there exist a positive constant, C, an integer, jo, independent of
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j and f, a function, f1, and an optimal polynomial Py(y) = ZM Dafl @) 5

(y — x)%, such that:

(a) SUPyepeea-i | F () — Pe(y) < C.0M) (x);

(b) D fi(x) < €270V (x) forz € B(x,277), @ =0,1,.... M;
(© 01 V() = C Xy 27U D[ (x) + €277 [, C)If(y)ldy

for integers M and j > 0.

PROPOSITION 2 [Proposition 2.4 in Zhang, Wong and Zheng (2002)]. If
fe Bz’q (H),s > 1/p and M > [s], then, for any integer, L, satisfying 0 <1 < J,
271
316 )P < c27BrH
m=0
where the constant, C, does not depend on f, J and [.

Using Definition 2 and Propositions 1 and 2, we attain the following lemmas.
Their proofs are given in the Appendix.

LEMMA 2.1. For any constant, C', there exists a constant, C, such that
N2 s [P, ()= P, 0N =Cy
m=0 v,Y'€B(Em,C'/N)
forall f € By, ,(H) with1 < p,q < 00, where Py(y) is the optimal polynomial of
degree M = [s] corresponding to f.

We allow
B=(Bjx)=Wa,; and B*= (ﬁ}k ) = Wi/V/N,

where oy = (ay, k)k o and f= (f(Sk)) . For a smooth function f, the
wavelet coefficient corresponding to the scahng function given in (2.1), oy,
approximately equals f (£x)/+/N and the wavelet coefficient corresponding to the
mother wavelet function, B; x, approximately equals ﬁ}k’ - More specifically, we
have:

LEMMA 2.2. If f € B, ,(H)with1 < p, g <ocoands > max{%, %} and the
wavelet and scaling functions used are continuous, then there exists a constant, C,
such that

N-1 2

1 2 .o TP
Z(ou,k—ﬁf@k)) Y R

k=0
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3. Estimation procedure. Let (Xi,Y)),...,(X,,Y,) be a random sample

from an R¢ x R random vector (X, Y), where X; and X are (Xi1,...,Xiq) and
(X1, ..., X4), respectively. We consider the following additive model:

G.1) Yi=gX)+oXpei =a+g1(Xi1) + -+ ga(Xia) + 0 Xp)ei,

where eq, ..., e, are independent of each other and independent of (X, ..., X},)
with E(e;) = 0 and Var(e;) = 1. To ensure the identifiability of the functions, g, (-),
for v=1,...,d, we include the intercept « and assume E(g,(X;,)) =0 for

all v. Furthermore, we assume that X is distributed with density f(x) on the
interval [0, l]d .

As discussed in the Introduction, a one-step procedure cannot be optimal when
the additive components have different degrees of smoothness and we do not know
in advance which component is smoother. In the proposed two-step procedure, we
construct the estimator of the additive component g, (-) such that the estimator is
adaptive to different degrees of smoothness in additive components and use the
wavelet thresholding estimator in the second step to capture the “inhomogeneous”
smoothness in the additive components. First, we introduce the following notation:

N=2' < n
In’n’
Ac={i:NYX;; —xjl <%, j=1,....d},  |A¢|=card(A,),

= W'V u < KalAl ™!, Vi > 0},
=NY4(X; j —x)),
(3.2) Zei=(1,z, L...,Zfl,...,zi,d,...,zfd)T,
Ve= > ZeiZl,,
i€A,
u@p+nx1=(1,0,...,0),
g (. §) = g(x1 o Xum1, Xyl - Xa)
&m=2""(m+3).
where x = (x1,...,x2)T, K4 is a positive constant, D is a nonnegative integer,

and a, < b, means that O < inflim h—” < suplim 7 < oco. With this notation, we
construct the estimator of g, (-) by the following two steps:

Step 1. We use the local polynomial with degree D and the idea of “marginal
integration” to determine an initial estimator for g, (-). For any given point, x,, we
approximate the function locally as

d D

8o =a+g (o) + -+ 8aod) N0+ Y > i Yoi — Xoi),
i—1j=1
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where v, = (Vo1 - - - » yod)T is in the neighborhood of x, = (x,1, ..., Xod)T . This
leads to the following local least-squares problem: minimize

Y Yi—n"Ze i),

i€eAy
where nT = (M0-M1.15--->N.D>--->0d.1s--->Na,p). If Vx > 0 (that is, V, is a
positive definite matrix), then we derive the unique local polynomial estimator
of g(x), that is, the local least-squares estimator of 7, as

g = > u'vi'Z v
i€eAy

Since this estimator is not defined in the case of det(Vy) = 0, we modify the
estimator to

(3.3) 8x) =Y u'V'ZiYiln,.
i€Ay
Note that g,(xy) = E (g(“)(X ,Xy)) — o. The idea of “marginal integration”
yields the initial estimator of g, (x,) as

(3.4) Gu(xy) =— Zg(le,-- i, (v=1)> Xv, Xi (v41)s -+ > Xid) —
i=1

vV _1xwn :
where Y = > i ;.

Step 2. We use a finite discrete wavelet transformation and the threshold idea
to determine the wavelet thresholding estimator of g,(-). The procedure is as
follows:

(a) Take the value of the initial estimator at equally spaced points &g, ..., En—_1.

Treat 8, = (g, (Sk)),iv _01 as our data and apply a finite discrete wavelet transforma-

tion to obtain N empirical wavelet coefficients, w§ ,z,

(3.5) w® =) = Wg,.

where W is a finite discrete wavelet transformation matrix with regularity, r, and
low resolution cutoff, Jy, as given in Section 2.

(b) Choose threshold A; and apply either a hard or soft threshold. We attain
empirical wavelet thresholding coefficients

(3.6) DV =) with @) =sw'). 1)),

where 4 (-, -) denotes either the hard thresholding function, § (h)(y, A) = yl{jy=a)
or the soft thresholding function, ) (y, 1) = sgn(y)(|y| — A)4.

(c) Invert the finite discrete wavelet transformation. We obtain the wavelet
thresholding estimator of gv(-) at points & (k =0, . — 1) denoted by

(3.7) =Gy =W “’”
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(d) The wavelet thresholding estimator of g,(-) at continuous points is thus
given by the linear interpolation

8v0, for x < &,
(3.3) év(x) = §vm +(§v(m+1) _gvm)N(x_gm)» for &, <x <Emtt,
Su(N—1), forx > &n_1.

REMARK 1. Theoretically, we can choose a constant, K4, such that, for
any integer h, P((\yepo.1Ax) =1 — O(n~—"). This means that if we choose the
bandwidth with an order of In?n/n in the estimation of a local polynomial with
degree D, we guarantee that, with probability approximately equal to 1, there
are enough data in the local neighborhood of any point to fit the polynomial.
For a given data set, there may not be enough data in the neighborhood of some
points. In this case, we set the initial estimated value to be zero at these points.
In practice, other methods, such as interpolation using the estimated values from
nearby points, may be more appropriate. Moreover, a data-driven method for
choosing the bandwidth needs further investigation.

4. Theoretical results. In this section, we show that, by the appropriate
choice of threshold, A;, and the low resolution cutoff, Jy, the estimator of g, (-)
constructed above can attain the optimal one-dimensional convergence rate (i.e.,
the optimal rate as if we knew all other components) when the additive components
have “inhomogeneous” smoothness described by Besov space and when we do
not know in advance which component is smoother. Furthermore, we show that
even if we do not know the degrees of smoothness in the additive components,
the estimator constructed above can attain the optimal convergence rate up to a
logarithmic factor by choosing suitable A ; and Jy. We first assume some conditions
under model (3.1).

CONDITION 1. The density function, f(x), is continuous on interval [0, 114
and bounded from zero and infinity; that is, there exist constants, k* and k., such
that

0<ke<f(x)<k*<oo  forxe(,11°.

CONDITION 2. The variance function, o (-), in model (3.1), is bounded; that
is, there is a constant, o, such that o (x) < oy for x € [0, 1]¢.

CONDITION 3. Ele;| < %Z!Hé_2 fori =1,...,n, [ >3 and a constant Hy.
CONDITION 4. r > max{sy,..., sq} and D > max{sy, ..., s;}, where r and D

are the regularity of a wavelet basis and the degree of a local polynomial,
respectively.
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REMARK 2. The moment assumption in Condition 3 is not strong. For
example, if ¢; has a normal distribution, N (0, 1), then E|e; |l = (% — 1)(% —2)--- %
It is clear that there exists a constant, Hy, such that Condition 3 holds. In fact, most
textbook distributions satisfy this condition.

For any v, let threshold A ; = K (j — Jo)++/N/n where K is a constant and low
resolution cutoff, Jo, has an order of 270 = n!/@sv+1) Then, under Conditions 1,
2, 3 and 4, we have the following theorems.

THEOREM 1. Letl < p,;,q; <ocoands; > max{%, %}fort =1,...,d.Then,
for any given v, there exist constants, K' and K*, such that

sup E(ﬁ > (8uEm) — gu@m))z) = O(n~ 2/t D)
d

g,EB‘;,’t,qt (Hy): t=1,..., m=0

for K> K" and K4, > K.

THEOREM 2. Under the same conditions as Theorem 1, for any given v, there
exist constants, K’ and K*, such that

1
. 5 B
sup E/ (20 (x0) — go(x0))* dxy = O (n~ 20/ @Dy
thBISf,,q, (Hy): t=1,...d 0

for K> K'"and Ko > K.

It is noted that the wavelet thresholding estimator of g, given above depends on
the smooth parameter, s,,. However, slightly modifying the wavelet thresholding
estimator can render it adaptive, in the sense that it attains the optimal convergence
rate up to a logarithmic factor without specifying the value of s,. We apply the
same estimation procedure but change the values of wavelet threshold, A ;, and
low resolution cutoff, Jy, to +/t, N /n and a constant independent of n, respectively.
Denote the wavelet thresholding estimator of g, corresponding to such values of
Aj and Jp by 8vA. Then, under Conditions 1, 2, 3 and 4, the following theorem
holds.

Iy
In”n

THEOREM 3. Ift, satisfies the condition that
there exists a constant, K :, such that

— 00, then, for any given v,

1 N-—1 5
sup E(ﬁ > (8oaEm) — gu(Em)) )
d

gre€By, 4 (Hp): t=1,..., m=0

t —25y/(2sy+1)

n

_ 0<<_> )
n

4.1
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and
: 2 £, \ "2/ Csot D
4.2) sup Ef (8va(xy) — gu(xy)) dxy, =0 ((_) )
g’EB;tt,qt (H:): t=1,....d 0 n
or all s¢, pr and q; satisfying 1 < p;,q; <00, max{--,5} <s; fort =1,...,d,
1 d Foine | {Ii [21} 1 )
and K4 > K.

In

T 0 for

REMARK 3. If ¢, satisfies the conditions that ; n’gn — 00 and

any g > 1(e.g.,t, = In?n - In(Inn)), then

£\ 250/ Qs D)
(_n) — o(Inn n=250/ @5+ D)y
n

5. Proofs of theorems. In this section, we offer the proofs of Theorems 1, 2
and 3. For simplicity, we assume that d =2 and v = 1; that is, we consider only
the estimator of the first additive component in a two-dimensional additive model.
Furthermore, without loss of generality, we assume o = 0 and Y = 0 in the model
of (3.1).

In order to prove the theorems, we present several lemmas and their proofs are
given in the Appendix. First of all, we introduce some notation:

Acs =i V/NIX; — x| <8, B = 131X — &l = 50
Conti =1 Vi )™ Zog i & =0 (Xpei,
(5.1) ay = (a0, 050", B=Bjr)=Way,
g1 =(81¢0).....e16n-1) . B*=(B3) =Wgi/VN,
B=Bir)=wDV/VN, B=Bjr)=wb/VN,
Ami=Ax,,

where, for x = (x1, x) and x" = (x], x5), |x — x’| < & implies that |[x; — x{| <§
and |xp — x5| < 8; u, Vy,, and Z, ,; are given in (3.2) for x,; = (&m, X12);
aj = [¢sr(x)gi(x) is the true wavelet coefficient of g;(-) corresponding to the
scaling function; w" and (! are given in (3.5) and (3.6), respectively.

Using this notation, we can write the initial estimator given in (3.4) as g1 (&) =
% Yt XieAn, Cm1iYi 1p,,, - From Lemma 2.2, we conclude that 8* and B are
the asymptotic wavelet coefficients of g (-) and the estimator g;(-), respectively.
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With the notation given in (3.2) and (5.1), we have the following lemmas.

LEMMA 5.1. (a) For any constant 8, there exist constants Cy(8) and C* ()
such that, for any h > 0,

(52 1- P(C*(S) < %lAMl < C*(8) forall x €0, 1]2> =omn™").

(b) For any h > 0, there exists a constant, Cy, such that
(5.3) 1—P<|Bm|§Co%, m=1,...,N)=0(n_h).

LEMMA 5.2. Under Condition 1, for any h > 0, there exists a constant,
K%, such that 1 — P(A) = O(n™") for Ko > K%, where A = (0,112 Ax =
WV u < KslAc|7Y, Vi >0, forall x €0, 11%).

In the following discussion, we assume that the constant, K 4, satisfies the
condition K4 > K%, where K} is given by Lemma 5.2. Denote

N
Q= {C* < —|A,| < C*forall x € [0, 1]2},
n

(5.4) 92:{|Bm|§C0%, m=1,...,N},
QL=ANK Ny,

where Cy, Cx = Cy(1/2) and C* = C*(1/2) are given in Lemma 5.1. From
Lemmas 5.1 and 5.2 , we have, for any /& > 0,

(5.5) 1—P(Q)=0mn").

LEMMA 5.3. Under Conditions 1 and 4 , if g € Bf}t,qt(Ht) with s; >
max{%, 1} fort =1,2, then

N n
Bk = Bj)In = 7 ZZ( ) Cm,z,ie,-)"wj,umm

€A,
air < 1
+ LN " ea(Xi2)In + 0(—)
n ; N

for (j, k) in the domain, where a i is a constant with a2 ik = 1 and o(-) is uniform
for g; € Bpt,q;(Ht) andt=1,2.
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LEMMA 5.4. Under the same conditions as in Lemma 5.3 and Conditions
2 and 3 stated in Section 4, for any (j, k) in the domain, then

E|Bjx— Bl = 0@ )

fortT =2,

LEMMA 5.5 [Petrov (1975), Zhang, Wong and Zheng (2002)]. Let Z; be a
sequence of independent random variables such that

E(Z)=0, E(Z})<of<oo and |E(ZM|<ihlefH"?

fori=1,....,n, h >3 and a constant H. Then, for S =" | Z; and B, >

"_| o2, the inequalities

P(|S| > 1) <2¢~*"/(4B0
for0< X1 < % and
P(|S| > 1) < 2e™H/ @)
for & > % hold.
In the remainder of this section, we present the proofs of three theorems. In the

proofs, we denote C, Cy, ... to be constants having different values at different
places and use the Holder-type inequality

m 1/q m 1/p
(Z |ai|‘1> < (Z |al~|P)
i=1 i=1

for p <¢q and

Lo 1/q | m

(5.6) (ZZmil") < (szﬂp)
i=1 i=1

for p > g . Moreover, we use the following inequality [Petrov (1975)]. Assume

Z1,...,Z, to be independent random variables with zero mean. Then, for any
T > 0, there exists a constant, C, independent of T such that

n T n n T/z
>z §C|:ZE|Zi|T+(ZEZi2> }
i=1 i=1 i=1

1/p

5.7 E

PROOF OF THEOREM 1. Denote )\’; = Aj/~/N. Using the notation given
above and noting that ,3 and B* are orthogonal transformations of g;/+/N =
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(81(&0) /NN, ..., 81(En—1)/~/N)T and g /~/N, respectively, it follows that

1 Nl 2
E(ﬁ > (81Gm) — gl@m)))

m=0

=EB -7 -
2 T /) * 1

— E[(5— Y (ﬁ—ﬁ)lsz]+0< )

n
3 1
= S E[(6Bjx 2D — BL) Ta] + 0<;>.
J.k

From Lemma 2 of Delyon and Juditsky (1996), we note that there exists a
constant, C, such that

2 .
(8, 1) = )" = Clmin{lyl, 4> + & = ) [x—yiz2/2)]:
for both hard and soft thresholding functions, § (-, -). Using this result, we have

| V- 2
E(ﬁ > (81Gm) — g1<sm>))

m=0

<Y [min{| . 2712

j k
J + E[(Bjx — Bl ; 1]+o0 !
ik Jok? B k=B 4 [ Ta=%/2) n
< C Y [min{|Bal, 2512 + (Bjx — B0
" E[(B; 02 Igl o(?
+E[(Bjx— B0 Ia {\B,,k—ﬂj,kugzx;f/z}]] +o(
1
2 Ii(n) + L(n) + Ly(n) + 0(2).
Intuitively, the sum of Iy (n) and I>(n) is the bias and /3(n) is the variance. The
orders of I;(n) and I>(n) can be deduced by the properties and the definition of
the Besov space and the order of I3(n) can be obtained using the inequality given
in Lemma 5.5.
Clearly, from Lemma 2.2, Ir(n) = O (n~251/Csi+D)y, Noting that )‘30—1 =
)C;O =0, it follows from Definition 2 that

Li(n) < C Y |BjlP (1)

J.k
=1, . o 2-p

<C Z <J JO) 2—JiGs1p1+p1/2=1)
Jj=J)o ﬁ

— 0(n—2S1/(2S1+1))
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for p; <2 and

J—12/-1 271 2/p1
L <CY Y g, < Z 2/(= ”"”(Z |B; k|f’1)

j=Jo k=0 j=J

— O(n—2s1/(2s1+1))

for p1 > 2 uniformly for g; € B;’,,q,(H,) andr =1, 2.
Now, we need to prove I3(n) = O (n~21/21+D) only. For t > 2, we have, by
using Lemma 5.4,

1) = C Y (E(Bix = Bial 1)) (P(IBik — Bialla = 23/2) )"

ik
¢ 3 * * (t=2)/t
< = (P (1B — Bl il = 23/2) .
ik
Denote
LYYy
Sin) = —= Cin,1,iciWjr(m)lg
nVN 1= 1i€Am,

and

air <
S2(n) = f Y eXinlg.
i=1
Then, it follows from Lemma 5.3 that
C ) -2
Iy(n) < — [Z(P(m ()] =25/6)) T2 1 3 (P(1S2(m)] = 1%/6)) )/’}.
J.k jik

Note that g>(-) is bounded. Using Bernstein’s inequality, it is easy to obtain

C —
- Z(P(|SZ(”)| > )»7/6))(1 DT _ O (n=251/@s1+D)y.
n -

In the remainder, we prove that

C T— T —
(5.8) ;XI{:(P(IS1(H)I Zk;ﬁ/@)( DT _ O (n=21/@s1+D)y,

Let e = Yjep, 2iea,,, Cm.1.i€i Wjk(m)lq. Then

N—1N-1

S1= fZanz

m=0 =0
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Since the n,; are correlated, we decompose Sij(n) into blocks each with

independent items. Denote
Vi, )= Z Z Nmt »

mEI[1 16112

where, for an integer /;, I;, = {ZW(Zi — 1), 2Nl — D)+ 1,...,2NIl; — 1}.
Then

VN/2/N/2
51(H)= ,12)
11 1 bL=1
(5.9) 1 VN/4/N/4
‘ Yo > (V@ 2b) + V2l —1,2D)
\/_11 1 =1

+VQLh,2L -1+ V(2L —1,2 - 1))
£ Ti(n) + Ta(n) + T3(n) + Tu(n).

In order to prove (5.8), we need only to prove

C —
o Z(P(|T,(n)| > X7/24))(T DT _ O (n~ 21/ @1y
n -

fori =1,...,4. The proofs of these four terms are similar. We give the proof of
the first term only. Note that V (2[1,2h) (1, L =1,..., VN /4) are independent
of each other and E(V (2[1,2l5)) = 0. We use Lemma 5.5 to evaluate the upper
bound of P(|T;(n)| > )\j /24). Denote Ex(-) as the conditional expectation for

given X1, ..., X,. If we use (5.7), it is not difficult to verify that
(5.10) Ex(VQh,21))> <CNVn 3" W2 (m) 2 0f )
mEIll
with
VN /4 /N /4

Z Z 0'121712 < Can = Bn

=1 bL=1
and, for any A > 0,
Ex|VQh, 2" < AN 3 ST Eclnl

me[ll l6112
(5.11)

1 h—=2 2
< zh'Hn 0119

where H, = Hi~/nN and H; is a constant. Let A = \/Nn)»j/24. Then, there exists
a constant, K’, such that

B K -2
A>— and k*= !

= >In2
H, 24H, =
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for K > K’ and j > Jp. Using Lemma 5.5, we have, for K > K’,
1 -2
S (Pl = 2/24)
J.k

J—1 2/-1
-0 2s1/(2s1+1) —k*(j—Jo) _ 251/ (2s1+1)
(n~ ) + " E E =0(n" ).
j=Jo+1 k=0

We have completed the proof of Theorem 1. [
PROOF OF THEOREM 2.

1
E [ (010 —g10)7dx

Serl

= Z / (&1(0) — g1(0))*d

12Nl ) 2
" [/0 +/1—1/2Ni|(g1(x) —g1(x)) " dx

£ Ti(n) + Tr(n).

We prove only Ty (n) = O(n=21/2s1¥Dy here. Using the same argument, we
get Tr(n) = o(n—ln/(lswl))'
Decompose T (n) as

N2 Serl n n 2
nm ¢ Y [ @@ - @)
= e

+ (21En) — g1En)” + (g1 Gm) — 21(0)) ] dx

£ S1(n) + Sr(n) + S3(n).

Following the proof of Theorem 1, S>(n) = o(n=21/@1+Dy Denote P, () as the
optimal polynomial corresponding to g (-). Then,

S3(m) < C Z / [(21Gm) — Pe, (Em))?

2 2
+ (Pe, (Gm) — Pe, (1)) + (Pg, (x) — g1(x)) ] dx
£ $31(n) + S32(n) + S33(n).
If we use Lemma 2.1, it is easy to show that S3,(n) = O (n~21/@1+D) Further-
more, S31(n) < % Zz;g (Q;M) (Sm))z. Using Proposition 2 and inequality (5.6),
we have

Cc (N=2 2/p1
S31(n) < N( Z (Q‘EM)(Sm))I”) < C2—J(2S1—2/I’1+1) — O(H—ZSI/(ZSH—I))
m=0
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for p; <2 and

| N=2 2/p1
S31(n) < C(N Z (9§M)(;§m))p1> < 2721 = O (n~ 21/ 2s1+D)y

m=0

for p; > 2. Similarly, we show that S33(n) = O (n=21/@s1+Dy and thus S3(n) =
O(n—Zsl/(ZsH—I))‘

By the same argument as the proof for the order of S3(n), it follows S;(n) =
O (n=21/s1+1 "We thus complete the proof of Theorem 2. [

PROOF OF THEOREM 3. Using the same notation as the proof of Theorem 1,
we have

1 N2l ? 1
E(ﬁ Z(é’lA(Sm)—gl(ém))) é11(")-i-12(n)-i-13(")-1-0( )

m=0 n
By the same argument as the proof of Theorem 1, we find
L(n) = 0@ >V@1 Dy and  L(n) = O~ >1/@1h)y,
Define j, by
. o\ /@siD)
272 < (—) .
In

We then decompose /1 (n) as

2 J-1
noy= 3 ) min(Bj 251"+ 3 3 min{Bj k. A7)

j=Jo k j=j k
£ I1(n) + Ii2(n).
Clearly,

i 4 £\ 251/@s14D)
mm=cy 0pi=o(")
j=Jo "
Similar to the proof for the order of /1(n) in Theorem 1, we have
£\ 251/ @s1+D)
Ia(n)=0 (—") :
n

We thus complete the proof of the first half of Theorem 3 [i.e., (4.1)]. Using
the same argument as in the proof of Theorem 2, we prove the second half of
Theorem 3 [i.e., (4.2)]. O
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APPENDIX

Proofs of lemmas. In this Appendix, we briefly prove all lemmas. The de-
tailed proofs can be found on the web page of the first author (http://www.math.mtu.
edu/~shuzhang).

PROOF OF LEMMA 2.1. If 0 <s < 1, then M =0 and thus Lemma 2.1 is
obviously true. Thus, we assume s > 1. Using Proposition 1, we have

1 N C M N (M—1)
—t
N > sup ’Psm()’)—PSm(yl)ISNZZQJ Em)-
m=1 y’y/EB(Sm,C//N) t=1m=1

Noting B}, , C B% q +1 and using Propositions 1 and 2, we can verify that

(M—1) J
Ze (Em) = C;

for any integer ¢ satisfying 1 <¢ < M. Then Lemma 2.1 follows. [
PROOF OF LEMMA 2.2. Let M = [s]. Let P, (-) denote the optimal

polynomial corresponding to f (x). It follows from Proposition 2, Lemma 2.1 and
inequality (5.6) that

)
aJm—Tf<sm>)
[f/ sl (|72 _N1/2+sm)—Ps,,,(y_Nl/2+sm)

P (5 + 6 ) — P

2
[Py, (En) — f<sm>|)dy}
C N (M) 2
N 2::1[ QJMJO(Sm ( sup ’me(x)_me(}’)’) i|

x,y€B(Em,C'/N)
J2
-o()
N

Furthermore, since B and B* are orthogonal transformations of «; and (f(&,,)/
\/_)m —o- respectively, we have Zj,k(/sj,k — ;"k)z < Cjwz. O

PrROOF OF LEMMA 5.1. By Bernstein’s inequality [page 192 in Pollard
(1984)], it is easy to show that, for any fixed x, there exist positive constants,
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C1(8) and C»(8), independent of x such that, for any i > 0,

N —h
P+ 140512 ) = 067" and
(A.1)

N —h
P(;|Ax,3| < c1<6>) — 0™,

Note that we can find discrete points x;, xl/ € [0, 1% such that Uxe[O,l]z(% [Axs| >

C) C U(F1Ay 51 = €©) and U, ip(F1Acsl < ©) € Ui(dHAy s < ©)
for choosing suitable constants for §; and 8. Then, Lemma 5.1 follows
from (A.1). O

PROOF OF LEMMA 5.2. Denote V, 5 = ZlGA Zy, ,Z .. Using an argument
similar to the proof of Lemma 1 in Zhang, Wong and Zheng (2002) we can show
that, for any fixed x and constant §, there exists a constant Ks such that, for any
h>0,

(A.2) P (Amin(Vas) < KslAys]) = O(n™™),

where Apin(A) denotes the smallest eigenvalue of a matrix, A. Similar to the idea
used in the proof of Lemma 5.1, we may find some discrete points x; € [0, 1]?
such that Uxe[ovl]Z()Vmin(Vx,B) < ClAxsl) C Ul()\min(vxl,él) = C|Ax1,81 ). Then
Lemma 5.2 follows from (A.2). U

PROOF OF LEMMA 5.3.  'We decompose (,gj,k — ,B;."k)IA as

Bjk — B Ia

1 N—1

=7 L Wik (& (6n) — 1)

1 N-1

\/_ZW]]{(I’I’Z) Z Z lel gl(Xll)_gl(Sm)

I=1icAy,

+ 82(Xi2) +&i]la

N—1 n
—Il(n)+12(n)+ ZZ > Curi&iWji(m)la.

=li€An,

Denote P,(-) as the optimal polynomial of degree M (= [s] < D) correspond-
ing to g1 (+). Note that g(x) is fitted with an additive polynomial of degree D in the
neighborhood of x. Thus, } ;4 Cin,1,i Px(Xi) = Py (x;). Using Propositions 1, 2
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and inequality (5.6), we have

1 N—1 n
|1 (n)| = " mgo Wik @)Y > |Cmri[(81(Xi1) — P, (Xi1)

I=1i€Am,
+ (P, Em) — 1GEm)]|a

1 N—-1 n M)
< Wi x(m Cmn,1,il0 m) 1
= n\/N mgo| ],k( )|Z Z | W, | J/2 (Em)In

I=licAp,
( 1 )
=0\ —F— ).
vn

Similarly, we show I(n) < ani‘ Y7 8&2(X;2)Ia and thus complete the proof of
Lemma 5.3. O

PROOF OF LEMMA 5.4. We prove only E|(,5j,k - }k’k)lgzlf =0~ /?)
here. With reference to the notation in the proof of Theorem 1, it follows from
Lemma 5.3 that

- 1
(Bjx = Bji)la = Si(n) + Sa(n) + 0<%)
Using the same argument as the proof of Theorem 1 and using Equations (5.10)
and (5.11) [noting that the proofs of (5.10) and (5.11) do not require Lemma 5.4],
we have E|S;(n)|" = O(n~"/?). Thus, Lemma 5.4 follows by noting the obvious
fact that E[S,(n)|* = O(n~7/?). O
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