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SOME MARTINGALES ASSOCIATED WITH
SAMPLE SPACINGS

By MAREK KANTER
Sir George Williams University

A certain sequence of statistics based on sample spacings is shown to
constitute a martingale. This fact is applied to prove an inequality relating
to a process of picking points randomly but not independently.

Suppose m points X, - - -, X, are randomly chosen in (0, /). Let X, -+, X,
denote the same points arranged in ascending order, and for i =1, ..., m + 1
write D, = X;, — X;_,, to denote the spacings between these points. (We set
Xp=0,Xpyyy =1)

For 2¢(0,1) we form the random variables V,(, () = Y74 |D, — 1| and
Va*(4,1) = ¥p,22 (D; — 2). The principal theorem of this paper states that
both V,,(4, [)and ¥,,*(4, I) form a martingale sequence when suitably normalized.
Denote V,,(4, 1) and V,,*(4, 1) by V,(2) and V,*(2) respectively. We were led
to study V,(4), because ¥,,(1/(m + 1)) has an obvious interpretation as a measure
of how close the points X, - .., X,, are to being equidistributed. We shall call
Vau(1/(m + 1)) the sample total variation of the points X, - - -, X,, and we shall call
Va(4) the sample total variation from 2 of the points X,, - - -, X,,. The quantity
V.*(4) is also interesting; one interpretation would be that it measures how much
“usable” space there remains after m points X, have been picked (if one speci-
fies that space is usable if it is of length exceeding 1 and contains none of the
points X,.)

LemMA 1. Suppose X,, - - -, X,, are independent random variables uniformly dis-
tributed on (0, ). Define V,(2,1) and V,*(4,1) in the same way as above. Then
form =0,

(a) EV (4 1) =m2 + (2 —1) if 2>1
=mA+ (A —=1)+ 2[(1 — /(1 — 2/ if 251
while
(b) o EVrA D) =0 if 2>1
=11 — A1)~ if 21,

Proor. We prove (a), from which (b) follows since it is easily seen that

© Valho I) + 1 — 2(m + 1) = 20,+(4, 1) .

We note that m - 0 corresponds to no observations and in that case (a) holds trivi-
ally. Furthermore if 2 > [ the result is clear. Finally if 2 < I, the expectation
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in (a) equals (m + 1)E(]2 — D,|) by exchangeability. All that is left is to compute
E(|2 — D). O _

ReMARK 1. In [2] it is shown that V,(1/(m + 1)) converges in probability to
2/e. We note that (a) implies E(V,(1/(m + 1))) = 2(1 — (m 4 1)7Y)™+.

THEOREM 1. Let X, ---, X,,,, be random variables with values in (0, 1). No
other assumptions are made on (X,, - - -, X,,) but X, ,, is assumed to be uniformly
distributed in (0, 1) and independent of (X,, - - -, X,,). For Ae (0, 1) form the ran-
dom variable V,(2) from (X, ---, X,) and the random variable V. ,(4) from
(Xp > Xpppa)-

We claim that

EWVpii(D| X -+ Xp) = (1 — DV, (R) + B(m + 1)

Proor. Let X}, < --- < X|,.,, be the ascending rearrangement of the ran-
dom variables (X, ---, X,,,,) and define D/ = X, — X|,_,, for i=1, ...,
m + 2. (As usual X}, = 0 and X, ,, = 1.) we have

E(V ) | X -+, X)) = 85 BV DY) | X, -+ -5 X,)
where V¥ (2, D,) stands for the contribution from the interval (X,_,,, X;) to
the total sum Y,7»4*|D,/ — 4|. By Lemma 1, we have
(*) Vmir(2, D) = B, + A2 — D)) if 2> D,
=B, + (2 — D)+ 2(1 — 4D)(1 — yyD)*  if 1< D,
where B, = 1 if X,,,; € (X,_,,, X;,); otherwise B, = 0. We note that
E(B;| Xy, -+, X)) = D, .
Taking the conditional expectation of both sides of (*) we get
E(Vus(A D) | X,y -+, X,) = D2 + (A — D) if 2> D,
(**) =D,4+(2-D)
+2(D;, — (1 -2 if AZD,.
We conclude that
EVu )| X, -5 X,) = Tpa [DA + (2 — D))]
+ Zpaa[Did + (2 — D)) + 2(1 — 2)(D; — A)]
=2(1 =) Zpea(Di — ) + (m+2)2 -1
=21 = WV,*(A) + (m +2)A — 1.
By (c), we conclude the last expression js equal to
(1 = D(Va@) + 1 — 2m + 1)) + (m +2)2 — 1
which simplifies to » .
(1 = DVa(d) + B(m + 1) . 0

THEOREM 2. Let now X, X,, - .., X,,, ... be independent and uniformin (0, 1).
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Then for fixed 2 ¢ (0, 1) the sequences

V(D) + 2(1 — ™ — (m 4+ DA+ 1
(1 _ 2)m+1

and V,*(4)/(1 — 2)™*! are martingales.
Proor. By direct computation using Theorem 1 and (c). []

REMARK 2. Let K,, = max,_;_,, {D;}. It is clear that K, | 0 a.s. This im-
plies that for any 2 > 0 we have V,*(2) = 0 a.s. for m sufficiently large. We
conclude that the martingale ¥, *(2)/(1 — 2)™*! is not L” bounded for any p > 1
(otherwise Doob’s martingale theorem would guarantee a.s. convergence to 1).

We now apply the preceding results to the following problem. Let X, be
picked randomly from (0, 1) and consider the subintervals (0, X;) and (X;, 1).
Pick X, randomly from the larger of these two subintervals, thereby obtaining
three subintervals (0, X)), (X, X5,), and (X, 1). This method of picking the
X,’s was mentioned by Kakutani at a lecture in Berkeley in 1973. He con-
jectured that if the X, are picked in the above fashion (we shall call it the

“purposeful” method of picking from now on) then the points X, ..., X, tend
to become equidistributed as m — co. We do not prove his conjecture, but
support it by showing that the sample variation of the points X;, - - ., X,, when

picked purposefully is dominated by the sample total variation of the points
X,, - -+, X,, when picked randomly.

LemMA 2. Let X, ..., X,, be random variables with values in (0, 1), no other
assumptions being made on their distribution. Fix i in {1, .., m} and let (X,, -- -,
Xp» Xny) denote that random (m -+ 1) vector such that the conditional distribution
of X,y given (X, -+ -, X,) is uniform in (X ., X,). Then for any 2 >0,
E(V,,1(2)) is minimized as a function of i whenever X, — X,_,, is maximal.

Proor. For ye (0, 1) let 4,(y) denote the value of V,,,,(3) if X,,,, = X,_,, +
Y(Xey — Xeop)-  Let D, = X, — X,_p; then h(y) = V,(d) + |yD, — A +
|(1 — y)D; — 4| — |D; — 2|. It is easily obtained that f(x) = |yx — 4| + |(1 —
y)x — 4 — |x — 4] is decreasing in x for fixed y, hence we conclude that %, y)
is minimized if X, — X,_,, is maximal. Since E(V,,,(2)) = §i k,(y) dy we are
done. []

For clarity we shall use X;, - - -, X,,, - - - to stand for an infinite sequence of
random variables generated ‘“‘purposefully”.

THEOREM 3. Let V,(2) denote the sample total variation from 2 after m picks

from the sequence (X, - -, X, ---). Then the sequence
V(R +2(1 — ™ — (m 4+ 1A+ 1
(1 — aym+t

is a supermartingale, for 2¢€ (0, 1).
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Proor. For any m let (X’l, o X, X, +1) denote that random m 4 1 vector
such that X,, ..., X,, are picked sequentially from (0, 1) in the purposeful
fashion, and then X, ,, is picked uniformly from (0, 1). Let ¥, ,,(2) denote the
sample total variation from 2 of the sequence (X'l, L X, X, +1)- By Lemma
3 we have that

E(Vm+1('2)|yv tt ‘X}m) _S_ E(V:n+l('2)|‘x’1’ ] X’m)

and the result then follows from Theorems 1 and 2. []

E(Vm<m —1|— 1>>§2<1 T m }|— 1>m+l.

Proor. V(1) = E(V,)) = 1 — Zsince no points have yet been randomly picked.
It follows that

COROLLARY.

EP,)) +2(1 =)™ — (m + )2+ 1 _ 4
(1 — m*! =

for all Z¢ (0, 1), by the submartingale property proved in Theorem 3. Now let
A= (m -+ 1)_1. 0 ’
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