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ON NONPARAMETRIC REGRESSION FOR IID
OBSERVATIONS IN A GENERAL SETTING1

BY SAM EFROMOVICH

University of New Mexico

We consider the problem of sharp-optimal estimation of a response
Ž .function f x in a random design nonparametric regression under a

Ž .general model where a pair of observations Y, X has a joint density
Ž . Ž < Ž .. Ž .p y, x s p y f x p x . We wish to estimate the response function with

optimal minimax mean integrated squared error convergence as the sam-
ple size tends to `. Traditional regularity assumptions on the conditional

Ž < .density p y u assumed for parameter u estimation are sufficient for
sharp-optimal nonparametric risk convergence as well as for the existence
of the best constant and rate of risk convergence. This best constant is a
nonparametric analog of Fisher information. Many examples are sketched
including location and scale families, censored data, mixture models and
some well-known applied examples. A sequential approach and some
aspects of experimental design are considered as well.

1. Introduction. The problem of nonparametric regression is well
Ž . Ž . Ž . Ž .known. Eubank 1988 , Muller 1988 , Hardle 1990 and Wahba 1990 give¨ ¨

nice discussion in this area. Typically, an additive regression is explored
Ž . Ž . Ž . Ž .when we observe pairs Y , X , Y , X , . . . , Y , X , where Y s f X q j ,1 1 2 2 n n l l l

l s 1, 2, . . . , n, and j is noise. The problem is to estimate the unknownl
Ž . w xresponse function f x , x g 0, 1 . The design points X may be consideredl

Ž . Žfixed the equidistant points are an example or random random design
. Ž . w xregression with density p x supported on 0, 1 .

The focus of this paper is to explore more general random design regres-
Ž .sion when observations are independent realizations of the pair Y, X of

Ž . Ž < Ž .. Ž .random variables with a fixed joint density p y, x s p y f x p x . Note
Ž < Ž .. Ž Ž ..that if p y f x s p y y f x , then we get the above-mentioned random

design additive regression. Moreover, we shall study a sequential estimator
ˆ ˆ tŽ� 4 . Ž .f s f , m s 1, 2, . . . , t , based on t observations Z s Z , Z , . . . , Z ,t m 1 2 t

Ž .Z s Y , X with restrictionl l l

b1.1 sup E trn F 1Ž . Ž .� 4f

Ž .on the stopping time t . In 1.1 the supremum is taken over a class of
response functions and b ) 1 is some given constant.
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We would like to explore sequential estimators whose minimax mean
Ž .integrated squared error MMISE converges with optimal constant and rate

as n ª `.
There is an extensive literature on sharp estimation for an additive model

and a fixed sample size. For example, in various versions of this setting,
Ž . Ž . Ž .Nussbaum 1985 , Speckman 1985 and Golubev and Nussbaum 1990 give

Ž .precise bounds including sharp constants on the MMISE and define estima-
Ž .tors which achieve these bounds. In Golubev 1991 , a general approach of

local asymptotic normality is applied for finding a local lower bound; in
particular, a lower bound is obtained for the case of an equidistant nonpara-

Ž < Ž ..metric regression with given sufficiently smooth conditional density p y f x
and response functions are from some shrinking neighborhood of a known
function f that serves as a center of localization. A different approach is0

Ž .considered in Fan 1993 where a minimax is defined with supremum over
Ž .both the response functions and joint distributions of Y, X ; a nearly optimal

Ž .within a constant factor minimax estimator is suggested which is also
sharp-optimal among all linear estimators.

In the present paper for the considered general setting, we give precise
Ž .bounds including constants on the MMISE, show that a sequential approach

does not improve MMISE convergence and suggest a sharp-optimal method of
estimation which is similar to a parametric scoring estimator: first, we
construct a pilot estimator; second, we use an orthogonal series estimator
where each Fourier coefficient is estimated by using the classical one-step

Ž .Newton]Raphson approximation scoring .
The lower bounds for MMISE convergence are considered in Section 2. The

sharp-optimal nonparametric scoring estimation is investigated in Section 3.
Ž < Ž ..In these sections we always assume that both conditional density p y f x

Ž .and density p x of the design points are given. Section 4 is devoted to a case
Ž .of an unknown density p x of the design points. Examples of sharp-optimal

estimation are discussed in Section 5. Some extensions of the present setting
are discussed in Section 6. Proofs are deferred until Section 7.

2. Lower bound. We consider the general setting of random design
Ž . Ž < Ž .. Ž .nonparametric regression with joint density p y, x s p y f x p x . A goal

of this section is to find a lower bound for a localized MMISE convergence
when supremum is considered over a shrinking neighborhood around a given
function f and infimum is over all possible estimators. This localized ap-0
proach is traditional in asymptotic parametric theory, see Ibragimov and

Ž . Ž .Khasminskii 1981 , Golubev 1991 gives a nice discussion of this issue for
nonparametric curve estimation.

Ž . �Here we study a localized analytic hyperrectangle H f , r, a , Q s f :0
1Ž Ž . Ž ..2 2 Ž . Ž . Ž .4H f x y f x dx F r , f x y f x g H a , Q and a localized ellipsoid0 0 0
Ž . � 1Ž Ž . Ž ..2 2 Ž . Ž . Ž .4EE f , r, a , Q s f : H f x y f x dx F r , f x y f x g EE a , Q , where0 0 0 0

Ž .r is a small parameter r ª 0 .
The analytic hyperrectangle of order a is defined for a positive real a as
Ž . � Ž . Ž . ` Ž . < < < < ya jH a , Q s f x : f x s Ý u w x , u F Q, u F Qe , i s 0, 1, j sjs0 j j 0 2 jyi
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4 w x1, 2, . . . . This is a subspace of analytic and periodic on 0, 1 functions; see
Ž . Ž .Bary 1964 . The ellipsoid the a th-order Sobolev subspace is defined for a

Ž . �positive integer a as EE a , Q s f : f has a y 1 absolutely continuous and
1 < 2 Ž . Ž Ža .Ž ..2 x 4 � Ž . Ž .periodic derivatives, H f x q f x dx F Q s f x : f x s0

` Ž . 2 ` Ž Ž .2 a .Ž 2 2 . 4 Ža .Ý u w x , u q Ý 1 q 2p j u q u F Q . Hereafter f is thejs0 j j 0 js1 2 jy1 2 j
² : 1 Ž . Ž .a th derivative, u s f , w s H f x w x dx are the Fourier coefficientsj j 0 j

� Ž . Ž .of the functions f for the trigonometric basis w x s 1, w x s0 2 jy1' 'Ž . Ž . Ž . 42 sin 2p jx , w x s 2 cos 2p jx , j s 1, 2, . . . .2 j
These function classes have been intensively studied; see, for example,

Ž . Ž . Ž .Adams 1975 , Nussbaum 1985 , Speckman 1985 , Donoho, Liu and MacGib-
Ž . Ž .bon 1990 and Golubev and Nussbaum 1990 .

It is natural to suppose that the function f , which is the center of0
localization, belongs to the analytic hyperrectangular or to the ellipsoid,

� Ž . w x4 w x w xrespectively. Then f x : x g 0, 1 ; a, b ; Q ; R, where a, b s K is a0
Ž .finite interval and Q is an open not necessarily finite interval. Hereafter we

Ž < .suppose that p y u is defined over Q.
Recall some notation and results of asymptotic theory of point estimation,

Ž .following Ibragimov and Khasminskii 1981 . One of the main methods for
investigating a lower bound for risk convergence is based on uniform local

Ž . nasymptotic normality ULAN of a parametric statistical experiment E sY <u

� n n n n 4 nYY , UU , m , P , u g Q . Hereafter E denotes a product of n identicalu Y <u

� 4statistical experiments E s YY , UU, m, P , u g Q , where m is a s-finiteY <u u

measure on UU. All probability measures P , u g Q, are absolutely continuousu

Ž < .with respect to m and p y u s dP rdm is the conditional density of theu

observation Y given parameter u . We denote a log-likelihood function corre-
n Ž n . Ž .sponding to n observations Y as L Y , u , u s ln dP rdP s2 1 u u2 1n Ž Ž < . Ž < ..Ý ln p Y u rp Y u .ls1 l 2 l 1

The parametric statistical experiment En is called ULAN on Q ; Q ifY <u 1
Ž .there exists a sequence of functions w n, t such that, for any sequences

Ž .t g Q , u ª u g R and t q w n, t u g Q , the following equality holdsn 1 n n n n 1
Ž n Ž . . Ž . Ž . 2 Ž .L Y , t q w n, t u , t s u D n, t y 1r2 u q R n, u , t , wheren n n n n n n
Ž . nD n, t converges in distribution P to a standard normal random variablen tn

Ž . nand R n, u , t converges in probability P to 0.n n tn

We say that the parametric statistical experiment E has a finite FisherY <u

Ž . <'information I u over u g Q if the function p y u is differentiable inŽ .
Ž . Ž < .L m , that is, there exists a function c y u such that for all u g Q the2

< < <' 'following asymptotic equality holds: H p y u q h y p y u yŽ . Ž .
Ž < . < 2 Ž . Ž 2 . Ž . 2Ž < . Ž .hc y u m dy s o h as h ª 0 and I u s 4Hc y u m dy - `. Hereafter
Ž < . Ž < . Ž < .g 9 y u s ­ g y u r­u for any function g y u .
The following regularity conditions are sufficient for ULAN on K due to

Ž .Theorem 2.6.2 and Remark 2.3.2 in Ibragimov and Khasminskii 1981 .

Ž < .R1. The conditional densities p y u are continuous in u for m-almost all
y g YY and all u g Q.

R2. The statistical experiment E has a finite Fisher information andY <u

Ž .I u ) 0 for all u g Q.
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Ž < .R3. The functions c y u are absolutely continuous in u for m-almost all
w Ž < .x2 Ž .y g YY and H c 9 y u m dy - C - ` for all u g Q.

Ž .Recall that these regularity conditions yield the continuity of I u in u on
Ž .Q; see Lemma 7.1 in Ibragimov and Khasminskii 1981 .

For our nonparametric regression problem, a nonparametric statistical
n �Žexperiment is similar to the parametric case. In particular, E s YY =Z < f

w x. n Ž .n n 4 w x0, 1 , UU = BB , P , f g FF , where BB is a Borel s-algebra of 0, 1 andf
1 Ž < Ž .. Ž . ŽP has a density p y f x p x with respect to measure m = Lebesguef

.measure .
Ž < .Hereafter we say that a conditional density p y u satisfies ULAN on K if

the corresponding parametric statistical experiment En is ULAN on K.Y <u

Let us introduce an assumption on the density of the design points.

Ž . w xR4. The density p x is continuous and bounded below from 0 on 0, 1 .

Note that, under these conditions of regularity and our assumption on f ,0

p x f x is continuous,Ž . Ž .0
2.1Ž . w x0 - m - p x I f x - M - `, x g 0, 1 .Ž . Ž .Ž .0

We now introduce a nonparametric Fisher information. For the case of the
Ž . Ž .analytic hyperrectangle, this information is defined as I p , f s aF p , f ,H 0 0

Ž . y1r2 a yŽ2 aq1.r2 a Ž . Ž .and the ellipsoid as I p , f s Q P F p , f , where F p , f sEE 0 0 0
1w Ž . Ž Ž ..xy1 Ž Ž ..2 a rŽ2 aq1.Ž .1rŽ2 aq1.1rH p x I f x dx and P s 2ar2p a q 1 2a q 1 is0 0

the Pinsker constant.
We are now ready to formulate the main result of this section.

Ž < .THEOREM 2.1. Let the conditional density p y u satisfy ULAN on K and
Ž .assume 2.1 holds. Then

y1lim inf lim inf inf sup n ln n I p , fŽ . Ž .H 0
nª`rª0 Ž .fgH f , r , a , Q0

21 ˆ=E f x y f x dx G 1,Ž . Ž .Ž .Hf t½ 5
0

2.2Ž .

Ž .2 ar 2 aq1lim inf lim inf inf sup nI p , fŽ .EE 0
nª`rª0 Ž .fgEE f , r , a , Q0

21 ˆ=E f x y f x dx G 1,Ž . Ž .Ž .Hf t½ 5
0

2.3Ž .

ˆŽ .where the infimum is taken over all sequential estimators f x st
ˆŽ� Ž . 4 . Ž .f x, f , r, a , Q, b , m s 1, 2, . . . , t with restriction 1.1 on the stoppingm 0

time t .

Note that the regularity conditions R1]R4 are sufficient for validity of the
assertions of the theorem.
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The next section establishes that these lower bounds are sharp-optimal;
that is, the nonparametric Fisher information defines the best constant of
risk convergence.

3. Method of sharp-optimal estimation. A suggested estimator is a
w Ž .nonparametric analog of the scoring estimator see Lehmann 1983 and

Ž .xBorovkov 1984 . We use a well-known method of splitting the data into two
Ž .parts with r and n y r observations for constructing a pilot estimator and

scoring estimator, respectively.
˜ Ž . Ž .We say that the pilot estimator f , based on r s r n s o 1 n observations,r

y1r4 ˜Ž .is o n -convergent if rng f ; K andr

2
21 1r4 ˜3.1 sup E n f x y f x dx s o 1 ,Ž . Ž . Ž . Ž .Ž .Hf r½ 50

where the supremum is taken over the assumed class of response functions f,
that is, the analytic hyperrectangle or the ellipsoid. Recall that the range of f

˜w xis a subset of the given interval K s a, b and therefore if an estimate fr
˜ b y1r4Ž . w x Ž .satisfies 3.1 , then f is also an o n -convergent pilot estimator.r a

w x b Ž Ž ..Hereafter f s max a, min f , b is the truncation of the function f.a
Examples of constructing pilot estimators are considered in Section 5.

˜A nonparametric scoring estimator with pilot estimator f and smoothingr
N Ž .coefficients w s w , . . . , w is defined as0 N

N
Nˆ ˜ ˜ ˜3.2 f x , f , w s f x q w C f w x ,Ž . Ž . Ž .Ž . Ž .ÝNn r r j j r jw

js0

where the nonparametric scoring functions

n
y1 y1 y1˜ ˜ ˜<3.3 C f s n y r p X I f X w X l9 Y f XŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ýj r l r l j l l r l

lsrq1

Ž < . Ž < . Ž < .are similar to a parametric one, l9 y u s p9 y u rp y u is a derivative of
Ž < . Ž < . w Ž .x Nthe log-likelihood function l y u s ln p y u with respect to u and f x sw

N ² : Ž .Ý w f, w w x means a smoothing f in the spectral domain. Recall thatjs0 j j j
� Ž .4 Ž .w x is the basis in L 0, 1 .j 2

Ž .Note that the estimator 3.2 is a well-known smoothing orthogonal series
estimator where the Fourier coefficients are estimated by the scoring proce-
dure.

We need one additional assumption, which is well known in the theory of
w Ž .xpoint estimation see Lehmann 1983 , to formulate the main result of this

section.

R5. For every y g YY except on a set of m-measure zero, the log-likelihood
Ž < . < 2 Ž < .function l y u is three times differentiable with respect to u , ­ l y u r

2 < Ž . 2Ž . Ž < . Ž . < 3 Ž < .­u F M y , where HM y p y u m dy - C for u g K, and ­ l y u r2 2
3 < Ž . Ž . Ž < . Ž .­u F M y such that HM y p y u m dy - C for u g K.3 3
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˜THEOREM 3.1. Let regularity conditions R1]R5 hold and let f be anr
Ž y1r4.o n -convergent pilot estimator. Then the nonparametric scoring estima-

Ž . ? Ž . @tor 3.2 with w s ??? s w s 1 and N s 2 ln n r2a is sharp-optimal for0 N
the analytic hyperrectangle, that is,

21y1 Nˆ ˜sup n ln n I p , f E f x , f , w y f x dxŽ . Ž . Ž .Ž .H ž /H f n r½ 5
03.4 Ž .Ž . fgH a , Q

s 1 q o 1 ,Ž .
Ž .aand this estimator with w s 1, w s w s 1 y 2 jrN and0 2 j 2 jy1

Ž .1r 2 aq12 a3.5 N s N n , a , Q s 2 n 2a q 1 a q 1 Qr 2a 2pŽ . Ž . Ž . Ž . Ž .Ž .
is sharp-optimal for the ellipsoid, that is,

21Ž .2 ar 2 aq1 Nˆ ˜sup nI p , f E f x , f , w y f x dxŽ . Ž .Ž .H ž /EE f n r½ 5
03.6 Ž .Ž . fgEE a , Q

s 1 q o 1 .Ž .

? @We use the notation x for the integer part of x.
Hence, the problem of sharp-optimal estimation of a response function is

Ž y1r4.converted into a relatively simple problem of an o n -convergent estima-
tion. This corresponds exactly to the situation for a parameter estimation
where a scoring estimate, which is a one-step Newton]Raphson approxima-
tion for the maximum likelihood estimate, is used instead of the asymptoti-
cally efficient maximum likelihood estimate.

Ž . Ž .A consideration of cases f g H f , r, a , Q and f g EE f , r, a , Q is very0 0
similar and so we leave the details to the interested reader.

REMARK 3.1. Regularity conditions R1]R5 are obviously far from the
minimally needed conditions. To simplify drastically these conditions, differ-
ent score functions have to be used; see Bickel, Klaassen, Ritov and Wellner
Ž . Ž .1993 . The splitting of the data in 3.1 , where only the smallest part of the
observations is used for constructing a pilot estimator, is convenient but not
necessary.

4. Regression with unknown density of design points. In this sec-
tion we suggest a simple plug-in procedure which gives us an adaptive

Ž .sharp-optimal estimator for the case of unknown design density p x .
Ž .Assume that, using the first r s o 1 n observations, we can construct an

Ž y1r4. Ž . Ž .o n -convergent estimator p x of the density p x . Under this assump-ˆr
Ž .tion there always exists some nonnegative sequence g s o 1 , which de-n

creases slower than any power of ny1, such that

2
1 21r4 44.1 sup E n p x y p x dx s o 1 g ,Ž . Ž . Ž . Ž .Ž .ˆHp r n½ 50
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where the supremum is over the considered class PP of the densities. The
Ž .sequence g is used to truncate below the estimator p x ; that is, we defineˆn r

Ž . w Ž .x`p x s p x .˜ ˆr r g n

This truncated estimator is used in the following plug-in procedure. Let
ˆ ˜ NŽ . Ž . Ž .f x, f , w , p be the estimator 3.2 with the scoring functions 3.3 based onn r

ˆ ˜ NŽ .the density p . Then we define a plug-in estimator f x, f , w , p . Note that˜n r r
we use the same first r observations for constructing both the pilot estimator
and the estimator of unknown design density.

Ž y1r4.THEOREM 4.1. Let assumptions R1]R5 be valid and let an o n -
˜ y1r4Ž .convergent pilot estimator f and an o n -convergent density estimatorr

ˆ ˜ NŽ . Ž .p x exist. Then the plug-in estimator f x, f , w , p is asymptoticallyˆ ˜r n n r
sharp-optimal.

Ž y1r4.Consider one particular example of constructing an o n -convergent
Ž .estimator of unknown density. Assume that nrr - C ln n and that the

Ž .density p x belongs to a class of Lipschitz functions of order b ) 1r2; that
< Ž . Ž . < < < bis, sup p u y p v F L u y v , L - `. Then the orthogonal seriesu, v gw0, 1x

estimator
r

4.2 p x s 1 q 2rr cos p jX cos p jxŽ . Ž . Ž . Ž . Ž .ˆ Ý Ýr l
ls1 0FjFS

Ž . y1Ž . 1r2 3Ž .satisfies 4.1 with arbitrary g ) C ln r . Here S s r rln r . A verifica-n
Ž .tion of this assertion is similar to Efromovich 1985 and we leave it to the

interested reader.

REMARK 4.1. For the case of additive heteroscedastic nonparametric re-
gression, a different adaptive estimator is suggested in Efromovich and

Ž .Pinsker 1996 .

5. Examples. We suppose that regularity conditions R1]R5 hold and the
Ž < Ž ..parameters a , Q, a and b are given. We also suppose that densities p y f x

Ž . ? Ž .@and p x are given and we set r s nrln n .
It follows from Section 3 that under these conditions the problem of

Ž y1r4.sharp-optimal estimation is converted into a problem of an o n -conver-
gent estimation. The latter is the main issue of this section.

Ž y1r4.An o n -convergent pilot estimator usually exists for the ellipsoid with
a ) 1r2 and for the analytic hyperrectangle, but does not exist for the

w Ž . Ž .xellipsoid with a F 1r2 see Nussbaum 1985 and Efromovich 1992 .
˜ rŽ .If u Z is an estimator of the unknown Fourier coefficient u withj j

˜ r 4 y1 y4�Ž Ž . . 4 Ž .E u Z y u F Cr ln r , 0 F j F J9, then the truncated projectionf j j
estimator

bJ9
r˜ ˜5.1 f x s u Z w xŽ . Ž . Ž . Ž .Ýr j j

js0 a
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Ž y1r4. Ž .is an o n -convergent pilot estimator for f g H a , Q , where J9 s
Ž . ? Ž . Ž Ž ..@J9 n, a s 2 ln n r4a q ln ln n . Hereafter C ’s are used generically to de-

w x b Ž Ž ..note positive constants and recall that x s max a, min x, b .a
This assertion follows from elementary algebra:

22 J9 2221 r 2˜ ˜E f x y f x dx F 2 E u Z y u q 2 uŽ . Ž . Ž .Ž . Ý ÝH ž /f r f j j j½ 5 ½ 50 js0 j)J 9

2 y1 y4 y2 a J 9F C J9 r ln r q eŽ .
s o 1 ny1 .Ž .

˜ r 4�Ž Ž . . 4Similarly, for the ellipsoid with a ) 1r2, if E u Z y u Ff j j
yŽ2 aq1.rŽ2 a . y2Ž .Cr ln r , 0 F j F J0, the truncated projection estimator

bJ0
r˜ ˜5.2 f x s u Z w xŽ . Ž . Ž . Ž .Ýr j j

js0 a

Ž y1r4. Ž .is an o n -convergent pilot estimator for f g EE a , Q . Here J0 s
Ž . ? 1r4a Ž Ž ..@J0 n, a s 2 n ln ln n .

Ž .Case 1 Location family model . Consider the commonly studied nonpara-
Ž < Ž .. Ž Ž .. Ž .metric regression model with p y f x s p y y f x , that is, Y s f X ql l

� 4 � 4j , l s 1, 2, . . . , n, and j is independent from X iid noise with densityl l l
˜ rŽ . Ž . Ž .p y . The estimators u Z are well known; see Efromovich 1992 andj

Ž .Efromovich and Pinsker 1996 . Moreover, there is extensive literature on
Ž y1r4. Ž .how to construct an o n -convergent pilot estimator; see Eubank 1988

Ž .and Hardle 1990 . For this setting Fisher information is constant and¨
therefore our scoring estimator is rather simple.

Ž .Case 2 Scale family model . The conditional density is assumed to
Ž < . y1 Ž .be p y u s u p yru with u G a ) 0 and m is the Lebesgue measure.

Ž < . Ž Ž . Ž ..Ž 2 . y1 Ž .In this case l9 y u s y p9 yru rp yru yru y u and I u s
y2 w Ž . y1Ž . x2 Ž .u H tp9 t p t q 1 p t dt. We have to suggest a pilot estimator andYY ru

then we can apply the method of sharp estimation of Section 3.

Ž .EXAMPLE 2.1. Let Y s f X j , l s 1, 2, . . . , n, where the noise j is iidl l l l
with Ej s n ) 0 and finite fourth moment. Poisson or binomial randoml

y1 � y1Ž . Ž .4variables are examples of this noise. Then u s n E Yp X w X and thej f j
˜ rŽ .method of moments estimator gives us an estimator u Z sj

y1 y1 r y1Ž . Ž .n r Ý Y p X w X for a Fourier coefficient u with rate-optimal riskls1 l l j l j
˜ r 4 y2�Ž Ž . . 4 Ž . Ž .convergence E u Z y u F Cr . Hence, the estimators 5.1 and 5.2f j j

for the analytic hyperrectangle and the ellipsoid, respectively, can be used as
pilot estimators.

Ž .EXAMPLE 2.2. Let Y s f X j , l s 1, 2, . . . , n, where the noise j is iidl l l l
with zero means and finite eighth moment. A method of finding a pilot
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estimator is first to estimate f 2 and then to take the square root of this
estimate. We leave the details to the interested reader.

Ž .Case 3 Mixture models . We restrict out attention to the case of mixing
two distributions with different means and finite fourth moments. That is,
Ž < Ž .. Ž . Ž . Ž Ž .. Ž . Ž . Ž .p y f x s f x g y q 1 y f x h y , where g y and h y are the densi-

ties of the specified distributions with different means m and m , respec-g h
Ž .tively, and finite fourth moments. It is supposed that 0 F f x F 1 and

w x w x0, 1 ; a, b .
� y1Ž . Ž .4 Ž .Because E Yp X w X s u m q e y u m , the method of momentsf j j g j j h

˜ r y1 r y1 y1Ž . w Ž . Ž . xŽ .estimator u Z s r Ý Y p X w X y e m m y m has riskr ls1 l l j l j h g h
˜ r 4 y2�Ž Ž . . 4convergence E u Z y u F Cr . Hence, this estimator can be used forf j j

Ž . Ž .constructing a pilot estimator 5.1 or 5.2 . Here e s 1 and e s 0 for j ) 1.0 j

Ž < . Ž Ž . Ž ..w Ž . ŽNote that the mixture model has l9 y u s g y y h y u g y q 1 y
. Ž .xy1 Ž . w Ž < .x2 Ž < . Ž .u h y and I u s H l9 y u p y u m dy . Hence, we can directly use the

ˆ ˆ 1w xestimator f of Section 3. Its truncation f gives us a bona fide sharp-n n 0
optimal estimate.

Ž .Case 4 Incomplete data model . A general model, with examples of
missing data for a multinomial population, censored and grouped observa-

Ž . Ž .tions, is studied in Efromovich 1992 . Dempster, Laird and Rubin 1977 ,
Ž . Ž .Lehmann 1983 and Borovkov 1984 are good references where expressions

for the log-likelihood function and the Fisher information may be found.
Hence, only a method of constructing a pilot estimator has to be explained.
Here we consider only one particular example.

Ž .EXAMPLE 4.1 Censored responses . Suppose that the unobserved data
Ž . Ž < Ž .. Ž Ž ..T , X with conditional density p t f x s p t y f x are censored at al l

Ž . Ž .fixed point d, ` , that is, that the available observations are Y , X sl l
Ž � 4 . Ž .min T , d , X . Define V s 1 if Y - d and V s 0 otherwise. Set F u sl l l l l
Ž . Ž . Ž Ž .. Ž .F d y u and F x s F d y f x , where F t is the cdf corresponding to1
Ž . < Ž . Ž . < � Ž .4 < Ž . Ž . <p t . Hence, F x q « y F x F max p d y u f x q « y f x , where the1 1

w x Ž .max is over u g a, b . Condition R1 implies the density p d y u is bounded
w x Ž .away from ` for u g a, b and therefore the function F x is at least from a1

� 4 Ž . Žb th-order Sobolev space, where 1r2 - b F min 1, a for f g EE a , Q and for
.example b s 1 for the analytic hyperrectangle. If, in addition to R1]R5, we

Ž . w xsuppose that density p d y u is bounded below from 0 for u g a, b , then
Ž . w xF d y u is a monotonically decreasing continuous function in u g a, b .

y1Ž . y1Ž .Hence, there exists an inverse function F ? s d y F ? which derivative
Ž . Ž .is bounded away from `. Now, if we denote F d y b s u and F d y a s U,

then it is simple to verify that the desired pilot estimator is

Uy1 r˜ ˜5.3 f x s d y F F x , Z ,Ž . Ž . Ž .r 1ž /u

˜ r J Žn, b . U y1 r y1Ž . w Ž .x Ž . Ž .where F x, Z s Ý k w x , k s r Ý V p X w X , and we˜ ˜1 js0 j j u j ls1 l l j l
drop the superscript for J.
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As an illustration, a sharp-optimal nonparametric scoring estimator for the
ellipsoid is

Ž .N n , a , Q

ˆ ˜² :f x s w f , w w xŽ . Ž .Ýn j r j j
js0

n
y1 y1 y1 ˜ ˜<q n y r p X I f X l9 Y f XŽ . Ž . Ž . Ž .Ž . Ž .Ý l r l l r l

lsrq1

5.4Ž .

Ž .N n , a , Q

= w w X w x ,Ž . Ž .Ý j j l j
js0

Ž < . Ž . Ž . Ž < . Ž . Žwhere l9 y u s yp9 y y u rp y y u if y - d, and l9 y u s p y y u r 1 y
Ž .. Ž . d w Ž .x2 y1Ž . Ž . 2ŽF y y u if y s d, and I u s H p9 y y u p y y u m dy q p d yy`

ˆ. w Ž .x Ž . w xu r 1 y F d y u . By truncating f x onto a, b we obtain a bona fiden
sharp-optimal estimator.

Ž .Case 5 Different models . We consider two well-known applied examples.

Ž .EXAMPLE 5.1 Poisson regression model . Suppose that Y , Y , . . . are1 2
Ž . Ž .independent Poisson variables with intensity f X , f X , . . . , respectively,1 2

Ž . Ž .and that the response function f x satisfies inequalities 0 - a F f x F b -
` for some given a and b. Also let X , X , . . . be chosen independently with a1 2

Ž .density p x that satisfies R5. Regularity conditions R1]R5 are fulfilled, so a
Ž y1r4.natural o n -convergent pilot estimator is

br J
y1 y1˜5.5 f x s r Y p X w X w x .Ž . Ž . Ž . Ž . Ž .Ý Ýr l l j l j

ls1 js0 a

A sharp-optimal estimator is

N
ˆ ˜² :f x s w f , w w xŽ . Ž .Ýn j r j j

js0

n N
y1 y1 ˜q n y r p X Y y f X w w X w x ,Ž . Ž . Ž . Ž . Ž .Ý Ýl l r l j j l j

lsrq1 js0

5.6Ž .

where J, w N and N are defined earlier and we drop the superscripts for J.
w xTruncation of this estimator onto a, b gives a bona fide estimator.

Ž . �Ž .EXAMPLE 5.2 Binomial regression model . We suppose that Y , X ,l l
4 Ž < . Ž .l s 1, 2, . . . are iid, Y is equal to 1 or 0 and P Y s 1 X s x s f x , wherel l

Ž . Ž .0 F a F f x F b F 1. Then the desired pilot estimator is 5.5 and the
Ž .sharp-optimal estimator is 5.6 . The interested reader is referred to

Ž .Efromovich and Thomas 1996 where this example is explored for the case of
small sample sizes.
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6. Extensions.

Design of experiments. The investigated sharp-optimal risk convergence
Ž . Ž .is a functional of the density p x . Suppose that f x is given. Then it is of

Ž .interest to minimize this convergence further by optimal design of p x .
Using the Cauchy]Schwarz inequality, we obtain that

2
1 1y1 y1r2p x I f x dx G I f x dxŽ . Ž . Ž .Ž . Ž .H Hž /0 0

with equality for

1y1r2 y1r26.1 p * x s I f x r I f t dt .Ž . Ž . Ž . Ž .Ž . Ž .H
0

Ž .Hence, due to Section 2, an experimental design with density p * x is
optimal.

The response function f is a priori unknown, but this is not crucial here.
For some settings optimal designs do not depend on f at all. For example, in
a traditional additive regression, the Fisher information is constant and so
the optimal design is the uniform distribution regardless of the unknown
response function.

Is this design optimal among all sequential procedures when the choice of
the next X can depend on all previous observations? This is open question.l

Ž < .Adaptation. Typically, neither the density p y u nor the smoothness of
regression function are known a priori. A natural question for this setting is
whether an adaptive estimator with a sharp-optimal convergence exists. The

Ž .interested reader is referred to Efromovich 1986 and Efromovich and Pinsker
Ž .1996 where, for a particular case of additive heteroscedastic regression, a
sharp-optimal adaptive estimator is suggested.

Multidimensional case. This is a natural extension where Y, X and f are
multidimensional. This case will permit us to consider scale]location families
as one of the particular examples.

Nonrandom design. Nonparametric regression with nonrandom design is
treated in the same way as random design nonparametric regression. For this

Ž .setting, instead of random predictors with density p x , the predictors are
Ž . w xregular points x which are generated by pseudo-density p x on 0, 1 suchln

x ln Ž .that H p x dx s lrn.0

Small sample sizes. This is an interesting applied problem. Results of
Ž . Ž .Efromovich and Pinsker 1996 and Efromovich and Thomas 1996 show that

a slightly modified asymptotically optimal estimator performs relatively well
for small sample sizes even in comparison with pseudo-estimators. One
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practical example of evaluating the sensitivity of explosives for slapper
detonators, based only on 25 observations, is explored in Efromovich and

Ž .Thomas 1996 .

7. Proofs.

Ž . � Ž . Ž .PROOF OF THEOREM 2.1. To prove 2.2 , set H s f : f x s f x qn 0
N Ž . ?Ž Ž . Ž Ž .. @ 2 2 Ž . 4Ý u w x , N s ln n y ln ln n ra , u - Q ln n rn, j s 1, . . . , N ,js1 j j j

ˆ t ˆŽ . ² :u Z s f y f , w . Then, for sufficiently large n, we obtain that H ;j t 0 j n
Ž .H f , r, a , Q , and hence0

21 ˆR s sup E f x y f x dxŽ . Ž .Ž .HH f t½ 5
0Ž .fgH f , r , a , Q0

N 221
tˆ ˆG sup E f x y f x dx G sup E u Z y u .Ž . Ž . Ž .Ž . ÝH ž /½ 5f t f j j½ 5

0fgH fgH js1n n

We have converted the nonparametric problem into a well-known N-
N Ž .dimensional parametric problem with parameter u s u , . . . , u and basis1 N

N Ž . � 4 Ž .w s w , . . . , w . Set I s I to be an N = N Fisher information matrix1 N i j
1 Ž . Ž . Ž . Ž Ž ..where I s H w x w x p x I f x dx. I is a Toeplitz-type matrix andi j 0 i j 0

therefore its eigenvalues n F n F ??? F n satisfy relations 0 - m F n F1 2 N 1
Ž .n F ??? F n F M - ` due to the assumption 2.1 and the theorem of2 N

Ž .eigenvalues in Grenander and Szego 1958 .¨
There exists an orthogonal transformation that transforms I into a diago-

� 4 Nnal matrix diag n , . . . , n . Applying this transformation to the vectors u1 N
and w N and then invoking Theorem 1 and Corollary 1 from Efromovich
Ž . y1 N y1Ž Ž ..1989 , we obtain that R G n Ý n 1 q o 1 . Hence, due to the asymp-H js1 j

Ž .totic distribution theorem in Grenander and Szego 1958 , we get that¨
Ž Ž ..y1 Ž Ž .. Ž .Ž .y1Ž Ž ..R G nF p , f N 1 q o 1 s ln n nI 1 q o 1 , which completes theH 0 H

Ž .proof of 2.2 .
Ž .The proof of 2.3 is also based on converting a minimax risk problem into a

Ž .problem considered in Efromovich 1989 . Our method of converting the
Ž .problem is based on the following result of Golubev and Nussbaum 1990 .

� Ž . 4 Ž .There exists a basis c x , j s 1, 2, . . . supported on 0, 1 such thatj
Žk .Ž . Žk .Ž . ² :c 0 s c 1 s 0 for k s 0, . . . , a y 1, j s 1, 2, . . . , c , c s d ,j j j i i j
Ža . Ža . ´ ´ ´ ´ 2 a² : Ž Ž ..Ž .c , c s l d , j, i s 1, 2, . . . , 0 - l - l - ??? and l s 1 q o 1 p jj i j i j 1 2 j

as j ª `. This basis is used to create very convenient local bases by appropri-
ate procedures of translation and dilation.

Ž .Let s s s n be a sufficiently slowly increasing sequence of natural num-
� Ž . s Ž . Ž . 4 �bers as n ª `. Set EE s f : f x s Ý f x , f x g EE , where EE s f :s ks1 Žk . Žk . sk sk

N Žk . y1'Ž . Ž . ŽŽ . . ŽŽ Ž .. .f x s f x 1 k y 1 rs F x - krs q Ý v s c x y s k y 1 s ;0 js? lnŽn.@ sk j j
N Žk . ´ 2 y2 a y2 a4 Ž . Ž . Ž .Ý l v F s Q , 1 ? is the indicator, N k s N n, a , s Q ,js ? lnŽn.@ j sk j sk sk

2 y1 y1 y1 y1 y1Ž .Ž . Ž Ž .. Ž Ž Ž ...Q s Q y d II II , II s p s k y 1 I f s k y 1 , II ssk n sk sk 0
s y1 2 ´ y1Ž . Ž . Ž .Ý II , N n, a , Q is defined in 3.5 and d s Q 1 q l . Then, forks1 sk n ? lnŽn.@
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Ž .sufficiently large n, we obtain that EE f , r, a , Q > EE and, due to the0 s
definition of EE ,s

21 ˆsup E f x y f x dxŽ . Ž .Ž .Hf t½ 5
0Ž .fgEE f , r , a , Q0

21 ˆG sup E f x y f x dxŽ . Ž .Ž .Hf t½ 5
0fgEEs

s 2krs ˆs sup E f x y f x dxŽ . Ž .Ý H ž /f t Žk .½ 5Žk . Ž .ky1 rsfgEE ks1s

Ž .N ks
2s sup E v y v ,ˆŽ .Ý Ý ½ 5f sk j sk jŽk .

f gEEks1 ? Ž .@js ln nŽk . sk

where

1 y1ˆ 'v s f x y f x s c x y s k y 1 s dx .Ž . Ž . Ž .ˆ Ž .Ž .Ž .Hsk j t 0 j
0

Denote the right-hand side of the last line as Ýs R . To estimate R , weks1 k k
note that the Fisher information corresponding to parameter v at f s fsk j 0

� 2ŽŽ y1Ž .. .w Ž < Ž .. Ž < Ž ..x24is equal to II s E sc X y s k y 1 s p9 Y f X rp Y f x ssk j f j 0 00

Ž y1Ž .. Ž Ž y1Ž ...Ž Ž . Ž .p s k y 1 I f s k y 1 1 q o 1 , where o 1 ª 0 uniformly over k g0
� 4 �? Ž .@ Ž .41, 2, . . . , s and j g ln n , . . . , N k as n ª `. This uniform convergence is

Ž . Ž Ž .. w x Žvalid due to continuity p x I f x in x for x g 0, 1 . Hence, II s II 1 q0 sk j sk
Ž ..o 1 and we converted the investigated problem into the problem considered

Ž .in the proof of Theorem 1 in Efromovich 1989 . This proof was based only on
ULAN with a constant Fisher information for all estimated Fourier coeffi-
cients. A straightforward application of this proof shows that inf R Gk
Ž y2 a .1rŽ2 aq1.Ž .y2 a rŽ2 aq1.Ž Ž ..P s Q n II 1 q o 1 , where the infimum is over allk ks s

ˆ Ž . � 4possible f and o 1 ª 0 uniformly over k g 1, 2, . . . , s as n ª `. Note thatt

for our setting the Fisher information II is a function of s and hence thesesk
lower bounds for R are functions of s as well. Fortunately, after a straight-k
forward summation of these lower bounds and recalling the definitions of IIsk

y1and II , we still get the desired lower bound
s

inf RÝ k
f̂ ks1t

Ž .2 ar 2 aq1s
y11rŽ2 aq1. y1 y1 y1G PQ s p s k y 1 I f s k y 1Ž . Ž .Ž . Ž .Ž .Ý 0

ks1

7.1Ž .

= ny2 a rŽ2 aq1. 1 q o 1Ž .Ž .
Ž .y2 ar 2 aq1s nI 1 q o 1 .Ž . Ž .Ž .EE

Ž . Ž .The last relation is valid under 2.1 . Line 2.3 and therefore Theorem 2.1 are
proved. I
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The following two lemmas will be quite useful.

LEMMA 7.1. Under conditions R1]R3, for all u , u q h g K, the Fisher
Ž .information I u satisfies a Lipschitz condition of degree 1 on K, that is,

7.2 I u q h y I u - hC.Ž . Ž . Ž .

Consider an estimator

ˆ n ˜ ru Z s u ZŽ . Ž .j j

n y1y1 ˜ ˜<q n y r p X I f X w X l9 Y f XŽ . Ž . Ž . Ž . Ž .Ž . Ž .Ý l r l j l l r l
lsrq1

7.3Ž .

˜ r ˜Ž . ² :for an unknown Fourier coefficient u where u Z s f , w .j j r j

˜ y1r4Ž . Ž .LEMMA 7.2. Let f x be o n -convergent pilot estimator and let regu-r
larity conditions R1]R5 hold. Then

ˆ n r ˜<7.4 E u Z Z s u q d ,Ž . Ž .½ 5f j j r

˜ ˜ rŽ .where d s d Z andr

21˜ ˜< <7.5 d - C f x y f x dx ,Ž . Ž . Ž .Ž .Hr r
0

2 1 y1y1 2ˆE u y u F n w x p x I f xŽ . Ž . Ž .Ž .Hž /½ 5f j j j
07.6Ž .
=dx 1 q o 1 , j G 0,Ž .Ž .

1 2 y1 y1ˆ7.7 E u y u F 2n F p , f 1 q o 1 , j ) 0.Ž . Ž . Ž .Ž .Ý ž /f 2 jyi 2 jyi½ 5
is0

Ž . Ž . Ž .Here o 1 ª 0 uniformly over f g EE a , Q j H a , Q and j as n ª `.

We will first show that the assertion of Theorem 3.1 follows from Lemma
7.2.

Ž .PROOF OF THEOREM 3.1. To prove 3.4 , we implement the Parseval iden-
tity and see that

N 221 N 2ˆ ˜ ˆ7.8 E f x , f , w y f x dx s E u y u q u .Ž . Ž .Ž . Ý ÝH ž / ž /½ 5f n r f j j j½ 5
0 js0 j)N

Lemma 7.2 implies that the first term on the right-hand side of this equality
w Ž . xy1 Ž Ž ..is less than N F p , f n 1 q o 1 . The second term is not greater than
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y1 Ž .Cn for any f g H a , Q . This together with Theorem 2.1 completes the
Ž .proof of 3.4 .

Ž . Ž . Ž .The proof of 3.6 follows immediately from formula 51 in Pinsker 1980
and Lemma 7.2.

Ž .REMARK 7.1. The proof of Theorem 3.1 is based only on the validity of 7.7
Ž .which is a corollary of 7.6 for the considered trigonometric basis.

PROOF OF LEMMA 7.1. Using the definition of the Fisher information and
the Cauchy]Schwarz inequality, we obtain that, for all u , u q h g K,

2 2< <I u q h y I u F 16 c y u q h y c y u m dyŽ . Ž . Ž .Ž . Ž .H

=
2< <c y u q h q c y u m dy .Ž .Ž . Ž .H

The third factor on the right-hand side of this inequality is not greater than
w Ž . Ž .x2 I u q h q I u and hence uniformly bounded away from `. The second

factor is estimated by using condition R3 and the Cauchy]Schwarz inequal-
ity. We obtain that

2
uqh2< < <c y u q h y c y u m dy s c 9 y t dt m dyŽ . Ž .Ž . Ž . Ž .H H H

u

uqh 2 2<F h dt c 9 y t m dy - Ch ,Ž .Ž .H H
u

Ž .which yields inequality 7.2 . I

Ž . rPROOF OF LEMMA 7.2. Hereafter Y, X is a pair of independent of Z
Ž . Ž < Ž .. Ž .random variables with joint density p y, x s p y f x p x . From the defi-

ˆnition of u we obtain thatj

y1n r r rˆ ˜ ˜ ˜< < <E u Z Z s u Z q E p X I f X w X l9 Y f X Z .Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .½ 5 ½ 5f j j f r j r

It follows from Lemma 7.1 and the regularity conditions that

y1 y1˜ ˜7.9 I f x y I f x - C f x y f x ,Ž . Ž . Ž . Ž . Ž .Ž .Ž .r r

˜ ˜Ž < Ž .. Ž < Ž .. Ž Ž .and from condition R5 that l 9 y f x s l 9 y f x q f x yr r
˜ 2 U UŽ .. Ž < Ž .. Ž .Ž Ž . Ž .. Ž < Ž .. Ž .f x l0 y f x q 1r2 f x y f x l- y f x , where f x lies betweenr r r

˜Ž . Ž .f x and f x . Note also that under the regularity conditions we have ther
� Ž < Ž .. < 4 � Ž < Ž .. < 4following familiar relations: E l9 Y f x X s x s 0, E l0 Y f x X s xf f

Ž Ž .. � < Ž < Ž .. < < 4 � Ž . < 4 ws yI f x and E l - Y f x X s x F E M Y X s x - C seef f 3
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y1 ˜ rŽ .x � Ž . Ž .Ž Ž . Ž .. < 4Lehmann 1983 . Finally, we note that E w X p X f X y f X Zf j r
˜ r ˆ n r ˜Ž . � Ž . < 4s u Z y u . Hence, we obtain that E u Z Z s u q d , wherej j f j j r

˜ y1d s E w X p XŽ . Ž .r f j½
y1 y1˜= I f X y I f XŽ . Ž .Ž .Ž .ž /r

˜ <= f X y f X l0 Y f XŽ . Ž . Ž .Ž .Ž .r

2 U˜ <q 1r2 f X y f X l- Y f XŽ . Ž . Ž . Ž .Ž .Ž .r r

2 Uy1 r˜ <qI f X 1r2 f X y f X l- Y f X Z .Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .r r 5
˜Ž . Ž . Ž .Note that f x , f x g K and that for some g and G we have 0 - g F I u Fr

˜ 1 ˜ 2< < Ž Ž . Ž ..G - `, u g K. Thus, we obtain that d F CH f x y f x dx. Relationsr 0 r
Ž . Ž .7.4 and 7.5 are proved.

Ž .To prove 7.6 , we note that
22

r 2ˆ ˆ ˆ ˜<7.10 E u y u s E u y E u Z q E d .Ž . � 4½ 5ž /½ 5f j j f j f j f rž /½ 5
The observations Z , . . . , Z are iid and independent of Z r. Hence,rq1 n

2
rˆ ˆ <E u y E u Z½ 5f j f jž /½ 5

y1y1 ˜ ˜<s n y r E p X I f X w X l9 Y f XŽ . Ž . Ž . Ž . Ž .Ž . Ž .ž /f r j r½
2

r r r˜ ˆ <qu Z y E u Z ZŽ . Ž .½ 5j f j 57.11Ž .

2y1y1 2 ˜ ˜<F n y r 1 q g E p X I f X w X l9 Y f XŽ . Ž . Ž . Ž . Ž .Ž . Ž . Ž .ž /f r j r½ 5
2y1y2 r 2˜ ˜q 2 1 q g n y r E u Z y u q E d ,Ž . Ž .Ž . � 4ž /½ 5f j j f r

Ž .where g ) 0. The second term on the right-hand side of inequality 7.11 is
Ž . y2 y1 Ž . Ž . Ž .equal to o 1 g n due to 3.1 , 7.5 and assumptions r s o 1 n. To esti-

˜ 2Ž . w Ž < Ž ..x Žmate the first term, we use 3.1 and R5. We obtain that l9 y f x - 1 qr
2 2 y2 ˜ 2 U 2 U.w Ž < Ž ..x Ž .Ž Ž . Ž .. w Ž < Ž ..x Ž .g l9 y f x q 1 q g f x y f x l0 y f y, x , where f y, xr r r

˜Ž . Ž . Ž .lies between f x and f x for given y. Using this, condition R5 and 7.9 , wer
obtain that

2y1 y1 ˜ ˜<E p X I f X w X l9 Y f XŽ . Ž . Ž . Ž .Ž . Ž .½ 5f r j r

1 y12 2F 1 q g w x p x I f x dxŽ . Ž . Ž .Ž .Ž .H j
0

7.12Ž .

21y2 ˜q C 1 q g E f x y f x dx .Ž . Ž .Ž . Ž .Hf r½ 5
0
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˜ y1r4Ž .The pilot estimator f is o n -convergent and hence there exists ar
Ž . Ž . Ž .sequence g s g n s o 1 such that the right-hand side of 7.12 is equal to

1 2Ž .w Ž . Ž Ž ..xy1 Ž Ž ..H w x p x I f x dx 1 q o 1 . Substituting the obtained estimates into0 j
Ž .the right-hand side of 7.11 , we get an estimate for the first addend in the

Ž . Ž . Ž .right-hand side of 7.10 . The second addend is estimated by 7.5 and 3.1 .
Ž .This yields 7.6 .
Ž . Ž .Inequality 7.7 immediately follows from 7.6 , elementary trigonometric

2Ž . 2Ž . Ž .identity cos x q sin x s 1 and definition of the factor F p , f . Lemma 7.2
is proved. I

PROOF OF THEOREM 4.1. Due to Remark 7.1, to prove the assertion, it
suffices to show that

2ˆmax E u y už /½ 5f j j
js0, . . . , N

1 y1y1 2F n w x p x I f x dx 1 q o 1 ,Ž . Ž . Ž . Ž .Ž . Ž .H j
0

7.13Ž .

where here
n

y1 y1 y1ˆ ˜ ˜ ˜<7.14 u s u q n y r p X I f X w X l9 Y f XŽ . Ž . Ž . Ž . Ž . Ž .˜ Ž . Ž .Ýj j r l r l j l l l
lsrq1

˜ 1 ˜Ž . Ž .and u s H f x w x dx. From now on we suppress the subscript r in thej 0 r j
˜ y1 y1 Žnotation for p and f. Applying the elementary identity p s p q p y˜ ˜

.Ž .y1p pp , we obtain that˜ ˜
n

y1 y1 y1ˆ ˜ ˜ ˜<u s u q n y r p X I f X w X l9 Y f XŽ . Ž . Ž . Ž . Ž .Ž . Ž .Ýj j l l j l l l
lsrq1

n y1y1 ˜q n y r p X y p X p X p X I f XŽ . Ž . Ž . Ž . Ž . Ž .˜ ˜ Ž .Ý l l l l l
lsrq1

<=w X l9 Y f XŽ . Ž .Ž .j l l l

n
y1q n y r p X y p XŽ . Ž . Ž .Ž .˜Ý l l

lsrq1

y1˜= p X p X I f XŽ . Ž . Ž .˜ Ž .l l l

˜ <= f X y f X w X l0 Y f * Y , XŽ . Ž . Ž . Ž .Ž .Ž .l l j l l l l

J A q A q A ,1 j 2 j 3 j

˜Ž . Ž . Ž .where f * y, x lies between f x and f x for given Y s y.
The first addend corresponds to the nonadaptive setting with known

Ž .density p x and it was estimated earlier. We saw that

12 y1y1 2max E A y u F n w x p x I f x dz 1 q o 1 .Ž . Ž . Ž . Ž .Ž . Ž .H½ 5f 1 j j j
js0, 1, . . . , N 0
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To estimate the second addend, we apply the familiar identity
� Ž < Ž .. < 4E l9 Y f x X s x s 0 and the Cauchy]Schwarz inequality. We obtainf

that, for all j s 0, 1, . . . , N,

1 22 y2nE A F Cg E p x y p x dxŽ . Ž .Ž .˜� 4 Hf 2 j n f ½ 5
0

2
1 2y2 1r2F Cg E p x y p x dx s o 1 .Ž . Ž . Ž .Ž .˜Hn f ½ 50

� 2 4 y2 w y1 � 1Ž Ž .To estimate the third addend, we note that E A F Cg n E H p xf 3 j n f 0
2 ˜ 2 1 ˜ 2Ž .. Ž Ž . Ž .. 4 �w Ž Ž . Ž ..Ž Ž . Ž .. x 4xyp x f x y f x dx q E H p x y p x f x y f x dx . Recall˜ ˜f 0
˜< Ž . Ž . < � < < < <4that f x y f x F 2 max a , b F C and therefore, applying the

Cauchy]Schwarz inequality, we obtain that

2
1 22 y2 y1 1r2E A F Cg n E p x y p x dxŽ . Ž .Ž .˜� 4 Hf 3 j n f ½ 50

2
1 2y2 1r2q Cg E p x y p x dxŽ . Ž .Ž .˜Hn f ½ 50

2
211r2 ˜=E f x y f x dxŽ . Ž .Ž .Hf ½ 50

s o 1 ny1 .Ž .
Ž .These relations yield 7.13 . Theorem 4.1 is proved. I
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