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A NOTE ON BAYESIAN c- AND D-OPTIMAL DESIGNS
IN NONLINEAR REGRESSION MODELS!

By HOLGER DETTE

Technische Universitdt Dresden

We present a version of Elfving’s theorem for the Bayesian D-opti-
mality criterion in nonlinear regression models. The Bayesian optimal
design can be characterized as a design which allows a representation of a
(uniquely determined) boundary point of a convex subset of L2-integrable
functions. A similar characterization is given for the Bayesian c-optimal-
ity criterion where a (possible) nonlinear function of the unknown parame-
ters has to be estimated. The results are illustrated in the example of an
exponential growth model using a gamma prior distribution.

1. Introduction. This paper is intended to serve as an addendum to a
recent paper of Dette (1993). In that paper a geometric characterization for
D-optimal designs in linear regression models is presented generalizing the
famous result of Elfving (1952) for c-optimal designs. In nonlinear models the
information matrix of an experimental design usually depends on the un-
known parameter, say 9, and optimal designs cannot, owing to that depen-
dence, be determined in practice. Various optimality criteria have been
proposed in the literature in order to overcome the dependency of the
optimality criterion on the unknown parameters. The most popular ap-
proaches are local optimality criteria and Bayesian optimality criteria. For
the determination of a locally optimal design a best guess of ¥, say 9, is
needed, and a function of the information matrix evaluated at ¥, has to be
maximized [see, e.g., Chernoff (1953)]. Bayesian optimal designs maximize
the expectation (with respect to a prior distribution) of some function of the
information matrix, where the function approximates some utility function
[see, e.g., Zacks (1977), Pronzato and Walter (1985), Chaloner (1987, 1989,
1993) and Chaloner and Larntz (1989, 1992)]. In this paper we are mainly
interested in the Bayesian D-optimality criterion, where the function of the
information matrix is the logarithm of its determinant. In Section 2 we
present a geometric characterization of Elfving type for the optimal designs
with respect to this criterion. The analysis is based on a convex subset of
L2-integrable functions (with respect to the prior distribution) and can be
seen as an extension of recent results in Dette (1993) for optimal, model-robust
designs in linear regression models. In Section 3 we give a similar characteri-
zation for a Bayesian c-optimality criterion where a (possible) nonlinear
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function ¢ of the unknown parameter has to be estimated. The famous
geometric characterization of Elfving (1952) and the Elfving theorem for
quadratic loss in Studden (1971) appear as special cases. Finally, some
examples illustrating the results are given in Section 4.

2. Bayesian D-optimality. Consider the nonlinear regression model
Y(x) =n(x,9) + e(x),

where x € 2 is the explanatory variable, the design space 2°C R* is compact
and ¥ = (94,...,9,) € 0O is the vector of unknown parameters. The parame-
ter space ® C R* is an open set and for every x € 2, £(x) is a normally
distributed random variable with mean 0 and variance o2 > 0 such that £(x)
and &(y) are independent whenever x # y. The regression function n(x, 9) is
assumed to be differentiable with respect to 4 (for any fixed x € 2) and the
partial derivatives dn(x, 9)/ d9; are supposed to be continuous on 2 (for any
fixed ¢ € 0). A (approximate) design £ is a probability measure on the design
space 2 and the information matrix of ¢ is defined by

(2.1) My(£,9) = [ filw, 9)fi(x,9) dE(x) SR,

where

an(x,9) an(x,9)

e, e R/, l=1,...,k,
99, 99, )

(2.2) fi(x,9) = (

is the vector of the first I components of the gradient of n(x, ) with respect
to 9. An exact design ¢ for the sample size n is a probability measure with
finite support x,,..., x; and masses n,/n,...,n;/n which means that the
experimenter takes n; uncorrelated observations at each x;, j=1,...,1. In
this case the inverse of the information matrix is proportional to the asymp-
totic covariance matrix of the maximum likelihood estimator for the parame-
ter vector ¥ [see, e.g., Silvey (1980), page 3]. In practice, efficient exact
designs can be found from optimal approximate designs by the use of an
appropriate rounding procedure [see Kiefer (1971)].

Throughout this paper we will assume that the partial derivatives
dn(x,9)/d9; are L*-integrable with respect to a prior distribution u on 0. A
design ¢* is called Bayesian D-optimal with respect to the prior w if &*
maximizes

(2.3) S(¢) = E,[log(det(M,(¢,9)))] = f@log(det(Mk(f,ﬁ)))d,u(ﬂ)

among all designs for which |S(£)| < «. This criterion has been motivated by
Bayesian arguments in Chaloner and Larntz (1989) and has been applied for
a couple of models in Chaloner (1987, 1993) and Dette and Neugebauer
(1996). The optimality criterion (2.3) appears also in the context of model-
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robust optimality criteria for linear regression [see Lauter (1974a,b)]. More
precisely, assume that for every J € ® we have a linear model

Y=o0a3f,(x,9) + e(x),

where aj and f(x,d) denote the vector of parameters and regression func-
tions in the model with index 4 € ® and ¢ is a normally distributed error
term. Consider the class of linear regression models

(2.4) Fo = {eyfi(x,9)|9 €0, a, € RF}.

Then for fixed ¥ € O the information matrix of a design ¢ in the linear model
aly f,(x, 9) with index 9 is precisely (2.1). For the determination of a design
that allows efficient estimates of the parameters in all models of the class 7,
Lauter (1974a) proposed to maximize the function in (2.3) [note that
M;'(&,9) is proportional to the covariance matrix of the least squares
estimator for the parameter vector a, in the model «j f,(x, 9)]. In the case
that the set of models %, in (2.4) consists only of one model (or equivalently
that the support of the prior distribution w contains only one point), the
criterion (2.3) reduces to the well-known D-optimality criterion. In the usual
linear regression model, Dette (1993) proved a geometric characterization for
the D-optimal design which generalizes the famous theorem of Elfving (1952)
for the c-optimality criterion. By the preceding discussion we see that the
D-optimality criterion in the common linear regression model can be seen as
a special case of (2.3) (i.e., supp( n) = {9,}) and it is therefore reasonable to
expect a similar geometric characterization for Bayesian D-optimal designs
which will be discussed in the following.

In order to establish results of this type, we will need the following
notation and assumptions. Let Li denote the set of all quadratic integrable
(with respect to the prior distribution w), real-valued functions and define, for
leN,

L3(1) = {g: 0 - Rl|g(9) = (&1(D),...,&(D)), g €2, j = 1,...,1)

as the set of all R-valued functions with quadratic integrable components.
On L2(1) we consider the usual inner product

l
(2.5) (f,gh=Y f@ﬂ(ﬁ)gj(ﬁ)du(ﬁ), f.g€Lil).
j=1

Let
2= {dIS(&)] <, det(M(€,9)) > 0 p-ae.)

denote the set of probability measures with nonsingular information matrix
(u-a.e.) for which (2.3) is finite. Then the maximum in (2.3) is obviously
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attained in E. Let ¢; =(0,...,0,1) € R!, [ = 1,...,k, and define for x € 2
and ¢ € E the functions

0 - R,
2.6 v . R -1/2 l=1,...,k,
(2.6) ! {19—’71(79):=(01M11(§,79)01) s

0 - R
2.7 he: ’ _ l=1,...,k,
(2.7 l{ﬁ—)h?(ﬁ) = () MI(E 0)e,
2.8 ()5 I=1,..,k
(28) a1 (%) 5 5 sf(x, 9) = fi(x, 9) (D), oo ks

and
0 - R,
() o dy(x,9) = fil(x,9) M (£,9) Fil(x,9).

Finally,let &, € L2, 1 =1,...,k, £ = (&y,..., &) € L’(k) and define a gener-
alized Elfving set by

e(9) fi(x, 9)
‘g(ﬁ) = : ;

ep(0) fr(x,9)

E(k + 1)

RY = conv|{g e Li( 5

x EZ, «S‘ELZ(k),<8,8>k =k,

where conv(%/) denotes the convex hull of a set .o € L2(k(k + 1)/2). In the
following we will assume that the set

supf@dé(x,ﬂ) du(9) <o, yf € L2, hi € [2(1),l=1,...,k

B* = {fe g
xeZ

is not empty. The following theorem gives a geometric characterization of the
Bayesian D-optimal design problem. The proof can be obtained by combining
the reasoning in Dette (1993) with the equivalence theorem in Lauter (1974a)
[applied to the set of models F, defined in (2.4)] and is omitted for the sake of
brevity.

THEOREM 2.1. A design ¢ € B* is Bayesian D-optimal if and only if there
exist positive functions vy, € Li and for all x € supp( &) real-valued functions
glx,) e Li, l=1,...,k, such that the following four conditions are satis-

fied:

(a) vl(ﬁ)cl=/2¢sl(x,ﬂ)fl(x,a)dg(x) pwae. 1=1,.. k.
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(b) The function

@ — REE+D/2
& {19—> Y(8) = (v2(9),0,v2(9),0,...,0,%(3))’

is a boundary point of the Bayesian Elfving set Z8 with “supporting hyper-
plane”

k(k+1)
—
() v () h (%) =1 pa.e. l=1,...,k.

(d) The function e(x,-) = (e(x,*),..., glx,")) € Li(k) satisfies

(e(x,),e(x,")), =k forallx € supp(§).

Moreover the functions vy,, h, and &, are (u-a.e.) uniquely determined by (2.6),
(2.7) and (2.8), respectively.

1
h=g(h1,---,hk)’€Li( ,  heLi(l),l=1,... k.

REMARK 2.2. Theorem 2.1 gives some more insight into the complicated
structure of the Bayesian D-optimal design problem. The maximization of the
function in (2.3) is equivalent to the determination of a supporting hyper-
plane to a convex subset in Li(k(k + 1)/2) at a specific boundary point of the
Bayesian Elfving set .%#7. This is usually a very hard problem and can only be
done explicitly in special cases. In general, numerical methods have to be
applied for the determination of a Bayesian D-optimal design [see, e.g.,
Chaloner and Larntz (1989, 1992)]. However, Theorem 2.1 turns out to be
useful for proving or disproving if a given design is Bayesian D-optimal (see
the examples in Section 4).

REMARK 2.3. If f,(x,9) does not depend on ¥ [e.g., if n(x,d) is a linear
model], it follows from (2.6), (2.7) and (2.8) that the functions v/, ¢f and hf
are constant in . It is then easy to see that conditions (a) through (d) in
Theorem 2.1 are also independent of 4 and Theorem 2.1 reduces to a similar
statement as given in Dette (1993).

3. Bayesian c-optimality. Throughout this section let ¢ € Li(k) denote
a function with quadratic integrable components. A design ¢ with c¢(3%) €
range(M (&, 3)) for all 9 € O is called Bayesian c-optimal if ¢ minimizes

C(&) = E,[c(9)' M, (&,9)c(D)]

(3.1)
= [ e(9) My (£,9)c(9) du(9)

among all designs satisfying C(¢) < « [here M, (&, 9) denotes an arbitrary

generalized inverse of M,(¢,9)]. The criterion (3.1) could be used if the

experimenter is interested in a specific real-valued function, say b(:%), of the

unknown parameters ¢ € 0 in the model y = n(x, 3). For the choice ¢(3) =



1230 H. DETTE

(3/99)b(¥) a Bayesian c-optimal design minimizes an average (with respect
to ) of the asymptotic variance of the maximum likelihood estimator of (%)
[see, e.g., Silvey (1980), page 4]. This criterion was applied by Chaloner (1989)
to determine optimal designs for the estimation of the turning point of a
quadratic regression. In the case of a prior distribution with finite support,
(3.1) reduces to the well-known A-optimality criterion for which an Elfving
theorem was proved by Studden (1971).

In the following define for a design ¢ with ¢(9) € range(M, (£, 9)) (p-a.e.)
and C(§) < o,

(32) yE={B,[e(8) M; (¢&,9)e(]}
for x € supp(¢) functions 2% © —» R*, £¢(x): ® > R by
(33) RE(D) = vEMG (£, 9)e(9), DO,
(3.4) e6(x,9) = h(9) fu(x,9), HeO,

and a set of designs by
2 = {ge(9) € range(M,(£,9)) VI € O, hf e 2(k),

ef(x) € L2V x € supp( 5)}
For Bayesian c-optimality the Elfving set

a5 725 = conv({g € I2(k)|g(9) = (9 fi(x,9), x €2,
' 6‘6Li,<8,8>1=1})

turns out to be useful for a geometric characterization of Bayesian c-optimal
designs. The proof of the following theorem can be obtained either by a
similar reasoning as given in Studden (1971) or by an application of an
equivalence theorem for Bayesian c-optimality and is therefore omitted.

THEOREM 3.1. A design &* € E** is Bayesian c-optimal if and only if
there exists a constant y > 0 and for all x € supp(£*) real-valued functions
e(x,+) € L with [£*(x,9)dw(®) =1 such that the function yc(-) has the
representation

(3.6) ye(¥) = fgfk(x,ﬁ)s(x,ﬁ)df*(x) p-a.e.

and is a boundary point of the Elfving set %¢ defined in (3.5). Moreover, the
constant vy is uniquely determined by (3.2) and the function &(x,-) and the
supporting hyperplane h at yc € % are uniquely determined by (3.3) and
(3.4) at all points ¥ € supp(0®) for which det(M,(&,9)) > 0.

REMARK 3.2. If #supp(u) =1, then Theorem 3.1 gives the classical
Elfving theorem for locally optimal designs [see Elfving (1952)], and a couple
of examples for the geometric construction of optimal designs can be found in
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a recent paper by Ford, Torsney and Wu (1992). In the case #supp(u) = k& <
oo, the criterion in (3.1) gives the so-called A-optimality criterion and Theo-
rem 3.1 reduces to the geometric characterization for quadratic loss in
Studden (1971). An interesting case appears when the function f(x,d) is
independent of ¥ [e.g., n(x, &) = &'x]. Here the optimality criterion (3.1) also
reduces to the A-optimality criterion where A € R***® is any matrix satisfy-
ing AA’ = E (c(#)c(9)). In contrast to the first case, there are now two
geometric characterizations available. On the one hand, we can apply Theo-
rem 3.1 using p-a.e. the representation (3.6) and the set .%Zg < Li(k). On the
other hand, we can use Theorem 1.1 in Studden (1971) for any square root
A € R*** of the matrix E (c(9)c(8)") and an Elfving set in R**s. Which of
these results is easier to apply will usually depend on the specific situation. It
is also worthwhile mentioning that for n(x, %) = 9'x, f(x,3) =x, @ =2
and c(9) = ¢, Theorem 3.1 gives a new geometric characterization for the
integrated variance criterion as considered in Studden (1977) and Cook and
Nachtsheim (1982).

REMARK 3.3. In this paper we have concentrated on the Bayesian c- and
D-optimality criteria because these criteria have an interpretation from a
Bayesian point of view in terms of a utility function [see, e.g., Chaloner and
Larntz (1989)]. But it is also worth mentioning that there exist geometric
characterizations for many other optimality criteria with a similar form as
the criteria defined in (2.3) and (3.1). As a further example (which also has a
Bayesian motivation), we consider a generalization of the Bayesian c-opti-
mality criterion, namely the minimization of

(3.7) E,[tr(A(9)' My (§,9)A(D))],

where A(9) € Li(k X s) is a matrix-valued function with quadratic inte-
grable elements. It can then be shown that a design ¢ with range( A(3)) C
range(M,( ¢, 9)) (u-a.e) minimizes (3.7) if and only if there exists a constant
y>0 and for all x & supp({) functions &(x,-) € Li(s) with (&(x,-),
e(x,))s = 1 such that the function yA(-) has the representation

YA(D) = [fi(x, 9)e(x,0) dé(x) pae.
and is a boundary point of the Elfving set
24 = conv({g € L2(k x 5)|2(9) = f,(x,0)e(9)', x €2,

c e Li(s), (g, &), = 1})
4. Examples.
ExaMPLE 4.1. Consider the exponential growth model 7n(x, 8) = e P~,

B >0, fi(x, B) = —xe P*, with gamma prior

dM(B) B am+1

(4.1) dg T(m+1)

B™e “FI{ B > 0},
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a >0, m>1, and design space = [0, x,], where x, > a/(m + 1). Let &*
denote the design which puts all mass at x* = «/(m + 1). In order to show
the Bayesian D-optimality of this design, we calculate the functions appear-
ing in Theorem 2.1 from (2.6), (2.7) and (2.8) as follows:

o a af B _m—|—1 af
(B = e -0 e = e ).

g(B)=—1.
Condition (a), (c) and (d) of Theorem 2.1 (k£ = 1) are obviously satisfied by this
choice (note that &, € L because m > 1). Finally, we have that

fowfl(x’ﬁ)hl(ﬁ)g(ﬁ)d#(ﬁ) m: 1) (%x— mi Tt 1)"”‘ <1

for all x € [0, x,] and all ¢ €< LZ with (e, £); = 1. This shows that A,(B)
defines a supporting hyperplane to the Elfving set
g = conv({g S Li|g( B)=e(B)fi(x,B),x €2, (e, ) = 1})

at the boundary point y,. By Theorem 2.1 the one-point design ¢* is Bayesian
D-optimal.

<x?

ExamMpLE 4.2. Consider the exponential growth model with two parame-
ters n(x, a, B) = ae ¥ a >0, B> 0,2 = [0, 3]. In the notation of Section 2
we have k =2, fi(x, B) =e P*, f,(x,B) =e P*(1, —ax)'. As a prior we use
the gamma density in (4.1) with the special choice m = o = 2 and consider
the design ¢* which puts equal masses at the points x} = 0 and x} = Z. By
straightforward but somewhat tedious calculations, we find the quantities
appearing in Theorem 2.1 and it is easy to see that conditions (a), (¢) and (d)
of this theorem are satisfied. For the supporting hyperplane in condition (b),
we have from (2.7)

hy(B) = (S(1+e v30)) 17,

4 /3¢ 4/38
ha(B) = 4 ny(p) | 6_4/33)

and obtain for all ¢ € Li(2) satisfying (¢, £), = 2 that
2

1 » 2
2, L &R (%, B)'R,(B) du(B)

[

1

2,
o 22

gfo {(x— g) e2,8(x+1)+x2e25(x+1/3)}’82 dp

1 (3x—2)2+ 942 1
4| (x+ 1P (x4 (1/3)° T

IA

L (£(x: BYRi(B)) du( B)
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for all x € [0, 3] (here the last inequality follows by straightforward algebra
showing that the derivative of the left-hand side has only the nonnegative
zeros x =0 and x = 2). Therefore, 3(h,(B), h,(3)")' defines a supporting
hyperplane to the Bayesian Elfving set %2 [note that the components of &,
and h, are quadratic integrable with respect to the measure du( 8)] and by
Theorem 2.1 the design &* with equal masses at x¥ =0 and x} = 2 is
Bayesian D-optimal.

ExamMPLE 4.3. Let n(x, B) =xe % [f(x,B8) = —x% #*], x>0, B> 0.
Then the maximum of 7 is attained for x,, = 6(8) = 1/B. In order to find a
design which minimizes the asymptotic variance of the maximum likelihood
estimator for x_ ., , we use the criterion (3.1) with ¢(8) = 1/8% and gamma
prior in (4.1) where m > 7, a > 0. Consider the one-point design &* at
x* = 2a/(m + 1). Then we calculate from (3.1), (3.2) and (3.3) the quantities
appearing in Theorem 3.1 as

_[T(m—3) (x* 4 ) x| T3 T2
Ve r<m+1)(7) ( ‘27) ’
h(B) _ ,yﬁfz(x*)*‘leZBx*,
e(x*,B) = —vy( Bx*)_zeﬁ"*.
Obviously, we have

[ o BY du(B) =1,

yf:c( BYR(B) du(B) =1

and obtain from this

([7eBr .8y dn(m)] = [ 81 B)) ()

m+1

=y2(x*)78x4 @ /mBm—4e—ﬁ(a+2x—4x*)dB
F(m +1) 0

x \4 a—2x* m-3
(e
x* a+2x —4x*
for all x € [0,%) and £ € L with [; £(B)du(B) = 1. This shows that the
function yc( B8) = y/B? is a boundary point of the set % with a representa-
tion (3.6) using &*. By Theorem 3.1 the design ¢* with mass 1 at the point

x* = 2a/(m + 1) is Bayesian c-optimal for the estimation of the maximum of
the nonlinear regression function n(x, 8) = xe #*.
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