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SMALL-TIME GAUSSIAN BEHAVIOR OF SYMMETRIC
DIFFUSION SEMIGROUPS

BY MASANORI HINO! AND JOSE A. RAMIREZ?
Kyoto University and Cornell University

This work is involved with the short-time asymptotics of diffusion
semigroups in a general setting. A generalization of Fang’s version of
Varadhan’s formula is proven for general Dirichlet spaces that are local and
conservative. The intrinsic metric appearing in the formula is characterized
by pointwise distance for canonical Dirichlet spaces on loop groups.

1. Introduction. Recall Varadhan’s formula for the heat kernel density
p:(x, y) on a Riemannian manifold:

d(x,y)?
2

where d(x, y) is the Riemannian distance. One can integrate the kernel over two
positive measure sets in the form

Pf<A,B>=fA/Bpf<x,y>du<y>du<x),

’

lim¢1 L Y) = —
tlfg og pi(x,y)

where u is the volume measure on the manifold. Then, under mild assumptions on
A and B, a Laplace-type estimation gives that

d(A, B)?
2

where the distance between two sets is defined in the natural way by means of
infimums. The proof of this last formula in a very general setting is the main
concern of this article. We start by describing the framework.

Let (2, 8, i) be a probability space and L? = LP(2, u), p € [1,00], the
corresponding LP?-space with norm || - |z». The inner product on L? will be
denoted by (-, -);2. We consider a Dirichlet form & with domain D C L?. That
is, (€, D) is a densely defined, positive semidefinite and symmetric bilinear closed
form satisfying thatif f e Dthen f AleDand E(f A1, f A1) <E(S, f). We
further assume that this Dirichlet form is conservative and local. Namely,

’

lim¢log P;(A, B) =
}?& og P ( )

Received February 2002; revised July 2002.

IResearch supported in part by Ministry of Education, Culture, Sports, Science and Technology,
Grant-in-Aid for Encouragement of Young Scientists, 13740095, 2001.

ZResearch supported in part by Liftoff employment from the Clay Mathematical Institute.

AMS 2000 subject classifications. Primary 31C25, 60J60, 47D07; secondary 58J65.

Key words and phrases. Dirichlet spaces, heat kernel, short-time asymptotics, intrinsic metric,
loop group.

1254



SMALL-TIME GAUSSIAN BEHAVIOR 1255

e leDand §(1,1)=0;
e for C*°-functions F, G on R with compact support and supp F NsuppG = &,
E(F(f),G(f))=0forany f €D.

The latter condition has several equivalent expressions. For example, it can be
replaced by

e if f, g € Dsatisfies fg =0 a.e.,then E(f, g)=0;
o E(fI,If)=¢&(f, f)forany f € D.

See [7] and [20] for excellent references in these matters. Typically, the Dirichlet
form given as the energy integral on 2 satisfies the above conditions. We note that
when (&, D) is a quasiregular Dirichlet form the corresponding Markov process
is a conservative diffusion process. We do not assume, however, the existence of
such a probabilistic counterpart throughout this paper.

The Markovian semigroup and the nonpositive generator associated with (&, D)
will be denoted by {7;} and £, respectively. Let D, = D N L°°. The space D, is
an algebra (see, e.g., Corollary 3.3.2 in [7]). The functional I : D;, x Dp, x Dy, >
(f. g h) Iyg(h) € R given by

lrg(h)=1(f.g:h)=&E(fh,g)+&(gh, f) —&(fg. h)

will be of extreme importance in what follows. We sometimes write 7 (h) =
I(f;h) =1y (h). The main properties of these functionals that are used in this
work are collected in Section 2.2. Define a subset D of D, as

(1.1) Do={f €Dy | I7(h) < |kl holds for any h € Dj}.

With this, we define the intrinsic metric d as given by

(1.2) d(A, B) = sup {essinff(x) — esssup f(y)}
feby L x€B yEA

for any two measurable sets A and B. Here we take a natural convention that
sup @ = —oo and inf @ = oco. Define

P (A, B) :/ Tilpdu.
A

We want to study the short-time behavior of P;(A, B) in a logarithmic scale. The
present work is intended to prove the following theorem.
THEOREM 1.1. Under the above conditions, it is true that

d(A, B)?

1.3 limzlog P;(A, B) = —
(1.3) zlfol og P( ) 5

for all measurable sets A and B.
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The upper bound in Theorem 1.1 is virtually well known and follows from
an argument introduced originally by Gaffney in [21]. This will be done in
Section 2.4. The main trouble resides, then, in showing that the converse inequality
also holds. That is, we will show that

d(A, B)?
2

holds. Sections 2.5 and 2.6 form the core of the proof of this fact.

This problem has been investigated thoroughly in many particular cases. As
mentioned in the beginning, Theorem 1.1 follows from a stronger (pointwise)
formula first established by Varadhan [44] in the finite-dimensional case (for
more on this subject see Section 3.1). It was first proven to hold in an infinite-
dimensional example by Fang [17], who considered the Ornstein—Uhlenbeck
process on Wiener space. Recent work includes [3, 4, 18, 19, 45]. The previous
work of the authors ([25] and [36]) dealt with the same problem in this general
setting but under certain restrictions. This article intends to prove the estimate in
the general case.

We recall the main ideas in the argument of [36]. Suppose that 2 has a
differential structure and a gradient operator V taking values in a Hilbert space
with inner product (-, -) like finite-dimensional Riemannian manifolds and that
& is expressed as &(f, g) = %fQ(Vf, Vg)du. Then a simple calculation shows
that I(f, g;h) = [oh(Vf,Vg)du and Dy ={f € Dy | [Vf| < 1a.e.}. Also, the
function u; = —tlog T;1 4 satisfies the following partial differential equation:

(1.5) t @ — Lug) =u, — 5|V

(1.4) lirri(i)nftlog P;(A,B) > —
t

Thus, when we let ¢ | 0, we expect that |Vu0|2 = 2uq or, what we can actually
prove, |Vuo|? < 2ug. This implies that |V/2ug|*> < 1. In other words, since it
seems that uy = 0 on A, we find that

lim /=21 log 7,14 (x) < da (x)

(with an appropriate definition of d4), which is an instance of the result we want.
Sadly, this simple argument will be very much obscured with technicalities in the
main body of this paper.

In [36], L3-methods are used to take limits in (1.5). However, in the absence
of a spectral gap, that argument breaks down because we cannot even prove that
u; € L2. The present work uses a simple idea to overcome such difficulty. Roughly
speaking, what we do is replace u; by u; A M (M > 0) so that being in L? is
no longer an issue. Section 2.1 deals with some basic definitions and properties
regarding the cutoff functions used in the proof.

In Section 2.3, the distance function d4 referred to in the previous heuristic
argument will be shown to exist and satisfy some properties. The following result
will be proven.
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THEOREM 1.2. Let A be a positive measure set. There exists an (a.e.) unique
[0, oo]-valued measurable function d4 such that

e dy AN €Dy forany N > 0;
e dy=0a.e. onA;
e dy is the (a.e.) largest function that satisfies the two previous requirements.

Moreover, if B is another measurable set, then

d(A, B) =essinfd (x).
xXeB

Based on the described heuristic argument, it seems reasonable that we are able
to prove a somewhat stronger result than Theorem 1.1. The best we can do is the
following.

THEOREM 1.3. The sequence of functions u; = —tlogT;14 converges to
di /2 as t ] 0in the following senses:

(1) us - Ly, <o0) converges to di/2- 1{d, <oo) in probability.
(i) If F is a bounded function on [0, oo] that is continuous on [0, 00), then
F(u;) converges to F(di/Z) in L2

The final blow in the proof of this theorem is presented in Section 2.7. However
it is very much based on the work of Sections 2.5 and 2.6.

Section 3 consists of some remarks related to the known results about
asymptotic estimates on finite-dimensional spaces.

Our original motivation about Theorem 1.1 is to study the behavior of canonical
diffusions on infinite-dimensional spaces with differential structure, such as path
or loop spaces on Riemannian manifolds. Since the transition kernels are singular
with respect to the underlying measure in general, the formulation in Theorem 1.1
is quite natural. Moreover, we expect that d(A, B) (or d4) is derived from a
pointwise distance. Such “distance,” however, should not be compatible with the
original topology of the underlying space. In order to look more closely at this
aspect, we briefly review the result on path spaces over compact Lie groups due to
Aida and Zhang [4], leaving some precise definitions in Section 4.

Let G be a connected and simply connected compact Lie group and e its unit
element. Since G can be embedded in some general linear group, we may and will
assume that G is a matrix group. The Lie algebra g = 7, G is identified with the
totality of left-invariant vector fields on G. We fix an Adg-invariant inner product
(-, )¢ and a positive number 7. The based path space &G is given by

PG={geC(0,T]— G)|g(0)=e},
which has a group structure by pointwise multiplication. Define

Pg={heC(0,T]— g) | h(0) =0}
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and its subspace
T .
H= {h € Py ’ h is absolutely continuous and / |h(s)|§ds < oo}.
0

For h € g, we define e PG by e"(t) =e"D 1t €[0,T). Here H is a separable
Hilbert space under the inner product (h1lha) = [y (h1(r), ha(1))q dt, which is
regarded as a tangent space on each point of PG.

Let C be the set of smooth cylindrical functions on PG defined in (4.1). For
feCandhe H,wesetd,f(g) = %f(e“hgﬂs:o. To each f € @, we associate
a unique H -valued function Vf’)f on G such that (Vj)f(g)|h) = dp f(g) for
everyge PGandh e H.

A pre-Dirichlet form

€7 (1. f2) = %/m (VP AV f)du,  fi. freC,

where p is the Brownian motion measure, is known to be closable. Denote its
closure by (87, %), which is a conservative and local Dirichlet form. In order
to describe the intrinsic metric d” (A4, B) and the intrinsic distance function df
associated with (67, #7) in terms of the geometry of the underlying space,
define, for g, g2 € PG,

T 12
(f ]v(t)_lij(t)\ﬁdt) ,
0

d” (g1, 8) = . . .
(81.82) ifv:i=g1g, is absolutely continuous,

00, otherwise.

This is regarded as the energy of the path g1g, . Note that d” (g1,8) =

d” (g, g1)=d” (818, ! ) from Adg-invariance of the inner product of g, where

e is a constant path taking the value e. A subset A of PG is called d” -open if each

g € Ahasaconstant 7 > O such that g’ € A forevery g’ € PG withd” (g’, g) <r.
For a subset A of G, we define

i@ =infd"g.8),  gePG.

Here we set inf @ = oo as usual.

THEOREM 1.4 ([4]; see also [25]). Let A be a Borel set of P G. Then af is

universally measurable and df > af u-a.e. Moreover, df = af n-a.e. if A is
d‘?—()pen and u(A) > 0. In particular, for Borel sets A, B of PG,

d” (A, B) = max { essinfaf(g), essinfai(g)}
g€B geA

if A or B is d” -open.
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Note that A is d”-open if A is open with respect to the uniform topology
on P G. Theorem 1.4 indicates that the intrinsic metric is governed by the energy of
the path, which is not compatible with the original topology. This is not surprising
since the gradient V” is considered only in the directions along H. The assump-
tions of A (or B) in the theorem cannot be removed completely, because d" does
not change when A is replaced by A” which is equal to A, u-a.e., while d’ ‘4, may do.

Unlike finite-dimensional Riemannian manifolds, such identification is not
confirmed straightforwardly in general. For example, when G is replaced by
general Riemannian manifolds, similar claims have not been proven yet. This is
partly because we do not have enough information of the domain of the (canonical)
Dirichlet form, which is related to the fact that we do not have appropriate
mollifiers to smooth the measurable functions. (Path spaces over Lie groups are
exceptional cases; the natural semigroup plays the role of a satisfactory mollifier.)
The situation seems worse for the loop space case.

In Section 4, we identify the intrinsic distance in the case of loop spaces over
compact Lie groups, solving the difficulty mentioned above. Let G be the same as
above. The based loop group LG is a subgroup of G given by

={ge PG |g(T)=e}.
Let
Lg={he Pg|h(T) =0}, Hy=HNJLyg,

where Hp is regarded as a tangent space of LG. When C is considered as a
function space on £G, each f € C has a unique Ho-valued function V£ f on £G
such that (V< £(g)|h) = 9, f(g) for every g € £G and h € Hy. Let v be a Borel
probability measure on LG satisfying conditions (M0), (M1) and (M2) given in
Section 4.1. Two important probabilities on LG, the pinned Brownian motion
measure and the heat kernel measure, satisfy these conditions (Proposition 4.2).
Define a pre-Dirichlet form (6%, €) by

(1.6) eL(fi. f2) = %/m (VEAIVE fa)dv,  fil freC,

and denote its closure by (6%, ). The corresponding intrinsic metric or distance
function will be denoted by d£ (A, B) or df in the same way as in G.

We define by (4.4) the shortest path metric d(-,-) on £G induced by d”.
A subset A of £G is called d*-open if every g € A has a constant » > 0 such that
g € Aforall g’ € LG with d£(g’, g) < r. Open sets in the uniform topology are
d °C—0pen (see Remark 4.9).

For a subset A of LG, we set

af(g)z inf d(g, g, g € LG.
g'eA
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Let us recall that a Suslin space is a metrizable space that is a continuous image
of a certain Polish space, and a subset A of a metrizable space is called a Suslin
set if the subspace A endowed with a relative topology is a Suslin space. All Borel
sets are Suslin sets and all Suslin sets are universally measurable. (See, e.g., [8] for
the proofs.)

Now, our claim is as follows.

THEOREM 1.5. Assume that v satisfies conditions (M0), (M1) and (M2) in
Section 4.1. Let A be a Suslin set of LG. Then af is universally measurable and

df > af, v-a.e. If A is d“C—open in addition, then df = af, v-a.e. In particular,
for Suslin sets A, B of LG,

d€(A, B) = max { essinfaf (9), essinfaﬁ (g)}
geB geA

if A or B is dt-open. In other words, if A is Suslin and d*-open and B is
measurable, then

df(A, B) = essinf[ inf d*(g, g/)].
geB | g'€eA

Theorems 1.1 and 1.5 express that the Varadhan estimates capture the natural
metric on LG as a submanifold of $G. For the proof of Theorem 1.5, much
effort is devoted to prove the Rademacher theorem of the following version
(Theorem 4.18): if a bounded measurable function of f on LG is d"C—LipSChitZ
with Lipschitz constant 1, then f € £ and | VL f|| < 1, v-a.e. Because we do not
have good mollifiers on LG, unlike on G, we follow the idea of Gross [22] to
extend the domain of the function f to # G and reduce the problem to the analysis
on £ G, which is easier to handle. The localization argument needs the quasi-sure
analysis in our proof, so the case when v is a pinned Brownian motion y, is the
most suitable from the viewpoint of our proof. When v is a heat kernel measure,
we utilize the fact that it is absolutely continuous with respect to (., which was
proven by Driver and Srimurthy [14].

2. Proofs of Theorems 1.1-1.3.

2.1. Definitions and cutoffs. For technical reasons, we do not work directly
with u; A M. Instead, consider a concave function g : R, — R, satisfying the
following properties:

e g(x) is bounded and three times continuously differentiable;
e g(x)=xforx <land0 < g'(x) <1 forany x € [0, 00);
e there is a positive constant C such that 0 < —g”(x) < Cg’(x) for all x > 0.
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Notice that these conditions imply that lim, 4~ g(x) = L exists and the conver-
gence is monotone. For example, a smooth function g such that g(0) =0, g’ is
nonincreasing and

if0<x <1,

1
/ _ 9
g = {e—’n if x > 2,

will satisfy the requirements.

Define our main cutoff function at level K by oK(x)=K g(x/K). To simplify
the notation, we do not show the dependence on K explicitly for most of the
present work. That is, we use ¢ for ¢X whenever the value of K is clear from
the context. The following functions will also play a prominent role, so we give
them names. Let

D (x) = /Ox &' (s) ds, W(x) =x¢ (x)%, Ex)=vVox)+ 1.

From the conditions above, we have the following estimates:

0<¢'(x) <1, 0<—¢"(x) < %W(X),
2.1) 0<W(x) §<I><x)§/0x¢’<s)ds=¢<x)§LK,
Ux)=>d(x)=x on [0, K].

All these functions extend continuously on [0, oo]. This is clearly true for ¢, @
and E. Regarding W, notice that

X 2 2
W(x) < l(/ @' (s) ds) = o x) -0 as x — 0o.
x \Jo x

Notice also that
(2.2) oK (x) — @K (@M (x)) < ¥ (00) — X (M),

since the inequality is trivial when 0 < x < M and it is implied by ®X (x) <
&K (00) and K (®M (x)) > &KX (M) when x > M.

As mentioned earlier, instead of working directly with u,(= —tlogT;14), we
are going to study the behavior of the function ¢; = ¢ (u,) as ¢t | 0. The advantage
in considering this function is that, trivially, 0 < ¢; < LK a.e. and therefore the
collection {¢;};~¢ is bounded in L2.

The following result will be needed later.

LEMMA 2.1. The functions F(x) = ®(—tlogx) and G(x) = E(—tlogx) are
convex for x € [0, 1] if t > 0 is sufficiently small.
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PROOF. Compute
t
F'(x) = ——®'(—tlogx),
X

2
t t
F'(x) = ;CD/(—tlogx) + ;CD”(—I log x)

= S0 +200/9")| 1o

Thus, we can choose ¢ small enough to have a positive second derivative because
of (2.1).
The convexity of G is proven in the same way. We have

G”(x>=ﬁ[ (2(¢> +t(4¢¢ﬁ ffl))}_mgx‘

Again, the properties stated in (2.1) imply that the right-hand side is positive if
t >0issmall. O

Finally, for lack of a better place, we include here a little lemma that will be
very useful later on.

LEMMA 2.2. Suppose that F is a concave upper semicontinuous function
defined on R. Then, seen as a map from L* to L?, it defines a weakly
semicontinuous function. That is, if f, — f weakly in L*> and F(f,) € L? for
eachn, then F* < F(f) a.e. for any weak limit F* of F(f;).

PROOF. Notice that f — —(F(f), g)2 is a (strongly) lower semicontinuous
convex map if g > 0. Therefore, Corollary 3.8 in [9] applies and completes the
proof. [

2.2. Properties of 11,4(h). Firstof all, notice that / (-, -; -) is a linear functional
of each argument. The following lemma is a consequence of the representation
given as in Proposition 1.2.3.3 of [7].

LEMMA 2.3. Let f, g, h, hy and hy be in Dy,

(i) Ifhy <hja.e.,thenIy(hy) < I¢(h2),inparticular, Iy(h) > 0ifh > 0a.e.;
(i) Iro(h)? <I7(IR)Ig(A);
(ili) Ifo(h1h2)? < Ip(h})Ig(h3);

(i) VTrre) < VT + VI if h = 0 ae.

PROOF. For f, g, he L>® andt > 0, let
19 () =€ (fh, g) + €V (gh, ) — € (fg.h),
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where €0 (f, g) =171 (f — T, f.8)2- When f =3"7_ oil4,, g =1, Bila,
and h = )" ,yila, with «;, B;, yi € R and disjoint sets A; € B8 with
U?_; Ai =, we have, as in [7], Proposition 1.2.3.3,

1 n
2.3) Iy = 3 @ =B = B)riPi(Ai A)).
ij=1
From this expression and the limiting argument, we have the claims (i)—(iv) with
I being replaced by 1D Since I1q(h) =lim, o I](cf)g(h) when f, g, h € Dy, we
reach the conclusion. []

By this lemma, in order to check whether a function f belongs to Dy, it is
enough to consider only nonnegative functions /# in (1.1). Another important
consequence of Lemma 2.3 is that Iy(h) < 2CE&(f, f) if h < C ae. Also,
(f, &n =1yg4(h) is a pre-inner product when 4 > 0 a.e. Moreover, we have, when
|h| < C ae.,

14 (W)] <2C\JE(f. )\[E(8. 9).

In particular, we can extend /(-,-; h) continuously on D x D and (f, ), is a
bounded linear functional in D. Hence, we have the following result.

LEMMA 2.4. Let {f,} be a sequence of functions in D. Then:
1) If fu — f weakly in D, then
hrrerng)lflf,l (h)y = 17(h)

for any nonnegative h € Dy,
@Gi) If fn — f strongly in D, then

Iim I+ (h)=1¢(h
nlgofn() r(h)

for any h € Dy,.

LEMMA 2.5. Suppose that f(t,x) = f;(x) is a bounded jointly measurable
function for (t,x) € (0, T] x Q. Also suppose that f; € D for eacht € (0, T] and
that

'/()Tg(f,,f,)dt<oo.

If we denote

_ 1 T
=— dt,
Jr T/o Ji
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then fr € D and the following is true for any nonnegative h € Dy:

1 T
2.4) I];T(h) < ?/0 Iy, (h)dt.

PROOF. The hypotheses imply that, by Theorem 3.6.20 in [15], fr is in D, the
domain of the closed linear operator /—JL. Now let g and % be in Dy with 7 >0
a.e. Then

0< 1 g(h)=1I5,(h) =21 o(h) + Ig(h).

We can integrate over (0, 7'] and, by the same theorem in [15], obtain

1 (T
21, () = Io(h) < = /0 1, (h) d.
Letting ¢ = f7, we obtain (2.4). [

Next, we write / in a convenient form by using Theorem 1.5.2.1 from [7].
The way this representation characterizes locality is crucial for the proof of
Theorem 1.1 to be presented below.

LEMMA 2.6. Let f, g, h be functions in D. There exists a (signed) Radon
measure o on R3 such that, for all C'-functions with compact support F and G
onR and H on R3,

IrpGw(H(f.8.0) = [ F'0G0H. v 2)do (x,y.2)

PROOF. Theorem 1.5.2.1 in [7] provides us with a family of signed Radon
measures {o*,]} _; on R3 such that oj,j =0;j,; forall i, j, Zl =1 PiPjOi,j is

positive for all (,01, 02, 03) € R3, and, for any C !_functions Fj, F» on R3 with
compact supports,

0 an
3 0Xx; axJ

0j,j-

E(F1(f. g h), Fa(f. g, h)) = Z /R

Then a simple calculation shows that
Irpow(H(fog0) =2 [ FOGOHE . do16 2. ¢

Hereafter, f, g and & will be assumed to be in D). From Lemma 2.6, we obtain
that, for C?-functions F and G on R,

(2.5) Ir(f),G)(h) = 11,4 (F'(f)G'(9)h),
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by modifying F, G and identity functions appropriately to have compact sup-
ports. The identities 28 (h, F(f)) = In,r(r)(1) = Irn(F'(f)) and 15 (F"(f)h) =
Ir:(r), r(h), and another simple computation also give us the fundamental identity

2.6)  &(h, F(f))=E(F'(Hh, f)— 11, (F"(Hh), F e C3(R).

From (2.5) and (2.6), we obtain that, for f € D, uniformly bounded away from
zero,

Q.7 &, logf)= 8(% f) + %g(%) = 8(% f) +% log £ (),

since log can be thought of as a smooth function when evaluated in arguments that
are bounded away from zero. We also have, for the cutoffs of the last section,

g(h, d(f)) = &(he'(f), f) — L1 (' ()" (1))
=&(he' ()2 f) — Ipcpr.er ) (h).

The following lemma is crucial for the next section.

(2.8)

LEMMA 2.7. The set Dy is convex. If a sequence { f,,} in Dy converges weakly
to feDyinD, then f € Dg. Moreover, Dy, defined in (1.1), is closed under the
operations N and V.

PROOF. The first two assertions follow from Lemmas 2.5 and 2.4. For the
proof of the last one, let

Df = { f €Dy, | there exists some & > 0 such that 17 (h) < «|/h||;1 for all h € D).

Since I, is dense in L', each f € Dg associates a unique element I'(f) in L™
such that

If(h):/QhF(f)d,u, heD.

Note that f € Dy if and only if ||[['(f)|z < 1. First, we will prove that ]D)g is a
vector lattice. Since Dg is a vector space by Lemma 2.3(iv), we need only to prove
that f € Dg implies |f| € Dg. Take a sequence of C'-functions {F,} on R such
that |F,| < 1 everywhere and F,(f) converges to | f| weakly in DD. The lemmas
above imply that each F,(f), hence | f|, belongs to ]D)g.

The map I' :]D)g X ]D)g — L! can be defined by polarization; namely, I'(f, g) =
(C'(f+g)—T(f —g))/4. This is symmetric and bilinear and, from Lemma 2.3(i),
satisfies the positivity: I'(f, f) = (f) > 0 a.e. if f > 0 a.e. Then, by a standard
argument, the Schwarz inequality

T(f,g) <T(H*T("* ae.,f geDf
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holds, and therefore, when f, g € D#,

(2.9) D) -T@I<T(f -’ T(f+"* ae.

As is proven in the same way in [7], Theorem 1.7.1.1, if f € Dg satisfies f =0
on Qo a.e. for some measurable set Qg of 2, then I'(f) =0 on Qp ae. In
particular, by combining (2.9), we obtain that I'(f1) = ['(f2) on Qo a.e. when
f1 = foonQqa.e. for fi, f» € Dg.

Now let f and g belong to Dy. Set 20 = {f < g}. Then f A g € ]D% and
C(fAg)=T(f) 1g,+T(g) -1a\q,ae.,since fAg=fonQpand fAg=g
on 2\ Q. Therefore, [T'(f A2z < IT(f)llLe VT ()]l <1, which means
that f A g € Dp. The same argument applies to f v g. [

2.3. On the intrinsic distance. This section contains the proof of Theorem 1.2.
We define a distance function to a measurable set in the same spirit as was done in
[25] and [36] (a separability condition was required in [36], which is not needed).

Given any measurable set A and positive number N > 0, consider the set

VN ={feDy|f=0onAand0< f <Nael}.
The quantity

M=sup{llfl,|feVy)

is clearly bounded by N. Take a sequence of functions f;, € VZ‘V such that
| full1 — M. Since f, € Dp and f;, is bounded, this sequence is bounded in D.
Therefore, it has a weakly convergent subsequence. Call d]X its limit and notice
that d} € Dy by Lemma 2.7 and [|d2 || .1 = (@2, 1);2 = limy— 0o (fn, 1) 2 = M.

We now check that dg is the (a.e.) largest element of Vliv . Suppose there was a
gE V}x\' with {g > df;’ } having positive measure. Then g\/dg € Vliv by Lemma 2.7
and

lg v x> il =M,

which creates a contradiction.

By noting that dY = d]X/ AN for N < N’, dg = limysoe dg is well defined
as a measurable function. The first three assertions of Theorem 1.2 are easy
consequences of all this. For the last assertion, just notice that it is enough to
consider in (1.2) only functions f in Dy such that f =0 on A and f >0 a.e.

2.4. Proof of the upper bound. The upper bound is proven in the standard way,
namely, Gaffney’s method [21]. We just have to hide the fact that we no longer have
a “gradient.” The actual statement is stronger because it gives a bound on P; (A, B)
for each ¢ > 0.
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THEOREM 2.8. With the definitions given in the Introduction, the following
bound holds:

P(A, B) < Ju(Apu(Bye 9482 4o ¢

PROOF. Letv; =T;14 and w € Dy. Fix « € R and consider
10 = [ @ urdu.
Differentiating and using the relation (2.5) and Lemma 2.3(iii), we get
f/(t) = —28(**" v, vy)
= —1,, (%) — 2al,, , (v,e**™)
< a?I,(v7e™™™) <a f(1).
Solving this differential inequality, we have
(2.10) F@) < f@e*.
Suppose that d(A, B) < co. By setting w =d4 A d(A, B), (2.10) implies that
e*“TiLall;2 < V(A e 12,
A similar calculation by letting v; = T;1p gives that
le™* T, 15] 2 < vu(B)e a9 Byrait/2,
Finally, use the Schwarz inequality to show that
Pi(A, B) < ™" TyyalLall 2lle ™" T; o1 gl 2 < Vi (A)p(B) @0 Brtect/2
and optimize in « to obtain

P.(A, B) < u(A)u(B) e 9AB?/2t,

This gives the result in the case of finite distance. If d(A, B) = oo, then the above
procedure can be slightly modified to give P;(A, B) = 0 for all # > 0. For this, use
w =ds A M to obtain

Pi(A, B) < V(A)u(Bye M/,
Let M 4 oo to conclude. [

Notice that, if we denote u; = —tlog Ty 14, ®; = ®(u;) and E; = E(u,), then
the families {®;};~0 and {E;};~¢ are bounded and therefore weakly relatively
compact in L2, We will need the following lemma when proving the lower bound
estimate in Theorem 1.2 and the strong convergence stated in Theorem 1.3.
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LEMMA 2.9. It holds that
do(x) > D(da(x)?/2)  ae.
for any L? weak limit ®¢ of {®;}1>0. Moreover,
Eo(x) > E(da(x)?/2)  ae.

is true for any weak limit point Eq of {E;}i>0.

PROOF. Let C be a measurable set with ;£ (C) > 0 Then, when limits are taken
along the appropriate subsequence {#;} | 0,

d(A, C)?
q><¥) < CD(liminf—tk log Py, (A, C))
2 k1 oo

1
= ®( liminf —# lo (—/T 1ad ))
(km OB ) Je A

1
:1iminf<I><—t lo (—f T, 1.d ))
K100 kgM(C)CIkA,Uv

< liminf / O(—1,log T, 14)d
liminf ! b, d ! /@ d
=1umminlf —— - ——— .

koo w(C) Jo T ey Je O

Here Lemma 2.1 was used in the fourth line. Given & > 0, suppose that D, =
{®g < CD(di/Z) — ¢} has positive measure. Then C, = {x € D, | CD(di(x)/Z) <
®(d(A, D)?/2) + £/2} also has positive measure. Hence, we can write

1 d? d(A, C,)? P
oA )du <o —— )+ =
w(Ce) Je, (2) = ( 2 )*2

o)
< Podu + <
n(Ce) Je, 2

2
< 1 o <d—A> du— i,
u(Ce) Je, \ 2 2
which is a contradiction. Since ¢ > 0 is arbitrary, we obtain the first conclusion of

the lemma.
The second statement is proven by the same procedure. [J

2.5. First step in the proof of the lower bound. We start by proving Lem-
ma 2.10. It gives us an equation satisfied by u; = —¢log T;1 4 (or functions of it)
that is our main workhorse for the rest of the section. For a given Borel-measurable
function ¥ on [0, oo], we write v, instead of ¥ (u;).
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LEMMA 2.10. Suppose f € L? with values in [e,1] a.e. for some & > 0.
Let u;(x) = —tlogT; f(x) and ¢, ® and ¥V as in Section 2.1. Let p;(x) €
Hl([to,tl]; L2) N Lz([to,tl];ID);,) with 0 < ty < t;. Then the function t —
(P, p1) ;2 is absolutely continuous and satisfies

01 (D, pr)p2 = (P, azﬂz)LZ — &(Ds, pr) — 1(¢y, ¢;, Pr)
2.11) 1 1
+ ?[(‘I’z, P2 — 51(¢t; pz)]

for almost every t € [tg, t1].

PROOF. Since log can be modified on [0, ¢) and (1, c0) to make it a smooth
function of compact support, we can apply the formulas from the previous section.
By (2.7), we have

e 1
(o1, Ous) 2 = —f<th, 3thf)L2 + ;(,Oz, U2

—z&(ﬁ Tf)+1( U)o
= th’t tpl’tL

1 1
= —&(pr,ur) — =1Ly, (pr) + —(pr ur)p2.
2t t
Using this and the definitions for ¢, ® and W, we can compute
(pu 3z(b(14t))L2 = (pz((f)z/)z’ azuz)Lz
17 1
= —8(p @) + 1| =3 L0 @) + (or ¥ |
By recalling (2.8), this is equal to

1 1
—&(pr, ®r) — I¢,,¢;(,0t) — 2_tl¢’ (pr) + ;(Pt, W)re.
Therefore, (2.11) follows. [
For a function f : [0, 00) x Q — R, we define its time average f by

_ 1 rt
fz<x>=;/0 fi(x) ds.

THEOREM 2.11. The families {é;}oqq and {®;}o<;<7 are uniformly bound-
ed in D for v small enough.

PROOF. Call
ub = —tlog((1 — 8T 4 +36),
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where § € (0, 1). We will use the notation W;B for W(uf), where i is any Borel-
measurable function on [0, o0). Taking p; = 1 in Lemma 2.10, we have, for
O<e<T,

- / "e), ahar
' :—[/Qza,cbfdudz—2/::8(((;)’)?,(;)5)51:+f:f9\yfdudz.

The last term on the right-hand side of (2.12) is bounded by LK T. On the first
term, we integrate by parts in the ¢ variable. This gives

T 1) 1) T r 8
/ /Qtatd>(ul)dudt:t||d>, Ipi| —/ 1081 dt
& &

T
=TI}l — el @l — [ 1901, de
&€
and a bound of LK T on this term.
Finally, for the second term in (2.12), we first notice that

/ 1 i / C / C
(97, 47)| = ]51u¢(<¢ @] = T L (@D = €@, 9,

because of (2.1) and Lemma 2.3. Now we can write

T / Cc (T
| r&(@)?qﬁf)dr\s?/ (€@, D) di

&

(2.13) ,
CcT
< 7/5 &(¢?. o7 .

Putting things together, we obtain

T s s 2CT (T 5 5
/8(¢,,¢;)dt§2LKT+7/ (@, od) dt
£ £

or, rearranging terms and letting ¢ | 0,

(2.14) 1 /T €@, ¢d)dt < _2LK
T Jo 1-2CT/K
if T < K/(2C). By Lemma 2.5,
(2.15) E(%, 94) < _ LK
1-2CT/K

Letting § | 0, we obtain that ¢r €D and E(¢r, d7) has the same bound. This
finishes the proo_f for {¢;}o<r<z-
The case of {®;}g«;< is easily deduced from here. For this, notice that

E(D), ®Y) = 51, (¢’ W) < 31, (¢'(u))*) = €@} ¢))
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(use Lemma 2.3) or, after averaging in time and using convexity,

(2.16) &(P%, @) < l/Tg(cb‘*, %) dt < i/Tg@B,d)f)d; K
~TJo ~TJo ! ~1-2CT/K

The last inequality above is just (2.14). Taking limits as § | 0, we obtain that
&(d,, d;)isboundedint. O

At this point, we take a suitable sequence {#;} for which it holds that:

° q_b,k — q_&o and \%l,k — \{lo weakly in L?,
o ¢y — ¢o and &; — Py weakly in D,

for some functions ¢g, Wy € L? and ¢, D¢ € Dp.
Let p € D}, be a function that is nonnegative. Use (2.11) with this p independent
of time and integration by parts to get

| T
L[ 1y

T
2.17) =—t<p,<1>f>Ler+/ (0, %) > d
£

T T T
—/ z&(p,cbf)dz—/ tl¢;s’(¢,);s(p)dt+/ (0. ¥)) 2 dt.
& & &

We want to make estimates on the “gradient squared,” that is, on / (¢;; p). We start
with the fourth term on the right-hand side. As in (2.13), we have

T CcT rT
/g t1(¢f,(¢’)f;p)dt‘57/8 Is(p)dt.

We rearrange the terms in (2.17), let ¢ | 0, divide by T and use Lemma 2.5 to

obtain
(1 2CT) ll(q_b‘s' )
K 2 TvIO

(2.18)

_ _ 1 pT
<—(p. ®P) 2+ (p, @) 2+ (0, ¥h) 2 — ;/0 t&(p, PY) dt

if T < K/(2C). Here we used (2.16) to assure the convergence in the last term on
the right-hand side.

At this point, we take limits as § | 0. Each of the functions ¢°, ®°, ¥ and
! is uniformly bounded and converges pointwise. On the other hand, ®? — @,
weakly in L?((0,T];: D) and q_bf — ¢ weakly in D by (2.15) and (2.16). Lower
semicontinuity of the energy term on the left-hand side is enough to get
2C T) 1

== )5 15,0
(2.19) ( K )2?

_ _ 1 T
<—(p, ®r)2+ (0, Br) 12 + (0, V)2 — ;/0 1€(p, @) dr.



1272 M. HINO AND J. A. RAMIREZ

The first three terms on the right-hand side are fine for our purposes. In the last

term, we use integration by parts to obtain
T 1 T rt
——/ / E(p, Dy)dsdt
o TJo Jo

_ 1 rT _
—TE(p, &r) — ;/ t6(p, ®y)dt — 0
0

—1 1Y d = —1 t PO d
T / ( ’ l‘) T / ( ’ S)

as T | 0. Hence, we have an inequality of the form, by taking limits along {#}
in (2.19) and using Lemma 2.4,

(2.20) L5, (0) < —(p. ®0) 2 + (0, B0) 12 + (0. To) 2,

which is going to be our main tool in the following argument. In our first
approximation, we drop the first term to obtain

315,(0) < (p, o) 2 + (p, Wo) 12 < 2(p, o) 2.

Then, for each & > 0,

1 h - h
= 3a(pe) = (P ) = e

for any nonnegative i € ID;,. This means /¢ + ¢ € Dy. Letting & | 0, we obtain

\/% € Dy. Therefore, we will know that ¢y < di a.e. as long as we have that
¢o =0 on A. But this is easy (see, e.g., Lemma 3.7 in [36]).

Notice that the estimate is not sharp; we want ¢y < di /2. In order to improve
it, we iterate the inequality that we have in order to obtain a sharp estimate.

LEMMA 2.12. If the inequality

da(x)?

o (x)<c

holds true a.e. for some ¢ > 1 for every K and every weak limit in L?, then the
inequality

F ) = (z _ %) dA<2x>2

also holds true almost everywhere.

PROOF. Let us make explicit the dependence of @ on the cutoff K for the
following argument. Given K, we can choose M < oo such that ®X (M) >
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sup, WX (x). Then ®X (qth) > \IftK holds a.e. We use the convexity of ® (—log(-))
(Lemma 2.1) to see that, for any nonnegative p € D, that is not identically O,

(®F.p)pz = [ @F (~1lop(TiLa)pdn

znanwa(—zlog( <E1A,p>Lz)).

ol

Let S, = {p > 0}. We can estimate the limit of the expression on the right-hand
side because we have the upper bound available. We do it as follows:
_ . d(A, S)?
hrtri%)nf—t log (T:1 4, p)g2 > hrtri%)nf—t log P;(A, S,) > —s

‘We conclude that, in the limit,

d(A, Sp>2> . ol

5 essinf K (q_ﬁéw).

(q)(l)(,P)LzZ”P”qu)K( - S
0

Since ®X is concave,
K/ M k(1 (" . m Ltk K
P (¢, )= <;/0 @, ds) > ;/0 Ve ds =\, a.e.

Therefore, we get that (CD(I){,,O)Lz > c_1||,0||L1 essinfyeg, \il(';(. Combining this
relation with (2.20), we obtain

1 ol
5 ¢é((p)§_ c

essgnf\ilé((x) + (p, (iD(If)Lz + (p, \if(l;()Lz.
xeS,
A minimal adaptation of Lemma 3.9 from [36] now implies that

1 - - 1 -

The result follows from here. [

After iterating this procedure, we conclude that ¢y < d% /2 a.e. and, therefore,
that ®( < di/Z a.e.

On the other hand, we have a partial converse.

LEMMA 2.13. It holds that &y > <I>(d124/2) a.e. for every weak limit .

PROOF. By Lemma 2.9, for every nonnegative p € L2,

5 .
(@(714), p)L2 < liminf(@;, o)
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Then

2
This means that CD(di/Z) <dpae. O

d2
(CID(—A>, ,0) < 11m1nf / (®s, p)2ds < hmlnf(CD,k, p) 2= (Po, p) 2.
L2

Hence, g = d? 4/2 on {d /2 < K} a.e. 1ndependent of the choice of subse-
quences. Namely, @, - 1p, converges weakly to d? 4/2-1p, in L?ast | 0, where

Dk = {di /2 < K}. Moreover, the following lemma tells us that this extends to the
whole space.

_ LEMMA 2.14.  The function ®, has a unique weak L>-limit g as t | 0 and
P = P (d5/2).

PROOF. As in the proof of Lemma 2.12, we will use the notation ®X to make
explicit the dependence of ®. Initially, we only have that ®™ - 1, converges
weakly, and its limit satisfies CTD(I)” = di /2 on Dy for any M > 0. But notice that,
by using this, inequality (2.2) and the concavity of ®X, it is true that

LT
=?/0 K (u,) dt

1 T
< ?/0 oK (DM (up)) dt + (DX (c00) — @K (M)
(2.21)

1 T
< @K(? / <I>M<ul>dz) +Axm
0

= oK (d)) + Ak m,
where
Ay =DK(0)—dXM) =0  as M 1 0.
We can now take limits in (2.21) as T | O along any subsequence. Using
Lemma 2.2 (since ®X is concave), we deduce that CI>§ < @K (d% /2) + Ak m
on Dy, for any limit point (i){)(. But now M can be taken arbitrarily large, so we get
that CTD(I)( < ok (d2 /2) a.e. for any limit function. This, together with Lemma 2.13,

proves that ®X (d /2) is the limit of any converging subsequence and hence also
the limit of CDK ast | 0. O

2.6. Final step in the proof of the lower bound. At this point, we have proven
Lemma 2.14 which has a similar statement to that of Theorem 1.3 but just for
F = @ and only after averaging in time. We turn to the same Tauberian theorem
as in [36] (Lemma 3.11) in order to get rid of the averages. The main step is given
by the following.
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LEMMA 2.15. Lett > 0. Then, fort <,

im(Te—rLp, @012 = (Tels, ®o)p2 = (Telp, @(d5/2)),2.

PrRoOOF. If f(t) = (Tr—1p, P;)2, in order to apply Lemma 3.11 from [36],
we have to check two conditions, namely:

() f() = (Tr1p, D)2 ast | 0;
(1) f(@) — f(s) <M(t —s)/s for some constant M > 0.

For (i), write

1 (T -
[ rwdn - s b,
LK (T
<
- T
and notice that the two terms on the right-hand side converge to 0.
Regarding (ii), we start by using Lemma 2.10 to obtain, for § > 0,

|Tr—i1p — Tr1pll 2 dt + (Trlp, @7 — Po) 2

(T;_,1p, CD;S)Lzyg =/ {_I(¢fv (¢/)§’ Tr—rﬂB)

1 1
[ Tt WD = 510 T 1 |

Estimating in a similar way as was done in the previous subsection, we get
(Teer i, O paly < [ 1@ Teotp) + =5 = S TG Te ) dr
s K r 2r
LK LK
5/ —dr<—(—y)
s F N

for t < K/(2C). Since the bound is uniform in § > 0, we obtain

. LK
F@) = f(s) = (Tr—r1p, ;) 2|, < T(t — )

after taking limits as 6 | 0. [J
The previous result is easily seen to imply that, for every measurable set B,

d2
2.22 li d)dz/d)(—A)d.
(2.22) zlfl()l/BlM . 5 )dm

We see this by first writing

/B d;dpu = (P, T )2+ (P, 1 — T:_1p);2
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and then noticing that the modulus of the second term on the right-hand side is
dominated by LK ||1p — Tr—;13]|;2, which tends to O when one takes limits as
t | 0O first and then as t | 0. In particular,

(2.23) ®, —~ &(d3/2)  weaklyin L2 ast | 0,

since any weak limit of {®,} should coincide with (I)(d /2) by (2.22).

Finally, we can give a proof of formula (1.4). We may assume that d(A, B) < oo.
Lete > 0and C, = BN{dg <d(A, B)+¢}. From Lemma 2.1, Jensen’s inequality
and (2.22),

limsup ®(—tlog P;(A, B))

t0

<limsup ®(—zlog P;(A, C;))
t0

= limsu CI><—t10 / T]lAdu)
o - Suco e

< limsup / O(—tlogTila)du
110 M(Cs)

= lim sup Ordu

o n(Ce) Je,

1 d?
it (5o
w(Ce) Jc. 2

1 d% (d(A, B) +¢)?
TR A a—

Since ¢ is arbitrary and ®X (x) 1 x as K — oo for each x > 0, we have found that
. d(A, B)?
limsup —tlog P;(A, B) < ————.

tl0 2

2.7. Proof of strong convergence. First, we note the following fact.
LEMMA 2.16. Foreveryt >0, {T;14 =0} = {d4 = 00} a.e.

PROOF. By Theorem 2.8, it holds that {T;14 = 0} D {d4 = oo} a.e. On
the other hand, from the argument originally due to Simon [41], {T;14 = 0} C
{T;14 =0} if s < t. Indeed, it holds for any measurable set B that

P(A,B)= (14, T,—sTs1p) ;2 > (14 - Tylp, Ti—s(1a - Ts1p)) ;2
= Ta—s)2(@a - TAp)72 > | T—s)2(La - Ts1p) |13,
= P;(A, B)>.
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Therefore, we have {T;14 =0} C {d4 = oo} a.e. by Theorem 1.1. [

Now we prove Theorem 1.3. We start by recalling that &, = /®; + 1 is a
bounded sequence in L2, so it is weakly relatively compact. Now x — +/x + 1
is a concave function so we apply Lemma 2.2 and (2.23) to deduce that

d? d?
o < CI><7A>+1=E(7A> a.e.
for any weak limit Eg of {&;}. On the other hand, Lemma 2.9 states that E¢ >
E(d%4 /2) a.e. Therefore, B, —~ E(d%4 /2) weakly in L?. But, since we already had

that &, — ®(d3/2) weakly,
12, = (@ + 1, )2 = (0(d3/2) + 1, 1) = | B/, ast 0.

This implies that E; converges strongly. Therefore, when F = E the second
assertion of Theorem 1.3 follows from here. Because of Lemma 2.16, we can
restrict ourselves to {d4 < oo}. Then the convergence in probability of u; will
follow from the strong convergence of &, since the function E is one to one and
has a continuous inverse. This same fact implies that any other function of u; can
be expressed as the composition of a continuous function and E; on {d4 < oo}.
The complete statement of the theorem easily follows from all this.

3. Remarks on some examples of finite dimensional spaces.

3.1. Diffusions with degenerated coefficients. Consider, on R, a Dirichlet
form given by

§(f.9)=1 [ ,(Vs.aVg)dp,

where the matrix function a : RY — R¢ ® R¥ is nonnegative definite, but might
have degeneracies. Notice that by requiring & to be a Dirichlet form, that is,
a closed form, we put restrictions on the degeneracies of a. For a complete
characterization of allowed a’s in one dimension and some partial results in d > 1,
see [20], Theorem 3.1.6.

Under the additional condition of uniform strong ellipticity, it was proven by
Davies [10] and Norris and Stroock [34] that Varadhan’s formula holds, that is,

(3.1) 113012: log pi (x, y) = —d (x, y)?,
t

where p;(x,y) is the heat kernel associated with the Dirichlet form. This easily
implies our result Theorem 1.1 in this particular case as long as the sets are
good enough. Hence, our work generalizes the formula to the degenerate case.
Of course, it will be most interesting to prove Varadhan’s formula (3.1) in this
degenerate case and not just an integrated version of it. This problem has also been
studied in the case of elliptic operators in Hérmander’s sum of squares form ([33]
contains references on this).
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3.2. Diffusions on fractals. At a first glance, Theorem 1.1 suggests that
the (rough) Gaussian estimate is universal for symmetric diffusions. It seems
contradictory to the fact that many diffusions on fractal sets have different
asymptotics from the Gaussian type. It is not, of course. Let us consider the
Brownian motion on the Sierpinski gasket as an example. The associated Dirichlet
form (&,D) with the underlying Hausdorff measure p lies in the setting of
Theorem 1.1. It is known that for all functions in the domain of the associated
Dirichlet form except constant functions, their energy measures are singular with
respect to u (see [29]). Therefore, in this case, Dy consists of only constant
functions. Then d(A, B) = 0 for every A and B with positive measure. On the
other hand, the following detailed estimate of the transition density p; is known:

— du 1/(dw—1)
x
c1t—ds/Zexp<—cZ<|+|) )
_ yidw 1/(dw—1)
x
< pi(x,y) Scat™ 2 exp(_m(%) )

Here d; = 2log3/log5 (spectral dimension), d,, = log5/log?2 (walk dimension)
and ¢; (i =1,2,3,4) is a constant independent of ¢, x and y. Since d,, > 2,
1/(dy — 1) < 1 and there is no inconsistency; Theorem 1.1 treats just a degenerate
asymptotics.

Let us now consider this situation from the reverse side. Suppose that (&, D)
is irreducible. Then, noticing the fact that d(A, B) < oo if A and B have positive
measures, we conclude that d,, has to be greater than or equal to 2 if the transition
density satisfies an (upper side) estimate in (3.2). The restriction of d,, of this type
has been discussed in various frameworks (e.g., [6], [25] and [28]).

(3.2)

4. Identification of the intrinsic metric on loop groups.

4.1. Definitions. In this section, we give some auxiliary definitions in addition
to what was stated about path and loop groups in the Introduction. We keep the
notation introduced there.

We equip G and LG with distance p(g1, 82) = SUpg<,<1 PG (81(t), g82(2)).
where pg is a left-invariant distance on G. Then they become separable and
complete metric spaces. For a subset U of G, we introduce a subset Py G of PG
by

PuG=1{gePG|g(T)eU)}.

Both #g and Lg are separable Banach spaces under the supremum norm. We
denote the norm of H by ||k = (h |h)'/2. The following elementary fact is proven
simply by the Schwarz inequality.
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LEMMA 4.1. Foreachh € H,
sup |h(s)|y < VT |h].

0<s<T

The space C (resp. ¥ C{°) of smooth cylindrical functions on G (resp. $£g)
is defined by

C={f@=F(gt),....g(t) IneN,0<1y <--- <1, <T,
“.1) F e C®(GM)},
FCX ={fw)=Fliw),....I,(w)) [neN, [; e (Pg)*, FeCRM},

where (£ g)* represents the topological dual space of #g and C;°(R") denotes the
totality of bounded C°°-functions on R”, the derivatives of which are all bounded.

We will define the Brownian motion measure p on #?G. Consider the following
SDE of Fisk—Stratonovich type:

du(t) =u(t) odw(t), u0) =e,

where {w(?)} is a g-valued Brownian motion starting at 0. This SDE has a strong
solution; namely, there exists an Itd map I : g — PG such that I (w) = u. The
Brownian motion measure p is the induced measure of the Wiener measure A
on PgbyI.

We will write ||gllpg = d” (g, e) for g € PG. We introduce a subset ¥ PG
of PG by

FPG={gePGCG|ligllrc < oo}

Forge PG and h € H, we define h + g € PG by (h+ g)(t) = v(t)g(t), where
v € F PG is a unique solution to

4.2) v(®) o) = (Adg())h(),  v(0)=e.

Conversely, given g € G and v € F PG, there is a unique & € H such that
(4.2) holds and ||v||»G = ||h]| from the Adg-invariance of the inner product of g.
Namely, d‘?(gl, g2) = ||h|| if h + g2 = g1. From Theorem 2.4 in [23], we also have
O+g=gand(hi+hy)+g=h1+ (ho+g) for hy,hr, € H, g € P G. Therefore,
by considering the map Ip: H > h+— h+e € F PG, we see that F P G is a metric
space under d” and it is homeomorphic to H.

A function f on (a subset of) G is called d a -Lipschitz if there exists
a constant C such that | f(g1) — f(g2)| < Cd” (g1, g») for all g; and g». The
best constant C is called the 47 -Lipschitz constant of f.

We will define a distance-like function on JLG. First, for a continuous curve y
on LG, namely, for y € C([0, 1] - LG), we define the “d‘?—length” L(y) of y
by

43) y)= sup > d” (v (si—1). y (s)) €10, 00].

A={0=sg<s1<---<sp=1}:
finite partition of [0, 1]
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Then we set, for g1, g2 € LG,
(4.4) df (g1, g) = inf 2(y) € [0, 0o].

y € C([0,1] > £G)
O =g, y(H)=¢

Note that d£ (g1, g2) = d* (g2, g1) =d%(g185 ', €). We write |lgllcc = d* (g, e)
forge LG andset F LG ={g € LG | ||gllec < oo}. Clearly, F LG C FPGN
LG and (F LG, d*) is a metric space. We define the notions of d*-Lipschitz
functions and d-Lipschitz constants in the natural way.

A Borel probability measure v on LG is assumed to satisfy the following:

(MO0) The pre-Dirichlet form (& £ @) defined in (1.6) is well defined and closable
on L2(LG,v).

Denote its closure by (&€, F£). The operator V¥ extends continuously to F <.
By a simple calculation, we have I7(h) = [, RIVELFlI2dv for f, he FLN
L (v) =Dy, and Dy, which is defined in Section 1, is expressed as

Do={f €Dy | [VEf] <1v-ael}.

We also extend V¥ continuously to £ 7 for later use.
For h € Hy, the shift operator 6}, on £G will be defined by 6, (g) = e”g.
We further introduce the following conditions:

(M1) (Quasi-invariance of v.) There is a dense subspace Hj of Hy and a constant
8o > 0 such that, for every & € Hé with ||| < &g, the induced measure of
v by 6, is absolutely continuous with respect to v (i.e., v o6, '« v) and it
holds that

4.5) /01

(M2) The measure v is absolutely continuous with respect to ., and the Radon—
Nikodym derivative dv/d . belongs to -1 LP(i). Here w is the pinned
Brownian motion measure, which is a conditional probability measure of u
given by g(T) =e.

dvo Qs_hl

e ds < 00.

L2(v)

In order to avoid the problem of measurability, we mean by (4.5) the follow-
ing: there exists a Lebesgue integrable function ¥ on [0, 1] such that ||dv o
0.5 /dvli 120, < W (s) for every s € [0, 1]. Note that, under (M1), v o6, ' < v
for every h € Hy. This is proven by showing inductively that v o 06} i K
Vo b j_1ymy forj=1,...,N, N = 8&/||h].

The typical examples of v are given as follows.

PROPOSITION 4.2. The following measures on LG satisfy (MO0), (M1) and
(M2).
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(i) The pinned Brownian motion measure [Le.

(i) The heat kernel measure [ineys With parameter 1. That is, T = 1 and [ineat
is the law at time 1 of the Brownian motion on LG starting at e. (See [13] for a
more precise definition.)

4.2. Preliminaries for the proofs of Theorem 1.5 and Proposition 4.2. 'We split
Theorem 1.5 into the following three claims. In the following, we always assume
that v satisfies (MO0), (M1) and (M2), and A is a Suslin set of LG.

. L . .
PROPOSITION 4.3.  The function d} is universally measurable.
£ _ 3L . . L
PROPOSITION 4.4. dy <dj, v-a.eif A is also d*-open.

- r
PROPOSITION 4.5. d% >dy, v-a.e.

We need some preparation for the proof of the propositions above. Let us first
briefly review the quasi-sure analysis. (See, e.g., [27] and [32] for references.) Let
L be the Ornstein—Uhlenbeck operator on #g. For p > 1 and r € Z, the Sobolev
space D"P(Pg) on Pg is a range of the operator (1 — L)™"/? on L?(Pg, 1) with
norm

1 lrp = 1= D2 £ [ 1y
The associated capacity Capf 5 1s defined by

Capf?;j(O) =inf{| fll,, | f €D"P(Pg), f>0xr-ae.and f >1o0n O r-a.e.}
for open sets O in g, and
Cap/ $(A) =inf {Cap/$(0) | O : open, O D A}

for general sets A.

A function f on Pg is called (r, p)-quasicontinuous if there exists a sequence
of closed sets {A;}72 | of Pg such that Capff,‘ (Pg\ Ag) convergesto 0 as k — oo
and f is continuous on each Ai. A function f is called co-quasicontinuous if f
is (r, p)-quasicontinuous for all p > 1 and r € Z. We say that a certain assertion
holds co-quasi everywhere (oco-qg.e. for short) if it holds except a set of zero
(r, p)-capacity forevery p > l and r € Z. Let D°®°(Pg) = ﬂp>1’r62+ D"-P(Pyg).
Each function f in D°°(£Lg) has an oco-quasicontinuous modification, denoted
by f from now on. It is unique in the sense that if f1 and f> are both
oo-quasicontinuous modifications, then fi = f», co-q.e. When { f,} converges to
fin D> (Pg), we can take a subsequence { f,;, } such that its co-quasicontinuous
modification { fnk} converges to f, 0o-q..

The Itd map I induces a measure-theoretical isometry between (&g, A) and
(PG, ). Accordingly, it induces Sobolev spaces D"”(£G) on PG. Then,
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capacities Capf 1? and quasi notions associated with them are also defined on
PG in the same way as in #Pg, and the same properties hold. Indeed, due
to Shigekawa [40], I has an oo-quasicontinuous modification (which will be
fixed hereafter) inducing a quasihomeomorphism between (J’g,Cap‘f ») and
(JPG,Capr?), and C is dense in D"? (£ G) for every p > 1 and r € Z. (For
the precise definition of quasihomeomorphism, see [40].) Furthermore, ¥ =
DL2(£G) and it holds for f € DV2(Pg) that |D(f o D] = |[V” £, r-ae.,
where D represents the H-derivative in the sense of Malliavin calculus (see also
Gross [22]).

For each x € G, there exists some p > 1 and r € Z such that the conditional
measure A, of A given by I (w)(T) = x can be realized by an element of the
topological dual space of D"?(#g), and Capf;j(A) = 0 implies A,(A) = 0.
Accordingly, the conditional measure ., of u given by g(7') = x is identified with
an element of the dual space of D"? (£ G), and Capf 1? (A) =0 implies uy, (A) = 0.

The relation A, oI ~! = 1, holds. Also, the following disintegration formula holds:

@o) [ ][ r@us|prwman= [ feud

for any (bounded or positive) Borel function f on PG, where m is the Haar
measure on G and p7 is a density of the law of I (-)(T") with respect to m, which
is a strictly positive function.

For each v € G, [, denotes the multiplication of v from the left-hand side:
PG> g l,g =vg € PG. The following theorem is due to Malliavin and
Malliavin [31]. See also [38], Lemma 3.1, for the proof.

THEOREM 4.6. For each v € F PG, the measure [Le © lv_1 is mutually
absolutely continuous with respect to yr) and its Radon—Nikodym derivative

o dueolyh ..
Jy = T is given by
pr(v(T))

v ol™! )
pre) ®)

Jy(u) =
where

r 2
Jo(w) = exp ( | (Ad 1)) (0(5) i) duots) - 7”'”@?6),

Here the co-quasicontinuous modification should be taken.

LEMMA 4.7. For each x € G, there exists a nondecreasing function Vr, on
[0, 00) such that ||J”||L2(/Lx) <YxUlvllec) for everyv e F PG N PyG.

PROOF. Let M, = fOT(AdI(w)(s))(v(s)_liz(s))dw(s). From a standard
argument in the proof of the differentiability of the solution of SDE such as
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in [27], Chapter 5, Proposition 10.1, or [35], Theorem 2.2.2, M,, € D*°(#g) and
IMyllr,p < crpllvllpc for some constant ¢, , independent of v, for each r € Z
and p > 1. Then, for p and r large enough,

1/2

1ol 200y = vl L2,y < comst- [l 1l < comst- | exp@M, — [IvlZ6)], -

rp =
‘We have

| exp@My — 101156 o)

_ ( /R exp2ps — pllvle)

1 —s? 1/p
exp(2 ) ds)
[2rfvl5 lvll G

—exp (2p — Dlvll%e)

and
| Dexp@M, — 0I5 | 106,
= [2(DM,) exp@ My — 1v1156)] Lo )
<20IM, )5, | exp@My — 10 156) o s
<2¢/3, vl exp (2p — 1/2)IvlI5e).
Inductively, we get a similar estimate of || exp(2M, — |||v|||§)G)||r, p and reach the

conclusion. [

Take an open neighborhood U of e in G so that U is diffeomorphic to an open
ball centered at 0 in g via exp, the exponential map. The inverse map of exp will
be denoted by Log. Recall that the map H > h+— h + e € G is denoted by Ij.
Then the following result holds (see [23], Lemma 2.1, and its proof).

LEMMA 4.8. (i) For each ¢ > 0, there exists a neighborhood U, of e which is
an image of an open ball centered at 0 in g by exp and contained in U, enjoying
the following property: if v e ¥ P G satisfies v(t) € Ug, t € [0, T], then Logv € H
and ||[Logv| < (1 +¢&)l[vllec-

(i1) There is an open ball S in H centered at 0 such that Ip(S) C {v e PG |
v(t) e U, t €[0,T]} and x := Logoly is C*®-diffeomorphic from S into H.
Moreover, the Fréchet derivative x' satisfies x'(0) =1dg.

In particular, we can take gy > 0 such that {h € H | ||| < &0} C SN x(S) and

(IIx(h) —x®I ||x—1<h>—x—1<k>||>
<X
I — k| Ih — k]|

sup
Ihll<eo, lIkll<eo, h#k
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REMARK 4.9. From this lemma, any open set in $G is d” -open. In addition,
since [[v]|pG < llvllec for v e F LG, any open set in LG is d*-open.

4.3. Proofs of Propositions 4.2—4.4.

PROOF OF PROPOSITION 4.2. (i) The condition (MO) follows from, for
example, [24], Theorem 10.4. Let h € Hy with ||k|| < gg. Then, from Lemma 4.8,
€ :=SUpp< <] |||eSh ll>c = supp<s<1 ||X_1(sh)|| < 00. Thus, by Lemma 4.7,

dite o Qv_hl
— = [Jes L2y < We(©)-
H d/l,e Lz(ue) e L (/’Lc) e
Therefore, 1. satisfies (M1). It is clear that (M2) holds.

(i) The condition (MO) is proven in Theorem 4.14 of [13]. From Corol-
lary 7.10, together with Theorem 7.4, Lemma 7.6 and Proposition 7.9 in [13],
WUheat satisfies (M1). The property (M2) is due to [14]. O

LEMMA 4.10. For each e € (0,g9], there exists some constant Cy =
Co(e) > 0 such that ||vllec < Collvllpc for all v € LG with ||vllpc < &.
Moreover, Cy(e) can be taken so that lim,_,o Co(g) = 1.

PROOF. Let v € LG satisty ||v||l,c < e. Then v(¢) € U for all t € [0, T] and
k =Logv € Hy is well defined. Define y € C([0, 1] - £LG) connecting e and v
in LG by

v (s)(t) = exp(sk(t)), se[0,1], te[0,T].
Then
lvllec =d* (e, v) < t(y) = sngd”’(y(s,-_o, y(si),

where sup is taken for all finite partitions A={0=s9 <51 <--- <s, =1}
Let C() = suppepr, o< < (X WI/IRID) v (lx = ()[R 1) < oc. Then

d” (y (sic1), ¥ (50)) = || exp (si—15() exp (5 () ' | s
= [[exp ((si—1 = sk )| 5
= |0 x D ((si1 — 5K ps
=[x~ ((sim1 — k)|
< C@)(si—1 — skl
= C(e)(si — si—-Dllx o Iy ' V)]

< C)?@si —si—)lvllec.
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Therefore, we have

Il g <sup ) C(&)*(si — si—Dlvllpe = C@)lvllpe.
A
Moreover, C(¢) — 1 as ¢ — O since x'(0) =1dg. O

LEMMA 4.11. Let h € Hy. Then " € F LG and ||e" || zc/|s| — |lh| as
s — 0.

PROOF. When N is a sufficiently large integer, ¢"/N € ¥ £G by Lemmas
4.8 and 4.10. Then [le" || e < SN, dL (DN Ny < N|le"/N|| e6 < 0.
By virtue of Lemma 4.8,
le"llpe . lIx sl

lim = lim = ||h].
s—0 Is| s—0 |s|

Since [le* [lpG < lle™ll.ec < Collle™ ) lle*ll»c and Co(lle || p6) — 1 as
s — 0 by Lemma 4.10, we obtain the second assertion. [J

LEMMA 4.12. Both (F G,d”) and (F LG, d¥) are Polish spaces. More-
over, ¥ LG is closed in (?J’G,d?), and (fFoCG,d“C) is homeomorphic to
(FLG,d” |7 £6).

PROOF. Since (¥ £G,d”) is homeomorphic to H, it is a Polish space.
Suppose that a sequence {v,} in F LG converges to v in (F £G,d”). Then v €
LG. For large n, d” (v,, v) < €o. Then d£ (v, v) < Cod” (v,, V) by Lemma 4.10.
Therefore, ||vilec < llvillec + Cogo < 00, which means v € £ LG, and v,, — v
in (FL£LG,d*). Hence, F LG is closed in (FPG,d”) and (FLG,d*) is
homeomorphic to (¥ LG, d”\# ). In particular, (¥ LG, d¥) is a Polish space.

O

PROOF OF PROPOSITION 4.3. Let p: FLG x LG — LG be defined by
p(v, g) = vg. This is a continuous map when ¥ LG and LG are equipped with

distance d£ and p, respectively. For each r > 0, {c_if <r}=penP(Bn x A),
where

By={ve FLG |lvllec <r+1/n).

Since B, is closed, it is a Polish space with relative topology by Lemma 4.12.

Therefore, {af < r} is a countable intersection of Suslin sets and, in particular,
universally measurable. This completes the proof. [J

LEMMA 4.13. Let {up}nen and u belong to ¥ PG and let {g,}nen and g
belong to PG. If d”(u,,u) — 0 and d”(g,,g) — 0 as n — oo, then
d‘?(ung,,, ug) — 0 asn— oo.
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PROOF. Letw =u,u~!andv= gng_l. Then, noting that wlw = (Adu) x
(u;ld,, —u~1), we have

P 2 —12
d” (ungn, ug)” = llupvu™" g

—/ |(unvu (u,,vu +un1}u_1—unvu_litu_1)|§dt
- (Adu) Adv Y@ i) +v o —u ) P ar
n g
0

T
:/ (Adv™" = 1dg) (Vi) + 070 + (Adu™ ) (w ™ )2 dr.
0

Therefore,

d” (ungn,ug) < sup [ Ad(g(0)gn()™") —1dy|

0<t<T

oolltnllpc

+dJ (gﬂ’ g) +d?(un’u)’

where || - || g— 4 means the operator norm from g to g. The right-hand side converges
to O since ,o(ggn_l, e)—>0asn—ooand Ade =1d,. [

LEMMA 4.14. Forevery f € FLoOo<a<b<landhe Hé, it holds that
b
@n  fEhe - fety = [ (VErEtonds,  vae.
a

REMARK 4.15. Since vo Qh_l < vforevery h € H/, f(e") is a well-defined
measurable function and independent of the choice of the v-version of f.

PROOF. Itis enough to prove (4.7) when ||A|| < 8o. Indeed, for general h € H),
take an integer N so that ||h/N|| < §p. Then

f(eg) — fleg)

_ {f( (b—a)h/N (b—a)(j—l)h/N+ahg) _ f(e(b—a)(j—l)h/N+ahg)}
. h
/ < vh/Ne<h—a><J—1>h/N+ahg)‘N) ds

Il
i Mz i Mz M=

(b—a)j/N+a A
f (VL f (e g)Ih) ds
b—a)(j— 1)/N+a

/ (VL £ (e g) h) ds
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When f € C, it is easy to see that (4.7) is true. For general f, fix h € Hy with
7]l <o and take a sequence { f,} in C converging to f in F £ and v-a.e. From

the quasi-invariance of v, f,(e* hg) converges to f(e® h g), v-a.e. foreachs € [0, 1].
Furthermore,

b
/a {(VE fu(e@™Ih) — (VE f(e™)Ih)} ds

L'(V)
1)09
fo— VEf|—1 ds
L'(v)
b don_1
Sllhllé”“c(fn—f,fn—f)l/zf 2
a % L2(v)

—-0 asn — o0 [by (M1)].
Therefore, by letting n — oo along an appropriate sequence in (4.7) with f being
replaced by f,, we have (4.7) for f e F£. [
LEMMA 4.16. Let f € F£.

() If a v-version of f is d*-Lipschitz continuous with d*-Lipschitz con-
stant K , then |VL f|| < K, v-a.e.
(i) If |IVLf|l < K, v-a.e., then, for each v € F LG and & > 0, there is a
"€ F LG such that d£(v,v') <&, v ollj1 < vand

If('e) — fF(@I <K +e)lvllec + e, v-a.e.g.

PROOE. (i) Fix a Borel-measurable version of V<L f. For each h € Hé
with ||A]| < 89, define ¢ : (0,1) x LG — R by ¢(s,g) = (VL f(eg)|h). By
Lemma 4.14, foreach 0 <a < b < 1, for v-a.e. g,

1 b
‘b—/ 6 (5. g)ds

(4.8)

K
<b—|f<e"hg> f(e“hg)|< |||e<” e

and the last term convergesto K ||h] asb—a — 0 by Lemma4.11. Take X| C LG
such that v(X;) = 1 and (4.8) holds for all rational numbers a and b in (0, 1)
for g € Xy. Since || fy ¢ (s, )| dsll 1, < 00, we can take X, C X; with full
v-measure such that ¢ (-, g) € L'((0, 1)) for any g € X,. By Lebesgue’s density
theorem, for each g € X», | (s, g)| < K||h|| for every Lebesgue point s of ¢ (-, g),
that is, for a.e. s in (0, 1) with respect to the Lebesgue measure. From Fubini’s
theorem, for a.e. s in (0, 1), for v-a.e. g, |¢(s, g)| < K| h|. Fix such s. Then
(VL F(©@Im)] = 1$(0, &) = |p(s.e™"g)| < K||h|l, v-ae. g. Since Hj is dense
in Hp, we get the conclusion.
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(ii) Let v € F LG and ¢ > 0. There exists a y € C([0, 1] - LG) connecting e
and v such that £(y) <||vllec +€/2.Let A={0=s9 <51 <---<sy=1}bea
finite partition of [0, 1]. Definev; € FPG,i=1,...,N,byv; = y(s;)y(si—) L.
If maxj<j<y(s; — s;—1) is sufficiently small, then v;(¢) € U, for every i and
t € [0, T], where U, is given in Lemma 4.8(i). Let h; = Logv; € Hy. Define
y € C([0,1] > £LG) by y(0) = e and

7(s) = e$si-Vhi/Gi=si0 5y ifse[si_i,sil,i=1,...,N.
Clearly, y(s;) =y (s;),i =0, 1, ..., N. Therefore, we can take 1} € Hy near to h;
so that " (t) € U, for t € [0, T] and vy’ € C([0, 1] - LG) defined by y'(0) = e
and

Y/ (s) = WSO Gi=sic0y () ifsesioi sl i=1,....N,
satisfies that d‘?(y(si),y’(si)) <e¢/(@4N), i =1,...,N. Indeed, we can take
h; such that y’'(s;) = (]_[;f":1 eh/f'/nj)y/(si_l) is sufficiently near to y(s;) =
(]_[';.i:1 ehf/”f)ﬁ(si_l) in F £ G in view of Lemmas 4.8(ii) and 4.13, where n; € N
is taken so that ||/; || < gon;. Let v = y/(1). Then, from Lemmas 4.14 and 4.8(i),

N
lf'g) — fl < Z (Y (sDg) — f(¥ (si—1)g)|

~
—_

U

1 !
/0 (VEF(eMiy/ (si1)g)Ih)) ds

N
Il
=

M=

=

K|lhz]|

N.
Il
—

=

K(1+8e)d” (y'(s), v (si—1))

-

N
Il
—

N
<K(+e) (8/2 +>d” (v (s, J/(Si—l))>

i=1
=K1 +e)(e/2+L(y))
=Kd+e)(lvllec + €, v-a.e. g. O

REMARK 4.17. As is seen from the proof above, assertion (ii) is strengthened
to the following when we can take H, = Hy: if | VL f|| < K, v-a.e., then, for every
v e FLG, it holds that v olv_1 <K vand |f(vg) — f(g)| <K|v|,g, v-ae.g.

PROOF OF PROPOSITION 4.4. Let N > 0. Foreach v e LG, let

{df(g)/\N, ifvg € A,

. g€ LG,
00, otherwise,

Pu(g) =



SMALL-TIME GAUSSIAN BEHAVIOR 1289

and

- _Jivlles, ifvgeA,
Pule) = { o0, otherwise, g€ LG

Both are measurable functions. By Lemma 4.16(ii), each v € ¥ LG has a sequence
{v,} in F LG such that v, > vin FLG, v olv_n1 < v and

4.9) |df) AN —df (@) AN| <A +n"DH(lvlleg +n71, vae g

Take a v-version of df so that df =0 on A. Since A is d°C-open, df (vyg) =0
for large enough n if vg € A. Therefore, letting n — oo in (4.9), we have
pv(g) < py(g) v-a.e. Take a countable dense set Ly of (F LG, d¥€). From the
d*-openness of A again, we have

- L s = .
dy(g) = inf py(g) = inf py(g) =df () AN,  v-ae.
veLy veLy
Letting N — oo, we get af (g) > df (g),v-ae. U

4.4. Proof of Proposition 4.5. From the property of d<, it is enough to prove
that, for each N > 0, af A N belongs to FL and ||V°‘C(af AN)|| <1, v-ae.
We note that af is d-Lipschitz on LG with d-Lipschitz constant (at most) 1;

therefore, so is af A N. This is easily proven from the definition of af. The rest
to be proven is the following theorem of Rademacher type.

THEOREM 4.18. Let f be a bounded measurable function on LG and
d°C—Lipschitz continuous. Then f € FL oand ||V°Cf|| is a.e. dominated by
the d*-Lipschitz constant of f.

By virtue of Lemma 4.16, we need only to prove that f € FL. Let |f| <M
everywhere. For the proof, we will extend f to a neighborhood of LG in PG,
following an idea by Gross [22]. Since | Log((exp b1)(exp(by — b1)))|4 > const x
|b2|, for by and by sufficiently near to O in g, we can take &' > 0O such that
Vo :={expa | |a|, < &'} satisfies VOVO_1 C U and

b —Db'|g
sup - <
bl <, V'], <¢', b | Log((expb) (exp(—b")))lq

For each x € Vp, set wy € PG by w,(t) =exp((¢/T)Logx), t € [0, T]. Define
a function f; on Py,G by fi(g) = f(wg(lT)g). Since the map g — wg(lT)g is
continuous from (Py, G, p) to (LG, p), f1 is a universally measurable function.

LEMMA 4.19. The function fi is d” -Lipschitz on Pv,G.
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PROOF. Suppose that g1, g € Py,G satisfy d‘?(gl,gz) < gg. In the fol-
lowing, ¢; denotes a constant independent of g; and g. Set v = g1g, e PG,
& = w;%T) € PG, a; = T_lLoggi(T) € g, i =1,2. Then, utilizing the calcu-
lation in the proof of Lemma 4.13, we have [|&1||pc = \/T|a1|g, d” (&1, &) =
VTla; — a4 and

d” (£181,6282) < sup | Adv(t) ™! —1dg g/ Tlailg
tel0,T]

+d” (g1, 82) +VTlar — azl,.
Since Ad is differentiable, the first term is dominated by c; sup, ¢ 7y | Log v(#)[4 X

lai|g. By Lemmas 4.1 and 4.8, this is further dominated by czd‘?(gl, g2). We also
have

a1 —azly < c3|Log (exp(Tar) exp(=Taz))|, = c3| Log (g1(T)g2(T) )],

<cy4|Log(gigs N =calx oIy ' (8185 M| < esd” (g1, g2).-

Therefore, d” (§181, £282) < c6d” (g1, g2) for some ¢ > 1.
Now, when d‘?(gl, g2) < &p/ce, we have, by Lemma 4.10,

1fi(g) — fi(g)] = | fE1g1) — f(E2g2)| <dF (181, 6282)
< Cod” (5181, £282) < Coced” (g1, 82)-
When d” (g1, g2) > €0/ce, we have |fi(g1) — fi(g2)| < 2M < 2Mce/ep) x
d”(g1,g2). O
Denote by C, the d” -Lipschitz constant of fi] PyyG- Take neighborhoods

V) and V; of e in G such that V, C V; and V; C V;. Fix a C*°-function ¥ on G
sothat 0 <V <lonG,¥Y=1onV,and ¥ =00n G\ V;. A function F on G
will be defined by

_ | fil@¥((T), ifgePyG,
Fe)= { 0, otherwise.

Clearly, F is universally measurable. From Lemmas 4.1 and 4.8, d := inf{d” (g,
g)1gePyG, g € Ps\v,G} >0 and the function PG > g — ¥(g(T)) e Ris
d” -Lipschitz continuous. Let C3 be its d” -Lipschitz constant.

LEMMA 4.20. Fe F7% and |VTF| is -essentially bounded.

PROOF. We first prove that F is d” -Lipschitz continuous. When g, g’ €
c(PV()(;,

|F(g) — F(gHI <|(fi(8) — A1) ¥ (@(T)]+ | f1(g) (W (g(T)) — W(g'(T)))|
<1f1(8) = fi(g)| + M|¥(g(T)) — ¥ (g (T))|
< (Cr+ MC3)d” (g, ¢).
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When g € Py, G and g’ € P6\v, G,
|F(g) — F(g)|=|F(g)l<M<Md'd” g, ¢g.

When g, ¢’ € P6\v,G, |F(g) — F(g")| =0.

Now the assertions of the lemma are proven in the same way as in [4],
Lemma 3.1. We will give it for completeness. Let C4 be the d” -Lipschitz constant
of F.

For each i € H, it holds that

I(w+h)=h+I(w), A-a.e. w.
Indeed, by It6’s formula, v(z) := (I (w + I (w)~H(r) satisfies v(0) = 0 and
v~ = (Ad I (w))h. Then
|(Fol)(w+h)—(Fol)(w)|=|F(h+1(w))— F(w))| < Callhll, A-a.e.

From [5], Theorem 2.4, or [16], Theorem, F o I € DV2(Pg) and | D(FoI)|| < Cj,
A-a.e. This implies that F € 7 and |VP F|| < C4, p-ae. O

We note that F' is everywhere defined, not only almost everywhere.

Let T;? and £7 be the semigroup and its generator associated with (§”, 7).
As in the case of Wiener spaces, for ¢ > 0, both T;? F and |V T,j) F|? belong to
D®(PG), and VX T, F|| < e >T7 (|VP F|)) < C4, p-ae. Then [V T7F||
has an co-quasicontinuous modification and it is dominated by Cy4, 0co-q.e. From
now on, we always take such a modification when we can. We also fix an

—

oo-quasicontinuous modification 7,” F for each ¢ > 0. Take a subsequence {,}

decreasing to O so that Ttl‘f) F— F,p-ae Let F, = T,f) F. Then, by taking account
of the disintegration (4.6), there is an m-null set Go of G such that F,, — F,
uy-a.e. for every x € G \ Go, where m is the Haar measure on G. Take and fix
x € V2 \ Go. Let a = Logx. For a function ¢ on £ G, define ¢*(g) = ¢ (w, g).

LEMMA 4.21. There exists a constant C5 > 1 such that, for every ¢ € C,
IV7¢* (@Il < CsIV7p(wio)ll, g€ PG.
PROOF. Clearly, ¢* € C if ¢ € C. Let h € H and ¢ > 0 small. Then

wyeth = e¥w,, where v = Log(wye®"w ) = (Adw,)(eh) = e(Adw,)(h). Since
(Adwy)(h) (1) = 04/ Dp (1) = et/ Dadapy),

%(Adwx)(h)(t) = (Adwx(t)){ +h(z)}.

Hence, there exists some constant Cs independent of 4 such that ||(Ad wy)h| <
Cs||h]. Since

e~ (@ (e g) — 9" (9)) =

(ada)h(z)

1

P (weeg) — ¢ (wyg))

e (
8_1(¢(68(Ade)h

wyg) — ¢ (wrg))
— (VPp(weg)|(Adw,)h)  ase — 0,
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we get the conclusion. [

For each n, take a sequence of functions {F} ;};en in C converging to Fj, in
D> (L G). Since ||V‘7)(Fn’1 — F)|I? = 0in D®(LG), we have

/(||v=7’F,,,l — VP Fyml?> +1Fpg — Faml?) dity =0 asl>m— oo
for all p > 1. Take p’ > 1 so that dv/du. € L? (u,). Let ¢’ = p’/(p’ — 1). Then
[U9EF: = VR P+ 1R = B P do
< [U97 Ey = V7Bl 1Fy = B P av

< [(CRIV? Fuiwe) = V7 Fum(ug)l?

dv
dpe

| F i (0x8) = Fom (w:2)?) ——(2) 11(dg)

= C?{ / (1097 Fug = 97 By ) (ws )

24’ 1/q'
It = Fum i) )|

dv
de

LP (i)
1 !
2 P P 24’ -1 /4
fcj (”V Fn,l_V Fn,m||+|Fn,l_Fn,m|) dﬂeolwx

dv
de

LP (ie)

M dp,

P P I/Zq,
SCS2 /(”VJ Fn,l_vJ Fn,m||+|Fn,l_Fn,m|) }

X [ |

1/q’ dv
L2 (uy) d/fLe

—0 asl>m — oo.

L (ue)

Therefore, { F,f! }ien is a Cauchy sequence in F £ and the limit should be F}.
By taking a suitable subsequence (and oco-quasicontinuous modification), we
may assume that V"CF;J — V“CF;‘, v-a.e. and |V Fuill — IV? F,|l, co-q.e.,
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in particular, p, o l;Xl -a.e. Then
IVEF (@)l = lim [VEF ()l < liminf [V7 F (g)]
< Csliminf |V F, ;(w, )]
[—00

= Cs|V7 Fy(wyg)| < C4Cs,  v-ae.

In particular, {F;},cn is bounded in FL. Noticing that ;) — F* uy o l;Xl-a.e.,
hence u.-a.e., that is, v-a.e., we have F¥ € ¥ £ from the Banach-Saks theorem.

But, since F* = f on LG from the way of constructing of F*, we conclude
f € F£. This finishes the proof of Theorem 4.18 and hence Proposition 4.5.

REMARK 4.22. (i) We will temporarily write LG for the loop group to
emphasize the parameter 7. For each T > 0, we can consider the heat kernel
measure [Lheat, 7, Which is the law at time 7 of the Brownian motion on LGD.
The induced measure of peqa, 7 by the map

LGV 3¢5 (1> g(t/T)) e LGP

is proven to be absolutely continuous with respect to the pinned Wiener measure
on LG by Driver and Srimurthy [14]. Since conditions (M0) and (M1) hold
for such measures (see the same reference in the proof of Proposition 4.2), we can
show that the claim in Theorem 1.5 is true also for ppeat,7-

(i) Fang and Zhang [19] gave a large deviation estimate for the Brownian
motion on LG with tpey. We should note that the rate function there is highly
relevant to the d” -length defined by (4.3).

(iii) Aida [1] proved the essential self-adjointness of the generator of (&L, F4L)
when v is the pinned Wiener measure. Utilizing this fact might simplify the proof
of Theorem 1.5.
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