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This paper discusses the properties of an estimator of the memory
parameter of a stationary long-memory time-series originally proposed by
Robinson. As opposed to “narrow-band” estimators of the memory parame-
ter (such as the Geweke and Porter-Hudak or the Gaussian semiparamet-
ric estimators) which use only the periodogram ordinates belonging to an
interval which degenerates to zero as the sample size n increases, this
estimator builds a model of the spectral density of the process over all the
frequency range, hence the name, “broadband.” This is achieved by esti-
mating the “short-memory” component of the spectral density, f*(x) =
Il —ei*|??f(x), where d € (—1/2,1/2) is the memory parameter and
f(x) is the spectral density, by means of a truncated Fourier series
estimator of log f*. Assuming Gaussianity and additional conditions on
the regularity of f* which seem mild, we obtain expressions for the
asymptotic bias and variance of the long-memory parameter estimator as
a function of the truncation order. Under additional assumptions, we show
that this estimator is consistent and asymptotically normal. If the true
spectral density is sufficiently smooth outside the origin, this broadband
estimator outperforms existing semiparametric estimators, attaining an
asymptotic mean-square error O(log(n)/n).

1. Introduction. Let {X,}, ¢=0,+ 1,..., be a covariance stationary
process with spectral density

f(x) =1 — e f*(x),
where f* is a 27-periodic positive continuous function.

The parameter d controls the behavior (and possibly, the singularity) of
the spectral density in a neighborhood of the zero frequency, whereas f*
controls the short-memory behavior. When 0 < d < 1/2, the process {X,} is
said to be “long-range dependent.” When —1/2 < d < 0, the spectral density
at zero frequency is zero, but the process is still invertible; such a situation
occurs, for example, when modeling the first differences of a process which is
nonstationary but less so than a unit root process. The case d = 0 and f*
sufficiently smooth corresponds to the usual “weak dependence” situation.
The importance of such models in virtually all fields of statistical applications
has been demonstrated in numerous situations [see Robinson (1994) or Beran
(1994)].
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In the parametric approach, a finite-dimensional parametric model is
assumed to hold for f*. A key example is the ARFIMA(p,d, qg) model
[Granger and Joyeux (1980)] in which f* is assumed to be rational. Another
example is the FEXP( p) model [Robinson (1994), Beran (1993)], where log f*
is a finite order trigonometric polynomial. The parameters of f, including d,
may then be estimated using, for example, Gaussian maximum likelihood
[see Dahlhaus (1989)] or the Whittle likelihood [see Fox and Taqqu (1986),
Giraitis and Surgailis (1990)]. These estimators have been shown to be
asymptotically normal (under appropriate conditions) with the usual rate of
convergence Vn , where n is the sample size, provided that the parametric
model is correctly specified. However, it has now been well documented that
the estimator may be inconsistent if the model is misspecified. This drawback
calls for semiparametric estimation of d. The short-memory component f* is
allowed to belong to a wider class of functions, which is specified either by the
behavior at the zero-frequency or by a given regularity over the whole
frequency range. The former provides motivation for local methods while the
latter calls for global methods.

The local methods aim at constructing estimators of d that are consistent
without any restrictions on f* away from zero frequency (apart from integra-
bility on (— 7, 7] a consequence of covariance stationarity). Examples of such
local estimators include the so-called GPH estimator introduced by Geweke
and Porter-Hudak (1983) [see also Robinson (1995a) and Hurvich, Deo and
Brodsky (1998)], or the Gaussian semiparametric estimate suggested by
Kiinsch (1986) [see Robinson (1995b)]. Local methods are based on a subset of
periodogram ordinates [m,, M,] depending on the sample size n. The upper
bound of this interval M, tends to infinity more slowly than n, so that the
proportion of the frequency band (— 7, + 7] involved in the estimation degen-
erates (relatively slowly) to zero as n increases. For these reasons, local
estimators are also referred in the literature as “narrow band.” The choice of
the trimming numbers m, and M, is crucial since it determines the bias, the
variance and, in general, asymptotic distribution of the estimator [see Robin-
son (1995a, b) and Hurvich, Deo and Brodsky (1998)]. From a theoretical
standpoint, the major drawback of narrow band methods is that, as shown by
Giraitis, Robinson and Samarov (1997) and Hurvich, Deo and Brodsky (1998),
the typical rate of convergence of the narrow band estimators of the LRD
parameter d is limited to n?/°, whatever the regularity of f* is. The rate n?/5
is achieved when f*(x) = £*(0) + O(x?) in a neighborhood of the origin. This
rate can only be improved by the unnatural assumption that f* has several
vanishing derivatives at zero.

The global or broadband method presented in this paper aims to construct
an estimator of f over all the frequency range. This is done by computing a
nonparametric estimator of the short-memory component f*. Perhaps sur-
prisingly, this kind of approach [suggested and informally discussed by
Robinson (1994) in his survey on LRD] has not yet been thoroughly investi-
gated. There are many ways to construct a nonparametric estimator of f*. In
this contribution, we use a truncated Fourier expansion-type estimator of the
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log-spectral density. The method works as follows: under appropriate regular-
ity conditions, the logarithm of the short-memory component, [* = log f*
may be expanded on the cosine basis [* = X7_, 6, ;, where hy(x) =1/ ors
and h;(x) = cos(jx)/ V. This expansion has, in general, an infinite number
of nonzero coefficients. A nonparametric estimator of f*(x) is obtained by
estimating only a finite number of Fourier coefficients. Heuristically, projec-
tion type estimators exploit the fact that the Fourier coefficients of a function
go to zero at a rate linked to the regularity of the function. Hence, provided
that [* is smooth enough, a finite number of coefficients gives a reasonable
approximation of the function. Truncated Fourier expansion has its root in
nonparametric smoothing and curve estimation [see Hart (1997) and the
references therein].

There are several ways to estimate these finitely many coefficients (e.g.,
approximate Gaussian likelihood). We study here the simplest to implement,
namely the linear regression of the log-periodogram ordinates on log frequen-
cies. The advantage of this method over local methods is that we take the
regularity assumption in its full force; the rate of convergence of the estima-
tor is related to the regularity of the spectral density outside the origin, that
is, the regularity of f*. In particular, if the coefficients of the Fourier
expansion of log *(x) go to zero at an exponential rate, that is, 6, = O(p*),
with 0 < p <1, then the rate y/n/log(n) is achievable. This property is of
interest since analyticity of log f* holds for many models, including invertible
ARIMA models, and thus the estimator presented here is nearly as efficient
(in terms of rate of convergence) as an estimator based on a parametric
model, but avoids the pitfalls (inconsistency) resulting from the use of a
misspecified parametric model.

Our estimator is defined and our main results are presented in Section 2.
The proofs are based on a theorem which describes the dependence structure
of the log-periodogram ordinates over all the Fourier frequencies: a decompo-
sition of the log-periodogram ordinates is introduced, which, together with a
moment inequality, allows obtaining a central limit theorem and other
related results. This result is of independent interest and is presented in
Section 3.

2. Semiparametric estimation of the fractional differencing coef-
ficient. Let m be a fixed integer, and for all n, let n,, = 2m[n/2m] and
K, = [n/2m]. Define the discrete Fourier transform and the periodogram of
(X4,...,X,) as

w,(x) = (27n,,) 7 L Xelt®  L(x) =lo,(x)P
t=1

For notational simplicity, we drop the last few data. However, this is asymp-
totically irrelevant since n,,/n — 1. We evaluate the discrete Fourier trans-
form and the periodogram at the Fourier frequencies x, = 2ws/n,,, 1 <s <
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n,,/2. Since L}m, exp(itx;) = 0 for 1 <i < n,,, the mean of {X,} need not be
estimated. Following the procedure proposed by Robinson (1995a), the fre-
quency axis is divided into nonoverlapping segments of size m, and the
periodogram is averaged over each segment. For £ = 1,..., K,, denote J, =
{m(k—1)+1,..., mk} and

Y, , = loglexp(—w(m)) X L(x,)],

ied,

where ¢ denotes the digamma function, that is, y(m) = I''(m) /T'(m), where
I' denotes the Gamma function [see Johnson and Kotz (1970)]. It is well
known that if yZ,, denotes a random variable distributed as a central
chi-square with 2m degrees of freedom, then E(log( x7,,)) = log(2) + (m)
and var(log( x7,)) = '(m). For instance, (1) = —y (Euler’s constant) and
y'(D) = w%/86.

Let d, , be the least square estimator of d when only (p + 1) Fourier
coefficients are estimated,

K 2

n

P
(2.1) dp,n =arg min Z Y, — dg(y,) — Z ejhj(yk) )

d,0,...,0, k=1 j=0
where y, = 2k —_1)77/2IA{,L and g(x):= —2log|l — e’*|. Note that there is

no restriction on d, and d, , might be outside ] — 1/2,1/2[.
We now precisely state our assumptions.

AssUMPTION 1. The process {X,} is Gaussian.
AssuMPTION 2. The spectral density f of {X,} satisfies

f(x) =1L —e*f*(x),

where —1/2 < d < 1/2,and f* is positive and differentiable on [ — 7, 7] \ {0}
and there exists a finite constant C* such that

Vexe[-m,a]\{0}, [Ff*(x)]=<C*/lxl
AssUMPTION 3. There exists a real 8 > 0 and a finite real L such that

(2.2) 16,] + XjﬁlejlsL.

Jj=1

Mean square error and consistency of the estimator of d. Denote «; =
2Vm /j, j>1and y, = ¥;_,,, a? Then g(x) = ¥7_; a;h(x).
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ProPOSITION 1. Under Assumptions 1, 2 and 3,

2 p,n?

p,n
U b

(2.3) E(dA —d)2= dmmi'(m) + (55— p+10‘0) e

where there exists a constant C such that forall 1 <p <K,
le, .| < Cpn~'(p~ " log®(n) + plog®(n)n=").

As usual, the mean square error (MSE) is composed of a bias term and a
variance term. Under Assumption 3, the bias term is bounded by

o

)»

J=p+1

(2.4) y, ! <(L/2Vm)p*F

Thus, the bias term goes to zero as the truncation number p goes to infinity.
It should be stressed that the bias term is not necessarily a monotone
nonincreasing function of the truncation order p (contrary to the “traditional”
theory of truncated Fourier series estimation).

The variance term is proportional to v, ~1 which is monotonically increasing
and asymptotically equivalent to p/ 477 Thanks to (2.4), d ., is thus a
consistent estimator of d as soon as p := p, is chosen in such a way that
p, = %, p,/n — 0 and (p,* log®(n) + p, log®(n)n"') - 0. Under Assump-
tion 2, the best bound we can get for the MSE is of order n~2#/2#+D which is
obtained by choosing p, proportional to n'/?#*D_ In practice, this means
that the rate of convergence of the estimator increases with the rate of decay
to zero of the Fourier coefficients of the “short-memory” component (or
equivalently, with the regularity of this function. If the coefficients 6; de-
crease exponentially fast to zero, more precisely if for some r > 0,

(2.5) Y. e”lo| <L,
j=0

and if we take p, = [r~! log(n)], then
lim (n/log(n))E‘(afpwn - d)2 =my’'(m)/r.

Note that, when either p, = n'/@#*1D or p =[r~!log(n)], the remainder
term ¢, , is negligible compared with both the first and the second term on
the right-hand side of (2.3) and thus does not affect the mean squared error.

On the other hand, the fastest rate of convergence which can be achieved
for the GPH estimator is O(n~*/%) [see Hurvich, Deo and Brodsky (1998)].
The reason for this relatively slow rate is that, although the short-memory
component is extremely smooth, it does not in general satisfy the condition
f"*(0) = 0. Indeed, if the process is, say, ARFIMA( p, d, q), then the Fourier
coefficients 6; decays exponentially, but f"*(0) is most often nonzero so that
the “broadband” method outperforms the “local” methods even with an
optimal choice of the tuning constants.
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Though the discussion above may serve as guideline for the choice of the
truncation number, in any practical situation, p, must be estimated from the
data. Two approaches are usually considered. The classical one [already
suggested in Robinson (1994)] is based on Mallow’s C; criterion [see Hart
(1997)]. Properties of this criterion are developed in a companion paper
[Moulines and Soulier (1998)]. The other approach is based on the so-called
adaptive estimation theory, which has been investigated by Giraitis, Robin-
son and Samarov (1998) for the GPH estimator. This approach for the
estimator developed in this contribution is currently under study.

Central limit theory. The mean square consistency results above can be
extended by the following central limit theorem.

THEOREM 1. Let {p,} be an increasing sequence of integers such that

(2.6) lim p2log?(n)n=2 =0, lim nlog?(n)p, ' 2f = 0.

If Assumption 2 holds and if Assumption 3 holds with B> 1/4, then
vn/p,(d, , — d) is asymptotically normal,

n N
=) 010, me o,

lim nprle(dAn - d)2 =my'(m).

The proof is given in Appendix C.

REMARKS. (a) The condition lim, ,, nlog®(n)p, ' 2# = 0 implies that the
squared bias term is asymptotically negligible relative to the variance term.
The condition lim, ., p2log*(n)n"2 = 0 is a technicality involved in the
proof of asymptotic normality.

(b) If p, = [n°], the assumptions of Theorem 1 hold for 1/(1 + 28) < § <
2/3. The restriction B > 1/4 ensures that the assumptions on p, are not
exclusive. We do not know if this assumption is really necessary.

(¢) Since mis'(m) decreases to one as m tends to infinity, m should be
chosen as large as possible. On the other hand, for finite sample size, too
large m will increase the bias. In practice, a choice of m = 4 reduces the
asymptotic variance from 72/6 ~ 1.6449 to 1.1354.

3. Asymptotics of log-periodogram ordinates. As mentioned in the
introduction, the local methods involve a trimming number for very low
frequencies. The problem with the very low frequency periodogram ordinates
is that their asymptotic behavior departs strongly from that under weak
dependence (i.e., when f is regular over the whole interval [ — 7, w]), where
they can be approximated by independent exponentially distributed variables
with mean f(0)/2. It was first shown by Kiinsch (1986) and then exhaus-
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tively investigated by Hurvich and Beltrao (1993) and Robinson (1995a) that
the periodogram ordinates computed at Fourier frequencies are asymptoti-
cally biased and correlated. Since one of our aims is to eliminate these
trimming numbers, we need first to develop a theory for the periodogram
ordinates which allows all the Fourier frequencies to be taken into account.
We only consider the log-periodogram in this paper, but the next theorem is
valid for any function H of the periodogram such that E(H?%(Y)) < o and
E(H(Y)) = 0 where the distribution of Y is central chi-square with 2m
degrees of freedom. It is quite natural, when dealing with periodogram
ordinates to use the method of moments to derive central limit theorems,
since the dependence structure of the periodogram ordinates cannot be easily
described (except in the case of Gaussian white noise). Thus what we need is
a bound for moments of products of log-periodogram ordinates and we use
this bound (Theorem 2) to derive a criterion for a central limit theorem
(Theorem 3).

THEOREM 2. Under Assumption 2,
(31) VlSkSKn’ Yn,k=log(f(yk))+nn,k+rn,k7
for each 1 <k <K,, m, , is distributed as log( x3,,)) — E(og( x3,,)), where
Xa., is distributed as a central chi-square with 2m degrees of freedom.

There exist constants c; < © and C; < ©, such that, for all n = 2m and for
alll<k<j<K,,

(3.2) Ir, pl<cylog(l+k)/k,w.p.1,
(3-3) lcov(m, x>, ;) < Cy log®(j) k211412,
Let u be a positive integer, and let (ry,...,r,) be a u-tuple of positive integers

among which exactly s are equal to 1, and let r =ry + -+ +r,. Then there
exist a constant ¢, < » and an integer K, depending only on r and not on n
such that, for all u-tuple (k,...,k,) of pairwise distinct integers, if
min, _;_, k;, > K,, then

(3.4) ‘E( n ﬂrffki) < ¢,(log(K,) /K,)".

REMARKS. (a) Theorem 1 means that the noise term in (3.1) can be
approximated by 7, , with E(y, ,) = 0 and var(n, ,) = ¢'(m)).

(b) Note that this theorem is not in contradiction with the result of
Hurvich and Beltrao (1993), who proved that the log-periodogram ordinates
for fixed & are asymptotically neither independent nor equidistributed. For
any fixed k£ and j, the remainder term r, , in Theorem 2 cannot be neglected
and cov(n, ,, 7, ;) does not tend to zero as n tends to infinity. But we will
show that for any bounded sequence of reals %, ,, the following bounds hold
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(with 7% = max, _, _g |k, ,D,

(3.5) Y by, 4 llr, 4l = O(hj log?(n)),
1<k<K,
(3.6) Y Ik, ullhy, jlleov(m, 4o, )| = O((h%)*log?(n)).
1<k<j<K,

(c). Recent related results consider tapered periodogram ordinates [Velasco
(1999)]. Tapering reduces the covariance that appears in (3.3). For our
purpose, this reduction would make the proof only marginally simpler. Using
a cosine bell taper (operating on three adjacent frequencies) would remove
the log3(n) term in (3.6), which is not really significant in our computations.

The proof is given in Appendix A.

We now state a central limit theorem for weighted sums of variables {n, ,}
which is used in the following sections to prove central limit theorems for
log-periodogram ordinates. It is proved in Appendix B.

THEOREM 3. Let (v,),., and (w,), ., be two nondecreasing sequences of

integers such that 0 <v, <w, <K,. Let (B, ), <1, be a triangular
array of nonidentically vanishing real numbers. Define

wn wn
2 _ 2
Sn Z Bn,knn,k’ Sp = Z :Bn,k’
k=v,

k=v,
wn

a, = Z |Bn,k|7 bn = max |Bn,k|‘
k=1 v,<k<w,

Assume that:

@ lim,_..b,/s, =0,
(i) lim, ., a, log(n)/s,v, = 0. Then,

8,8, =4 40, 4'(m)).

REMARKS. (a) For a triangular array of ii.d. square integrable variables
(M, 1)v, <k <w,» condition (i) implies the Lindeberg condition that ensures
asymptotic normality of s, Y%, B, kM. - Condition (i) is a technicality
needed to compensate for the dependence of the variables {n, ;}, .}, -

(b) Conditions (i) and (ii) imply that v, must tend to infinity.

(¢) The proof of Theorem 3 is based on the method of moments. This is
quite natural since the variables 7, , have moments of all order, and more
profoundly, because the deeper dependence structure of the triangular array
M, cannot be easily described.

(d) These two theorems are of independent interest and may be applied to
any problem involving spectral estimation for long-range dependent Gaussian
process such as nonlinear log-periodogram regression for parameter estima-
tion or estimation of nonlinear functionals of the spectral density related to
estimation or hypothesis testing.
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4. Concluding remarks and open questions. In Giraitis, Robinson
and Samarov (1997), it is shown that the optimal rate for memory parameter
estimators in semiparametric long-memory models with degree of “local
smoothness” B is n #/2f*D and that the GPH estimator with maximum
frequency M, = n?f/@F*1D is rate optimal. More precisely, these authors
consider the following class of spectral densities:

F(v,Cy, Ky, 8) = {f: f(x) = Clx|*?[1 + A(x)],0 < C < C,,
—1/2<d <1/2 - 8,|A(x)| < Kylx|", x € [-7, 7]},

where C,, K, and & € (0, 1) are independent of y, and they show that there
exists a positive constant ¢ such that

lim inf inf sup Pf(ny/(zyﬂ)IdAn —d| > c) >0,
no du feFy,Co Ky

where inf is taken over all estimators of d and P, stands for the distribution
of a covariance stationary process with spectral density f.

As discussed in Giraitis, Robinson and Samarov (1997), the parameter vy is
related to the local-to-zero smoothness o of the short-memory component f*
of the spectral density, which could be defined as follows. For 0 < o < 1,
f*(x) has smoothness o if f*(x) satisfies a Lipschitz condition of degree o
around 0. For o> 1, f*(x) has smoothness o if f*(x) is s =[o] times
differentiable at zero, and the sth derivative satisfies a Lipshitz condition of
degree o — s around x = 0. Then 8 = o for o < 2 [noting that f*(x) is an
even function], whereas 8 < o for o > 2, with 8 = ¢ if the first s derivatives
of f*(x) at x = 0 are all zero. In general therefore, for o > 2, we have g = 2
only. This is the case, for example, with fractionally integrated autoregressive
moving average processes. Thus, even for a class of spectral densities with a
very smooth short-range component, the rate of convergence of the local
regression estimator is bounded by 2 /5.

We are currently generalizing the minimax result of Giraitis, Robinson
and Samarov (1997) to the following classes of spectral densities. For r > 1,
B>1and 0 <L < «, define

F(B,L,8) = {f: f(x)=11—e'* 2dexp{ i Gjhj(x)},

Jj=0

ldl <1/2 = 8,16, + X jPl6, < L},
j=1

#(r,L,8) = {f: f(x)=11- eixlzdexp{ i Gjhj(x)},
j=0

ldl<1/2 -8, ZO 07r’ < Lz}.
Jj=
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For these classes, the following lower bounds hold. There exists a constant
¢’ > 0 such that

liminf inf  sup Pf(nﬁ/(““)lcfn —d| = c’) >0,
n d, feAB,<Z,s)

liminf inf  sup Pf(\/n/log(n) Iafn —d| > c’) > 0.

n d, fesr,L,s)

This proves that the broadband estimator presented in this paper is rate
optimal in the Sobolev and analytic classes. It also shows that the “narrow
band” estimators are not rate-optimal in the Sobolev classes of regularity
B > 2, and are of course never rate optimal in the analytic class. An adaptive
version of this estimator (also under investigation) would be highly desirable
and would even compete with parametric estimators, because of the problem
of misspecification, as already mentioned.

APPENDIX A

Proof of Theorem 2. Recall that w, (x) = Q27n,) /32X X,e'* and
I(x) = |w,(x)>. The choice of frequencies x, makes the correction for the
unknown mean p unnecessary because X}»; exp(itx,) = 0 for 0 <s <n,,. It
is thus assumed in the sequel that E(X,) = 0. Define

1-1/2

n,—1 2 n,—1

& o= E( Y X, cos(txs)) Y. X, cos(tx,),
I t=0 ] t=0
I n,—1 2]71/2 n,—1

Lo s = E’( Y. X, sin(tx,) Y. X, sin(tx,),
t=0 t=0

an,s - %E(In(xe))7 bn,s + icn,s = %E(wn(xs)z)? Yn,s = bn,s/an,s'

With these notations, we get

In(xs)/an,s = ( nz,s + gnz,s)(l + ’Yn,s( n2,s - §n2,s)/( nz,s + gnz,s))’
Y, = log[ T L(x)| - w(m)

i€d,

~tog ¥ a, (62,4 62)] - w(m)

i€d,

+ log|1 +

ZieJ,e an,i?’n,i( n2,i - gnz,i)
Licy, an,i( n2,i + fnz,i)
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~tog T (&2, +62,)) - log(2) — w(m) + Tog(£(3))

ied,
g1 ¢ Zeen(@n — FODVFN(E + 62)
ZLEJk( + § )
ZiEJ a, iYni( nZL'_ nzi)
log| 1 LG i(E0 = 40
+ log + ZieJk an,i(fn%i‘i‘ gnZ,L)

. . . . —
Consider now the 2m-dimensional Gaussian vector =, , =[£, ,-1)+1>
Snomh—1y+ 15+ > Enmi> Gn.mi] @nd let T, be its covariance matrix. I, , is
invertible for all n 80 we can define a standard 2m-dimensional Gaussian
—T-1/ _ .
vector W, , =T, }/*E, ;. Define also A, , =T, , — I,,,. We can now write
T
Wn,kAn,kWn,k )

tog( T (2, +62,)) = log(W,4W, ,) + log| 1 + —kr
n,k'"'n,k

ied,
We finally have Y, , = n, ;, + log(f(y,)) + r, , with
(A1) m,, =1log(WS,W, ) —log(2) — ¢(m),

ZiEJ,Z an,iyn,i( n2,i - nz,i) )

(A2) r,,=log|l+

n

Lieyg, an,i( n2,i + gnz,i)
Ziedk((zan,i _f(yk))/f(yk))( n2,i + §n2,i)
ZLEJk( + gn L)
qu,van,kWn,k
WnTkWn,k ‘

(A.1) shows that 7, , has the claimed distribution. From this point, the proof
of Theorem 2 has two components. We will need the following:

(A.3) +log(1 +

(Ad)  +log|1 +

1. Technical lemmas that prove that r, , satisfies (3.2) and that describe the
covariance structure of the jointly Gaussian vectors W, i<k

2. A general inequality for moments of functions of jointly Gaussian vectors
that will be used to derive (3.3) and (3.4) from the covariance structure of
(Wn, k)lg k<K,

Note that the remainder terms (A.2), (A.3) and (A.4) all are of the form
log(1 + ¢, ;). In order to derive uniform bounds for these terms, we must
prove the required bound for ¥, , and that ¢, , is uniformly bounded (wrt
both n and k) away from — 1. Thus (3.2) will follow straightforwardly from
the following lemmas.

LEMMA 1. There exists a finite constant ¢, such that for all n > 2m and all
1<k<K,,

(A5) Vied,ly, | <clog(l+k)/k.

Moreover, |y, ;| is uniformly bounded away from 1.
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LEMMA 2. There exists a finite constant cq such that for all n > 2m and all
1<k<K,,

2an,i_f(yk)
f(ye)

Moreover, 2a, ;/f(y,) is positive and uniformly bounded away from 0 for all
i €d,.

Vied, <cglog(1+k)/k.

LEMMA 3. The smallest eigenvalue of A, , is uniformly bounded away
from —1 and there exists a finite constant c, such that for all n > 2m and all
1 <k <K,, the spectral radius 5, , satisfies the following bound:

8,1 <cglog(l+k)/k.

The covariance structure of the jointly Gaussian vectors (W, ;);., g is
exhibited in the following lemma.

LEMMA 4. For n>2m and 1 <k <j<K,, let p, , ; denote the supre-
mum of the absolute value of the entries of E(W, ,W,” ;). Then there exists a
finite constant c, such that foralln 2 2mand 1 <k <j<K,,

Prk,j<C4 log(j)k*\d\jld\—1‘

Lemmas 1-4 are proved in Appendix D. We now state a theorem that gives
the bounds for moments of products of functions of jointly Gaussian vectors
that we need to prove (3.3) and (3.4). Let ¢(x,,..., x,,,) = log(Xx™ (x2,_, +
x3.)) — log(2) — ¢(m), then 7, , = ¢(W, ,). We define the Hermite rank of a
function ¥ as in Arcones (1994). Let X be a »-dimensional standard Gauss-
ian vector. If E(¥?(X)) < «, the Hermite rank of ¥ is the smallest integer
7 for which there exists a polynomial P(X) of degree 7 such that
E(P(X)¥(X)) # 0. Let u,q be positive integers. Let X;,..., X, be jointly
Gaussian and marginally g-dimensional standard Gaussian vectors. Denote
X, =(X;1,...,X; )V and p* =max, _;,,; ., 1< ;<. EX; ;X; ;)| Consider
real-valued functions ¢; with Hermite rank 7, 1 <i < u.

THEOREM 4. Let s and 7 be positive integers. Assume that at least s
among the functions ¢; have Hermite rank 7, > 7. If p* < (1 — &)/(qu — 1)
for some & > 0, then there exists a constant c(e, q, s, 7) < % such that

E(ﬁ@(x,»)) sc(e,q,sn)f[l(E(#(Xi)))

1/2

(A.6) p*ST/Z'

This theorem can be proved by reformulating in a multidimensional set-
ting Lemmas 3.1, 3.2 and 3.4 in Taqqu (1977). An alternative (and more
straightforward) proof can be found in Soulier (1998). For u = 2, it is Lemma
1 of Arcones (1994). In our context, we can apply Theorem 4 with ¢ = 2m and
7= 2. Indeed, ¢ is an even function and E°(¢(X,,..., X,,,)) =0, so the
Hermite rank of ¢ is 2.
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APPENDIX B

Proof of Theorem 3. The proof is based on the method of moments. Let
r > 2 be an integer. The rth moment of s, 1%, may be expanded as

r ’ r! 1
(B.1) s, 'E(S;) = u§1 )y maAn(ru---,ru)
with
An(rl,...,ru) = S;r Z ljllﬁrfsz( ljllnrt:kl)’

where ¥’ extends over all u-tuples of positive integers (ry,..., r,), such that
ry+ - +r,=r, and L" extends over the u-tuples (k,...,k,) of pairwise
distinct integers in the range 1 < %k, < K,. To prove that (B.1) converges to
the rth moment of the normal distribution with mean zero and variance o2,
it is enough to show that

P ifp = e =p =9
lim A, (ry,...,r,)={0 "7 T RTS
n— o 0, otherwise.
Let (ry,...,r,) be a u-tuple of strictly positive integers satisfying r; + --- +r,
= r. Denote by s the number of elements in (r;,...,r,) equal to 1. If s = 0

and u < r/2, Holder inequality and assumption (i) yield

[Au(ris )| < (b,/5,) = o(1),
with w, = E(|n, ,|"). Consider now s > 0. In Theorem 2 (3.4) implies that

| A (ryeer) < iesy 7| TT X 1B, as(log(n) /v,)

G5ri=2} k=1
By definition of b, and s,, we have for any i such that r; > 2,
n
X 1Bl < br 22,
ki=1

Since s is the number of indices i such that , = 1, we alwayshave 2u —s < r,
and the number of indices i > 2is u —s and L;;,, . ; = — s, S0 assump-
tions (i) and (ii) imply

IT i |Bn’ki|r"’ < (srzl)”*sbg,s,z(u,s)’

{i;r;=2} k=1

| A, (71, r) | < k(B /5,)" 2 (a, log(n) /v,s,)" = o(1).

Since it is impossible that both s = 0 and u > r/2, there only remains to
consider the case s =0 and u = r/2, which implies that r is even and
ri= - =r,=2 Denote Z, ,=mn’,—¢'(m). Z,, is a function of
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(U, ,V, ) of Hermite rank at least 1 since E(Z, ,) = 0. We can write

r/2 r/2
E( I1 nf,ki) = E( I1 (Zn,ki + ‘72))
i=1

i=1
— o+ Y o 2B T1Z,.,),
Icq,..., r/2}, 111> 2 iel

where |I| denotes the number of elements of I. The summation starts at
|I| = 2 since E(Z, ,) = 0 for all 1 < %k < K. Applying Theorem 4, we get

r/2

< L (log(n) /v,)""* = o(1),

r/2

A,(2,...,2) =s,'0" )" l_[BZk +o(1).

Finally, since X" ITY , anaki extends over all u = r/2-tuples of pairwise
distinct integers in the range 1 < k; < K,,, it differs from (Zf2, B2 ,)"/* by
" By v By, the sum extendmg over the (ky,...,k,) with at least one
repeated index. Assumption (i) yields

r/2

K, r/2
Z” l_I]-anJel - Z IBnZ,k) = 0((bn/sn)2) = 0(1)
1= k=1

So A,2,...,2) = 0" + 0(1). This concludes the proof of Theorem 3. O

-r

APPENDIX C

Proof of Proposition 1 and Theorem 1. The functions 4; form an
orthonormal basis of L?>([—, 7]) and they also have the following orthogo-
nality property:

. 27 En
(C.1) V0<j,j <K,, K_ ; hj(yk)hj’(yk) = 8j,j"

Let a; = 27TK YA 2y 8y)h(y), &, . =8 — LI, ah;

and ¥, , =
27K, 1Zk &2 n( yk) Our estimator of d can then be written

o 27 Eu
dy = 2 &y a(90)Y
p, Knynpklp(k)

Using the decomposition (3.1) and the orthogonality property (C.1) we get

K, K,
V Kn:)d’p,n/ZW(Czp,n - d) = Z Bn,knn,k + Z Bn,krn,k
k=1

(C.2) et

Kn
+ 2 Bl (9e)-
k=1
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with B, , = /27K, %, ,&, .(y,) and [} =X%_, 16k, By construction,
iy Bry =1

We will need the following bounds that can be found in Lemma 1 in
Moulines and Soulier (1998). Define w, = min(K?2/(p?log(n)), K,) and let
v, be any sequence of integers such that v, < w,,

(C3)  max |, | < C(p/K,)" log(n),
(C.4) Vuw,<k<K,I|B, ;| <C(p,/n)"*log(n),
(C.5) Y 16,4l = O((n/p) " log(n)).

k=v,

We must first evaluate the two bias terms. Equation (2.2) implies the
following bounds:

oo

(C.6) Y l6]=o0(p "), Y 07 =o(p *").

j=p+1 j=p+1
Applying (3.2), (C.6) and (C.3), we get that there exists a deterministic
constant C < « such that
2K,

Z Bn,krn,k

k=1

< C(p/K,)"?log?(n), wp.1,

2K,
Z | Bn,kl:(yk)| < C'I{’]i/2 10g(n)p71/2*3.
k=1

Altogether, since E(v, ,) = 0 for all £ and n, we get

VEiY

E(d,.,) - d| < C((p/K,)"*log*(n) + K¥/* log(n) p~1/*~)
=0(1),

under the assumptions of Theorem 1.

We must now prove a central limit theorem for Y-, B..xMy, - In view of
Theorem 3, we define two sequences v, < w, such that E(X}~ B, ,m, ;) =
o(1), E(Cfz,, B, M, 1)? = 0(1) and such that Assumptions (i) and (i) of
Theorem 3 hold.

Let v, be an increasing sequence of integers such that (n log*(n)/p,)"/? =

o(v,) and v, = o(n/p, log?(n)). These assumptions are nonexclusive. Apply-
ing (C.3) and Theorem 2 and (C.4), we get

E( > Bn,knn,k) = (v, log*(n) p/n) = o(1),

1

Bl

2

x

n

E Bn,knn,k =O(p310g2(n)/n2) =0(1)'

n

k

w
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With the notation of Theorem 3, using (C.5), we get

a, log(n) /v, = O((n/p)"*log*(n)/v,) = o(1),
by assumption on v,. Finally, Lemma 1 in Moulines and Soulier (1998) also
yields that lim, .. p,¥, , = 4w, and Theorem 1 is proved. O

The proof of Proposition 1 uses the decomposition of the error (C.2), and
the bounds (3.2), (3.3) and (C.3)-(C.6). Technical details can be found in
Moulines and Soulier (1998), Appendix Al and A2.

APPENDIX D

Technical lemmas. The proofs of these lemmas are based on the tech-
niques presented in Robinson (1995a) These proofs are carried out in the
frequency domain and rely upon truncation arguments to find uniform bounds
of convolution integrals involving the spectral density and the Dirichlet
kernel. We preface these proofs by recalling some useful results for H,(x), the
(nonsymmetric) Dirichlet kernel,

noo x\ sin( nx /2
H,(x) = gle”x = exp(i(n + 1)5)—Ssin((x//2))

It is easily seen that, for —7 < x, y < 7, we have
1 -
E - H(x+t)H,(y—
(0(0)0,()) = g [ FOH,(x + ) H,(y — 1) dt,
1 T y—x y—Xx
(D.1) = —27mf0 (f(—2 - t) +f( o+ t))
x+y x +
an(—z - t)H(

Let 0 < B < 27; the following results are repeatedly used in the sequel:
(D.2) |H,(x)| <cy(B)/x, 0<x<§B,

(D3) Ly(x) = [ |H,(t)|dt <dy(1+]log(1+nx)), O<xs<m,

e + t) dt.

(D.4) f;|Hn(t +2)H,(t —2)|dt <cy(z+u) 'L(z+u),

O<z4+u<é<22mw,

(D.5) [ Hy(x+ ) H,(y - t)dt = 27 H,(x + ).

LEMMA 5. Let z # w be two real numbers in [0, w] such that 0 < z + w <
a. Let g(w;t) be a function defined on [0, w] X [0, w]; assume that:

(i) Forall 0 < w < m, the function t —» g(w;t) is differentiable on (0, 7) \
{w} and admits left and right derivative at 0 and m;
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(ii) There exist constants c, < ® and c, < ®, such that, forall 0 < t,w < 7
we have

(D.6) lg(w;t)] < c (It — w7+t + w™2%),
(D.7) lgi(w;t)| <cglt —wl 72, te(0,m)\{w},

where g, (w;t) is the differential of g(w;t) w.r.t t. Then, there exists a
constant ¢ < © such that

[ (e wst) —g(ws2)) a,(z5) |t

lz — w| 24 + (z + w)fzd
<c L (z+w),
(z+w)

where A (z;¢) = H (¢t + 2)H (t — 2).

(D.8)

Proor. We prove Lemma 5 only in the case d > 0. The case d < 0 is dealt
with using the same techniques.

CasE 1 (0 <z <w < 7). Note that since z + w < 7, z < w implies that
z < w/2. The proof consists in splitting the integral in several parts and
showing that each part is uniformly bounded by

g (w;z) =(z+ w)_l(lz — w2+ (2 + w)_Zd)Ln(w +2).

We decompose the integral on (0,(w + 2)/2), (w + 2)/2, min(Bw — 2)/2, 7),
(min((Bw — z)/2, ), w). For the first part [the integral on (0, (w + z)/2], we
need to distinguish between close and distant z and w. Equations (D.2), (D3)
and (D7) imply that, for all 0 < w < 7,

sup  [g(w;t) —g(w;2)[|H(t —2)| <cy(m) sup  [gi(w;t)]
O<t<(w+z)/2 O<t<(w+z)/2
<c(w —2)717”,
[P B (e + 2)|de < [T H,(u) | du < Ly(w + 2).
0 z

These relations together imply

(w+2z)/2
L g (wse) — g(ws2)]8,(250) di

(w+z)/2

<c(w - 2)717“];)

When 2z < w (distant z,w), we have 1/3(w + z) < w — z and the factor
(w — z)71724 in the previous expression is bounded by 3!"2¢(w + z)~!~2<,
Thus, there exists ¢ < o, such that for all 0 < w < 7w and all z such that

|H,(t +z)|dt <c(w—2z) ""*L(w+z).
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2z < w, we have
[T g(wst) — g(ws 2)][8,(230)|de < ce,(w; 2).
0
Equations (D.2), (D.3) and (D.6) imply

sup  [H,(t+2)| <cy(m)e "t and [ H, (1 - 2)|dt < L(w),
0<t<(w+z)/2 0

sup (lg(w;t)) +lg(w;2)l) < 5cg((w — z)_2d + (w + z)_Qd).
O<i<(w+z)/2

It follows that
(w+2z)/2
jo“’ Plag(w;t) — g(w;2)||A,(z;t)|dt

<cz '((w— 2) 2+ (w z)_Qd)Ln(w).

For z < w < 2z (close z,w), we have (w +2) <8z and z ! < 3(w + 2)7 L.
The previous relation implies that, for all 0 <w < 7 and 0 <z < w < 22z,
there exists a constant ¢ < « such that

fo‘w“)/2|g(w;t) —g(w;2)||A,(2;)|dt < ce(w; 2).

The remaining terms are easier to work out because there is no need to
distinguish between close and distant z, w. Note that, by (D.4) and (D.6),

|g(w;z)|f( . )/2|An(z;t)|dt < 2¢yc,8,(w; 2).

On the interval I(w; z) = (w + 2z) /2, min((Bw — z)/2, 7)), we have |g(w;t)|
< 2cg|t — w|"%? and we bound the integral as follows:

min((3w7z)/2,17)| (w;t)|An(t; Z) dt

(w+2z)/2
<2c, sup |A,(z; t)|f(3w 2~ w2 dr.
tel(w; z) w+z)/2
The desired bound then follows from the relations
(D.9) sup |A,(z;t)| < 4ck(3m/2)(w +2) N(w —2) ",
tel(w;z)

(D.10) f((?’i";)z/zu — w2 dt = 229(1 - 2d) N(w — 2)' %

When (Bw — 2)/2 > 7 the last term is zero. When Bw — 2)/2 < =, (D.6)
implies that [g(w; )| < g(w; Bw — 2)/2) < 2¢,(w — 2)724, By (D.4) we have

/ lg(w;t)|A,(z38) dt < 2¢,(w —2) """ [ A (z;t)dt
Bw-2)/2 Bw-2)/2

<c(w - z)_zd(w +2) 'Ly(w +2).
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CasE 2 (0 < w <z <8, with m/2 < § < 7). The derivations are much
as before, and are thus presented in an abbreviated form. By (D.2), we
have |H,(22)| <cy(26)/(22). Since w +z < 2z, this implies: H,(22) <
cy(28)w +2)7 ! and

l8(ws 2)H,(22)] < ey (28)e,(w +2) (2 = w) > + (2 +w) *).

We split the integral in three parts, according to the following partition
of the interval (0, 7#): (0, (w + 2)/2), (w + 2)/2, min((8z + w)/2, 7),
(min((3z + w)/2, ), 7). On the interval (0,(w + z)/2)), we have

(D.11) |H,(t +2)| < 2cy(m+8)(w+2)"",

(D.12) |H,(t —2)| <cy(m)(z—1t) ",

(D.13) [ B (- 2)de < [T |H(w)|du < L,(2).
0 -z

Note that we have |g(w;?)l < 2c,lw — /72, which together with (D.11)
implies

[ w1,z 2) de
-1 ((w+z)/2 —92d -1
< deg(m+ 8)eg(m)ey(w +2) " [ lw— ¢t/ 2z —¢) 'dt
0

< dey(m+ 8)en(m)ey(w +2) (2 —w) [ o~ 1720 1 a.
1/2

On the interval I(w; z) = (z + w)/2, min((8z + w)/2, 7)), we have
sup |g(w;t)] < 4cg((z — w)fzd +(z + w)de).
tel(w; z)
which, with (D.4) implies
min((3z+w)/2,1r)|

g(w;t)||A,(t;2)]dt
(z4+w)/2

< sup |g(w;t)|f77 |A,(t;2)|dt <ce,(w; 2).
tellw;z) (z+w)/2
For d > 0, we have [it is assumed that (3z + w)/2 < 7; the conclusion is
otherwise trivial]
-2d
sup lg(w;t)] <lg(w; (32 + w)/2))| < 4c,(z —w)™”
Bz+w)/2<t<m
and we conclude the proof by applying (D.4),

/ lg(w;t)|A,(z5¢) dt
Bz+w)/2

<c(z— w)_QdfwﬁAn(z;t) dt <c(z - w)_Zd(z + w)_an(z + w).
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CasE 3 (0 <w <z and z > 8> 7w/2). We must consider this case sepa-
rately because if z is allowed to be arbitrarily close to 7, |H,(¢ + z)| cannot
be uniformly bounded on [0, 7]. Since z + w < 7, we have w < w — § and
z—w>28— . Let B be such that # — 8§ < 8 < §. By (D.6) and (D.7), the
functions g(w;¢) and gj(w;t) are uniformly bounded on [ 8, 7], that is, there
exists ¢z < 0, such that for all w < 7 — 6 and all B <t < 7, we have

lg(w;t)| <c; and [gi(w;t)] <cp.
Similarly, H,(z — ¢t) and H,(t + z) are uniformly bounded on [0, B8],
|H(z-t)| <c, |H(z+t)|<c, O0=<qt<p,d<z<m.

Note that the choice of 6 and B is arbitrary. For instance, we can take
8 =3m/4 and B = w/2. We split the integral at 8. On the interval (0, 8), we
have

[Pla(wst) —g(w; 2)||a,(250)|dt < ¢ [*| g(w; t)] de + Blg(w; 2)].
0 0

The integral on the right-hand side is uniformly bounded by (D.6). On the
interval ( 8, 7), we have

/I:Ig(w;t) —g(w;2)||A,(z;0)|de

<cy(m) sup |g;(w,t)|/3 |H,(t +2)|dt.
Bt<m
Since # >z > 6 and # >z — w > 28 — m, these last bounds imply (D.8).
We now apply the preceding result to g(w;¢) = flw — ) + flw + ¢). It is
easily checked that, under Assumption 2, g(w;t) satisfies the assumptions
(D.6) and (D.7) of the preceding lemma.

LEMMA 6. There exist finite constants c¢; and cy such that, for all n > 1,
andall 0 <s <n,/2,

log('s)
|2an,s_f(xs)|gcl S x;2d’ an,szc2x;2d'

Proor. Note that, E(I,(x)) = E(w,(x)w,(—x)). By (D.1), we have

E(I,(x)) = #/Oﬂg(x;t) A,(0;¢) dt.
Equations (D.8), (D.3) and (D.5) imply that, for x > 0 and 1 < £ < n/2,
|E(L(x)) = f(x)| < en a7, (),
|E(L,(x})) — f(x,)] < ck™ " log(k)x; 2%
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Under Assumption 2, ¢;x 2% < f(x) < ¢, x~ 2%, Thus
@y = (27n) " [T8,(058) f(x, — t) dt
0
> (2an) "t [*70,(000) fx, — 1) dt
0

> cx,;“(l - f; /3An(0;t) dt) > cx, (1 — 3/4(2k + 1)) > ¢/ (4x7%).
Xk

O

LEMMA 7. There exists a constant ¢ < o, such that, for all n > 1 and all
0<s<n,/2,

log(s) _
s xs 2d7 | n,sl <c s

log('s
8( )x*M.

s

b, J<c
ProoOF. For 0 < x < 7, (D.1) and (D.8) imply that

1 =
E )= — 0;t) A, (x;t) dt
(0u(0)") = — [ 8(0:6) A,(x50)
|E((un(x)2) - nflf(x)Hn(2x)| <cn 'y 12 (x).
The proof is concluded by noting that |f(x,)H,(2x,)|=0for 0 <k <n/2. O
LEMMA 8. There exists some 0 < 6 < 1, such that for all 0 <s <n,, /2,

2a, ./f(x,) > 8, yn’se[—1+8,1—8].

ProoF. Lemmas 6 and 7 imply that there exists an integer K, such that
for all £ > K, and all n > 2k, |y, ;| < 1/2. Moreover, Hurvich and Beltrao
(1993) have shown that, for any fixed £ > 0,

; £*(0) foo g Sin? (k7T —u)

lim n?%, , = u 5—du,
n-— o ’ T (km—u)

*(0) e sin(km — u)sin( k7 + u
lingdbnk=—f( )f u2d ( Jsin( ) u,
n— ’ - (km—u)(km+u)

lim n®%, , = 0.

This implies that, for each £ > 0, and all n > 0, the sequence {y, ;},., has a
finite limit y;; this limit lies in the interval [—1 + 25, +1 — 28] for some
0 < 6 <1.So0for k£ < K, there exists an integer N, such that for all n > N,
Yor €1+ 8,1 - 8]. Note that for all £ and n > 2%, |b, ;| <a,, and
le,. 1l <a,,so there exists 0 < 6" < 1 such that for all £ < K, and n < N,
Yok € [-1+ 6,1 — §']. This concludes the proof of Lemma 8. O
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LEMMA 9. Assume Assumption 2. Then there exists a constant k; < ©
such that forall 1 <s <t <n, /2,

|E( gn,sé’n,t)l +|E( gn,sgn,t)l +|E( gn,sgn,t)l +|E( gn,sgn,t)l
< kg log(t)s1dlgldI=1,
Proor. Let0 <s <t <n/2. The terms E(¢, ,, ,) may be directly evalu-
ated as functions of E(w,(£x,)o,(£x,)),
COV( gn,s’ gn,t) = [E(wn(xs)wn( xt) + wn(_xs)wn( xt)
+wn(xs)wn(_xt) + wn(_xs)wn( _xt))]
-1
><[4\/an,san,t(1 - 7n,s)(1 - ’Yn,t) ]
COV( gn,s’ n,t) = [E(wn(xs)wn(xt) - wn(xs)wn( _xt)
+wn(_xs)wn(xt) - wn(_xs)wn( _xt))]
><[“ti‘/a’n,sa’n,t(l - yn,s)(l - Yn,t) ]71'

So it is clear that we need only give bounds for E(w,(x)w,(+x,)), 0 <s <
t <n/2.By (D.1), we have

1 -
E(w,(x,)w,(x,)) = m/(‘) g((x, —x,)/2;u)A,((x, +x,)/2;u) du,
1 -
E(w,(x,)w,(—x,)) = mfo g((x, +x.)/2;u)A((x, — x,) /25 u) du.

Note also that H,(x, + x,) = H (x, — x,) = 0. Applying Lemma 5,
|E(wn(xs)wn(xt))| =< Cn_lxt_l(xs_Zd + xt_Zd)Ln( xt)’

|E(0,(x,) 0,(—x,))| <en™la; (272 +x,2?)L,(x,).

By Lemmas 6 and 8, we have

d d

Van, @ (1= 7, )1 = %,,) = e a9
Dividing these bounds, we obtain

lcov( £, o, &, 0)| < es™!¥t14  log(¢).
The other terms are treated similarly, and this concludes the proof of Lem-
ma9. O

We can now prove Lemmas 1-4. Lemmas 6 and 7 yield the following
bounds:

(D.14) max|y, | < clog(s)/s,
n>2s '

(D.15) ma2x|2an’s/f(xs) — 1] < clog(s)/s.
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Lemma 1 is now a consequence of (D.14) and Lemma 8: for all 1 <k <K,
and all i € J,,

1Yo, il =16, 11/a, , <clog(1l +i)/i <clog(l+ mk)/(1+ m(k— 1))
<c'log(l +k)/k.

Lemma 2 is also a straightforward consequence of Lemmas 6 and 8. Indeed,
we can write

i —f(y1) _ 2a, —f(x;) f(x;) + f(x;) —f(ye)
() f(x;) f(ye) f(ye) ’

and Lemma 6 and assumption (Al) imply that for all 1 <k < K, and all
i€d,,

2a, ;= f(y) - Clog(l +k)
f(yr) B k '

Finally, since 2a, ,/f(y,) = Qa, ;/f(x)(f(x;)/f(y;), Assumption 2 and
Lemma 8 imply that 2a, ;/f(y,) is uniformly bounded away from 0. This
concludes the proof of Lemma 2. O

Define p, , = cov(¢, ,, ¢, ). It is easily seen that

— /1 _ A2
pn,s_cn,s/an,s 1 yn,s’

so the following inequality is a straightforward consequence of Lemmas 6, 7
and 8. There exists a finite constant ¢ such that for all 1 < %2 < K, and all

(D.16) lp, il <clog(1l+k)/k.

Moreover, p, ; is uniformly bounded away from 1.

We can now prove Lemma 3. Equation (D.16) and Lemma 9 imply that the
off-diagonal terms of A, , are all of order log(1 + k)/k, uniformly wrt n;
thus the spectral radius 8, » of A, is of order log(1 + k)/k, uniformly wrt
n. We must now prove that the smallest eigenvalue of A, ; is uniformly
bounded away from — 1. First note that there exists an integer K, such that
for all £ > K, and all n > 2mk, §, , < 1/2. Consider now %k < K. Since
An =T IZm, it is equlvalent to prove that the smallest elgenvalue of

L, is bounded away from 0. Define (¢, Wy = 7 Jul 2 p(w)p(w) du. Let

sin(km+u)  sin(km —u)

+ =
s (4) km+u km—u
~ sin(k7m+u)  sin(kwm—u)
s (u) = km+u  km—u

and let a,(w) = s/ (w)/(s;, s))Y? and B,(w) = s, (w)/(s;, s;)Y/?. Note that
(ap, @)y = (B, Br)y =1 and (ak, Br)s = 0. As in the proof of Lemma 8, it is
easily seen that lim, . I, , = I}, where I} is the Gram—Schmidt matrix

related to the functions «, and B,, m(k — 1) + 1 <¢ < mk and the scalar
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product (-,-),. Since the functions «, and B,, m(k — 1) + 1 <¢ < mk are
linearly independent, I'}* is invertible, which implies that its smallest eigen-
value is positive. Thus there exists a real ¢ > 0 and an integer n, such that
for all n > n, and all £ < K, the smallest eigenvalue of I, , is greater than
e. For each n <n, and % < ko, .. 1s invertible so the smallest eigenvalue
of each I', ,, n <ngy, k <k, is greater than some &’ > 0. This finally con-
cludes the proof of Lemma 3. O

To conclude the proof of Lemma 4, note that for 1<k <j<K,,
EW, kWT ) =TI, VEQE, B} T, }/2 Lemma 9 implies that the entries of
E(E, ,ET ]) are of order log(j)k~14j[@-1 and since the smallest eigenvalue of
I, , is uniformly bounded away from zero, the spectral radius of I, }/? is

n,

uniformly bounded, so that the entries of EW, W) are also of order
log(j)k ~'41j141=1 This concludes the proof of Lemma 4. ut
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