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Given a locally bounded real function g, we examine the existence of
a 4-covariation [g(BH ), B , pH , pH 1, where BH is a fractional Brownian
motion with a Hurst index H > % We provide two essential applications.
First, we relate the 4-covariation to one expression involving the derivative of
local time, in the case H = %, generalizing an identity of Bouleau—Yor type,
well known for the classical Brownian motion. A second application is an Itd
formula of Stratonovich type for f (BH). The main difficulty comes from the
fact B has only a finite 4-variation.

1. Introduction. The present paper is devoted to generalized covariation
processes and an Itd formula related to the fractional Brownian motion. The classi-
cal It6 formula and classical covariations constitute the core of stochastic calculus
with respect to semimartingales. Fractional Brownian motion, which, in general,
is not a semimartingale, has been studied intensively in stochastic analysis, and it
is considered in many applications in hydrology, telecommunications, economics
and finance. Finance is the most recent one in spite of the fact that, according
to [34], the general assumption of no arbitrage opportunity is violated. Interesting
remarks have recently been made in [7] and [40].

Recall that a mean-zero Gaussian process X = B is a fractional Brownian
motion with Hurst index H € ]0, 1[ if its covariance function is given by

(1.1) Ku(s,0)=5(sP?" + 1177 —|s =), (s, eR%
An easy consequence of this property is that
(1.2) E(B? — BEY? = (1 —5)*1,

Before concentrating on this self-similar Gaussian process, we would like to make
some general observations.

Calculus with respect to integrands that are not semimartingales is now 20
years old. A large number of papers has been produced, and it is impossible to
list them here; however, we are still not close to having a truly efficient approach
for applications.

There are essentially three techniques for studying non-semimartingale integra-
tors:
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e Pathwise and related techniques;
e Dirichlet forms;
e anticipating techniques (Malliavin calculus, Skorohod integration and so on).

Pathwise-type integrals are often defined using discretization as the limit of
Riemann sums: an interesting survey on the subject is the book by Dudley and
Norvaisa [13]. They emphasize the large historical literature in the determin-
istic case. The first contribution in the stochastic framework was provided by
Follmer [18] in 1981; through this significant and simply written contribution, the
author wished to discuss integration with respect to a Dirichlet process X, that is to
say, a local martingale plus a zero quadratic variation (or sometimes zero energy)
process. This approach has been continued and performed by Bertoin [4].

Since 1991, Russo and Vallois [35] have developed a regularization procedure,
whose philosophy is similar to discretization. They introduced forward (generaliz-
ing Itd), backward and symmetric (generalizing Stratonovich) stochastic integrals
and a generalized quadratic variation. Their techniques are of a pathwise nature,
but they are not truly pathwise. They make large use of ucp (uniform convergence
in probability) related topology. More recently, several papers have followed that
strategy; see, for instance, [16], [36]-[38] and [41]. One advantage of the regular-
ization technique is that it allows us to generalize directly the classical It6 integral.
Our forward integral of an adapted square-integrable process with respect to the
classical Brownian motion is exactly Itd’s integral; the integral via discretization is
a sort of Riemann integral and it does allow us to define easily, for instance, a to-
tally discontinuous function as the indicator of rational numbers on [0, 1]. How-
ever, the theorems contained in this paper can be translated without any difficulty
into the language of discretization.

The terminology “Dirichlet processes” is inspired by the theory of Dirichlet
forms. Tools from that theory have been developed to understand such processes
as integrators; see, for instance, [27] and [28]. Dirichlet processes belong to the
class of finite quadratic variation processes.

Even though Dirichlet processes generalize semimartingales, fractional
Brownian motion is a finite quadratic variation process (even Dirichlet) if and only

if the Hurst index is greater than or equal to +. When H = %, one obtains the

5
classical standard Brownian motion. If H > %, it is even a zero quadratic variation
process. Moreover, fractional Brownian motion is a semimartingale if and only if
it is a classical Brownian motion.

The regularization, or discretization technique, for those and related processes
has been performed by [15], [17], [22], [39], [43] and [44] in the case of zero
quadratic variation, so H > % Young’s [42] integral can often be used under this
circumstance. This integral coincides with the forward (but also with the backward
or symmetric) integral since the covariation between the integrand and integrator
is always 0.
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As we will explain later, when the integrator has paths with finite p-variation
for p > 2, there is no hope to make use of forward and backward integrals and the
reference integral will be for us the symmetric integral which is a generalization
of the Stratonovich integral.

The following step was done by Lyons and co-authors, see [25] and [26], who
considered, through an absolutely pathwise approach based on the Lévy stochastic
area, integrators having p-variation for any p > 1, provided one could construct
a canonical geometric rough path associated with the process. This construction
was done in [8] when the integrator is a fractional Brownian motion with Hurst
parameter H > %; in that case, paths are almost surely of finite p-variation
for p > 4.

Using Russo—Vallois regularization techniques, Errami and Russo [16] have
considered a stochastic calculus and some ordinary SDEs with respect to
integrators with finite p-variation when p < 3. This applies directly to the
fractional Brownian motion case for H > % A significant object introduced in [16]
was the concept of n-covariation [Y1, ..., ¥;] of n processes Y1, ..., ¥y,.

Since fractional Brownian motion is a Gaussian process, it was natural to
use the Skorohod-Malliavin approach, which, as we said, constitutes a powerful
tool for the analysis of integrators that are not semimartingales. Using this
approach, integration with respect to fractional Brownian motion, was attacked
by Decreusefonds and Ustunel [11] and it was studied intensively, see [1], [2]
and [6] even when the integrator is a more general Gaussian process. Malliavin—
Skorohod techniques allow to treat integration with respect to processes, in several
situations where the variation is larger than 2. In particular, [1] includes the case
of a fractional Brownian motion B such that H > %. The key tool there is the
Skorohod integral, which can be related to the symmetric-Stratonovich integral,
up to a trace term of some Malliavin derivative of the integrand. In the case of
fractional Brownian motion, [1] discussed an It6 formula for the Stratonovich
integral when the Hurst index H is strictly greater than }‘.

Other significant and interesting references about stochastic calculus with frac-
tional Brownian motion, especially for H > %, are [12], [14], [24], [29] and [30].
Some activity is also going on with stochastic PDEs driven by fractional sheets;
see [21].

Our paper follows “almost pathwise calculus techniques” developed by Russo
and Vallois, and it reaches the H = 1 barrier, developing very detailed Gaussian
calculations. As we said, one motivation of this paper, was to prove an Ito6—
Stratonovich formula for the fractional Brownian motion X = B for H > }‘.
Such a process has a finite 4-variation in the sense of [16] and a finite pathwise
p-variation for p > 4, if one refers, for instance, to [14] and [25]. We even prove
that the cubic variation in the sense of [16] is O even when the Hurst index is strictly
bigger than é; see Proposition 2.3.

If one wants to remain in the framework of “pathwise” calculus, It6’s formula
has to be of Stratonovich type. In fact, if H < %, such a formula cannot make use
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of the forward integral f; g(BH Yd~ BH considered, for instance, in [36] because

that integral, as well as the bracket [g(BH ), B, is not defined since an explosion

occurs in the regularization. For instance, as pointed out in [1], the forward integral

fOT B" d= B! does not exist. The use of the Stratonovich-symmetric integral is

natural and it provides cancellation of the term involving the second derivative.
Our It6 formula is of the following type:

f(Bﬁ)=f<B§)+/0 F'(BHyd°BH.

As we said, when H > %, the previous formula has already been treated in [1]
using Malliavin calculus techniques.

The natural way to prove an It6 formula for an integrator having a finite
4-variation is to write a fourth-order Taylor expansion,

1 X[
FXime) = FOXD) + F1 X0 Xppe — X0 + L (2 ) Xise — X2
O (x, @(x,
+ %(xm _ X+ %(xﬁe — X,

plus a remainder term, which can be neglected. The second- and third-order terms
can be essentially controlled because one will prove the existence of suitable
covariations, and the fourth-order term provides a finite contribution because X has
a finite fourth variation. If H = %, the third-order term can be expressed in terms of
a 4-covariation term [ f G(X), X, X, X]; it compensates then for the fourth-order
term.

From our point of view, the main achievement of this paper is the proof of the
existence of the 4-covariation [g(BH), BH BH BHjfor H > %, g being locally
bounded; see Theorem 3.7. Moreover, we prove that it is Holder continuous with
parameter strictly smaller than %. The local boundedness assumption on g can,
of course, be relaxed, making a more careful analysis on the density of fractional
Brownian motion at each instant. For the moment, we have not investigated this
generality.

This result provides, as an application, the Itd—Stratonovich formula for f(BH),
f being of class C#; see Theorem 4.1.

A second application is a generalized Bouleau—Yor formula for fractional
Brownian motion. Fractional Brownian motion B has a local time (ltH (a)) which
has a continuous version in (a,t), for any 0 < H < 1, as the density of the
occupation measure; see, for instance, [3] and [20]. In particular, one has

f "g(BHyds = f g@)! (a)da.
0 R

First, we mention the result for the classical Brownian motion B = B!/2.

A direct consequence of [5], [19] and [38] is the following: for a locally bounded
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function f, we have the equality
L£B). BY =~ [ f@n .

where the right-hand side is well defined, since (lll/ 2(a))aeR is a semimartingale.
We will refer to the previous equality as the Bouleau—Yor identity.
Our generalization of the Bouleau—Yor identity is the following:

[f(Bl/4),Bl/4, Bl/4, Bl/4]l — _3'/Rf(a)(l[1/4)/(a)da

This is done in Corollary 3.8. We recall also that, for H > %, a Tanaka-type formula
has been obtained in [9] involving the Skorohod integral.

The technique used here is a “pedestrian” but accurate exploitation of the
Gaussian feature of fractional Brownian motion. Other recent papers where
similar techniques have been used are, for instance, [23] and [31]. Some of the
computations are made using a Maple procedure.

A natural question is the following: is H = % an absolute barrier for the validity
of the Bouleau—Yor identity and for the [t6—Stratonovich pathwise formula?

Concerning the extended Bouleau—Yor identity, this is certainly not the case.
Similar methods with more technicalities allow one to establish the 2n-covariation
[g(BH), BH ... BH] and its relation with the local time of B¥ when H =
1/2n,n > 3. We have decided not to develop these details because of the heavy
technicalities.

As far as the “pathwise” Itd formula is concerned, it is a different story. It
is, of course, immediate to see that, for any 0 < H < 1, if B = B one has
B> =2 fé B d° Bs. On the other hand, proceeding by an obvious Taylor expansion,
one would expect

t
(1.3) B} :3/ B}d°B; — %[B, B, Bl,,
0

provided that [ B, B, B]; exists; Remark 2.4 says that for H < é this quantity does
not exist and for H > é it is 0. Therefore, an Itd formula of the type (1.3) is
valid for H > é and not valid for H < é. The study of a pathwise It6 formula for
H e ]%, %[ is under investigation.

The paper is organized as follows: we recall some basic definitions and results
in Section 2. In Section 3, we state the theorems, we make some basic remarks and
we prove part of the results. Section 4 is devoted to the proof of the Itd6 formula,
and Section 5 contains the technical proofs.

2. Notation and recalls of preliminary results. We start by recalling some
definitions and results established in previous papers (see [36]-[39]). In the
following, X and Y will be continuous processes. The space of continuous
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processes will be a metrizable Fréchet space C if it is endowed with the topology
of the uniform convergence in probability on each compact interval (ucp). The
space of random variables is also a metrizable Fréchet space, denoted by L°(Q),
and it is equipped with the topology of the convergence in probability.

We define the forward integral

t 1 rt
2.1) / Y,d X, = limucp—/ Y, (Xyye — Xy)du
0 el0 £ Jo
and the covariation
. Lt
22) X Yl =limuep~ [ (v = Xi) Yire = V) du
el0 £ Jo
The symmetric-Stratonovich integral is defined as

t . 1 t
(2.3) / Y,d°X, = hmucp—/ Yy (Xute — Xu—eyvo) du,
0 £l0 2e Jo

and the following fundamental equality is valid

t t
2.4) | Yuaxu= [ Yoa X, 4 d1x. v,
0 0

provided that the right-hand side is well defined. However, as we will see in the
next section, the left-hand side may exist even if the covariation [X, Y] does not
exist. On the other hand, the symmetric-Stratonovich integral can also be written
as

e Xu

t . ) t Xy
(2.5) / Y, d°X, =limucp / Yyge +Yy)—
0 el0 0

du.
2¢e

Previous definitions will be relaxed later.

If X is such that [ X, X] exists, X is called a finite quadratic variation process. If
[X, X] =0, then X will be called a zero quadratic variation process. In particular,
a Dirichlet process (the sum of a local martingale and a zero quadratic variation
process) is a finite quadratic variation process. If X is a finite quadratic variation
process and if f € C?(R), then the following Ito formula holds:

t
2.6) FX0) = F(Xo) + /0 FIX)d™ X, + 510, X,

We recall that finite quadratic variation processes are stable by C' -transformations.
In particular, if f,g € C I and the vector (X,Y) is such that all mutual co-
variations exist, then [ £ (X), g(¥)1, = fj f'(Xs)g'(Xs) d[X, Y];. Hence, formulas
(2.4) and (2.6) give

@.7) FX) = f(Xo) + /0 F(X)d°X,.
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REMARK 2.1. (i) If X is a continuous semimartingale and Y is a suitable
previsible process, then [;Y,d~X, is the classical Itd integral (for details,
see [36]).

(i) If X and Y are (continuous) semimartingales, then [; Y, d°X, is the Fisk—
Stratonovich integral and [ X, Y] is the ordinary square bracket.

(iii) If X = BH  then its paths are a.s. Holder continuous with parameter strictly

less than H . Therefore, it is easy to see that, if H > %, then B is a zero quadratic

variation process. When H = %, B = B'/? is the classical Brownian motion and

so[BY2,BY/2], =¢.In particular, It6 formula (2.7) holds for H > %

(iv) If X = B is a classical Brownian motion, then formula (2.6) holds even
for f € W,52(R) (see [19] and [38]). On the other hand, if (/;(a)) is the local time
associated with B, then in [5] it was shown that

t
(2.8) fum=fww+AfMMdm—%Afmmww

The integral involving local time on the right-hand side of (2.8) was defined
directly by Bouleau and Yor for a general semimartingale. However, in the
case of Brownian motion, Corollary 1.13 in [5] states that, for fixed ¢ > O,
(l+(a))qcr is a classical semimartingale; indeed, that integral has a meaning as
a deterministic It integral. Thus, for g € L2 _(R), setting f such that f' = g and

1
using (2.6) and (2.8), we obtain the BouleauiCYor identity:
2.9) | s@itda) = ~l5(B). B,

Corollary 3.8 will generalize this result to the case of fractional Brownian
motion B!/4,

(v) An accurate study of “pathwise stochastic calculus” for finite quadratic
variation processes has been done in [39]. One provides necessary and sufficient
conditions on the covariance of a Gaussian process X so that X is a finite quadratic
variation process and X has a deterministic quadratic variation.

Since the quadratic variation is not defined for B when H < %, we need to
find a substitution tool. A concept of «-variation was already introduced in [39].
Here it will be called strong a-variation and is the following increasing continuous
process:

X upe — Xul®
(2.10) [X]© :=limucp f 1Xure = Xul® ),
el0 0 &

A real attempt to adapt the previous approach to integrators X which are not of
finite quadratic variation has been done in [16]. For a positive integer n, in [16] one
defines the n-covariation [X', ..., X"] of avector (X, ..., X") of real continuous
processes in the following way:

th-i-s _ Xblt) T (XZ—HS - XZ) du
&

. (X
2.11) [X4q,...,X,]; :=111nucp/
el0 0
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Clearly, if n = 2, the 2-covariation [ X1, X3] is the covariation previously defined.
In particular, if all the processes X; are equal to X, then the definition gives
- Xu)" J

. d (Xu+8
(2.12) [X,..., X](¢) :=limucp ———du
— 240 0 )

’

n times

which is called the n-variation of process X. Clearly, for even integer n,
[X]™ =[X,...,X].
——

n times

REMARK 2.2. (i) If the strong n-variation of X exists, then, for all m > n,
[X,..., X]=0 (see [16], Remark 2.6.3, page 7).
%/_/
m times
(i) If [X,..., X] and [X]™ exist, then, for g € C(R),
—_———

n times

(XM—H;" - Xu
&

t n t
(2.13) limucp/ g(Xy) ) duz/ g(XdlX, X, ..., X],
el0 0 0

(see [16], Remark 2.6.6, page 8, and Remark 2.1, page 5).

(i) Let f1,..., fn € C'(R) and let X be a strong n-variation continuous
process. Then

t
[fl(X)»---afn(X)]t:/(; AXy) - fr(X)d[X, ..., X](u).
n times

(iv) In [16], Proposition 3.4, one writes an It6-type formula for X a continuous
strong 3-variation process and for f € C3(R):

t t
@.14)  F(X) = f(Xo) + fo F1X)d° X,y — 1 fo FO X0 dIX, X, X1,

In particular, the previous point implies that
t
SO0 = FX0) + [ f/(X) X = 150, X, X1,

(v) Let us return to the process X = BH In[16], Proposition 3.1, it is proved
that its strong 3-variation exists if H > % but, even for the limiting case H = %,
we have that the 3-covariation [BY, Bf, BH]=0.

(vi) In [39], Proposition 3.14, page 22, it is proved that the strong %—variation
of BY exists and equals pgt, where py = E[|G|'/#], with G a standard normal
random variable. Consequently,

3t, if H=

1
(2.15) [BTW = +
" lo. ifHsL
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In Section 4, we will be able to write an Itd formula for the fractional Brownian
motion with index L 1=H<3 L Let us stress that, in this case, BY admits a (strong)
4-variation but not a strong 3 variation.

We end this section with the following remark: as it follows from the fifth part
of the remark above, the 3-variation of a fractional Brownian motion B¥ is 0 when
H > % This result can be extended to the case of lower Hurst index:

PROPOSITION 2.3. Assume H > é. Then the 3-covariation [BH, BH  BH)
exists and vanishes.

PROOF. For simplicity, we fix ¢ = 1. It suffices to prove that the limit, when

e goes to 0, of E[(fo1 1 (Bu+8 — 85)3)2] is 0. We will prove, in fact, that the limit,
when ¢ | 0, of the followmg integral,

3 3
2// <(B”+€ B EBU“ — B )dudv,
O<u<v<l £
equals 0.

For any centered Gaussian random vector (N, N'), we have

E(N*(N')*) =6 Cov*(N, N') +9Cov(N, N') Var(N) Var(N').

Indeed, it is enough to write E(N3(N’)?) = E[N3E((N’)*|N)] and to use linear
regression (see also the proof of Lemma 3.7, page 15, in [39] for a similar
computation).

Denote (N,N') = (BE,, — BF ,BE . — Bl) and n.(u,v) = Cov(N,N').
Therefore, the previous integral {. can be written as

3
=1ff WAL
O<u<v<l e

+9'24H+184H_2// Ne(u, v)dudv
O<u<v<l
=4+ 42
Since
ne(u, v) = %(lv —u+eP v —u—eP -2 - u|2H),
a direct computation shows that
v
/ Ne(u, v)du
0

_ 1 { (v +&)2H+1 1 (y — g)2H+1 _ 9y 2H+1 ifv>e,
20H 4+ 1) | (v + )2 T — (g —v)2 A+ 220+ jfo<v<e,
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and then

// Ne(u, v)dudv
O<u<v<l

£ v 1 v
=/ dv/ r;g(u,v)du—i-/ dv/ Ne(u, v)du
0 0 & 0
1

Nigz_ 2H42
H 2H(H+1)2H +1)
1

2
~—g ase | 0.
I 2

Hence, 42 ~9 - 24H+1%84H, when ¢ | 0, for any H > 0, and lim, o 42 = 0 for
any H > 0.
To compute l;, we set { = v —u. Then

1 3 ! 2H 2H 2H\3
18=2—82f0(<¢+s> Fie— e — 2021 - ) de

1/¢
— 386H—1f (O + D 410 — 112 — 202 (1 — £0) db
0

__.2.06H—1,11 6H 12
=:3¢ I, =37 4,7

Clearly,

o0
limJl“:/ @+ 410 — 127 — 20" dp <00 it H <2
el0 " ¢ 0 6

A similar calculation shows that the second term tends to a convergent integral
under the same condition on H. This yields

o0
2 ~386H—1f @+ 416 — 1127 —20#)>d6  ase |0
0
and gives the conclusion, since H > é. 0

REMARK 2.4. From the previous proof, we can also deduce that

11 2
limE —(BH —B’””
el [ a0

is infinite for H < %; therefore, if H < %, then the 3-variation [BY, B, BH]
virtually does not exist.

3. Third-order-type integrals and 4-covariations. To understand the case

of fractional Brownian motion for H > %, besides the family of integrals
introduced until now, we need to introduce a new class of integrals.
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Let again X, Y be continuous processes. We define the following third-order
integrals for t > 0:

t 1 rt
/ Y, d_3Xu = limprob—/ Yu(Xyye — Xu)3 du,
0 el0 £ Jo
! 3 . 1 ! 3
(3.1 / Y,dTX, = hmprob—/ Y (Xy — Xu—e)v0)” du,
0 el0 £ Jo

t 1 t
/ Y, d**X, :=limprob — / (Yu + Yisre) Xuge — Xu) du.
0 £l0 2e Jo

We will call them, respectively, (definite) forward, backward and symmetric third-
order integrals. If the above L%(2)-valued function

t t t
tr—>/ Y, d 73X, respectively tr—>/ Yud+3Xu,tr—>/ Y, d%X,
0 0 0

exists for any ¢ > 0 (and equals O for t = 0), and it admits a continuous version,
then such a version will be called a third-order forward (respectively, backward,
symmetric) integral, and it will be denoted again by

t t t
(/ Y, d_3Xu> , respectively (/ Y, d+3Xu> , </ Y, d°3Xu> .
0 t>0 0 t>0 0 t>0

REMARK 3.1. If X is a strong 3-variation process, then [X, X, X] will be a
finite variation process and

t t t
(3.2) / Y, d3X, =/ Y, dt3X, =/ Y, d[X, X, X],.
0 0 0

In particular, if X = BH is a fractional Brownian motion, with H > %, all the
quantities in (3.2) are 0. If H < %, the strong 3-variation does not exist (see [16],
Proposition 3). Recall that if % < H < %, the 3-covariation [BY, B, BH] exists
and vanishes (see Proposition 2.3); hence, fé Y, d[X, X, X], = 0. We shall prove
that if % < H < % and if Y = g(BH ) then the third-order integrals also vanish,
so (3.2) is still true (see Theorem 3.4). If H = % and Y = g(BH ), the third-order

integrals are not necessarily 0.
The following results relate third-order integrals with the notion of 4-covariation.
PROPOSITION 3.2. (i)

t t t
| Yua=x, = %(f Yod =X, + [ Yud+3xu),
0 0 0

provided two of the three previous quantities exist.



ITO FORMULA FOR FRACTIONAL BROWNIAN MOTION 1783
(ii)
! 3 ! 3
| ¥uatx, = [ Yea =1 XXX,
0 0
provided two of the three previous quantities exist.

COROLLARY 3.3. Let X be a continuous process having a 4-variation and
take f € C'(R).

() If Jo f(Xu)d—>X, exists, then [§ f(X,)d T3 X, exists and

t t t
/ FX)dPX, = / FXDd Xy + / F X dIX, X, X, X]a.
0 0 0

(i) Iffé f(Xw) d—3X,, exists and if furthermore f € C%(R), then

t t
[f(X)v X? X]I :'/(; f/(Xu)d_3Xu + %\/(; f//(XM)d[Xv X? X? X]u

PROOF. The first point follows immediately from Proposition 3.2 and Re-
mark 2.2(iii). To prove the second part, a second-order Taylor expansion gives,
fors,e >0,

J"(Xy)
2

+ R(f,8,5) Xsre — X5)2,

where R(f,e,s) converges to 0, ucp in s, when ¢ goes to 0, by the uniform
continuity of f and of paths of X on each compact interval. Multiplying the
previous expression by (X1, — X)?, integrating from 0 to 7, dividing by ¢ and
using Remark 2.2(ii), we obtain the result. [J

F(Xspe) — F(Xg) = f/(X9) Ksge — X5) + (Xste — X5)?

In spite of the now classical notion of the symmetric integral given in (2.5), we
need to relax this definition. From now on, we will say that the symmetric integral
of a process Y with respect to an integrator X exists if

1y
lim — /0 Yy (Xure — X u_eyvo) du

el0 2¢
exists in probability and the limiting L°($2)-valued function has a continuous
version. We will still denote that process (unique up to indistinguishability) by
Jo Yud®X,.
Similarly, in this paper, the concept of 4-covariation will be understood
in a weaker sense with respect to (2.11). We will say that the 4-covariation
(X!, X2, X3, X*] exists if

1 1 4 4
lim d (Xu—i-s _Xu)"'(XIH—e _Xu) du
el0Jo &€
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exists in probability and the limiting L°(2)-valued function has a continuous
version.

Clearly, if fé Y, d°X, exists in the classical sense of Russo and Vallois, then
it also exists in this relaxed meaning; similarly, if [X 1 x2 X3, X*] exists in
the (2.11) sense, then it will exist in the relaxed sense. We note that when all the
processes are equal, then a Dini-type lemma, as in [39], allows us to show that
the two definitions of 4-covariations are equivalent. We note that Proposition 3.2
and Corollary 3.3 are still valid with these conventions.

From now on, we will concentrate on the case when X = B is the fractional
Brownian motion with Hurst index H.

In the statement of the fundamental result of this section, we use the following
definition: we say that a real function g fulfills the subexponential inequality if

(3.3) lg(x)| < Leé'™! with [, L positive constants.

THEOREM 3.4. Let % <H< %, let t > 0 and let g be a real locally bounded
function. The following properties hold:

(a) The third-order integrals ! g(BH)dﬂBH exist and vanish if + < H < L.
0 u u 4 3

Henceforth, we assume H = 1

3
(b) The third-order integrals fé g(B;/ 4) dﬂB;/ * exist and are opposite, that

is, forany t > 0,

t t
(3.4) /Og(B;/‘*)d+3B;/4:—/O g(BY/Yd=3Bl/4,

Moreover, the processes (fég(B,iM) di3B;/4);20 are Holder continuous with

parameter strictly less than %.
(¢) If, furthermore, g fulfills the subexponential inequality (3.3), the expecta-
tion and the second moment of third-order integrals are given by

Bl [ el a5
0

G- b 1A 43 /4 3 (" du 1/4 /4
=—E/ Bl/4) 43! }:——/ L E[g(B!/*) B!
{ A 8( ) 2)o Va [g( ) ]
and
i 2
B ([ sl a=B4) |
0
=3[ dudvE[es) e
(36) O<u<v<t

x ()»11?»12(13;/4)2
+ (A11ra2 +A3,) B4 B4
+ A12222(BYH? — a2)],
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where the right-hand sides of (3.5) and (3.6) are absolute convergent integrals.
Here

A ﬁ
1= ,
Juv — K a(u, v)?
u
(37) P —
Juv — Ky 4(u, v)
Ki/a(u,v)
Aa=— !

Juv — Ky a(u, v)?
d Ifge CY(R), then the quantity in (3.4) is equal to % (;g/(B;M) d[Bl/4],(44).

The proof of Theorem 3.4 is postponed to the last section. Let us note that
composing Borel functions and fractional Brownian motion is authorized.

REMARK 3.5. If g is a Lebesgue a.e. defined, locally bounded Borel function,
then the composition g(BtH ), t > 0, is well defined, up to an a.s. equivalence,
random variable. Precisely, if g, go are two Lebesgue a.e. modifications of g,
then gl(BtH ) = gz(B,H ) a.s. (since BtH has a density function). Consequently,
Jog1(BH)a=3BH exists if and only if [ g2(BH)d=3BH exists and they are
equal.

The proof of the following result is easily obtained by a localization argument.
PROPOSITION 3.6. The maps
t t
g /(; g(B;M) dﬂB;/4 and g+ '/0 g(B;M) d°3B;/4

are continuous from Ly, (R) to LO(Q).

The next result states the existence of a significant fourth-order covariation
related to the fractional Brownian motion B with Hurst index H = %. Its proof is
obvious using parts (b) and (d) in Theorem 3.4, Proposition 3.6, Proposition 3.2(ii)
and Remark 2.2(iii).

THEOREM 3.7. Let g € L (R) and fix t > 0. The process ([g(Bl/4), Bl/4,

B4, B*"))),~ is well defined, has Holder continuous paths of parameter strictly
less than %‘ and is given by

1/4 1/4 1/4 1/4
[¢(BY*), B4, B4, B4,

(3-8) Lo 1/4y 43 pl/4 L1413 pl/4
:2/0 g(BY/*dt3Bl/ :-2/0 g(BY/Ya—3Bl/4,

One consequence of Theorem 3.7 concerns the local time of the fractional
Brownian motion. Let (ltH (a)) be the local time as the occupation measure density
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(see [3] and [20]). It exists for any 0 < H < 1; moreover, if H < %, it is absolutely
continuous with respect to a. We denote by (ltH ) (a) the corresponding derivative.
The following result extends to the fractional Brownian motion with H = % the
Bouleau—Yor-type equality (2.9) discussed in Remark 2.1 for the case of classical
Brownian motion.

COROLLARY 3.8. Let g € Ly.. Then, for fixed t > 0,

(3.9) [2(B"/%), B4, B4 B4, = =3 [ g@ ! @ da.

PROOF. Recall that [g(B!/%), B!/# B!/4 Bl/4), =3t and so [g(B'/4), B!/4,
Bl/4 B4, = 3]6 g/(Bs1/4) ds, whenever g € C'(R) with compact support. By
the density occupation formula, the previous expression becomes —3 [ g’(a) x
l,l/ 4(a) da. Integrating by parts, we obtain the right member of (3.9). This shows
the equality for smooth g. To obtain the final statement, we regularize g € L. (R)
by taking g, = g * ¢,,, where (¢,,) is a sequence of mollifiers converging to the
Dirac delta function, we apply the equality for g being smooth and we take the
limit. For the limit of left members, we use the continuity of the considered
4-covariation. For the right members, we use the Lebesgue dominated convergence
theorem: in fact, we recall that a — A/ (a) is integrable with compact support and
on each compact the upper bound of |g,| is bounded by the upper bound of |g|.

O

4. It6 formula. Let B/ be again a fractional Brownian motion with Hurst
index H.

THEOREM 4.1. Let H > % and f € C*(R). Then the symmetric integral

f(; I (Bf )d °Bf exists and an Ito-type formula can be written as
t
@.1) s =@+ [ f BB,

REMARK 4.2. The most interesting case concerns the critical limiting case
H= %. When H > %, the result was also established in [1] using other methods.

PROOF OF THEOREM 4.1. Theorem 4.1 will be a consequence of Theo-
rem 3.4. Fix ¢ > 0. In fact, we prove that, for any f € C 4(R),

42 fB=rfBiH+ /0 CfBHyaeBl — L /0 FOBHYa B

which implies the final result since fé f (3)(BSH )d°3BSH vanishes [see Theo-
rem 3.4(a) and (b) and Proposition 3.2(i)].
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We start with the Taylor formula: for a, b € R, we have

b—
FO) - f@ = @ -a + f @l 4 o >( 2’
4.3) " )
Ww—a) 3 0(4) _
e /0 33 @ (ha + (1 — 1)b) di
and also
p 3) . (@ = D)’
f@—fb)y=f'®)a—b)+ f <b> +f (b)———
(“_b) f A3f(4)(kb+(1—k)a)dk
—a) 3 )3
=—f'(b)(b— >+f”<b> f”(b)
EPAY
P CanL) /0 (1= 3(f @ (ha + (1 — Vb)) di
Since

1
') = @) + fP @b —a)+ (b - a)2/0 AMfP (ra + (1 = 1)b)) dr

and

1
FOWB) = @)+ b - a)/o F@(a+ (1= n)b)do

we can write
i 3) (b—a)’
fla)—fb)= —f(b)(b—a)+f() +f ()7
4.4) 2
—_ 4 A W2 C)) _
L b—a) /()(2 6>f (ha + (1 — A)b) d.
Taking the difference between (4.3) and (4.4) and dividing by 2, we get

/ / b 1
Fb) — fla)= M(b ~a) - S V@b -
“4.5)

s (1R
b— - —— A 1 —A)b)dA
+o-at [ (5=5)O0a+a-np)
On the other hand, exchanging the roles of a and b, we get
fla)— fb)

__f/(a)+f/(b) _ i 3) 33
we =@+ S fYee-a

1 — )3 —_1)2
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Taking this time the difference between (4.5) and (4.6) and dividing by 2, we obtain

/ ! b
f(b) _ f(a) — M(b —a)
4.7)
(3) 3)
. f (Cl)+f (b)(b_a)3+(b—a)4.](a,b),
24
where

Lad a2 1
_ C))
J(a,b)_/o ( + 24)f (Aa+(1 K)b)dl

6 4
_ YR @ 1—Mb @ (@) dr
= o(E_Z+ﬁ>(f (ra+ 1A —=2b)— fP ()

since

/(ﬁ A2+1)d)\—o
o\6 4 24 o

Setting in (4.7) a = B and b = Blﬂg, we get

BH _ BH
FBILD = FBI = (7B + /(B ) =2
(4.8) f(3)(BH) +f(3)(Bu+g) (Bu+g 35)3
2 12

+ ‘](BH Bbf{l-s)(Bu-&-s 85)4’

Using the uniform continuity on each compact real interval I of f and of BY,
we observe that sup,¢; J(BY, BY,,) — 0 in probability when ¢ |, 0. Take ¢ > 0,
integrate (4.8) in u on [0, #] and divide by ¢:

[ (Bt - Bl du

H H
B, - B

/ H u
- / F B+ (B =S du

[ fOBE + 1B, (B, - B
2 12¢

BH)4

H pH (B+
+/J(B ,BE ) ”8
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By a simple change of variable, we can transform the left-hand side and obtain

1 t+e¢ H 1 & H
g/ f(B, )du—g/O (B, )du
BH _ BH
= f (f' (B + £ (B =5 —" du
FOBND + OB Bk — B
/ 2 12¢
BH)4

(4.9)

(BH
+/ J(BH Blf{i,_g M+€8

The left-hand side of (4.9) tends, as ¢ | 0, toward f (B,H y— f (Bé{ ). Since
Sup,e0.1] J (BH, Blﬁg) tends to O, the last term on the right-hand side of (4.9)
also tends to 0, by the existence of the strong 4-variation. The second term on the
right-hand side converges to [ £ (BH)d°3BH, which exists by Theorem 3.4.
Therefore, the first term on the right-hand side of (4.9) is also forced to have
a limit in probability. According to part (b) of Theorem 3.4, the symmetric
third-order integral has a continuous version in ¢; therefore, the second term
must have a continuous version and it will, of course, be the symmetric integral
fé f'(BMyd°BH . Equation (4.2) is proved. [J

5. Proofs of existence and properties of third-order integrals. The main
topic of this section is the proof of Theorem 3.4, which will be articulated from
Step I to Step VL.

Recall that % <H«< % We will consider only the third-order forward integral,
since for the third-order backward integral the reasoning is similar. Hence, let us
denote

5.1) L(g)(1) = / ¢(BEYBE., — BHY du

and recall that the forward third-order integral [ g(BH)d =3B was defined as
the limit in probability of /.(g)(¢). For simplicity, we will fix # = 1 and simply
denote I.(g) :=1.(g)(1).

First, let us outline the proof of Theorem 3.4.

I. Computation of limg o E[/;(g)]. The limit vanishes for %‘ < H < % If H= %‘
and assuming the existence stated in part (b), the computation also gives (3.5).

II. Computation of lim, o E[/, (g)z]. We state Lemma 5.1, which allows us to
give an equivalent of this second moment as ¢ | 0. Again, the limit vanishes
for %‘ < H < %; hence, we get part (a). Henceforth, we assume H = 1
Equation (3.6) is obtained assuming again the existence stated in (b).

III. Integrals on the right-hand sides of (3.5) and (3.6) are absolute convergent and

the proof of part (c) is complete.
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IV. Proof of the existence of the forward third-order integral [as a first step in
proving (b)]. First, we reduce the study to the case of a bounded function g
and then we establish the existence under this hypothesis.

V. We prove the existence of a continuous version of the forward third-order
integral and the Holder regularity of its paths.

VI. End of part (b) proof. We verify (3.4) proving at the same time (d). We state
and use Lemma 5.3.

The end of the section is devoted to the proofs of Lemmas 5.1 and 5.3, which are
stated at Steps II and VI and used in the proof of parts (b) and (d) of Theorem 3.4.

STEP I (Computation of lim, oE[/;(g)]). To compute the expectation of
I:(g), we will use the linear regression for B/L, — BH, which is a centered
Gaussian random variable with variance £2. It can be written as
K 5 &) — K )

H(u,u+e¢) H(u M)BH-i—Zg,

52 B _ BH —
62 e Kp(u,u) ‘

where Z, is a Gaussian mean-zero random variable, independent of B} with
variance 2 — (1/4u*")((u + &)*" — u?H — ¢2H)2 Therefore,

(5.3) BI, — B =a,w)BE + B )N,

where N is a standard normal random variable independent from B! and where,
foru > 0 fixed,as ¢ | O,

5.4 _ 1 2H _  2H 2H_182H £

and

(5.5) Bu) = e2H — o2yt = 2 (2)

where x2 ¢o(x) := (1 +x)?# — 1 —x2# and ¢ (x) := (1 — {2 $3(x)), with
¢o being a continuous bounded function and ¢; a bounded function with the
property lim, o ¢o(x) = —1, limy o ¢1(x) = 1. Since 2H < 1, we can also write

2H
(5.6) a.(u)= _;W(l —2Hu?H gl 2H 0(81_2H)) ase | 0.

Moreover,
2H

(5.7) BE(u) = 82H<1 — Lﬁ) +o(e*)  ase 0.

We can now compute the first moment of /. (g). Replacing (5.3) in the expression
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of I.(g) and from the independence of N and Bf , We obtain

1 3
Ell:(g)] = /0 %T(”)E[gwf)wfﬂdu

1 30 (u) B2 (1) e H
+/ fE[g(Bu )B,' | du

The Cauchy—Schwarz inequality and the hypothesis on g imply that, for 0 < u < 1,
Bllg(B) B < LE[%|B/|]
< L’E[ele |BH|] < const \/E[(BH)2] < const u” < oc.

In a similar way, it follows that

E[lg(BY)(BY)?|] < const \/E[(B})®] = const u**.

Hence, since % <H < %, ase | 0,
o3 6H—1
oy (u) SH le 3( € , U du
. 8 M3H ¢)0<;) Wlth/o‘ M3—H<OO
Since 1 1<H<3 lettlng g goto 0, we get
Lo Bag(u)BE(u)
limE[] = | (lim =0 )E[g(B?)BHd
glfl(} [s(g)] /0(51?(} c ) [g( u) u] u

and (3.5) is obtained using (5.4) and (5.5). Indeed, since % <H< %, we have

2 | gAH-1 1 g
OB = v (5) i [ S <
€ 2 0 u
Clearly,
- o1 1
(5.8) 181118E[I€(g)] =0 if<H<3

IfH= 4, Lebesgue dominated convergence implies that

3 11
2Jo Vu
and then (3.5) follows, assuming the existence in the first part of (b) of
Theorem 3.4.

Let us also explain the opposite sign in (3.5) for the backward third-order
integral. We need to consider [see (5.3)]

lim B[ ()] = E[¢(BM)B ] du

Bf — Bf_g = &g(u)Bf + f}g(u)N (assume that u — ¢ > 0),
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where [see (5.4) and (5.5)]
N 1 A N
ag(u) = 2MW(MZH —(u— 8)2H + 82H), ﬁg(u)z =g2H (xg(u)ZMZH.

Hence [see (5.6)],

2H
G () = S (14 2Hu? 6120 06! 2M)) - ase 0,

while (5.7) is still true for ,38 (u)?. These relations give the opposite sign in (3.5)
for the backward third-order integral. [

STEP II (Computation of limg o E[/, (g)z]). The computation of the second
moment of /;(g) is done using again the Gaussian feature of the process. We
express the linear regression for the random vector (B[, — BY, BE,, — B).
We denote by G = (G, G2, Gg, GS) the Gaussian mean-zero random vector
(BE,BH, B, — Bl BE, — Bl) and we use a similar idea as in Step I. For
instance (5.2) will be replaced by

Gg _ G Zf)
(5.9 (GZ>_AS<G2)+<Z§ )

where the Gaussian mean-zero random vector Z° = (Z{, Z5) is independent
of (G1, G»). Clearly,

- B)’ (B, — B]')’

2 H H ( u+te
I.(g) —2ff0<u<v<1g<3 )9 (B —2 ) v,
Hence,
ElZ:(g)*]
(5.10)

3
(M’Gl Gz) dudv}

—2el [ s@Gns@E
O<u<v<l
Therefore, we need to compute the conditional expectation in (5.10). For that
reason, we need the following lemma, which will be useful again in Step IV(2),
where we prove the existence of the L2-limit of I,. For random variables £, ¢, ¢,
we will denote
£ o) asel0, ﬁg%@;+s@,wmnﬂ wpl%W]<oon

O<e<l

LEMMA 5.1. Consider the Gaussian mean-zero random vector
G = (G1(u), G2(v), G5(u), G4(v))

H H H H H H
=B, BH BH, — B BE, — Bl

(5.11)
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and denote
Al A uf Ky (u,v)
(5.12) <)\12 )»22> = (KH(U, ) 2H —COV(Gl Gy)?
Q1(u,v) = ——(MlGl + A12G2),
(5.13)

Q2 (u, v) := —3(112G1 + A22G2).
(a) For%§H<%,ass¢0,

(5.14) E(%\G G ) et~ 2(9Q1Q2—§A12+0(1))

(a’)for%§H<%,aseL0,

E((Gs 3

&\3
E((G;) ]Gl,Gz) W) 4H-1(30) + o(1)).

) W eH1(30) +o0(1).
(5.15)

(b) Denote G(v) = B —
H_Z,ass¢0,5¢0,

((G 9(G)?

B and Gy, G,, Gg as previously. Then, for

U

(5.16) ‘G G >(law)9Q1Q2— 2 2a + o(1),

(c) Equivalents in (5.14), (5.15) and (5.16) are uniformon {1 <u, 1 <v —u}.
(d) Fork >0,

(Gi(ku), Ga(kv), G5° (ku), G5° (kv))

(5.17) law) g
= k"7 (G1(uw), G2(v), G5(u), G4(v))
and
(G1(ku), Ga(kv), Q1 (ku,kv) Q2 (ku, kv) — %Xlz(Ku, KV))
(5.18)

2 (k" G 1), 1 Ga(v), k7 (01, 0) 02, v) = FAi(, V) ).

REMARK 5.2. The computation of limits when & or (g,8) go to O re-
quires asymptotic equivalent expressions of the conditional expectations [parts
(a) and (b) of Lemma 5.1]. However, since we have to integrate on the domain
{0 <u < v < 1}, we need to check that those are uniform on u, v [see part (c) of
Lemma 5.1].
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We postpone the proof of Lemma 5.1 and we finish the proof of (3.6). Let
0 < p < 1. The second moment of I.(g) can be written as

3 G 3
|: (g)i| //0< <el=P yu<v<l {g(Gl)g(GZ)M}dudU

o e Bfroveon S

[ E{¢(Ge(G2)
“P<u<l,el-P<v—u<l,v<l

Using assumptions on g, we can bound the first term by

dudv

3
%}dudu.

3H 3H
const // 5— dudv = const gOH=2+1=p
O<u<el=P u<v<l &

In the rest of this step, we will use in a significant way part (d) of Lemma 5.1.
Choosing 0 < p < 6H — 1, we can see that the first term converges to 0, as

e ] 0. A similar reasoning implies that the second term also converges to 0. Let us

denote ¢! ~” =k and &” = & (hence ¢ = «'&). In the third term, we make the change

of variables u = xu and v = «v. Hence, as ¢ | 0,

[ E|eGieGaw)

/.,/1<ﬁ<1//<,1<17—ﬁ<1//<,17<1/x

& 3 & 3
(G3(u))8§G4(v)) }dudv

KE (¢, ~\\3 K€/, ~\\3
xE{g(G1(Kﬁ))g(G2(Kﬁ)) (G5 (Ku))z(éf4 (ko)) }/czdﬁdf)
K
(5.17)
N .//1<ﬁ<1/x,1<a—ﬁ<1/x,a<1/x
SH(GE (1))’ 3
< Bl G @ e Ga(in — Y (Gs) Jaaai

//1<ﬁ<1//<,1<{)—ﬁ<1//<,17<1//(

x E{g(xHGmﬁ))g(KHGz(ﬁ»KW

g 3
<(G (”))éG 4@) Gl(ﬁ),Gz(ﬁ))}dﬁdﬁ
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(5.14)//
l<i<l/k,1<v—ui<1/k,0<1/Kk

x Bl o G @) g ¥ G2
. . 9 o~ I
X <9Q1(u, V)02(u,v) — Z)qz(u, v))}du dv
:///<<u<1,/<<v—u<1,v<1
e (e 2

u v u v 9 u v dudv
<(00(F o5 7) - g0
K K K K 4 K K K
(SiS)//
k<u<l,k<v—u<l,v<l

x E{g<61(u))g(sz))(xé>6H§2H—2K2H—2

X <9Q1(u, v)0r(u,v) — %)»12(14, v) +0(1))}du dv

:88H—2//
k<u<l,k<v—u<l,v<l

y E{g<G1<u>>g<Gz<v>>

x (9Q1<u, ) 0a(u, v) — ZMz(u, v) —I—o(l))}dudv,

where we have also used part (c) of Lemma 5.1 to replace the conditional

expectation by the uniform equivalent asymptotics in (5.14) on {1 < i, 1 < v — u}.
Therefore, as ¢ |, 0,

E[1,(9)’] ~88H—2E{% [[ dudveGigc

X ((A11G1 +212G2)(A12G 1 + A22G2) — Mz)}-
Equation (3.6) follows from the above expression. Moreover,

(5.19) Liil&E[lg(g)z] =0 ify<H<]

which together with (5.8) gives (a) of Theorem 3.4. [J

1795
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STEP III [Absolute convergence of the integrals in (3.5) and (3.6)]. The
absolute convergence of the integral on the right-hand side of (3.5) is already
explained by the reasoning given in Step I. We need to justify, however, the
absolute convergence of the integral on the right-hand side of (3.6), which means

J= [ auavElg(BY B arina (B
O<u<v<l

+ (M1 + A1) BYABY £ a2000(BYM? — )|
< OQ.

We can write J = J; + Jo + J3 + J4, where

Ji = // E(1&;(u, v)|)dudv, i=1,2,3,
O<u<v<l

Jy = // E(lg(BY/*g(BY/*)r12]) du dv,
O<u<v<l

where

&1 (u, v) = g(By/Mg(BYM Y (Mihiz + A1An + A%, + A1) (By/H?2,
(5200 &, v) =g(BY)g(B)*)(hiihn + A1) BB — B/,

& (u,v) = g(BY/He(BY Y n1aan(BY* + Bl (BL/* — BY/.

We set v = u(1 4+ ) so that

i=] (& mhududn, =123,
O<u<l1,0<n<l/u—1

J. :// E Bl/4 Bl/4 Ao (u, ududn.
4 O<u<l1,0<n<1/u—1 (|g( " )g( M(H_n)) 12( 77)|) 7
We introduce the following notation:
Kija(u,u(1+n) = VuK @), with K(p):=1(1+/T+17-7),
Ju-u(l+n)— K12/4(u, u(l+n) = u&(n), with A(n) =y1+n-— I%Z(n).

We note that

I%(r])NlasniO and Ie(n)'v% asn 1 oo,

A(n)wﬁasn¢0 or asn?too.
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Using (3.7), we can write

b LIt UL N __1LEw
WV Ay 2T JuAmy BT Am

We can now prove that each J; is a convergent double integral. To illustrate this
fact, we prove the convergence of J,, the computation being similar for the other
integrals J;. We recall that

Jz=// E(|A 11222 + A3,
O<u<l1,0<n<l/u—1

1/4 1/4
X 8By (B (Y1) B (Bl vy — Ba*))ududy
_// T+ K3(n)
B O<u<l1,0<n<l/u—1 AZ(n)
1/4 1/4
X E(|g(By/ 2 (B, 1) By Byt — Bi/*)]) dudn.

By the Cauchy—Schwarz inequality and taking in to account the assumption on g,
we can write

1/4 1/4 1/4(pl/4 1/4 1/2,.1/4
Elg(B,/ )g(Bu(l—i-n))Bu/ (Bu(igm — B,*)| < constu'/?y'/%.
On the other hand,

VIFu+K*a) 2

= asn |0
A2(n)
and )
JIFn+K*mp) 1
= ~— as n 1 oo.
A2(n) V1

Hence, we now need to study respectively the integrals
// 2 e
—— dudn < oo,
O<u<l1,0<n<l 7]3/4 7
1/2 o 1/(n+1)
u
// ﬂdudnzf 1—774/ u'’? du
O<u<l,1<p<1/u—1 nl/ 1 04 )y

2 /00 dn
= - —_—— < 0.
3J1 A+ 1)3/2
This concludes the proof of part (c) of Theorem 3.4. [J
STEP IV (Proof of the forward third-order integral existence).

(1) (Reduction to the case of a bounded function g).  Suppose, for a moment,
that we know the result when g is bounded. Since the paths of B!/# are continuous,
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we prove by localization that the result is true when g is only locally bounded. Let
o > 0. We will show that {/.(g) : ¢ > 0} is Cauchy with respect to the convergence
in probability, that is,
lim P(|7 -1 >a)=0.
o (11:(g) — Is(e)| = @)

Let M > 0,9, ={|Bs/*| <M, Yue[0,+1]}.On Q,,, we have I.(g) = I.(g,,)
and /5(g) = I5(g,,), where g,, is a function with compact support, which coincides
on g on the compact interval [-M, M].

Therefore, P({|1:(g) — Is(g)l = a} N Q) < P(Q] ). We choose M large
enough, so that P(Q2 ) is uniformly small with respect to ¢ and 8. Then

P({lI:(8) — Is(®)| = a} N R2,,) =P({I1:(g,) — Is(g,)| = a} N ,,)
<P(IL:(g,) — Is(g,) = @).

Since g,, has compact support, I.(g,,) converges in probability.

(2) (Proof of the existence when g is a bounded function).  Thus, it remains
to prove that the sequence {/.(g):e > 0} converges in probability, when g is
bounded. For this purpose, we even show that, in this case, the sequence is even
Cauchy in L?(Q).

We will prove the Cauchy criterion for {/.(g):e > 0}:

lim E(|I.(2) — Is(2)|?
Jim (II(g) — Is()|*)

= lim ELI, (2)*1+ ElI5(g)*1 — 2E[L:(g)Is(g)] = 0.

The first two terms converge to the same limit given in (3.6) as ¢ | O and 6 | 0. It
remains to show that lim, o 5,0 E[/:(g)15(g)] equals the right-hand side of (3.6),
and then the Cauchy criterion will be fulfilled. A simple change of variable gives

I.(g)I5(g)
1/4 1/4 1/4

1/4\3 3

B B B

// 8(35/4)8(35/4)( wre = B)” Bops — Bu ) dudv
O<u<v<l & )

1/4 1/4.3 . 1/4 1/4.3
(B - B,/ )’ (B —B))

+// 8(33/4)8(33/4) u+s u vte v

O<u<v<l 1) £

Taking the expectation of the expression above gives

eL%gle[lg (&) 15(g)]

dudv.

—2 lim EU/ (G1)g(G )E(m‘G G )dudv}
T 710,840 vl S VE2 €3 2

so that the result will be a consequence of (5.16). [
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STEP V (Proof of the existence of a Holder-continuous version). It is enough
to show the existence of a continuous version for ¢ € [0, T'] for any T > 0.

Suppose, for a moment, that for every g bounded we can show the existence

of a (Holder) continuous version for ( fé g(B,y 4) d=3 B;/ 4),6[0771. We denote it by

(i (8)1)ref0,71- Then we can define the associated version for a general g € L}, (R)
by

1(9)(w) =I(g")(w),

where g™ = gl{_py . if w € {sup;cpo.77 ¢ |Bt1/4| < M}. Therefore, it remains to
prove that the forward third-order integral has a Holder-continuous version (with

Holder parameter less than %), when g is bounded and continuous.

We prove that the L?-valued function 7 > 1(g)():= fé g(B;M) d_3B,1/4 has a

Hoélder-continuous version on [0, 7']. We need to control, for s <z, s, t in compact
intervals,

E[(I(8)(t) — 1(§)())’]

2
=5[( [ eiasy) ]
N
< // dudvE[|g(BY/*g(BI/*)|
S<u<v=<t

x |81 (u, v) + & (u, v) + &3(u, v) — A12l],
where &;(u, v), i =1, 2, 3, are given by (5.20). Let us denote
€1 (u, v) = & (u, v)(BY*?,
& (u, v) = & (u, v)BY/*(BY* — B/,
&3(u, v) = &(u, v)(By/* + By/H(BY* — BU/™Y).
We denote again n = v — u. Therefore,
E1(u,u+n) = Atz + A1z + A%, + Aphn

_ ! vu 1 Vu/n
B 2A2n«/u+n+\/ﬁ_ 2A2n«/1+u/n+«/u/n’

Ex(u,u+n) =A1hn + 17,

= gl 0 + 3T — VT — IV,

&3(u, u+1n) = rarn

:_222”<1+ \/ﬁ\i/f—i-\/ﬁ)
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1 u/n
(e T,
2A2 1+ VT+u/n

=iﬁ(1+m++ﬁ)

1 Vu/n
_ﬂ‘/ﬁ<1+ 1+«/l_+u/n)’

where

A:=ulu+n) — Klzi(u,u +n)

1, Ji Ji
_2\/_“/5(1+./u+n+\/ﬁ+«/u+n+\/ﬁ>
z%«/ﬁ\/ﬁ.

The functions ¥(x) = /x/(/x ++/1 +x), respectively, ¥(x) = /x/(1 +
/14 x), are positive increasing on [0, +oo[ with limit %, respectively, 1,
as x 1 0o. Moreover, we see that \/u + 1 < /u + /7. Therefore,

- 1 ~ 8 4 10
0<&u,u+n < -, &2, u+m| < -+ -+ ,
u noou o Juyn
e utml<s,  0<—ip<—
20U, U 7] = T > A1 S =
1 N

Hence,

f f E[lg(By/)g(B)/ )1 161w, v)(B,/ "] du dv
s<u<v<t

dud
< const // 1 =const(t — s)3/2,
s<u<t,0<n<t—s /U

/ / E[lg(BY/*)g(B/*)| 162(u, v)| |BY*(BI/* — BY*)[]du dv
S<u<v=<t

Ly /4 nl/4 1
< const 8 +4 +10 dud
- //s.5u51,0<n§t—s< 713/4 u3l4 141/4771/4> 1

= const (8(t>/* — s>/ (t —s)1/*
+ 4@ — sV (e — ) 1103 — 53 (@ — 5)3)

< const (t — 5)>/*>7°,
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where p > 0,

/ / Elg(BY 8B 163, )l (B + B (BY* = B/ ] dudy
SSu<v=<

< const // M — const (¢ — s)>/4
s<u<t,0<p<t—s A/un3/*
and
// E[lg(B,/)g(By/ M) 12l]dudv < const (1 — 5)*/>.
S<u<v<t
Therefore,

E[(I(g)(t) — 1(g)(5))*] < const(t —s)!*1/>=7  with p > 0.
The classical Kolmogorov criterion allows us to conclude the proof. [J
STEP VI [Proof of (3.4) and part (d)]. It is not easy to make computations
or to recognize the positivity using the right-hand side of the second moment of
the third-order integrals; see (3.6). We need to give other expression of the second
moment but also to compute its covariance with the integral in part (d). This will be
possible when g is smooth. Using Proposition 3.6 and an obvious approximation
argument, it is enough to suppose that g € C!(R) with g and g’ bounded.

Since the third-order integrals are continuous, to prove (3.4) we need only to
verify that, for fixed ¢ > 0,

t t 2
(5.21) E(/ g(BYHd*= Bl F3 / g (BI/% du) —0.
0 0
This equality is a simple consequence of the following lemma.

LEMMA 5.3. Let g and h be real functions, g € C'(R) and h locally
bounded such that g, g', h fulfill the subexponential inequality (3.3). The following
equalities hold.

t 2 t 2
(5.22) E{(/(; g(BL}/‘*)dﬂB;/“) }:%E{(/O g/(BL}/‘*)du) }

and
(L rson [ )
_ :F%E{ (/Ol ¢/ (Bl du) (/Ot h(B/) du) }

Finally, by (2.15) we also get the statement in part (d). [

(5.23)
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This completes the proof of Theorem 3.4, and we can proceed to the proof of
Lemma 5.3.

PROOF OF (5.22) IN LEMMA 5.3. To simplify the notation, we write K for
K1/4(u,v) and A for \/uv — K?. Hence,

Jv Ju
)\, = —, )\, = —, )\, _ .
11 A 22 A 12 A
Let us introduce the matrix
1/4 0 1/4 0
_ u . -1 _ u
M= (K/ul/4 \/Z/ul/4) with M = (—u_1/4K/«/Z u”“/ﬂ)

and observe that, by (5.12), MM™* is the covariance matrix of (B;/ 4, Bi/ 4).

Furthermore, if N1 and N; are two independent standard normal random variables,

then
BJ/*\ _ M(Nl)
B/ Ny )°

After some algebraic computations, we obtain
Mir2(BYM? + Ouiran + K%z)Bi/4B$/4 + K12K22(33/4)2 — A2

(o (), (o (),

_N1N2 KN22 K

= JA A + N
Therefore, by (3.6), fort =1,

([ 1 g(B;/4>d—3B;/4)2}

9 K VA
== dudvE|gu'*N <—N —N)
2 //O<u<v<1 Hav I:g(u l)g ul/4 it ul/4 z

<N1N2 K N3 K)}
X J—

VA A + A

9 K VA
= dudvE|g (u'*N ’(—N ~—N )}
2//0<u<v<1 Hav [g (M l)g M1/4 1+M1/4 2

([ o))
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The second equality is given by the following identity, for a, b, c € R, a > 0,

b 1 b
E[g(aNl)g(—Nl + 5N2> (—N1N2 — 2N - 1))}
(5.24) a@ ¢ ¢

, (b c
=E|g(aN)g | -N1+-N2) |,
a a
which can be obtained by direct calculation, using Gaussian densities, the
assumption on g and integration by parts. This concludes the proof of (5.22). [

PROOF OF (5.23) IN LEMMA 5.3. We now verify a more general covariance-

type equality between the third-order integral fol g(B;/ 4) d—3 B;/ % with a random

variable of the form fé h(B;/ 4) du: Let g and h be real locally bounded functions

fulfilling the subexponential inequality (3.3). Then

t t
1/4y =3 pl/4 1/4
E{(fo 2(B/4 a3 B! )(/0 h(B) )du)}

(5.25) o
=_%E{/0 dvfo dug(B;/“)h(Bj/‘*)(/\uB;/“+x1233/4)}.

Before verifying this result, we prove (5.23). Taking again t = 1, (5.25) implies
that the left-hand side of (5.23) equals

3 rl 1 ﬁ K
5.26 —— d d BY/Yn(pl/4 (—31/4——B1/4)
(5.26) 2f0 v/o wg (BB (LB - B4,

where we denote again K = Ky /4(u, v), A = /uv— K?. Asin the proof of (5.22),
we can write

K VA
B4 =y'4N,, Bl = AN+ e,

where N; and N, are again independent N (0, 1) random variables. There-
fore, (5.27) gives

3 rl 1
——/ dv/ duE{g(u1/4N1)
2 Jo 0
K VA Ny K
(Gt + i) s ~ e}

Similar to identity (5.24), we can establish the following, fora,b,c € R, a > 0,

E(g(aNoh(ZNl +En) (2 %Nz»

- E<g’(aN1)h<ZN1 + ENZ)).

(5.27)

(5.28)
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The proof follows easily again using integration by parts. We apply (5.28) with
a=u"*b=K,c=+A.Hence, (5.27) gives

f dv/ duE{g (u1/4N1)h( 1/4N1+*/£N2>}

3
=-2 d duElg' (BY*Hn(Bl/*),
[ [ aurtgmionsh)

which is the right-hand side of (5.23).

We come back to the proof of (5.25), and we follow a similar reasoning as for
the evaluation of the second moment of the third-order integral; see part (c) of
Theorem 3.4. Since [} g(By/'*)d=3B,/* is the limit in L2(Q) of I,(g),

1 1
E(/ g(B;/4)d—3B;/4/ h(33/4)dv) is the limit of J' + J2,
0 0

where
1 v
J! ::éf dv/ duB(g(B)/*)(BYY — BY*n(Bl/4)
B (G 3>3
f [ aur(sGonen 2t ),
J? ;:é /0 dv /0 duE(g(BY*) (B, — B3 h(BL/*)

-/ 1 [ duE(g(Gz>h<Gl>(Gf)3)

using the same notation as for the evaluation of the second moment in part (c). We

can write
[ [ arfroneon( o)
J _/0 /0 duE{g(G)h(GE( == ]Gl,Gz)

3
—E{E[g(Gl)h(Gz)(MlGl —112G2)] +o(D)}

by part (a’) of Lemma 5.1, since H = %. Moreover, by part (c) of the same
lemma, the estimates are uniform in # and v. Therefore, the Lebesgue dominated
convergence theorem says that

1 v
tim! =3 v [ duB[g (BB 0B 8]
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Proceeding similarly for ng, using again Lemma 5.1, we obtain

limJ? = —
el0

W

1 v
/dv/ duE[g(B)/Hh(B,/*)(0.12B,/* + 102 B)/)]
0 0

1 1
/dv/ duE[g(BYYh(BY* (h12BY* + 211 BY/H).
0 v

[NS1{ON)

Finally,
1 1
hﬁ)lugl =3 / dv/ duE[g(B,/)h(B)/*)(h11B,/* + 112B)/ )],
e 0 0
which is the desired quantity. [J

This completes the proof of Lemma 5.3, and we can proceed to the proof of
Lemma 5.1.

PROOF OF PART (a) IN LEMMA 5.1. We write the covariance matrix of
(G1, G2, G5, G}) by blocks:

A, = <A11 Afg) '
Ay Ay
By classical Gaussian analysis, we know that the matrix A, and the covariance
matrix of the vector Z¢ in Step IV(1) can be expressed as

(5.29) Ae=A5 Ay and Kze = AS, — A (AS)*.
Here
( utl KH(u,v)>
All = 2H s
Ky(v,u) v
ae () ye(u,v)
5.30 A5, = ¢ )
(5-30) 2 < ve,u) e (v)v?f
A&‘ =< 82H n&‘(M’U))
22 ng(v,u) 82H ’

where o is given by (5.4) and
ve(u, v) ;= Cov(G%, G3)
= %((u + )2 1 o —u — g2 v —u?H),
ne(u, v) := Cov(G5, GY)
=1(v—u+el +v—u—e —2v—u*).

Also recall that Al_l1 = (Aij)i,j=1,2 is the inverse of the covariance matrix of
(G1,Gy) [see (5.12)]. We can see that

(5.31) Ve, ) = Hu?" ' o —uPP Ne+o) asel0
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and
(532) neu,v)=HQRH—Dlv—ul"2>+0(s?) ase 0.

We split the proof into several steps.

STEP 1 (Expansion of the matrix A;). We express its components by

€
(5.33) A, = (ail au)
az  ay
Using (5.6), (5.29) and (5.31), when ¢ | 0, gives
afy = Anee @u + 1oye(u, v)

(5.34) A 2H 2H—1 2H—1
= > +H((K11+K12)u + Aia|v — u| )8+0(8).

The asymptotics of the other coefficients afj behaves similarly, since
afy = b (W + haoye (u, v),
a5y = raae WV + Ap1ye (v, w),

aby = A0 (VU + Aiaye (v, u).

The expansion, as ¢ |, 0, for the matrix A, becomes

)\. A
i 2H+k118+0(8) - 2H+k128+0(8)
— 2 2
(5.35) A= )le )»22 ,
B3 g2 4 krie +o(e) — > e?H 4 kore + o(e)

where k;j :=k;j(u,v),1,j=1,2,
kii(u,v) kia(u, v))
ka1 (u,v) koa(u,v)

((Ml + a2 oo — w71 g+ a1 4 agp v — u)2H T )
Gz + 2D g — oA g + 20 =1 g fu — o2

(5.36) (

STEP 2 (Expansion of the matrix Kz¢). We claim that the expansion of the
matrix Kze, when ¢ | 0,

_(Kze(1, 1) Kze(1,2)
37 Kze= (Kzeu,z) Kz:(2,2)
with
A
Kze (1 1) =2 — Tt gy 420 4 o421,
A k k
(5.38) Kza(l,Z):—%g“H_F 12; 2 142y 142H)

A
Kz:(2,2) = o2H _ %8411 +k2281+2H + 0(81+2H)'
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We compute Kz explicitly. Clearly, the computations for K z=(1, 1) and K z:(2, 2)
are similar. Using (5.29)—(5.32) and (5.35), for ¢ | 0O,

Kze(1, 1)=& —af 0. ™ — afyye(u, v)

A
=82H—84H<—%+k1 12H 4 (1= 2H)>

1
X( 5 211 -2H 0(81—211))
A
81+2H( ;2 kize 1-2H 0(81 ZH))

x (H@* =1 4 v —uP =1 4 0(1))

A A k
— 2H _ 84H<% . (%Hquq + %)81—2H +0(81—2H)>

A
_81+2H(_%H(u2H—1 o —uPH +0(1))

Al
:82H _ —84H +k1181+2H +0(81+2H),

whereas

Kz (1,2) = 1 (u, v) — a0 ()0 — afyye (v, u)
=e2(HQH — v —u* 72 4 0(1))

A
_84H<_¥ +k1281—2H+0(81—2H)>
1
o (_5 4 HH-11-2H +0(81—2H)>
A
_81+2H<_% +k1181—2H+0(81—2H)>
x (H@*=1 4w —uP=1 o))

_ _%SM . ki> ;k2181+2H +o(e!+2H),

STEP 3 (The law of the vector Z%). Using (5.37) and (5.38), we observe that
the Gaussian vector Z¢ can be written as

Z5\ daw v(e)Ny
(5.39) <z§> B (M(s)N1+9(8)Nz>’
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where N; and N, are independent standard normal random variables, also
independent of G| and G,. Moreover, for ¢ |, 0,

A
v(g) = 8H<1 — %EZH +cie +0(8)),
3H A12 1-2H 1-2H
(5.40) uE)=¢ <_T + e +o(e )),
H )‘22 o2H
f(e)=¢ (1 ra + ¢3¢ +0(s))

where ¢; :=c¢;(u,v),i =1,2,3,

k
ALy it
c1(u,v):= 2 4
) k A2 1
L T
2 128 4
k12 + kog ol >1
co(u,v): 2 ’ 4
2(u, v) =
k k AMIA 1
12+ K21 Al 12 1
2 32 4
and
k 1
%, if H > 7
C3(1/l, U) = k22 )\%2 )L%Z . 1
— 4+ == - ==, 1 =—.
2 32 128 4
Indeed, when ¢ | 0,
v(e) = vVKz (1, 1)
hit 1/2
=sH(1 o 2H+k118+0(8)>
Al k11 A2 )
H 2H M 4H
= 11— —
£ ( 2 el + 2 128 + o(e)
A k
8H<1 — %SZH + ;18—}-0(8)) if H>—,

Bl A=

A k )\,2
H 11 2H 11 .
1 — = + = — f H=
& ( & ( 1 )8+0(8)> 1
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Kz:(1,2)

v(e)
e (/A + (o + ko) /2)e' 72H 4 o(e172))
N el (1 — (h1/8)e2H 4 c1e + 0(e))

u(e) =

_ 83H(_% n ki2 ;k2181—2H +0(81—2H)>

)»2
(1+ él g2t —c1e+ 6141 4H+0(8)>

M2 1A kia + k
:8311(_%_ 1;21282H+ 1212L 2181—2H+0(81—2H)>

A k k
83H(_% n 12;‘ 2181—2H+0(81—2H)>, S H -

A kin+k AI1A
3H 12 12 21 A2\ 1—2H 1-2H .
—— + — + , fH=
¢ ( 4 ( 2 32 ) ol )) '

Bl -

and

6(e) = Kz:(2.2) — 112(e)

A
_ (8211 . %8411 +k2281+2H +0(81+2H)

A 52 12
_ <82H _ R aH | 12H M e +0(81+2H))

4 16
A 22 1/2
= 8H<1 — %sZH + kope — 1—16284H + o(s))
= sH(l — @SZH + @8 - (L%Z + L%2>84H + 0(8))
B 8 2 32 128
A k
8H<1—%82H+%8+0(8)), if H>—,

E YIS N

A k A2, A2
8H(1_£82H+(£_£_£>8+0(8)>’ if H=
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STEP 4 [Law of the vector (G5, G3)]. We claim that, for ¢ | 0,

G§> (law) ( Nief + 0162 — JN 137 + Rie + o(e) )
B Noe

5.41
(541 (GZ H 4 0262 — (22Ny + 22 N2)e3H + Rye + o(e)

where
Ry :=k11G1+k12Gy and Ry :=ky1G| +kxpGo.
Indeed, using (5.33), (5.35), (5.39) and (5.40), when ¢ |, 0, we get
5 = a},G1+a{,G2+ Z]

A A
(law) (—%EZH + ki1 + 0(8)>G1 + < 212 e?H + kire +o(s)>

A
+8H(1 él 2H+c18+0(8))N1,
Gy = a5G1+apGr+7;

A A
(2w (—%«S‘ZH + ka1 + 0(8)>G1 (_%ng + kose + 0(8)> G2

A
+s”"(——;2 +ere' 2 o(e!” 2H)>N1
H )‘22 o2H
+e7|(1— 5 +c3e +o(e) | N,

STEP 5 (Evaluation of the law of G5Gj). As a consequence of the previous
step,

A
G5GE 'Y 2H<N + 0¥ %N182H+R181_H +0(81_H))

A A
X (Nz + Qe — (%Nl + %Nz)sw + Rye'H +0(81_H))
1
(aw) 82H<N1N2+(N1Q2+N2Q1)8H

A12 A1+ A2
<Q1Q2 — ZIN? - TN1N2>82H +0(82H))

=) 621 (N N + S,
where

(law) A2 A+ A2
Se a=W8H<N1Q2+N2Q1+<Q1Q2—— 2—TNlNZ e o™ ).



ITO FORMULA FOR FRACTIONAL BROWNIAN MOTION 1811
STEP 6 [Evaluation of the law of (Gng)3]. We observe that, when ¢ |, 0,
S0 2H (N} Qs + N201)? +0(1)) and 3% o(e3H),
Hence,
(G5G5* =" (2 (N1 Ny + 50)1
1) ¢6H (N3N3 + 3NEN2S, + 3NN, S2 + S2)
() g6 {N13N23 +3NIN3[N1 Q2 + N2 Q16

312
- [9N12N22Q1Q2 - TNf'sz

+3N}N,Q3 +3N|N; Q%]a”’ + 0(82H)}.

STEP 7 [Computation of the conditional expectationin (5.14)]. Consequently,
fore | 0,
(G’ (GD? taw L6H-2

— {NENS +[3N{N3 0> + 3N{N; 011e"

312
+ [9N12N22Q1 0> — TN;‘Nz2

+3N;{N,Q3 +3N|N; Q%]sw + 0(82H)}.

Since N; and N, are independent standard normal random variables, also
independent of G| and G,, we obtain the conditional expectation in (5.14). [

PROOF OF (b) OF LEMMA 5.1. The proof is similar as for (a). We will only
provide the most significant arguments in several steps. The asymptotics for ¢ |, 0,
8 | 0 of some functions of (e, §) in fractional powers can be done using a Maple

procedure. Recall that the Hurst index is H = %.

STEP 1 (Linear regression). We can write

G G A
)=nelE) ()
( ) (Gﬁ £,0 G2 + Z;’(S
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with

04 —1 ,0 ,0
(5.43) Ags=Ap A and  Kzes = A5y — Ags(A])™

Here

88 _ as(”)ﬁ Ve(u, v) 88 _ gl/? ns,é(uvv)
©49 Alz‘(n(v,u) a5<v>ﬁ>’ A22_<ne,a(u,v) 512 )

with
Ne.5(u, v) = Cov(G5, G3)

=t —u+8"? v —u—e"? —w—u"? o —u+8—e|'?.
Therefore, when ¢ | 0,8 | 0O,

&é

W + 0((8 + 3)2).

(5.45) Me,s (U, v) = —

STEP 2 (Expansion and computations for the matrix A, s5). We can write
& &
A= <a11 a12>
g, +— 5 § ,
dyp Ay
with

af; = A1 (WVU + 22y, v),  afy = hinoe )N + Ao ve(u, v),
aSl = A20s(V)VV + A1y (v, u), aﬁz = Aas(V)V/V + A2ys (v, u).
Hence, as in Step 1 of part (a),as ¢ | 0,46 | O,

s
A

+ki1e +o0(e)

A
—%81/2 + k12 +0(¢)

(5.46) Ags=

A A )
2612 4 18+ 0(8) —%5“2 1 k228 + 0(8)

where the k;; are given by (5.36).

STEP 3 (Computations related to matrix K ,-5). We can write

Kzs.é(l, 1) Kza,3(1,2)>

(5.47) Kzes = <Kz&5(172) K;e5(2,2)

where, if ¢ | 0, 8 | 0, we have
A
Kze5(1,1) = g/ — %8 -1-161183/2 +0(s3/2),

A
(548) K es(2.2)=8"7— %8 + k2282 + 0(877%),

A k k
Kpes(1,2) = —%81/231/2 + %aal/z + %81/28 +o((e+8)?).
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Indeed,
Kyes(l,1)= gl/? — afyoe(u)v/u — ai,ye(u, v)

and
Kz:5(2,2) = sl — agzag(v)ﬁ — aglyg(v, u).

Hence, the expansions of these two coefficients are similar as in Step 3 of part (a).
The expansion of the remaining element behaves differently. Indeed, for ¢ | O,
540,
Kze0(1,2) = ne,s(u, v) — afras (v)/v — ajyys(v, u)
&é

= —W + 0((8 +5)2)

- 81/251/2(—% +kipe'? 4+ 0(81/2)>

1 1
LY 5172 )
x( ol NG +0(8'%)

— 81/25(—% + knel/z + 0(81/2)>

1 |
% (4ﬁ Ve +0(1))

A k k
= —%81/251/2 + %851/2 + %81/25 +o((e +8)2).

STEP 4 [Law of the vector (Z ‘19’5, Zg’a)]. Computations give

Z‘f’a (law) v(e) Ny
(5.49) (Z;S) - (M(S,S)N1+0(8,8)N2)’

where N; and N, are independent standard normal random variables, also
independent of Giand G», and where

A
v(e) = gl — %83/4 + 0(83/4),
M2 1740102 1/2 | s1/2\2
M(&a):—Té‘ ) +0((8 +879)7),

2
(5.50) 0(e.5) = 81/4 + %81/451/4 B %53/4 B %81/251/4

3
(kllklZ ki + Mo )83/451/4
64 4 1024

+ (lezz — @)81/453/4 +o(e'/? 45172

64 4
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Indeed, v(e) is given by the first equality in (5.40), when ¢ | 0. The other
coefficients are given by

(e, 8) = Kze5(1, 2)’
v(e)

0(c,8) = | K 2:6(2,2) — (s, 6)

and we use the results in the previous step and the Maple procedure. Hence, we
have

A
Ziga(la—w)N 1/4 %N183/4+0(83/4),

Z;,a (law) N281/4 + %N281/451/4

52
12N Q25174 _ M2y el/Agl2 22y o3
128 4 8

3
(kll)tlZ ki A, >N283/481/4

64 4 + 1024

A12A k
+< 12422 —%>N281/453/4+0((81/2+51/2)2).

STEP 5 [Law of the vector (G§, Gﬁ)]. Using the first line of (5.41), (5.50) and
(5.48), when ¢ | 0, § | 0, we obtain

a
G5 Nyt 0162 - %Nw”“ +o(e¥),

G2 Nys A+ 0p81 /2 — : 222 Nb83/4 L Ry
2
(5.51) i %N281/481/4 _ %Nzal/zal/‘* _ %lel/‘*al/z

Aidi2 ki ?»fz ) 3/4.1
Auhin ki Ay ) sgag
+< o4 4 T 1004)0

A2A k
+< 1;422 _ %>N281/453/4+0((81/2+51/2)2),

with Q1 and Q; given by (5.13) and R» is as in Step 4 of part (b).



ITO FORMULA FOR FRACTIONAL BROWNIAN MOTION 1815

STEP 6 (Computation of the law of GgGﬁ). From (5.51), when ¢ |, 0,6 | O,
we get

A
GEGE 1) N, Ny 814 1 (%MNz n Q1N2)81/251/4+N1Q281/451/2

)»2
Z12 NNy ——N Ny + 220N, |e3/4s1/4
+( 8 g Vi 2+ Q1 )

+ (—%N% + Q1Q2>81/251/2

A
_ %N1N281/453/4+0((81/2+51/2)2).

STEP 7 [Computation of the conditional expectation in (5.16)]. When ¢ | 0,
8 | 0, it follows that

(G5)3(GY)?
&6
(lﬁv)N1 N3s_1/48_1/4

+3< . NiN; + Q1N; N2>5_1/4+3Q2N13N228_1/4

A All
#3(( 5w+ aimnd + T auning o

A
i 3(—%N§N§ + Q%NfN2)8_1/451/4

3A12
+ =~ QaNIN; = = =NIN; +9Q1 0aNTN; +o(1).

Since N and N, are independent standard normal random variables, independent
of G1 and G,, we finally deduce the conditional expectation in (5.16). [

PROOF OF (a") IN LEMMA 5.1.  Using (5.9), we recall that

e __ Gl i e e __ Gl e
3_[A8<G2 _1+Z, Gyi=|Ag G 2—l—Zz.

Therefore, the left-hand side of the first equality in (5.15) can be written as

R AIR)
o (&) o (&)

= (a,G 1 +a$,G2)* 4+ 3(af,G1 +a5,Ga)K 7+ (1, 1),
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according to the notation in (5.33), (5.34) and (5.37). Recall that, by (5.35)
and (5.36),

e _ M J2H
ap =
2

where k11 = H(y +A)u? =1 —apHlu — w271

+ k118 +o(e),

k
afz = éz e 4 kioe +o(¢e),
where k1o = H(A 12 + Ao)u?H =1 — hop Hlu — v|*# =1, and, by (5.38),

A
Kze(1,1) =28 — %84’1 +o0(e).
Hence, we obtain

(o)

A A 3
:H: ; 2H+k118+0(8)]G1+|: ;282H+k128+0(8)i|G2}

A
+ 3{ [_lng + kiie + 0(8)}G1 + [_;ng + ke + 0(8)}(;2}

2 2
2B M1 4g
X (s — Te +0(s))

G Go
= 384H[ )»1171 — )\127i| +o(e).

This gives (5.15). U

PROOF OF (c¢) IN LEMMA 5.1. We need to show that the asymptotics in
(5.14)—(5.16) are uniform in u and v. We do the job for (5.14), the others
behaving similarly. It is enough to analyze the uniformity of the expansions on
{1 <u,1l <v—u}ofa,(u), y.(u,v) and ng (u, v), when ¢ | 0, because the other
asymptotics are obtained in terms of these. When ¢ | 0, by (5.4), we have

o H((M_|_8)2H W2H _ g2H)
=50+ - ())
%(Z) +HE +0<Z)

ag(u) =
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which provides a uniform expansion on {¢# > 1}. Similarly, when ¢ |, 0, one obtains

1
Ye(u,v) = 5((14 +e) —u —py—u—e (v — u)ZH)

1 2H
:_[u2ﬂ<<1+f) —1)—(v—u)2H<‘1— £
2 u vV—u
= Hu ' v —ulP" He +o(e),

uniformly on {1 <u, 1 <v —u}, and, when ¢ | 0O,

)

1
ne(u,v) = 5((1} —u4e) v —u—e)P 200 —u)*H)
(v —u)2H 2H 2H
L.
2
= HQH — v —u? 7262 + 0(e?),

uniformly on {1 <v —u}. U

vV—u V—Uu

PROOF OF (d) IN LEMMA 5.1. We look for the homogeneity degree of all
quantities used so far. For a function f = f(e, u, v), we shall denote

dege,u,v(f) = p <:> f(KS, Ku, Kv) :Kpf(ga u, v)v
where we make the convention that

y (&, u,v) = ye(u,v), Kz (@i, (e, u,v) = Kze (i, j)(u,v).

We have
deg, , (@) =0 [by (5.4)],
deg, , ,(Aij) = —2H [by (5.12)],
deg, , ,(y) =2H [by (5.31)],
deg, , ,(n) =2H [by (5.32)],
deg, , ,(aij) =0 [by (5.29), (5.30) and (5.33)],
deg, v (Kz(i, j)) =2H [by (5.29), (5.30) and (5.37)],

deg, , ,(v) =deg, , , (1) = degw’v(G) =H [by (5.39)].

From this, (5.9) and (5.33), recalling that G1(u) = Bf, Go(v) = Bf, we deduce
that

G5%(ku) = afj(ku,kv)Gi(ku)+afs (ku, kv)Ga(kv) + Z7®(ku, kv)

(aw) afy (u, V) Gy (u) + afy(u, VK" Go(v) + k7 Z5 (u, v)

M G ).
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and,
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in a similar way, G}°(kv) = KHGj(v). Therefore, (5.17) is proved. On the

other hand, using (3.7) and (5.13), we obtain

and,

901 (ku, kv)Qa(ku, kv) — %Alz(xu, KV)
= %[(All(lcu, k)G (ku) + Aa(ku, kv)Ga(kv))
X (A2(ku, kv)G(ku) + A (ku, kv)Ga(kv)) — A2 (ku, kv)]
91125 (011 (u, 1) G1 (W) + A2, V)G (V)

x (b2, V)G 1 (@) + 122 (u, V)G2(v) — k> A2 (u, )]
consequently, (5.18) is also proved. [

This completes the proof of Lemma 5.1.
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