The Annals of Probability
2003, Vol. 31, No. 2, 1097-1141
© Institute of Mathematical Statistics, 2003

MEASURING THE RANGE OF AN ADDITIVE LEVY PROCESS

BY DAVAR KHOSHNEVISAN,! YIMIN X140! AND YUQUAN ZHONG?
University of Utah, Michigan State University and Academia Sinica

The primary goal of this paper is to study the range of the random field

X)) = Z?’:l Xj(t;), where Xy,..., X are independent Lévy processes
inRY.

To cite a typical result of this paper, let us suppose that W; denotes
the Lévy exponent of X; for each i = 1,..., N. Then, under certain mild

conditions, we show that a necessary and sufficient condition for X (Rf )
to have positive d-dimensional Lebesgue measure is the integrability of the
function R? > E> ]_[ﬁ.\’:1 Re{l +¥; (é)}_l. This extends a celebrated result
of Kesten and of Bretagnolle in the one-parameter setting. Furthermore,
we show that the existence of square integrable local times is yet another
equivalent condition for the mentioned integrability criterion. This extends a
theorem of Hawkes to the present random fields setting and completes the
analysis of local times for additive Lévy processes initiated in a companion
by paper Khoshnevisan, Xiao and Zhong.
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1. Introduction. An N-parameter d-dimensional random field X = {X (¢);
te Rﬁ } is an additive Lévy process if X has the following pathwise decomposi-
tion:

X)) =X1(t)+---+ Xn(tw) VieRY,

where X1, ..., Xy are independent classical Lévy processes on R?. Using tensor
notation, we will often write X = X| @ --- @ Xy for brevity, and we will always
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assume that X;(0) =0 for all j =1,..., N. Finally, if Wy,..., Wy denote the
Lévy exponents of X1, ..., Xy, respectively, we define the Lévy exponent of X to
be W = (¥, ..., Wy). See the companion paper [Khoshnevisan, Xiao and Zhong
(2002)] for more detailed historical information, as well as a number of collected
facts about additive Lévy processes.

The following question is the starting point of our investigation:

(1.1) “When can the range of X have positive Lebesgue measure?”

In the one-parameter setting, that is, when N = 1, this question has a long history
as well as the following remarkable answer, discovered by Bretagnolle (1971) and
Kesten (1969): If A4 denotes Lebesgue measure in R4,

(12)  Epa(XR)) >0 dE < 400,

Re(i1 )
RS\ 1+ W(E)
where W denotes the Lévy exponent of X, and Re z denotes the real part of z € C.
In the sequel, the imaginary part and the conjugate of z will be denoted by Imz
and Z, respectively.

The primary objective of this paper is to answer question (1.1) for the range
of an additive Lévy process X = {X(¢); t € Rﬂ\r’}. It is quite standard to show that
n;V:l Re{l + ¥;}~! € LI(RY) is a sufficient condition for E{A4(X (RY))} > 0.
The converse is much more difficult to prove, and we have succeeded in doing so
as long as there exists a positive constant # > 0 such that

N 1
(1.3) Re(l_[ — (é‘)) z?jl_[ (1+\I’ (%_))

see Theorem 1.1 below. We note that, when N = 1, condition (1.3) holds vacuously
with 9 = 1.

Among other things, we will show in this paper that, when (1.3) holds, the
proper setting for the analysis of question (1.1) is potential theory and its various
connections to the random field X, as well as energy that we will describe below.
Various aspects of the potential theory of multiparameter processes have been
treated in Evans (1987a, b), Fitzsimmons and Salisbury (1989), Hirsch (1995),
Hirsch and Song (1995a, b) and Khoshnevisan and Xiao (2002a).

As we mentioned earlier, we propose to derive the following multiparameter
version of (1.2). It will be a consequence of some of the later results of this article.

THEOREM 1.1. Let X be an additive Lévy process in RY with Lévy exponent
(Y1, ..., Yy), and suppose that condition (1.3) holds. Then

E{n(X®R)} >0 /d]"[ ( )dg<+oo.

1+ W;()
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REMARK 1.2. We record the fact that condition (1.3) is only needed for
proving the direction “=>." We also mention the fact that, under the conditions
of Proposition 6.5 below, A4(X (Rf )) is almost surely equal to +oco (resp. 0), if

Jra n;\’:l Re{l 4 W; (£)}~! d& is finite (resp. infinite).

Theorem 1.1 has the following equivalent formulation which addresses exis-
tence questions for the local times of the companion paper [Khoshnevisan, Xiao
and Zhong (2002)]. When N = 1, it is a well-known theorem of Hawkes (1986).

THEOREM 1.3. Let X be an additive Lévy process in RY that satisfies
condition (1.3). Then X has square integrable local times if and only if

?’:1 Re{l + \Ifj}_1 is integrable in RY, where (Vy, ..., Uy) is the Lévy exponent
of X.

We have already mentioned that Theorem 1.3 is an equivalent probabilistic
interpretation of Theorem 1.1. However, in fact, our formulation of Theorem 1.3
lies at the heart of our proof of Theorem 1.1 and its further refinements (cf.
Theorem 2.1).

REMARK 1.4. When N = 1, condition (1.3) always holds with ¢ = 1. Hence,
our theorems extend those of Bretagnolle (1971), Kesten (1969) and Hawkes
(1986).

In general, any additive Lévy process X with Lévy exponent W = (W1, ..., Wy)
induces an energy form Ey that can be described as follows: For all finite
measures  on R?, and/or all integrable functions 1 : R? — R,

—d 2 r !

where ~ denotes the Fourier transform normalized as f(é ) = Jpa e f(x)dx
Lf e L'®R)].

Frequently, we may refer to “the energy” of a measure (or function) in
the context of an additive Lévy process X without explicitly mentioning its
dependence on the Lévy exponent of X. This makes for a simpler presentation
and should not cause ambiguities.

Having introduced energies, we can present a key result of this paper. When
N =1, it can be found in Bertoin [(1996), page 60].

THEOREM 1.5. Consider any d-dimensional additive Lévy process X whose
Lévy exponent V satisfies (1.3). Then, given any nonrandom compact set F C R¢,
E{Ad(X(Rf) @ F)} > 0if and only if F carries a finite measure of finite energy.
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We have adopted the notation that, for all sets A and B, A@ B={a+b; a €
A, b € B}. This should not be confused with our tensor notation for X = X| &
D XN

Note, in particular, that if we choose F to be a singleton in Theorem 1.5, we
immediately obtain Theorem 1.1.

Next, we apply Theorem 1.5 to compute the Hausdorff dimension of the range
of an arbitrary additive Lévy process.

THEOREM 1.6. Given an additive Lévy process X in R with Lévy exponent
(W1, ..., Yy) that satisfies (1.3),

dim(XRY)) =d —n, P-a.s.,

where
N
1 d
n=supja>0: nRe< ) d =4007¢.
geRd:Qg>15_ N1+ W;@E) /) [IE]*
Here, dim(-) denotes Hausdorff dimension, supd = 0, and || - || denotes the

Euclidean ¢*-norm.

REMARK 1.7. It can be checked directly that
N

| 1 dg§
—inf 0: R e
=n :0‘ - EeRd:II§|I>1J'1:[1 e(l‘f‘qjj(@) &1 - oo}

Furthermore, one always has n <d.

When N = 1, that is, when X is an ordinary Lévy process in R, Pruitt (1969)
has shown that the Hausdorff dimension of the range of X is

1
y :sup{a > 0:limsup r_"/ P{X@)| <r}dt < +oo}.
0

r—0

In general, this computation is not satisfying, since the above lim sup is not easy to
evaluate. Pruitt [(1969), Theorem 5] addresses this issue by verifying the following
estimate for y in terms of the Lévy exponent W of X:

1 dg }
d: - .
V= S“p{“ = /llsnzl G

Moreover, it is shown there that if, in addition, Re W (&) > 21log ||&|| (for all ||&]]

large), then
1—e YEN  q&
y =su {(x<d:/ Re( ) — <+oo}.
P RO\ W@ e

See Fristedt [(1974), pages 377-378] for further discussions on Pruitt’s work in
this area. Our Theorem 1.6 readily implies the following representation for the
index y that holds under no restrictions. To the best of our knowledge, it is new.
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COROLLARY 1.8. If X denotes a Lévy process in R¢ with Lévy exponent W,

1 d
R .
EeRY: g~ 1 e<1 +‘P(€)) || [|9— <+oo}

REMARK 1.9. To paraphrase Kesten [(1969), page 7], (1.2) has the somewhat
unexpected consequence that the range of a Lévy process {X (¢); ¢ > 0} has a better
chance of having positive Lebesgue’s measure than the range of its symmetrization
{X() — X'(t); t > 0}, where X’ is an independent copy of X. Thanks to
Corollary 1.8, this qualitative statement has a qguantitative version. Namely, with
probability 1, dim(X (R;)) > dim(Y (R,)), where Y () = X () — X'(¢) is the
symmetrization of X. To prove this, one need only note that Re{l + W}~ ! <
{14+ReW}~!, pointwise.

y=sup{oz<d:

REMARK 1.10. The preceding remark can be adapted to show that for any
additive Lévy process {X (¢); t € Rﬂ\r’} that satisfies (1.3),

(1.5) dim(X(RY)) > dim(Y (RY))  as.

Here, Y is the symmetrization of X defined by Y (1) = X (¢t) — X'(¢), where X' is an
independent copy of X. To verify the displayed inequality, we first note that Y also
satisfies (1.3) (cf. Example 1.16). Thus, our claim follows from Theorem 1.6 and
the elementary pointwise inequality: ]_[;VZI Re{l + \I’j}_1 < ]_[ﬂ-vzl{l +Re \Ifj}_l.
Furthermore, we note that the strict inequality in (1.5) may hold even for N = 1;
see Pruitt [(1969), Section 4] for an example. This example was also noticed by
Taylor [(1973), page 401], but there was a minor error in his statement on line —3:
“smaller” should be “larger.” It is worthwhile to point out that Hawkes (1974),
by modifying the construction of Pruitt (1969), defined another Lévy process X
in R such that its range has positive one-dimensional Lebesgue measure, while the
Hausdorff dimension of the range of its symmetrization is strictly smaller than 1.

REMARK 1.11. There are several interesting “indices” for Lévy processes,
one of which is the index y mentioned earlier. These indices arise when studying
various properties of the sample paths of Lévy processes and include the upper
index B, the lower indices B’ and B’ [Blumenthal and Getoor (1961)] and the
index y’ [Hendricks (1983)]. Rather than reintroducing these indices, we only
mention that

0<p'Ad<y=<y <Bnd.

Pruitt and Taylor (1996) discuss some open problems regarding these indices.

The following is an outline of the paper: In Section 2 (Theorem 2.1) we state
a complete characterization of all compact sets £ C Rﬁ for which the stochastic
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image X (E) can have positive Lebesgue measure. After establishing a number of
preparatory lemmas about the semigroup and the resolvent of an additive Lévy
process in Section 3, we complete our proof of Theorem 2.1 in Section 4. Our
proofs of Theorems 1.1, 1.3 and 1.5 can be found in Section 5. In Section 6 we
briefly discuss some of the existing connections between the energy &y (u)—
introduced in (1.4)—and classical convolution-based energy forms. In Section 7
we utilize additive Lévy processes to describe a probabilistic interpretation of all
sets of positive a-dimensional Bessel-Riesz capacity where o > 0 is arbitrary. This
probabilistic representation is used in Section 8, where Theorem 1.6 is derived. In
Section 9, we have stated some remaining open problems.

Since condition (1.3) will play an important role in our arguments, we end this
section with some examples of additive Lévy processes that satisfy (1.3).

EXAMPLE 1.12. Consider the following condition:
(1.6) Atleast N — 1 of the Lévy processes X1, ..., Xy are symmetric.

By using induction, we can see that the above implies that

N 1 N 1
(1.7) Re — | = Re(7>.
,11 [+ ;) JUI I+ ;)
In particular, condition (1.6) implies (1.3) with ¢ = 1. [It may help to recall
that an ordinary Lévy process Y is symmetric if Y (1) and —Y (1) have the same
distribution. ]

EXAMPLE 1.13. Consider a two-parameter additive Lévy process Ri S5t
X1(t1) + X2(t2), where X and X5 are i.i.d. Lévy processes on R? with exponent
W, each. Then it is possible to directly check that condition (1.3) holds if and only
if

(1.8) 35€(0,1): VEeRY, I Im W (§)] <8(1 +Re W (§)).
This is a kind of sector condition on ;.

EXAMPLE 1.14. Suppose X and X» are independent Lévy processes on R,
and with Lévy exponents W| and W;, respectively. Then one can check directly

that the two-parameter additive Lévy process Ri >t Xi(t1) — Xo(1p) satisfies
condition (1.3) as long as

MW (€) - ImW(&) >0  VEeR9

In particular, if X; and X, are i.i.d., condition (1.3) always holds for the process
t — X1(t1) — X2(#2). This process arises in studying the self-intersections of Lévy
processes.
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EXAMPLE 1.15. Suppose N > 2, and consider the N-parameter additive
Lévy process X = X| @ --- ® Xy, where X, ..., Xy are i.i.d. Lévy processes

on R4, all with the same Lévy exponent ;. Writing in polar coordinates, we have
14+ W) =re, where r = |1+ W (£)| 7!, and cos(0) = |1+ W (§)|{1 +
Re W (§)}. According to Taylor’s formula,

cos(NO) > 1 — IN?0% > 1 > T (coso)",

as long as || < N~!. Consequently, |§| < N~! implies condition (1.3). Equiva-

lently,

|Im\111(5)|5tan<%>|1+Re\D1(§)| VEeR?

implies condition (1.3).

EXAMPLE 1.16 (Symmetrization). Suppose X1, ..., Xi; Xi,..., Xk areﬂ—
dependent Lévy processes on R? with Lévy exponents Wy, ..., W; Wy, ..., Uy,
respectively, where W, denotes the complex conjugate of W, (¢ =1, ..., k). Then

the additive Lévy process V satisfies condition (1.3) with ¢ = 1, where
V=X1®---®X;®X1 & & X;.

If, in addition, Y is an arbitrary R?-valued Lévy process that is independent of V,
the additive Lévy process V @ Y also satisfies (1.3) with & = 1.

2. Images and local times. Throughout, welet X = X @ --- @ Xy denote a
d-dimensional additive Lévy process with Lévy exponent ¥ = (Wy,..., Wy). In
this section we seek to find a general condition that guarantees that the image X (E)
of a compact set £ C Rﬁ can have positive Lebesgue measure. Under regularity
conditions on X, this was achieved in Khoshnevisan and Xiao (2002a, b). Our goal
here is to find conditions for the positivity of the image A;(X (E)) that hold quite
generally.

Any finite measure @ on Rﬁ defines an occupation measure O, on R? via the
prescription

@1 0, = [ LaX@)uds).  AeB®RY,

where 1 4 (-) is the indicator function of A and £(Rd) is the Borel o -field of R?.
We take the distribution approach to measures. In particular, we tacitly identify
the preceding random measure with the random linear operator O, defined as

0,1 = [, FXE) uids).

The following result is the main inequality of this section, where P(E) is the
collection of all probability measures on E.
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THEOREM 2.1. For all compact sets E C RY,

—d - ) -
[<2n> Melg(fE)E{||©u||L2(Rd)}]

= E{&(X(E))}

-1
N -d 02
<16*[@n int B[IGu0E )] -
REMARK 2.2. Condition (1.3) is not needed here.

Consequently, for A7 (X (E)) to have positive expectation, it is necessary, as well
as sufficient, that for some probability measure x on E, the L2(R¢)-norm of the
Fourier transform of @, be square integrable with respect to IP.

Suppose, then, that E{Ad(X (E))} > 0. Thanks to the foregoing discussion, there
exists u € P(E) such that ||<O) | 2(way 18 in L?(P); in particular, it is finite, a.s. By
Plancherel’s theorem, O, is absolutely continuous with respect to A4, a.s. Let Ly,
denote this density. In other words, L, ={L}; x € R9} is the process defined by
the following: For all measurable functions f:R? — R,

(2.2) Oun(f) :A‘@d f(x)Ljdex

[cf. (2.1)]. We can always choose a measurable version of RY x 3 (x, )
L, (w), which we take for granted. Of course, £2 denotes the underlying probability
space. Furthermore, we can apply Plancherel’s formula, once again, to deduce that

(2.3) 1Ly 172 ey = @) NOul 2 ey, Peas.

The process L, is the local times of X, under the measure w. The above, together
with Theorem 2.1, shows the following.

COROLLARY 2.3. For E{A;(X(E))} to be positive, it is necessary and
sufficient that there exists a pmbabiliz‘y measure u on E, under which there are
local times L, such that E{||L; ”L2(Rd)} is finite.

We have developed the requisite material for the lower bound (i.e., the “easy
half”) in Theorem 2.1.

PROOF THEOREM 2.1 (Lower bound). Without loss of generality, we may
assume that there is a probability measure p on the Borel set £ such that

E{H@ 12 72 (Rd)} < +00. Let L, denote the corresponding local times. It follows
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from (2.2) with f(x) =1xg)(x) that, P-a.s.,

1=|0,®RH[

LY dx
./X(E) ®

< Cm) 0L N7 2 gay - ha (X (E)),

2

thanks to (2.3) and to the Cauchy—Schwarz inequality. Next, recall that for all
positive random variables Z, E{Z~'} - E{Z} > 1. This also follows from the
Cauchy-Schwarz inequality or from Jensen’s inequality. Thus, we obtain

E(a(X (ED} = ) Bl 10,12 5 |

> 2! [E{10, 13254} ]
This proves the lower bound in Theorem 2.1. [

We conclude this section with the following analytical description of

E{II@; IIi2 (Rd)}' Its derivation is simple, but we include it as a natural way to in-

troduce the associated process X in (2.4) below. The remainder of Theorem 2.1 is
proved in Section 4 after our presentation of Section 3, which is concerned with
some calculations.

LEMMA 2.4. For any finite measure |4 on Rﬁ,
02
{10132 o) }
N
= exp| — si—ti|Wi(sgn(s; —t; ds) u(dt)dé.
[ - p( 3ty st J)s))m ) (dr) d
PROOF. This is an exercise in Fubini’s theorem. Indeed, by (2.1),

E{H@MHiZ(Rd)] = /Rd //RQXRﬂ E{eié.[X(s)—X(t)]} w(ds) u(dt) de.

Define the N-parameter process X ={X(t); t eRN} by

N

(2.4) X0 =Y sgn@t)X;(t;)  VreR"
j=1

We emphasize that Xisa process indexed by all of RV, and that
(2.5) Vs,te Rﬁ : X (t) — X (s) has the same distribution as )?(t —5).
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Moreover,
o N
2.6) EfeS X0} = exp(— RGINT, (sgn(tj)g)> VEeR? reRV.
j=1

Our lemma follows. [l

3. Some calculations. Recall the associated process X from (2.4), and let
P = {P;; t € R} be the family of operators on L>°(R¢) defined by

(B.1) Pfx)=E[f(X@®)+x)}] VreRY, feL®®R?) andx R,

This is not an N-parameter semigroup; that is, it is not true that Py = P, P
for all s,z € RN. However, each of its 2V restrictions {P;; t € (£R)V} is an
N -parameter semigroup. Let U denote the 1-potential of the family P. That is,
for all f € L®°(RY),

N
d
3.2) Uf(x)=A;Nexp<—zzl|sj|>Psf(x)ds Vx eRe.
]:
We will also need the following potential operator:
N
(3.3) U+f(x):/RN exp(—X;sJ)Psf(x)ds Vx eRY.
J:

+

Our next lemma computes P; f(x), Uf(x) and Uy f(x) in terms of the Lévy
exponent of X. In light of Theorem 1.1, it shows that X and its 1-potential U
are the “right” objects to consider. Indeed, the integral of Theorem 1.1 is nothing
but Udo(0), where §, is point mass at a € R?, while condition (1.3) allows us to
compare U §p(0) and U;.80(0).

LEMMA 3.1. The operators Py, U and U, are convolution operators.
Moreover, if f, f € L'(RY), then for all t € RN and all x e RY,

N
Pif(x) = (2m)~¢ /Rd ¢ f(—8) eXp<— >l (Sgn<fj)5)) as,
=
N d ERIY 4 !
Uf(x)=2"(2m) ,/]Rde f(_S)]IZIIRe(HTj(é'))ds’

N
PR 1
U =Qn)™ | & f(— —dE.
+f () =@m) fRde it s)jlzllle@s
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PROOF. Temporarily let ©; denote the distribution of -X (t) to see that
Pif(x) = g * f(x) and Uf(x) = fpnvexp(= X0 ltjDpe * f(x)dt, where
* denotes convolution. Since f € LY(RY), it follows from Fubini’s theorem
and (2.6) that

P f &) = fE)mE)
3.4 R N
G4 = f &) exp(— 311w (— Sgn(tj)é)).
j=1

Hence, the asserted formula for P, f(x) follows from the inversion theorem of
Fourier transforms, after making a change of variables. To obtain the second
equation, we integrate P; f, namely,

N
— —d ix-& Lo _ . . .
Uf(x)=@2n) /R e f(=E) /R N exp( j;lsﬂ[l”J](sgn(sns)])dsds.

On the other hand,
N
/RN exp(— Z:l Isjl[1+ ‘Ijj(sgn(sj)é)]) ds

j:

N 00 00 —

_ 1—[{/ e—s[1+\11j(s)]ds+/ e S+ ()] ds}
, 0 0
j=1

N
=2N [T Refl + ;)"
j=1

The mentioned computation of U f (x) follows readily from this. Our computation
of U f is made in like fashion, and we omit the details. [J

Throughout, we assume that the underlying sample space 2 is the collection of
all paths w: Rﬁ — R4 that have the form w(z) = Z;V:l w;j(tj) fort € RY, where
w; is in Dpa[0, 00)—the usual space of R¢-valued cadlag functions—for every
j=1,..., N. The space €2 inherits its Borel field from the Skorohod topology on
Dral0, o0) in a standard way. The additive Lévy process X of the Introduction is
in canonical form if

Xt (@) =wl) Yoe,teRY.

Since we are only interested in distributional results about X, we can assume, with
no loss in generality, that it is in canonical form under a fixed probability measure,
denoted by P. This is a standard result and we will not dwell on it here. Henceforth,
the canonical form of X is tacitly assumed. We will also assume, with no further
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mention, that ¥ = (W, ..., Wy) is the Lévy exponent of the additive process X.
We note for future reference that this is equivalent to

(3.5) E(e$ XD} =Y yreRY £eR

In agreement with the notation of classical Lévy processes, we define [P, to be
the law of x + X for any x € RY, and let E, be the corresponding expectation
operator. To be precise, we define, for all Borel sets A C €2,

PloeQ:we A}l =PloeQ:x+we A},

where (x + w)(#) = x + w(t) for all w € Q and ¢ € Rf. This allows us also to
define a sigma-finite measure P; ,, and a corresponding integration (or expectation)
operator, [E; ;, via

Py, (A} = /Rd P.(Aldx YA cC R Borel,

K, {Z} :/]Rd E{Z}dx VZ:Q — R, measurable.

The last line holds for a larger class of random variables Z by standard monotone
class arguments.
Let IT={1,..., N}, and for all A C IT define the partial order <(4) on RN by

(4)

{si <t, foralli € A,
S =

s; >t for all i € AC.

We may also write 7 >=(4)s for s <(4)?. We note that, used in conjunction, the
partial orders {<{(4); A C I} totally order R” in the sense that, for all 5,7 € RV,
we can find A C IT such that s <(4)t. We will use this simple fact several
times. The final piece of notation is that of filtrations in each partial order <(4).
Namely, we define FA(t) to be the sigma-field generated by {X (r); r <(a)1}.
We can, and will, assume that each F4(¢) is P,-complete for all x € R4, and
each F4 is <(a)-right continuous. The latter means that, for all 7 € RN, FA(r) =
msk(A)t gA(s)~

The following key fact is borrowed from Khoshnevisan and Xiao (2002a),
which we reproduce for the sake of completeness.

PROPOSITION 3.2 (The Markov property). Suppose that A C Il and that
s =<X(a)t, where s and t are both in Rﬁ . Then, for any measurable function
f:RY =Ry,

Ew {f(XE)|FA($)} = Py (X (5)),
P, -a.s., where P; is defined in (3.1).
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REMARK 3.3. This is not generally true under P,. Also note that conditional
expectations under the sigma-finite measure [P, , are defined in exactly the same
manner as those with respect to probability measures.

PROOF OF PROPOSITION 3.2. Cons1der measurable functions f, g, hy, ...,
By R4 — Ry and times t,s,s',. m ¢ RY such that 3=(4) s 3=(4) s/ for all
J=1,...,m. Then, since the X;’s are independent from one another, and by
appealing to the independent—increments property of each X ;, we deduce

Exd{f(X(t)) -8(X(s)) - 1_[ hj(X(Sj))}
j=1

:/RdEif(X(t)-i—x) (X(s)+x)-[]hy X(s])—i-x}dx

Jj=1

= | E{f(X@®) - X(s) +y)}E{l_[hj(X(sf) —X(s) +y)}g(y)dy-

R¢ j=1

Thanks to (2.4), (2.5) and (3.1), the first term under the integral equals P;_; f (¥).
Noting that, under the measure P; ,, the distribution of X (s) is A4, we see that the
desired result follows. [

LEMMA 3.4. Suppose f,g:]Rd — R are in L"(RY) N L2(RY) and their
Fourier transforms are in Ll(Rd). Then, forall s, t € RY,

E, | £(X(5) g(X (1))
— @n) f F67® exp( St — 5719 (sen(tj — s])é‘)) ds.
j=1
PROOF. Find A C IT such that s <(4) ¢. Then
B, | £ (X () g(X(0)} = Ea, [ £(X () Ea, [g(X(e)IFAG)])

=E;, | F(X(5) P_sg(X(5))},

thanks to Proposition 3.2. Since the P; ,-distribution of X (s) is A4 for any s € Rﬁ
and both f, g € L2(R%), we can deduce the following from Plancherel’s formula:

B[S (X6 X)) = [ £00) Py (o) d

- [ Fe P s

Our lemma follows from (3.4). O
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Next, we recall the occupation measures @, from (2.1). The following is a
function analogue of Lemma 2.4.

LEMMA 3.5. Forall f:RY > R, in L"(R)NL2R?) such that f € L' (RY),
and for all probability measures |1 on Rf,

Ewl0.(NP) =@ [ 1F©F 0.6 ds.

where

N
(.6) Q€)= ff exp( |t,-—sj|w,-(sgn<rj—s,-)é))u(dsm(dt).
j=1

PROOF. This follows from Lemma 3.4 and Fubini’s theorem, once we verify
that the function Q, is nonnegative. On the other hand,

2
(37) 0.6 =B|[ e Ouan| | veers,

thanks to (2.5) and (2.6). This implies the pointwise positivity of Q,, thus
concluding our proof. [J

4. Proof of Theorem 2.1: upper bound. In Section 2 we proved the easy
half (i.e., the lower bound) of Theorem 2.1. We now use the results of the previous
section to derive the hard half of Theorem 2.1.

For all measurable f:R¢ — R, all probability measures p on Rﬁ and all
A C I1, define the process Mﬁ f by

(4.1) MAf(6) =B {Ou(NHIF @)} VreRY.

LEMMA 4.1. Suppose f:]Rd — Ry isin LY RHNL2RY), and fe LY (RY),
A C 1, and u is a probability measure on Rﬁ. Then, recalling (3.6), we have

EL IO} = [ foodx VeeR!,

sup ;{0 ) <@ [ 17@F 0,6)d.

teRN

PROOF. The PP, ,-expectation of Mﬁ f () follows immediately from Fubini’s
theorem, and the elementary fact that E; {f(X(¢))} = Jga f(x)dx. For the
second identity, we note that, by the Cauchy—Schwarz inequality for conditional
expectation under P, ,, for all 1 € Rﬁ, IE,\d{|MI‘;‘f(t)|2} < Exd{|@u(f)|2}- The
lemma follows from Lemma 3.5. [
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LEMMA 4.2. For all s € Rﬁ, all measurable functions f:R? — R, in
LY RY) N L2(RY) with fe LY(RY), and for any probability measure L on RY,
P, ,-almost surely, the following holds:

M f() = /R P f(X() ().

ACII

Moreover,

B, swp peirof} =aVen [ IF©F 0@ de.

sle

REMARK 4.3. Since our filtrations satisfy the “usual conditions,” one can
show that, when f is bounded, say, Ml‘j f has a <(4)-right continuous modifica-
tion. Consequently, for this modification, the former inequality holds almost surely,
where the null set in question is independent of ¢ € Rﬁ. See Bakry (1979) for a
version of such a regularity result.

PROOF OF LEMMA 4.2. For the first expression, we note from (4.1) that since
f=0,

M f(s) > By, { / f(X(t))u(dt)l’J"A(S)}

7w

= Pr_s f(X(s)) u(dt),
17 (4 8
[P, ,-a.s. for any probability measure 1 on R¢, thanks to Proposition 3.2. Summing
this overall A C IT and recalling that, together, the <(4)’s order RY, we obtain the
first inequality. The second inequality requires a little measure theory and Cairoli’s
maximal inequality [cf. Walsh (1986) for the latter]. We provide a brief but self-
contained proof below.

We define one-parameter “filtrations” 3"?, 3"?, e 3"53, for each A C II, by
insisting that ff"j‘(tj) is the sigma-field generated by {X;(r); r > t;} if j € A,
whereas {X;(r); 0 <r <t} if j € AL, We add all P,-null sets for all x € R?
to these without changing our notation. A little thought shows the following: For
any t € RY, given FA(t), the sigma-fields 3’"{‘ (t),..., 3’]‘?,(IN) are conditionally
independent under the sigma-finite measure IPy,. Consequently, by standard
arguments from the theory of Markov random fields, applied to the sigma-finite
measure [Py,

E (Z|IFAD) =By [ B [ Z|FN (D)} - |TH aw)],

P, ,-a.s. for any nonnegative measurable function Z on 2 [cf. Rozanov (1982),
where this sort of result is systematically developed for probability measures]. The
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same arguments work for P, ,. Consequently, we apply Doob’s maximal inequality,
one parameter at a time, to obtain

By, | sup PO} <4Y sup B, (GO,

1eQY teR¥Y

all the time noting that, by applying the method used to prove Kolmogorov’s
maximal inequality, one verifies that Doob’s maximal inequality also works for
P, ,-martingales; we refer to Dellacherie and Meyer [(1978), 40.2, page 34]
for the one-parameter discrete setting. One generalizes this development to the
multiparameter setting by applying the arguments of Cairoli (1970); cf. Walsh
(1986). Thus, Lemma 4.1 concludes our proof. [

We are ready to begin our proof of the upper bound in Theorem 2.1.

PROOF OF THEOREM 2.1 (Upper bound). Henceforth, we may assume that
(4.2) E{rq(X(E))} >0,

for, otherwise, there is nothing left to prove.

For any § > 0, define E? to be the closed 8-enlargement of E, which is of
course a compact set itself. Choose some point A ¢ RY, and let 7% denote any
measurable (@1 N E%) U A-valued function on €, such that 7% # A if and only if
| X (T?)| <. This can always be done, since the X ;s have cadlag paths, and since
B(0,8) = {x € R?:|x| < 8} has an open interior, where | - | denotes the £>°-norm
in any Euclidean space. Informally, 7¢ is any measurably selected point in E?
such that | X (T%)| < 8, as long as such a point exists. If not, 7% is set to A. We
now argue that, for all § > 0 and all £ > 0 large, u‘s’k IS ‘J’(E(S), where

P, (T €, TO # A, |X(0)] <k}

8.k, =
WO =" T 2 AL IXO) <)

Indeed, note that, by Fubini’s theorem,

P {T? # A, 1X(0)] <k} =P, {X(E°) N'B(0,5) # @, | X(0)| <k}
(4.3) = P{X (E®) N B(x,8) # &} dx
[—k, k]
=E{s((X(E®) ® B(0,8)) N [k, k17)}.
In particular, IF’M{T‘S;&A, | X (0)| <k} is greater than E{A4(X (E) N [k, k]d)} >0
for all k > 0 large, thanks to (4.2). Thus, once we argue that IP’M{T‘S * A,

|X(0)] <k} < +4o00, this development shows that ,u‘s’k € P(E?), as asserted. How-
ever,

P {T° # A, [X(0)] <k} <P, {|X(0)] <k} = 2k,
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which is finite. Thus, we indeed have Ma,k e P(E?).

We apply Lemma 4.2 to u = w* and s = T% on {T? # A}, and note that on the
latter T° e Qﬁ , so there are no problems with null sets. In this way we obtain the
following, where f:R? — R_ is any measurable function:

D sup Mﬁé-kf(s)E/R inf P ) KA Lypo s, x o)) <k)»

N 1.
ACT seQY N xeR4:|x|<s

P, ,-a.s., where the null set is independent of the choice of § > 0. The special
choice of u®* yields the following upon squaring and taking PP, ,-expectations:

]

2
EAQ[/R inf Pl_sf<x>u3”‘<df>} n(ds)

N xeR4: |x|<s

> sup My f6)

AcTTseQY

x Py, {T° £ A, 1X(0)] < k)
2

z[/ [, it Pt_sf<x>u5’k<drm5’k(ds)}
RY JRY xeRd: |x|<s

x Py {T° £ A, 1X(0)] <k},
thanks to the Cauchy—Schwarz inequality. Consequently, for all 69 > 0, § € (0, §p)

and all k > 0O large,
Ekdi Z sup Mﬁa.kf(s) }
AcTTseQ

4.4 2
44 z[/ / inf Pz—sf(X)M‘S’k(dt)u‘s’k(dS)}
RY JR

N xeRd: |x|<8

2

x P, {T° # A, |X(0)] <k}.

Another appeal to the Cauchy—Schwarz inequality reveals the following estimate
for the left-hand side of the above:
2
sup Mﬁa.kf(s) }
SEQ{X

Ekd{ Z sup Mﬁa,kf(s)
4.5)
<16¥@m ! [ |7©F Q@ de.

AcTseQY
by Lemma 4.2. We now choose a “good” f in both (4.4) and (4.5). Namely,
consider f = f, for any € > 0 such that f is of the form

Z}SZNZEM{

ACII

2
(4.6) fo(x) = 2me)~4/? exp(—%) Vx eRY.
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Trivially, f, > 0, [ fedhg = 1, fo(§) = exp(—4e|£]|?) and both f., f; €
L'(RY) N L2(RY).

We apply (4.4) and (4.5) for this choice of f, and wish to take § — O.
Since &g is fixed, the explicit form of P;f shows that (x,s,?) — P;_ f(x) is
continuous on B(0,8y) x E® x E®. Since E® J} E are all compact, and since
u®* e P(E?), Prohorov’s theorem, together with the mentioned continuity fact
about infy P;_g f (x), implies the existence of a u € P(E), such that, along some
subsequence 8" — 0 and k¥’ — oo,

/ /R inf Pr_y fo(x) p ¥ (dn) p® K (ds)

NxRrY 1x1=8o

> [ nE P fo) ) s
RY xRY |x]<éo
Furthermore, ]P’,\d{T‘S #A, X0 <k} —>E{M(X(E))},ask ? coandthens | 0
[cf. (4.3)]. [Here, X (E) denotes the closure of X (FE).]
The preceding argument, used in conjunction with (4.4) and (4.5) (let &g | 0),
yields

16"~ timswp [ 7@ Q,0x @) d

8'—=0,k' > o0

=

Now, 0 < Q,yx(§) < 1forallé RY [cf. (3.7)], and f, € L(R?). Finally,

lim Qws/.k’ = 0u,

8 —0,k' =00

2
y Prms (0 10 1(d) | EGaX(ED).

+

pointwise [cf. (3.6)]. Thus, by the Lebesgue dominated convergence theorem,

16" e [ 7@ 0u)ds

2
= [y Pres Fo© (a0 u(as) | EGax )
RY xR

2
—en | [ 7.6)0.6)de | BraxEn),
thanks to Lemma 3.1. Our choice of f, guarantees that, for all £ € R¢, ﬁ(é) >

Iﬁ(é)lz. Thus, we use the square integrability of f. and the positivity and
boundedness of Q,,, once more, to obtain

-1
B EN) 16" @n ! [ 17©F 0.6 de|
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since the right-hand side is obviously not zero [cf. (3.6) and (3.7)]. Let ¢ | 0 and
use the Lebesgue monotone convergence theorem to see that

—1
N —d

B (X EN) < 16" @0 [ 0,¢)ds

— —1

= 16" ) E{ 10,132 ga ||

by Lemma 2.4. This concludes our proof. [J

5. Proofs of Theorems 1.1, 1.3 and 1.5. Theorem 1.3 follows from Theo-
rem 1.1 by invoking the very argument that lead to Corollary 2.3. Hence, we only
concentrate on proving Theorems 1.1 and 1.5.

We divide the proofs of Theorems 1.1 and 1.5 into three parts:

1. The easy half of Theorem 1.1, that is,

N
/Rd]"[ <1+‘p(g)>d$<+oo = E{xX®RY))} > 0.

Of course, this statement is a special case of part 3 below. We give a simple and
direct proof using Theorem 2.1.
2. The hard half of Theorem 1.5; that is, for any fixed compact set F' C RY,

Er(XRY)®F)} >0 = 3ueP(F)suchthat Ey (1) < co.

The hard half of Theorem 1.1 follows from this and (1.4) upon selecting

= {0}.
3. The easy half of Theorem 1.5; that is,

F carries a finite measure of finite energy — E{i4(X (Rﬁ )@ F)} > 0.

For simplicity, we use the following suggestive notation: For all finite measures
won RY | define

1112 = @)~ B{I0,13 2 gy |

We may refer to |||, as the energy norm of w, although strictly speaking it is only
a seminorm as the following shows.

LEMMA 5.1.  For any two finite measures w and v on R?,

I+ vile < lille + VI

PROOF. Since pu +— Oy, is linear, so is u — @; . The lemma follows from
Minkowski’s inequality. [J
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Throughout, we define the one-killing measure k € ?(Rﬁ ) as
N
(5.1 K(dS)=eXp<—ZSj> ds VSERJAF/.
Recalling (2.1), we note the killed occupation measure is defined by

N
O (f) = /R L FX () exp(— > Sj) ds.
+ j=1

Note that O, is a random probability measure carried by X (Rﬁ ).
The relevance of the killing measure « to the proofs of Theorems 1.1 and 1.5 is
given by the following lemma.

LEMMA 5.2. Let k be the killing measure defined above. Then the energy
norm of k € T(Rﬁ ) is described by

el =en~ [ 1‘[ (Hw@)dg.

PROOF. By Lemma 2.4,

N o0 [e.e]
lc|? = @)™ /R d']_[1 /0 /0 e—'H"PJ’(Sgﬂ(s—’)f)e—s—fdsdt]dg

bt
N - o0 [e.e] o0 o0

— )¢ /R"JE[I/O / (---)dtds-i—/o /t (~~)dsdt]d$
N1 1/2

_ —d

= (27) /ﬂ%"g-1+‘1’1<5>+ 1+_\yj($)}dg

o [ fin e

since {142z}~ + {1 +2}—1 =2Re{l +z}7' (z€C). O

Lemma 5.2 suffices for our proof of the easy half of Theorem 1.1.

PROOF OF THEOREM 1.1 (Easy half). The lower bound in Theorem 2.1
shows that

(5.2) E{rq(XRY))) > Il ;2.
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Thus, Lemma 5.2 shows that the integrability of ]_[ — Re{l + ¥}~ ! guarantees
the positivity of E{l;(X (Rﬁ ))}. This completes part 1 of the proof. [J

We start working toward proving the hard half of Theorem 1.5. We begin with
some prefatory results.

Recalling our definition of energy from (1.4), and the function Q, from (3.6),
we have the following.

LEMMA 5.3. Forall £ e R,

0, (6) :f[Re(H%j@)).

=1

Consequently, whenever f:R?¢ — R and its Fourier transform are both in
L'®RY) NLARY),

B |0 (A} = Eu(f).

PROOF. In light of Lemma 3.5 and our definition of energy (1.4), it suffices to
compute Q, as given. On the other hand,

N o0 o0 .

0, () = 1—[ / / o1l =t (5enG—08) g 4y
trJo Jo
J=l1

_ li[l[/ooo/loo(---)dsdt+/Ooofo(w)dtdS}

ﬁ[ <1+\IJ (S))

The few remaining details in the above are the same as those in the proof of
Lemma5.2. [

Recalling (4.1), we are interested in M f, where we also recall that TT =
{1,..., N}. The operator U below was defined in (3.3).

LEMMA 5.4. If f:RY = Ry is in L'(R?) N L2(RY), then

(53) EM{ sup |M,‘?f<s>|2} <4NEG(P).

se(@ﬂ

Furthermore, for any r > 0, for any f € L'(R?) whose Fourier transform is also
in L'(R?) and for all s € (0, N, the following holds Py ;-a.s.:

(5.4) MIf(s) > e NUL £ (X (s)).
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PROOF. Equation (5.3) is a consequence of Lemmas 4.2 and 5.3 albeit in
slightly different notation.

To prove (5.4), we proceed as in our proof of Lemma 4.2, but adapt the argument
to the present setting. Since f > 0, the same reasoning as in the latter lemma gives
the following for all s € (0, rN:

N
M,l;[f(s)zE;\d{/ f(X(t))exp(—th>dt‘3'n(s)}
L= s j=1
N
= Pf_sf<X<s>>exp<— 3 tj) dt,
L= s j=1

P, -a.s. Now we move in a somewhat new direction by noticing that, since
s € (0, r)N ,

N
Py f(X(5)) exp(— S - s,«)) di

j=1

MO f(s) = eV /

t=a s

N N
>e NV P,f(X(s))exp(— t-) dt
/M ; !

=e NULF(X(s)),

by (3.3). Thus, our lemma follows. [J

Henceforth, we define the capacity of a compact set F C R? by

1
(5.5) €y (F) = [Még(fmsww] ,

where, we recall, P(F) denotes the collection of all probability measures on F'.
Our proof of the hard half of Theorem 1.5 is based on the following.

LEMMA 5.5.  Suppose X is an additive Lévy process in R that satisfies condi-
tion (1.3), and that [pa H?I:I |1+ \Ifj(é)l_l d& < 400, where V = (W, ..., ¥y)
denotes the Lévy exponent of X. Then, for all compact sets F C R?, and for all
r>0,

E{xa(X(10,71V) & F)} <972 (4e’)V - Cy(F),

where ¥ > 0 is the constant in condition (1.3).

Before proving it, we appeal to Lemma 5.5 to conclude part 2 of our proof, that
is, the hard half of Theorem 1.5. Clearly, the following will suffice.
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PROPOSITION 5.6.  Suppose X is an additive Lévy process in R? that satisfies
condition (1.3). Let V = (¥, ..., Vy) denote the Lévy exponent of X. Then, for
all compact sets F C RY and forallr >0,

E{Aq(X ([0, 1Y) @ F)} < 9242V T2 ey ().

PROOF. Let us bring in M = L%J + 1 continuous Brownian motions in R<,
By, ..., By, all totally independent from one another, as well as X [under P].
Having done so, for any § > 0, we can define an (N + M)-parameter process Xs
in R by

Xs=X1®D - BXNDV2B D ---DV25By.

To be concrete, Xs(t) = Z?’Zl Xj(tj) +~/26 Z?’IZI Bj(tjyn),forallz € RT“M.
Define

V&), itj=1,...,N,
Q;(8)= 2 e
SIEN~, itj=N+1,....,. N+ M,
where ||x|| is the £2-norm of x € R?. Then X is an (N + M )-parameter additive
Lévy process in R? whose Lévy exponent is ® = (P, ..., D). Furthermore,
N+M

-1 0"W—M
(5.6) fRdjE[lqu,-(sn de < [ {1+81g17) " d <+oc.

since M > %. Thus, we can apply Lemma 5.5 to the process X and obtain

(5.7) E{1q(Xs([0, 1V tM) @ F)} <0 2(4e*) V™™ . Co(F).
Of course, by (5.6), the above capacity is strictly positive.

Now, consider a sequence of probability measures, (1, 2, ..., all on F, such
that

Jim_ € (1) = [Co(F)I7".

Without loss of generality, we can assume that all these energies are finite and, by
tightness, extract a subsequence n’ and a probability measure i1, on F such that
wy converges weakly to ftoo. Thanks to (5.6) and to the continuity of the ®;’s,
we see that lim,y E¢ () = Ea (o). Equivalently, we have found a probability
measure [l on F whose ®-energy is the reciprocal of the ®-capacity of F.
Changing the notation to allow for the dependence of 1, on the parameter §, we
see that there exists a probability measure vs on F such that it has finite ®-energy,
and

19—2(482r)N+M

N+M
E{ra(Xs (10, ) @ F)} = =4~ 5
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This holds for all § > 0. Now, fix an arbitrarily small 89 > 0, and for all § € (0, §p)
deduce the cruder bound:
E{xqa(Xs(10, 71V M) @ F))
19—2(4621‘)N+M
= = N 1 0-M gg’
Jra 15E) P T Refl + ()} - {14+ 815112} ~M d&

By considering further subnets of 8, and by appealing to (5.6) once more, we can
infer the existence of a probability measure vg on F such that

lim infE{4 (X5 (10. 71V ) & F)}

19—2(462r)N+M
= e 15012 TTH-  Re{l + W, ()}~ - {1+ lIE12) M dg
On the other hand,
X5 ([0, 11N M) = x ([0, 1Y) ® V28 B([0, r1M),

where B = B; @ --- @ Bys. By compactness, as é§ | 0, this random set con-
verges downward to X ([0, ]V), the closure of X ([0, N ). Consequently, by the
monotone convergence theorem of Lebesgue,

E{ra(X([0,71V) ® F)}

19—2(4621‘)N+M
< 9
" Jral0(®)1? ?/:1 Re{l +W; (&)}~ - {1 +8ol&112)~M dg

for all 89 > 0. Let §p | 0, and apply Lebesgue monotone convergence one more
time to finish. [

It remains to present our proof of Lemma 5.5.

PROOF OF LEMMA 5.5. It follows from (1.4) that Cy (—F) = Cy (F) for any
compact set F', where —F = {—a; a € F}. Hence, we can reduce our problem to
showing that

E{rq(F © X([0.r1V))} < 024> €y (F),

where A6 B={a—b;acA, be B}.

Let F* denote the closed e-enlargement of F. The integrability condition of the
statement of the lemma, the continuity of the W;’s and the Lebesgue dominated
convergence theorem together show that if ¢ > 0, then lim,_, ¢ Cy (F?®) = Cy (F).
(This involves a tightness argument that we have already utilized while proving
Proposition 5.6.) Hence, it suffices to show that

(5.8) E{rq(F © X([0,r1V))} < 9 2(4e¥)" €y (F?).
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The above holds trivially unless the left-hand side is strictly positive, which we
will assume henceforth. We observe that, by Fubini’s theorem,

Py {X(10. 1Y) N F £ 2} = / P{(x ® X(10, r1¥)) N F # &} dx

Rd
(5.9) _ /Rd Plx e F & X((0,r1¥)} dx
=E{x(F © X([0, 1Y)}
Thus, the above assumption is equivalent to assuming that
(5.10) P, (X (10,7 1Y) N F # @} > 0.

Next, we add a cemetery point A ¢ Rﬁ to Rﬁ, and consider any Qﬁ U {A}-
valued random variable 7, such that the following hold:

(i) T, = A if and only if X ([0, 7]V) N F¢ = @;
(ii) on the event {X ([0, 71V) N F¢ # @}, X(T,) € F®.

We remark that since F¢ has an open interior, and since X;’s are cadlag, we can
always choose T, € @ﬂ\r’ U {A} (as opposed to Rﬂ\r’ U {A}). Consider

Py AX(Te) €, T. # A, |X(0)] <k}

’

Ms,k(') =

. 2N—d/2 ||x||2
@y(x) = Qmn7) "/ “exp 27 )

where 1, k > 0 and x € R¢. Owing to (5.10), Me k 1s a probability measure on F®
for all ¢ > 0 and k > 0 large. We can smooth p, ; by convoluting it with ¢;:

fs,k;n = Ue,k * Pp-

The function f; ., has the following nice properties that are simple to check:
(1) fe,k:n = 01s bounded; and (ii) both f; x.p, fe k:n € L'(R?) N L%(RY). Thus, we
can apply Lemma 5.4 [(5.4)] to obtain

sup MY fokin () = e N Uy fo iy (X(T2)) - Lz, 24, 1X )] <K)

te[0,r]V

P, ,-a.s. (There are no problems with null sets, since on {7, # A}, T; € Qﬁ.) We
square this and take [, ,-expectations to obtain the following as a consequence of
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Lemma 5.4 [(5.3)]:

4N8\l/(f8,k;77)
B 2
> ¢ N E, (|Us fosen X (T Lia 1x0)1<0) )

(5.11) _ N /Rd U Fon @ ek (dx) - P {Ts £ A, |X(0)] <k}
2

" Pr (T # A, 1X(0)] <k,

/ U fokin () 1ok (d)
Rd

thanks to the Cauchy—Schwarz inequality. We can apply Lemma 3.1 to see that

[ U Fosen@ et
Rd

) d/ / ¢ Fotin(— s>1‘[ 1+w & 46 ek

N
_ —d PN S
=0 [ 1E©PF(—6) Re (1;[ — @)) dz
d 2 llx al 1
Y (2m)” Lok —— Re
=00m [ 1@ Pew(-5 s )}1:[1 (v @)%
T 08w (e k).

In the above, the second equality follows from the fact that |z x (§) |2 oy(—=€) >0,
and the inequality follows from condition (1.3). On the other hand, by (5.9),

lim Py, {T: # A, |X(0)| <k}
k— o0

= ]P)Ad{Ts 75 A}
=E{34(F° © X([0, r1V))}
> E{1q(F © X([0.71V))},

since F C F?. Finally, the integrability condition of our lemma allows us to take
limits and conclude that lim;, .o Ey (f¢ k;n) = Ew (e k). Thus, (5.11) implies (5.8)
after letting k 1 0o, from which our lemma follows. [

Next, we proceed to part 3 of our proof. The following proposition verifies the
easy half of Theorem 1.5. Namely, if F carries a finite measure with finite energy,
then the Lebesgue measure of X (Rf ) @ F has a positive expectation.
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PROPOSITION 5.7.  Suppose X is an additive Lévy process in R? with Lévy
exponentV = (Vy,..., YN).If F C R isa compact set and Cy (F) > 0, then for
anyr >0,

E{ra(X([0,71V) ® F)} > 0.

PROOF. Since Cy (—F) = Cy (F), as in the proof of Lemma 5.5 we only need
to show that if Cy (F) > 0, then for any r > 0,

(5.12) E{r4(X([0,71¥) © F)} > 0.

We note that, whenever E{As(X([0,7]V))} > 0, then E{r;(X([0,r1V) ©
F)} > 0 for all compact sets F C R?, and the proposition holds trivially. Moreover,
if there exist some n < N — 1, distinct iy,...,i, € {1,..., N} and a compact set
F c R? such that

E{)\’d( ln([o r]n) 9 F)} > 0’
where X;, i, =X; ®--- & Xi,, is an n-parameter additive Lévy process, then
inequality (5.12) also holds. Hence, without loss of generality, we can and will
assume that

(5.13) E{r4(Xi,...i, (0,71 © F)} =0
forallm <N —1 anddistlnctzl,...,zn ef{l,...,N}.
For any ¢ > 0, define
0 (X) = (26) "Ly )2e), x eR?,

where |x| is the £>°-norm of x € R¢. Then, whenever y is a probability measure
on F, e := L x @, is a probability measure on F'®, where x denotes convolution,
and F¢ is the closed e-enlargement of F in the £°°-norm. To maintain some
notational simplicity, we write w. both for the measure and its density with respect
to Lebesgue measure 4.

Since the Py ,-distribution of X (¢) is A4 for all t € RY,

N
(5.19) Ekd{./[o " exp(—Zs])/Lg(X(s))ds =(1 —e—r)N.
N j=1

On the other hand, by Lemma 5.3 and the definition of energy (1.4),
2

N
(5.15) EM{[ /[0 . eXp(—Zﬁ)/Lg(X(S))dS} < Eylue) < Eu (),
sr j:1

since |z (§)| < 1. Recall the Paley—Zygmund inequality: For any measure v on the
underlying measure space, and for any nonnegative g € L2(v) N L' (v),

lgll?
v{g >0} > ﬂ

” ||L2(v)
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[cf. Kahane (1985), page 8]. We apply this with v =P, , and

N
g(w) = /{MN exp(— ]2::1 sj>M8(X(s)) (w)ds.

Thanks to (5.14) and (5.15), we have |[gll 1) = (1 — e N and ||g||%2(v) <
Ew (). Therefore,

Py X ([0, rIN) N Fe £ o} > Py {g > 0} = (1 —e )My (]~
It follows from (5.9) that
P;, (X (10, 71V) N F¢ # o) = E{r,(X ([0, 71V) © F?)}.
Thus, we can let ¢ | 0 to obtain
(5.16) E{xa(X([0,r 1) © F)} > (1 —e )N [y ()]

for all probability measures  on F' that have finite energy. Since each X ; has only
a countable number of jumps, the assumption (5.13) implies that

ra (XA, T\ X((0,71") © F) =0, Paas.
Therefore, (5.16) becomes
E{rs(X([0,71Y)© F)} = (1 —e )N [Eg ()] !

for all probability measures w on F that have finite energy. Defining 1 =0 = 0o as
we have, we can optimize over all probability measures i on F to deduce that

E{1q(X ([0, 1Y) © F)} = (1 —e )N ey (F).

This proves (5.12), and our proposition follows. []

6. Convolution-based energies. This is a brief section on connections
between the energy forms of the Introduction and the notion of mutual energy
based on convolutions. Some of this material is classical and can be found in
standard references such as Carleson (1983) and Kahane (1985).

Any locally integrable function K : R? \ {0} — R, defines a mutual energy on
the space of all measures crossed itself. To be precise, the K-mutual energy of
measures i and v is defined by

6.1) (u,v)k = %// K(a—b)u(da)v(db) + %// Kb —a)u(da)v(db).

This is clearly a symmetric form, that is, (u, v)x = (v, w)g. It also induces a
capacity Cg on subsets of RY:

-1
Cx(F)=| inf (u, ,
k(F) [Mégm(u M)K:|
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where P(F) is the collection of all probability measures that are carried by F.
We say that K is the 1-potential density of an additive Lévy process X =
{X(); t eRY}in R?if, forall f:R? — Ry,

N
E{ /M eXp(—;sj)ﬂX(s»ds} - [, K@f@da.

It is easy to see that if the 1-potential density K (a) exists, then [ps K (a)da =1
and K (a) > 0 for almost everya € X (Rﬂ\r’ ). A sufficient condition for the existence
of the one-potential density is that X (s) has a density function pg(a) for all
s € (0, 00)V . In this case,

N
(6.2) K (a) =/Nexp<—2sj>ps(a)ds.
RY —
j
See Hawkes [(1979), Lemma 2.1] for a necessary and sufficient condition for the
existence of a one-potential density.

LEMMA 6.1. Let X be an additive Lévy process in R? with Lévy exponent W
and 1-potential density K, and suppose condition (1.3) holds. Then, for all finite
measures |1 on RY,

27N (k< Ew(w) <07 (s Wk
Furthermore, if (1.7) holds, then Ey () = (1, Wk -

PROOF. Define K,(a) = %[K(a) + K(—a)] to be the symmetrization of K.

Then
1 N N
K _
o=3\Nirve M)

<:1+W@)

We note that K, is a real function and, under condition (1.3), it is also nonnegative.
Hence, by Fubini’s theorem,

(. g = / /R o Kel@ =) u(da) p(ab)

(6.3)

:]2

6.4) = 2m)~ / / / e~IE @D R, () dé u(da) u(db)

=@ [ 5@ P @) ds.

Together, this and (6.3) imply the second portion of the lemma, as well as the
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asserted upper bound on Ey(w). It remains to verify the corresponding lower
bound for Ey ().

Note that if f:R? — R, is measurable, U, f < Uf, pointwise [cf. (3.2) and
(3.3)]. In particular,

(6.5) [, feousrmds < [ reuvsmads.

’I"\hanks to Lemma 3.1, for all nonnegative functions f € L'(R?) N L2(RY) with
f € LY(R?), (6.5) is equivalent to

|, 1F©F re Miv e as <2V | |f<s>|21ﬁ[Re<;>dS
RY 1+W;(&) - Rd iz 1+W;(6) '

j=1

Now, given any finite measure 1 on the Borel subsets of R, we can replace, in
the preceding display, f by f: x i, where f; is the Gaussian mollifier of (4.6), and

obtain
/ () 2e—C/DIER Re ﬁ ! dt
2 e

j=1
N
N [ e 2e—E/DIER R( ! ) '
<2V [ 1a@Pe TR )

Thanks to (1.3), both integrands are nonnegative. Thus, we canlet ¢ | 0, and appeal
to the Lebesgue monotone convergence theorem to deduce that

N

H 1+ W;()

j=1

@)™ fR , |ﬁ<s>|2Re< )ds <2Vey (.

Owing to (6.4), the left-hand side equals (i, u) g, which completes our proof. [

PROPOSITION 6.2. Suppose X is an additive Lévy process on R with Lévy
exponent V that satisfies condition (1.3) and X has a one-potential density K.
Then, for any compact set F C R%, the following are equivalent:

(i) There exists a finite measure . on F with (u, n)g < —+o00.
(i) Ag(HF) > 0, where

Hr = {a e RT:P[X(RY) N ({a) ® F) # 2] > 0}.
(iii) HF # @.

If, in addition, K is almost everywhere positive, then the above is also equivalent
to the following:

(iv) Hp = R4.
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REMARK 6.3. In the classical setting where N = 1, this theorem is well
known. For instance, when F is a singleton, this proposition was considered first
by Orey (1967) and later on by Kesten (1969) and Bretagnolle (1971). The same
remark applies to the equivalence of (iv) and (ii). When F C R? is a general
closed set, this result can be found in Bertoin [(1996), Chapter II]. Furthermore,
the equivalence of (ii) and (iii) appears in Hawkes [(1979), Theorem 2.1].

PROOF OF PROPOSITION 6.2. We observe that, by (5.9) and by Fubini’s
theorem,

66  E{(XRY) o F))= /Rd P{XRY) N [{a} & F1# 2} da.

Hence, (i)« (ii) follows from Theorem 1.5 and Lemma 6.1. It is also clear that
(i))=(iii). To prove (iii)=-(ii), note that, for all s € Rﬂ\r’ and all a € RY,

P{X((s,00)) N[{a} ® F1 # 2}
_ /Rd P{XRY) N [{a — b} ® F]# o} P(X(s) € db).

where (s,00) = {t € Rﬁ; t =s}. We multiply the above by exp(— Zj sj) and
integrate [ds] to obtain

6.7) /RN

+

N

P{X((s,00)) N[{a} ® F] # &} exp(— ZS]') ds
=1

- /Rd P{X(RY) N [{a — b} & F1 # 2K (b) db.

If (iii) holds, then for some a € R the left-hand side of (6.7) is positive. Therefore,
PIX@®RY)N[{a —b}® F1# o} >0,

for b in a set of positive Lebesgue measure, which implies A;(HF) > 0. This proves
the first half of the proposition. Since it is clear that (iv)=>(i), it remains to prove
D=(v).

If (iv) did not hold, there would exist an a € R such that the left-hand side
of (6.7) would equal to 0. This would then imply that

/ PX®Y)N[la—b)® F1#2)K(b)db=0,
Rl
Since K > 0 almost everywhere, we would have
P{X(Rﬁ) N[fa —b}® F1#£ 2} =0, Ag-almost every b € R,

Equation (6.6) would then imply that E{14(X (Rﬁ )© F)} =0. Using Theorem 1.5
and Lemma 6.1 again, we would derive a contradiction to (i). We have shown that
()= (iv), which completes our proof. [J
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REMARK 6.4. The almost everywhere positivity of the function K is
indispensable, as can be seen by considering a nonnegative stable subordinator X
and by letting F = [—2, —1]. In this case (iii) clearly does not hold.

In the following, we prove a zero-infinity law for A4 (X (Ri’ ).

PROPOSITION 6.5. Suppose X is an additive Lévy process on R¢ with Lévy
exponent WV that satisfies condition (1.3) and has an a.e. positive 1-potential
density K. Then

r(XRY)) €{0, 400},  P-as.
PROOF. Assuming that E{A (X (Rﬁ ))} < oo, we first show that the value of

this expectation is, in fact, zero. Bearing this goal in mind, we note that, for any
n >0,

E{a(XRY))} > E{aa(X (10, n1V))} + E{ra(X (2, 00)V))}
—E{xa[X (10, n]") 0 X ((n, 00)")]}
= E{14(X (10, n1"))} + E{2a(X R}))}
— E{x[X (10, n1V) n X' R},

where X’ is an independent copy of X. Consequently, we see that if
E{ha(X (RY))} < oo,

E{ra(X (10, n1V))} < E{ra[X (10, n]Y) 0 X" RY)]}.
Let n 1 oo to see that, as long as E{)»d(X(Rﬁ))} < 00,
E{ra(X(RY))} < E{ra[X(RY) 0 X' ®RD]}.

Define p(a) =Pla e X (Rﬁ )}, and note that the above is equivalent to

/Rdtp(a)da < /Rd ¢*(a)da.
Since 0 < p(a)(1 —p(a)) <1 foralla € R4, we have
p(a) €10, 1}, Ag-almost every a € RY.
Consequently, if E{A;(X (Rf ))} is finite,
(6.8) E{ta(XRD))} = ralp™' {1]).

It follows from Proposition 6.2 that either ¢(a) =0 for all a R9 or @(a) > 0 for
all a € R, This means that A;(¢~'{1}) = 0; for, otherwise, ¢~ '{1} = R, which
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has infinite A;-measure, and this would contradict (6.8). In other words, we have
demonstrated that

E{p(XRY)) <00 = e '1h=0 = E{(XRY)}=0.

We now “remove the expectation” from this statement and finish our proof.
Suppose that E{Ad(X(Rﬁ))} > 0 (which means that E{)»d(X(Rﬁ))} = 00), and
note that, for any v > 0,

Aa (X (RY)) = supra(X ([n,n +vIV)) =suply.

n>0 n>0

Since 'y, I'7, ), '}

1ovs Dqoys -+ - are i.i.d., by the Borel-Cantelli lemma, for any v > 0,

r(XRD)) = E{Ty} =E{rqs(X([0,v1V))},  P-as.
We can let v 1 co along a sequence of rational numbers to deduce from

E{rs(X(RY))} = 0o that Ag(X(RY)) =00, as. O

7. Bessel-Riesz capacities. The «-dimensional Bessel-Riesz (sometimes
only Riesz) energies and capacities on R? are those that correspond to K = R
where

1, ifa <0,
(7.1) Re(@) =y In(1/llal),  ifa=0, VaeRY
lla|~%, ifa >0,

In this case we will write (i, {4)(a), in place of the more cumbersome (i, L)R s
and write C(y) for the corresponding capacity.

There are deep connections between o-dimensional Bessel-Riesz capacities
and ordinary one-parameter Lévy processes when 0 < o < 2. In this section, we
show that, by considering additive Lévy processes, one can have a probabilistic
interpretation of sets of positive a-dimensional capacity for any o > 0.

EXAMPLE 7.1. Suppose B = By @ --- @ By is additive Brownian motion
in RY. That is, B;’s are independent d-dimensional Brownian motions. Then,
by (6.2), it is easy to see that the 1-potential density of B is

@ )d/zizv 1)'/ TR e
T — 1) J0

This calculation only requires the elementary fact that

K(a) =

1
Ak({qGRﬁ:ql—i---'—i-qkfx}):Exk Vx>0k=1,2,...,
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which, itself, follows from symmetry considerations. Furthermore, it is a simple
matter to check that

; K@  A@d/2—N)
a0 Rg_any (@) @o)A(N — 1)U

where Ry is defined in the Riesz kernel of (7.1), and for all x € R,
A(x) =2""T(|x]),

where x; = max(x, 0). Consequently, we can deduce that, for any compact set
F C RY, there are two constants A; and A, such that, forallx € FO F,

A1R@g-2n)(x) < K(x) < AoRg—an)(x).

This, Lemma 6.1 and Theorem 1.5, together, combine to show that B(Rﬁ YD F
can have positive Lebesgue measure if and only if Cy_on)(F) > 0.

With a little more work, and motivated by this example, we can find additive
Lévy processes that correspond to any Bessel-Riesz capacity of interest. Recall
that X| @ --- @ Xy is additive stable of index « € (0,2], if Xq,..., Xy are
independent isotropic stable processes with index « each.

THEOREM 7.2. Suppose X = X| @ --- ® Xy is an additive stable process of
index o € (0, 2], and in R¢. Then, for any compact set F C R?,

Er(XRY)®F)} >0 <= C—an)(F)>0.

REMARK 7.3. Uponvaryingd, N € Nand « € (0, 2], we see that this theorem
associates an additive Lévy process to any Bessel-Riesz capacity, including those
with dimension greater than 2.

Theorem 7.2 follows from Theorem 1.5 and the arguments of Example 7.1, once
we establish the following.

PROPOSITION 7.4. Let X denote an N -parameter additive stable process
in RY. Then X has a one-potential density K whose asymptotics at the origin
are described by the following:

K(a
(7.2) lim#zC(a,d,N),
a—0 R(g—Na)(a)
where R, is the Riesz kernel of (7.1), and C(a,d, N) is a positive and finite
constant depending on o, d and N only. Moreover, there exists a positive constant
C =C(a,d, N) such that

(7.3) K@) <CRu-nay(@)  VaeR4
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PROOF. In light of Example 7.1, we can assume, without loss generality, that
O<a<?2.
We denote the density function of X(1) by p1(x). Here, p; is scaled as

e I8N =/ e pr(x)dx.
R4

It is possible to show that p; (x) is a continuous and strictly positive function on R¢
that is isotropic; that is, it depends on x only through ||x]||.
Direct calculations reveal that the 1-potential density of X is

1 e}
(74) K@) = m/ (No1dle =t VY dt VaeR4.
J— ! 0

On the other hand, by using Bochner’s subordination, we can write

(75) P =117 [ ”(W) @2 () ds,

where the function v is defined as
1
v(s) = (47rs)_d/2 exp(——),
4s

g@/?(s) is the density function of the random variable 7(1), and where T =
{t(t),t > 0} is a stable subordinator of index %a [cf., e.g., Bendikov (1994)]. It
should be recognized that a — K (a) is isotropic and strictly decreasing in ||a]|.

It follows from (7.4) and (7.5), combined with Fubini’s theorem, that

lal = Nt gty (SN )
Ko=grmify [ 07 () s o

(7.6) W2 e [ gaN2gen) (o) g
' = G2 (N —1)! )

*  (@N—d)/2—1 lall® &/ 1 J
X A u exXp —SaTM exXp —E u.

When d — N > 0, (7.6) and the monotone convergence theorem imply

K (a)
a—0 Rg—nNa) (@)
_ /2 /2, (@/2)
= @A (N — D] /0 K g (s)ds

o0 1
X / u(“N_d)/z_lexp<——> du.
0 4u

Hence, when d — a N > 0, we can identify the constant C (o, d, N) in (7.2) as

2d—ozN—1 1 oo N2 (a2
@A 1)1 F(E(d —oeN)) /(; s g (s)ds.

Cla,d,N)=
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In the above, note that

o
/ s~aN2g@/D gy g — B[ (1)~¥N/2]
0
(7.7) ~
:/ Plr(1) <x @M} dx < +oo,
0

by a well-known estimate for P{r (1) < ¢} as ¢ — O [see, e.g., Hawkes (1971) or

Bertoin (1996), page 88].
If d — aN =0, we split the last integral in (7.6) as

flal~! 0o
(7.8) /O (--)du + l(- du=1Ii(a) + L(a).

lall=

lal|/?N plal™ 1
Xp(-w)/o‘ u eXp(—E> dl/l

flall~! . 1
<ILi(a) S/ u- exp(——) du,
0 4

u

We note that

and, thanks to I’Hopital’s rule,

. JIa =1 exp(—1/(4u)) du L

a—0 log |la||~!
Thus,
1
(7.9) i)l =1.
a—0log|la|~
On the other hand,

”a”>/ —1 ( llall® a/Z)
—— —— d
xp( 2 ol u”"exp( ——7u u

<ha) < > ulex _||a||“ua/2 du
) — p sa/z ’

llal=!

and, by using I’Hopital’s rule again, we obtain
I 1 00 a
a—0logllal="  a—ologllall=" Jja| s
i RS
(7.10) —al_l')l}) —EXp| — $0/2

allal|* [ —14a/2 llall® a2
+ a2 Aa“lu exp(——sa/Zu )du]
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It follows from (7.6) and (7.8)—(7.10), combined with the Lebesgue dominated
convergence theorem [the above upper bounds for /1 (a) and I>(a) are used here],
that whend — aN =0,

. K (a) o /oo —aN
i _ aN /2, @/ () ds.
a0 Roy(@)  Gmyd2(N—D1 o g (s)ds

Incased —aN <0, (7.6) tells us that we only need to show that the following
limit exists:

lim [|a|*N—4 /oo u@N-d/2-1 exp(——”a”a u“‘/z) exp(—i) du.
a—0 0 s9/2 4u

After changing variables and appealing to the monotone convergence theorem, we
can see that the above limit equals

0 (@N—d)/2—1 v/2
a - - —
/0 v exp( saﬂ)dv.

Hence, in this case, we apply (7.6), and change variables once more, to show that
(7.2) holds with

(N —d/a)
4m)4/2(N - 1)!
where, as in (7.7), the last integral is finite.

Finally, the inequality (7.3) follows readily by adapting the aforementioned
arguments. For example, when d — aN > 0, it follows from (7.6) that

K(a) a2 /oo N2 @)
d
Ra-na)(a) = @m)a’2(N — 1) Jo s 8 (s)ds

o 1
X / u(“N_d)/z_lexp<——) du.
0 4u

We omit the other two cases and declare the proof of Proposition 7.4 complete.
O

C(o,d,N) =

o0
/ s=42g@/2) (5) ds.
0

8. Proof of Theorem 1.6. We will use Frostman’s theorem of potential theory
[cf. Kahane (1985), Chapter 10, or Carleson (1983)]. Recall that the latter states
that, for any Borel set G C RY, the capacitary and the Hausdorff dimensions of G
agree. That is,

(8.1) dim(G) = sup{y > 0:C(,,(G) > 0},

where C(,) is the Bessel-Riesz capacity of Section 7, and sup & = 0.
Now we introduce an M -parameter additive stable process ¥ in R? whose index
is @ € (0, 2]. The process Y is totally independent of X, and we will determine the
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constants M and « shortly. Note that X @ Y is an (N + M)-parameter additive
Lévy process in R? whose Lévy exponent & = (P, ..., Py p) is given by

W), ifj=1,...,N,

D(£) = o
’ {%nsn“, fj=N+1,....N+M.

Clearly,

N+M
[

where, for all y € R,

N
) — —Y
! /seRd HES! E[ <1+\If (S)>IISII a5

Thus, we can apply Theorem 1.1 to the process X @ Y and see that
Er(XRDH@YRY)} >0 — IM <10

- - (M)
<1+¢(g))d€<+oo — J < 400,

On the other hand, we can also apply Theorem 7.2, conditionally on F = X (Rﬁ ),
to deduce that

Eha(XRH@YRY)} >0 = E[{Cyu_ma)(XRY))} >0
We combine the latter two displays to obtain
E{Cu-may(X®R))} >0 = IM < o0,

Consequently, when JMe) — 400, C—ma)(X (Rﬁ )) = 0, P-almost surely. From
Frostman’s theorem [(8.1)], we deduce that IM® = 400 implies that, P-a.s.,
dim(X(Rﬂ\r’)) <d — Ma. On the other hand, we can choose M € {1,2,...} and
rational a1, az, ... € (0,2] such that Ma; 1 n; this shows that dim(X(Rﬁ)) <
d — n, P-almost surely. In particular, if n = d, then dim(X (Rﬁ )) = 0, P-almost
surely, and this constitutes half of our theorem. For the other half, we use the same
argument, but quantitatively.

For the converse half, we only need to consider the case when n < d. With this
in mind, choose « € (0,2] and M € {1, 2, ...} such that n < M« < d. Thus, we
can deduce from the preceding paragraph that

JM) 4 o,

We now recall the killed occupation measure O, from (2.1) and (5.1). This is
a Borel probability measure carried by X (Rﬂ\r’), and we claim that, as long as
O<d—oaM <d—n,

(8.2) (O, ©K)(d—MOt) < +o00, P-as.,
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where (O, Oy)(y) is the y-dimensional Bessel-Riesz energy of O, as defined
in Section 7. Together with Frostman’s theorem [(8.1)], this shows that with
probability 1, dim(X (Rﬁ )) >d — Ma. This is the key part of our proof, since
we can approximate n from above arbitrarily well by numbers of the form M«
(M €{1,2,...}, « € (0,21 N Q). In this way, we deduce that, with probability 1,
dim(X (RY)) > d — n, as asserted.

At this point, we only need to establish (8.2). For this purpose, recall the
process Y, as above, and consider its Lévy exponent A = (Ay, ..., Ay), where
A () = %HSH", i=1,..., M. The process Y has a 1-potential density K whose
asymptotics are described by Proposition 7.4. After applying Lemma 6.1 to Y,
we deduce that (O, Q) = EA(Qy), P-almost surely. In particular, Lemma 5.2
gives

-M

— 1
B((0..00k) = 0! [ 1G@F {1+ ] a

-M

=en [ 1‘[ (1+w<g)> {1+%IISII“} dt,

which is finite, since IM®) < 4o0. Therefore, we have found a random
measure O, on the random set X (Rﬂ\r’ ) such that, with probability 1, (O, O, ) g <
+o00o. Thanks to Proposition 7.4, there is a positive and finite constant C’,
depending on «, d and N only, such that

R-Ney(@) <C'K(a)  VaeR! with |a| <1.
Hence
(O, Ok)@—Me) <14+ C" x (O, O < +00.

This verifies (8.2), whence Theorem 1.6 follows.

9. Concluding remarks. A number of interesting questions remain unre-
solved, some of which are listed below.

QUESTION 9.1. Do Theorems 1.1 and 1.5 hold for all additive Lévy
processes? One only needs to worry about the necessity since in both theorems
the sufficiency has already been shown to hold generally.

A possible approach for proving Theorem 1.1 without condition (1.3) is as
follows: In light of Lemma 5.2 and the upper bound in Theorem 2.1, it suffices
to show that

©.1) IuePE): nlle <400 = |kl < +00.

When || - || is an energy norm based on a positive definite convolution kernel, one
can prove such a result by appealing to simple Fourier analytical arguments. In the
present general setting, however, we do not know how to proceed. In the Appendix,
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we derive an analytical estimate that may be of independent interest and that barely
falls short of settling this open problem by way of verifying the preceding display.

QUESTION 9.2. A simpler, but still interesting, open problem is to find a
necessary and sufficient condition for X (Rﬁ) @ F to have positive Lebesgue
measure with positive probability when X;’s are independent (but, otherwise,
arbitrary) subordinators. Equivalently, we ask for a necessary and sufficient
condition for the existence of local times of N-parameter additive subordinators
without a condition such as (1.3).

QUESTION 9.3. In light of Theorem 1.6, it would be interesting to determine
an exact Hausdorff measure function that gauges the size of X ([0, 1]V). For stable
sheets and two-parameter additive subordinators, related results can be found in
Ehm (1981) and Hu (1994).

APPENDIX

In this Appendix we present a possible alternative approach for proving
Theorem 1.1 without condition (1.3) that involves an estimate that may be of
independent analytical interest. As we mentioned in Section 9, the key is to
prove (9.1). In the present general setting, we are only able to verify a partial
derivation (cf. Proposition A.3 and Remark A.4).

Given any measure u on RY , and given s € R, write

Mis)() =p(-+s)

for the s-shift of . We note that 15y need not be a measure on Rﬁ although p is
assumed to be.

LEMMA A.1 (Shift invariance of energy norm). The map p+> ||it|le is shift
invariant in the sense that, whenever ju and |5y are both finite measures on R,

l[ielle = lecs) lle-

PROOF. This follows immediately from our computation of |||, in Lem-
ma2.4. [

Next, we prove that convolutions reduce the norm. To be more precise, we have
the following.

LEMMA A.2 (Norm reduction of convolutions). Suppose ¢ is a probability
density function on RN such that ¢ * . and jv are both in ‘J’(Rﬁ ). Then

o plle < llelle-
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PROOF. We write ¢ * i for both the measure and its density with respect to
Lebesgue measure Ay. In this way we can write the corresponding occupation
measure as

Do () = [, FX SN *0()ds.
+
Using Fubini’s theorem, twice in succesion, we obtain

Dpop (6) = f X g f o(s — 1) u(dr)
_/ Mdt/ ' X W) () dv
RYe(r}
:/ (p(v)dv/ HEXWHD L ap)
RN RYo(v}

:/IR{N Opy E)e () dv.

To this, we apply the Cauchy—Schwarz inequality twice as follows:

losuiz=em™ [ [ E{0 0., ® fewewdudvds

2
< <2n>—d E{|0p, &)} p(v) dv| dt

<@n)™ / / (|0 ) lo () dvds

= ||ullZ,
thanks to Lemma A.1. O

We conclude this Appendix by showing that if there are any probability
measures of finite norm on a given compact set F, Lebesgue measure on F is
also of finite norm.

PROPOSITION A.3. Suppose F C RN is compact. Then

IAn]Flle < 2" sup eV inf llelle.
teF ne

where Ay | F denotes the restriction of Ay to F.

PROOF. First, we suppose that F is a compact subset of (0, c0)"V. At the end
of our proof, we show how this condition can be removed.

Since F C (0, 00)", its closed e-enlargement (written as F®) is a subset of Rﬁ
for all € > 0 small enough.
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For all ¢ > 0, define the function ¢,, on RN, by
e (r) = (26) Mp.e(r)  VreRY,
where
B(s,r)={teRV:|t—s|<r}] VseRM r>o,

and || = max|<;<y |#| is the £°°-norm on RN, We note the following logical
sequence:

neP(F) = @cxpePF)
— Ve >O0small, g u € PRY)
= Ve>0small, [|@*ulle <Ilitlle,

the last inequality following from the norm reduction of convolutions (cf.
Lemma A.2). For each n > 0, let f; denote the density of n'/? times a
d-dimensional vector of independent standard Gaussians [cf. (4.6)]. We note that,
for all ¢ > O sufficiently small,

Opyun(fy) = @)V / Fo(X(s)(B(s. £)) ds.

[The only reason for our insisting on the smallness of ¢ is to ensure that ¢, x u €
T(Rf ). Of course, here, “small” means “small enough to ensure that F® C Rﬁ ]
We will use this formula, and a covering argument, to obtain a simple bound.

For any compact set K C RY, and for all ¢ > 0, let Ng (&) denote the minimum
number of £°°-balls of radius ¢ needed to cover K. Nk is sometimes called
the metric entropy of K. Plainly, if ¢ > 0 is fixed but sufficiently small, we

can find s', ..., sNFE) ¢ Rﬁ such that B(s/, ¢) C Rﬁ and Ui.\zl(g) B(s/,e) D F.

3{:1(8) w(B(s!, &) > u(F) = 1. We can deduce the existence of
a point s* € Rﬁ such that u(B(s*, €)) > [Nr(e)]~'. (Warning: s* may depend
on &.) On the other hand, for all s € B(s*, &), B(s, 2¢) D B(s*, ¢), thanks to the

triangle inequality. In other words, we have shown that for

Consequently, >

inf  p(B(s,2e)) >

seB(s*,e) - NF(“:).
The display preceding the above, then, shows that
1
Oy, » > X(s))ds
P2e N«(fﬂ) (48)NNF(8) Bs*.e) fn( ( ))
1

= AN (o) D mene ()

In other words,

1
B o {|Qppenn (Fi) 17} = G IN, O B {10y e o) ()P}



RANGE OF AN ADDITIVE LEVY PROCESS 1139

We apply Lemma 3.5 to see that for any finite measure v, on RY

(A.1) Ei [I00(fDIP} 2 IvI2 asn 0.

Thus, we have shown that, for all ¢ > 0 sufficiently small,

2
mey*MH§22555§ﬁEN;zgﬁ§HXNJB@twny

Since convolutions decrease the energy norm, the first term is bounded above
by ||,u||§ (cf. Lemma A.1). By shift invariance, we then conclude that, for any
£%°-ball B of radius ¢,

2. 2
140 2 ooy A8 16
as long as ¢ > 0 is sufficiently small. However, || - ||, is a seminorm (Lemma 5.1).
Thus
Nr(e)
IAn]IFlle < ANIB(si
(A.Z) e ]2 ” B(s/,¢e) ”e

<4VeNINp @) - [ltlles

for any ¢ > O that makes F® C Rﬁ . We now claim that this holds for all ¢ > 0 and
remove the assumption that F C (0, o0)" in one sweep.

For any real number ¢ > 0, consider the set (c) + F = {(c) + s; s € F}, where
(c) is the N-vector all of whose coordinates are c. By shift invariance, Ay | r and
AN (e)+F have the same energy norm (Lemma A.1). Furthermore, N1 r = Np.
Thus, if we only know that F' C Rﬁ , by considering (c¢) + F in place of F in (A.2),
we arrive at the following:

IAn]Flle <4NeNINE@E) - Ille,

whenever ((c) + F)® C Rﬁ, which holds when ¢ > ¢. Since the above inequality
is independent of ¢, we can deduce that (A.2) holds for all compact sets F C Rﬁ
and for all ¢ > 0. Let ¢ equal the £°°-radius of F and note that, for this choice of ¢,
Nrp(e) =1, while eV < 2N SUp,c 1IN, O

REMARK A.4. Proposition A.3 comes very close to showing that Theo-
rem 1.1 holds without restrictions such as condition (1.3). Indeed, suppose that
E{rqs(X (Rﬂ\r’))} > (. Then, by Theorem 2.1, there exists a nonrandom ¢ € Rﬁ ,
and a u € P([0,1]) such that ||u]l. < +oo. Proposition A.3, then, shows that
AN J10,7lle < +00. We now appeal to Theorem 1.3 to deduce the existence of
a local time process, RY 5 ¢+ £,(-) = Ly 10,11(-), such that for all 7 € RY, and
all bounded measurable f:R? — R, the following holds P-a.s.:

[ rxenas= [ r@t@da.
[0,] R4
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Moreover, £; € L2(R?), P-almost surely. Theorem 1.1 can be shown to follow, if
we could show that this fact would imply that fRﬁ exp(— 29;1 )l L2(R) dt
has a finite expectation. When N = 1, this follows from the strong Markov
property. [Of course, when N = 1, condition (1.3) holds tautologically.] However,
when N > 1, we do not know if such a fact holds.

Acknowledgment. The authors thank the referee for his or her careful
reading of the paper and for several thoughtful comments that led to several
improvements of the manuscript.

REFERENCES

ADLER, R. J. (1981). The Geometry of Random Fields. Wiley, New York.

BAKRY, D. (1979). Sur la régularite des trajectoires des martingales deux indices. Z. Wahrsch. Verw.
Gebiete 50 149-157.

BENDIKOV, A. (1994). Asymptotic formulas for symmetric stable semigroups. Expo. Math. 12 381—
384.

BERTOIN, J. (1996). Lévy Processes. Cambridge Univ. Press.

BLUMENTHAL, R. M. and GETOOR, R. (1961). Sample functions of stochastic processes with
stationary independent increments. J. Math. Mech. 10 493-516.

BRETAGNOLLE, J. (1971). Résultats de Kesten sur les processus a accroisements indépendants.
Séminaire de Probabilités V. Lecture Notes in Math. 191 21-36. Springer, Berlin.

CaIroLI, R. (1970). Une inégalité pour martingales a indices multiples et ses applications.
Séminaire de Probabilités VI. Lecture Notes in Math. 124 1-27. Springer, Berlin.

CARLESON, L. (1983). Selected Problems on Exceptional Sets. Wadsworth, Belmont, CA.

DELLACHERIE, C. and MEYER, P.-A. (1978). Probabilities and Potential. North-Holland, Amster-
dam.

EnMm, W. (1981). Sample function properties of multi-parameter stable processes. Z. Wahrsch. Verw.
Gebiete 56 195-228.

EvVANS, S. N. (1987a). Multiple points in the sample paths of a Lévy process. Probab. Theory
Related Fields 76 359-367.

EVANS, S. N. (1987b). Potential theory for a family of several Markov processes. Ann. Inst.
H. Poincaré Probab. Statist. 23 499-530.

FITZSIMMONS, P. J. and SALISBURY, T. S. (1989). Capacity and energy for multiparameter
processes. Ann. Inst. H. Poincaré Probab. Statist. 25 325-350.

FRISTEDT, B. (1974). Sample functions of stochastic processes with stationary, independent
increments. Advances in Probability and Related Topics 3 241-396.

GEMAN, D. and HOROWITZ, J. (1980). Occupation densities. Ann. Probab. 8 1-67.

HAWKES, J. (1971). A lower Lipschitz condition for the stable subordinator. Z. Wahrsch. Verw.
Gebiete 17 23-32.

HAWKES, J. (1974) Local times and zero sets for processes with infinitely divisible distributions.
J. London Math. Soc. 8 517-525.

HAWKES, J. (1979). Potential theory of Lévy processes. Proc. London Math. Soc. 38 335-352.

HAWKES, J. (1986). Local times as stationary processes. In From Local Times to Global Geometry
(K. D. Ellworthy, ed.) 111-120. Longman, Chicago.

HENDRICS, W. J. (1983). A uniform lower bound for Hausdorff dimension for transient symmetric
Lévy processes. Ann. Probab. 11 589-592.

HIRSCH, F. (1995). Potential theory related to some multiparameter processes. Potential Anal. 4
245-267.



RANGE OF AN ADDITIVE LEVY PROCESS 1141

HIRSCH, F. and SONG, S. (1995a). Symmetric Skorohod topology on n-variable functions and
hierarchical Markov properties of n-parameter processes. Probab. Theory Related Fields
103 25-43.

HIRSCH, F. and SONG, S. (1995b). Markov properties of multiparameter processes and capacities.
Probab. Theory Related Fields 103 45-71.

Hu, X. (1994). Some fractal sets determined by stable processes. Probab. Theory Related Fields 100
205-225.

KAHANE, J.-P. (1985). Some Random Series of Functions, 2nd ed. Cambridge Univ. Press.

KESTEN, H. (1969). Hitting Probabilities of Single Points for Processes with Stationary Independent
Increments. Amer. Math. Soc., Providence RI.

KHOSHNEVISAN, D. and X1A0, Y. (2000). Level sets of additive random walks. In High
Dimensional Probability (E. Giné, D. M. Mason and J. A. Wellner, eds.) 329-345.
Birkhéuser, Basel.

KHOSHNEVISAN, D. and XIAO, Y. (2002a). Level sets of additive Lévy processes. Ann. Probab. 30
62-100.

KHOSHNEVISAN, D. and X1A0, Y. (2002b). Weak unimodality of finite measures, and an
application to potential theory of additive Lévy processes. Proc. Amer. Math. Soc. To
appear.

KHOSHNEVISAN, D., X1A0, Y. and ZHONG, Y. (2002). Local times of additive Lévy processes:
Regularity. Stochastic Process. Appl. To appear.

OREY, S. (1967). Polar sets for processes with stationary independent increments. In Markov
Processes and Potential Theory (J. Chover, ed.) 117-126. Wiley, New York.

PRUITT, W. E. (1969). The Hausdorff dimension of the range of a process with stationary
independent increments. J. Math. Mech. 19 371-378.

PRUITT, W. E. and TAYLOR, S. J. (1996). Packing and covering indices for a general Lévy process.
Ann. Probab. 24 971-986.

RozANOV, YU. A. (1982). Markov Random Fields. Springer, Berlin.

TAYLOR, S. J. (1973). Sample path properties of processes with stationary independent increments.
In Stochastic Analysis (A Tribute to the Memory of Rollo Davidson) 387-414. Wiley,
London.

WALSH, J. B. (1986). Martingales with a multidimensional parameter and stochastic integrals in the
plane. Lecture Notes in Math. 1215 329-491. Springer, Berlin.

D. KHOSHNEVISAN Y. X1A0

DEPARTMENT OF MATHEMATICS DEPARTMENT OF STATISTICS

UNIVERSITY OF UTAH AND PROBABILITY

JWB 233 A-413 WELLS HALL

155S. 1400 E. MICHIGAN STATE UNIVERSITY

SALT LAKE CITY, UTAH 84112-0090 EAST LANSING, MICHIGAN 48824

E-MAIL: davar@math.utah.edu E-MAIL: xiao@stt.msu.edu

URL: http://www.math.utah.edu/"davar URL: http://www.stt.msu.edu/"xiaoyimi
Y. ZHONG

INSTITUTE OF APPLIED MATHEMATICS
ACADEMIA SINICA

BEUING, 100080

PEOPLE’S REPUBLIC OF CHINA



