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GENERAL GAUGE AND CONDITIONAL GAUGE THEOREMS

BY ZHEN-QING CHEN! AND RENMING SONG?
University of Washington and University of lllinois

General gauge and conditional gauge theorems are established for a large
class of (not necessarily symmetric) strong Markov processes, including
Brownian motions with singular drifts and symmetric stable processes.
Furthermore, new classes of functions are introduced under which the general
gauge and conditional gauge theorems hold. These classes are larger than the
classical Kato class when the process is Brownian motion in a bounded C L1
domain.

1. Introduction. Given a strong Markov process X and a potential g, the
conditional expectation u(x, y) of the Feynman—Kac transform of X by ¢ is called
the conditional gauge function. (The precise definition will be given later.) The
function u is important in studying the potential theory of the Schrodinger-type
operator £ + ¢, as it is the ratio of the Green’s function of £ + ¢ and that
of £, where L is the infinitesimal generator of X. The conditional gauge theorem
says that under suitable conditions on X and ¢, either u is identically infinite or
u is bounded between two positive numbers. The conditional gauge theorem was
first proved for Brownian motions (see [12] for a history). Very recently it was
established in [8] for symmetric stable processes. The proofs of the conditional
gauge theorem for symmetric stable processes in [8] and [10] are quite different
from that for Brownian motion, due to the complication that the sample paths of
symmetric stable processes are discontinuous. See also [7].

A few years ago, Professor Kai Lai Chung suggested to one of the authors that
the conditional gauge theorem for Brownian motion might be proved via the gauge
theorem for the conditional processes. In this paper, we show that it is indeed
possible to prove the conditional gauge theorem via the gauge theorem. This new
approach not only simplifies the proof but also yields a quite general conditional
gauge theorem that is applicable to a large class of strong Markov processes having
strong duals, including Brownian motions with singular drifts and symmetric
stable processes. Furthermore, we introduce new classes of functions K;(X) and
S1(X) so that the gauge and conditional gauge theorems hold for ¢ in K;(X) and
in S;(X), respectively. The classes K (X) and S;(X) are larger than the (classical)
Kato class when X is Brownian motion in a bounded C'-! domain.

Now let us lay out the setting of this paper carefully.
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Let E be a Lusin space (i.e., a space that is homeomorphic to a Borel subset
of a compact metric space), let B(E) be the Borel o-algebra on E and let m
be a o-finite measure on B(E) with supp[m] = E. Let X = (2, M, M;, X;, Py,
x € E) be a Borel right process on E having left limits on (0, ¢) which is
transient in the sense of [19]. Here a Borel right process on a Lusin space E is
a right-continuous, strong Markov process with no branching points and with a
Borel-measurable resolvent. The shift operators 6;, t > 0, satisty X; o 6; = X4+
identically for s, > 0. Adjoined to the state space E is an isolated point d ¢ E;
the process X retires to 9 at its “lifetime” ¢ :=inf{r > 0: X; = 9}. Denote £ U {0}
by Ej. Throughout this paper, the process X is assumed to be m-irreducible in the
sense that if a measurable set A has positive m-measure then P, [T4 < oo] > 0 for
all x € E, where T4 =inf{tr > 0, X; € A} is the first hitting time of A.

The transition operators P;, ¢t > 0, are defined by

P f(x) =Ex[f(X)] =Ex[f(Xs); 1 < L]

(Here and in the rest of the paper, unless mentioned otherwise, we use the
convention that a function defined on E takes the value O at the cemetery point d.)
We assume that there is a Borel function G (x, y) on E x E such that

E, [ [ f(Xs)dS] = [ G0 f oy

for all measurable f > 0. Note that G (x, y) is called the Green’s function of X.

Now we suppose that we have another transient Borel right process X =
(SAZ, j[ Jf(\t )?t, ﬁx, x € E) on the same state space £ which is a strong dual of
X with respect to the measure m. That is, the semigroup {ﬁ;},zo of X is the dual
in L2(E, m) to the semigroup { P;};>¢ of X:

/E FOO) Prg(rm(dx) = /E ¢ B fm(dx)  forall f,g € LX(E, m)

and the resolvents {U,} and {ﬁa} satisfy the following conditions: for each @ > 0,
a B(E) x B(FE)-measurable potential density G, (x, y) can be chosen so that:

(@) Ug(x,dy) = Ga(x, y)m(dy), Uy(x,dy) = Go(y, x)m(dy); ~
(b) x > Gy(x,y) is a-excessive for X, y — G, (x, y) is a-excessive for X.

When o = 0, we will drop the subscript and write G for Gg. Under this strong
duality assumption, the dual process X also has left limits on (0,7); more
precisely, X +— exists in E for all 1 € (0, E).

For any Borel-measurable excessive function 4 of X, let £, = {x € E:
0 <h(x) < oo} and

h(y)p(t,x,dy)

, t>0, x,yekE.
h(x) Y

P, x,dy) =
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Then p” is a transition probability and determines a Borel right process X” on Ej,
(cf. [21]), which is called Doob’s i-transformed process of X or the i-conditioned
process. We are going to use ¢ to denote the lifetime of the h-conditioned
process. The process X" has left limits on (0, ¢"). For any x € E, we are going
to use Pi’ and Ei’ to denote, respectively, the probability and expectation for the
h-conditioned process starting from x. When A(-) = G(-, y) for some y € E, we
will use P} and Ej to denote, respectively, the probability and expectation for the
h-conditioned process starting from x. In this case, the lifetime ¢” will be denoted
as ¢”.

Throughout this paper, we assume that the Borel function g: E — [—00, 00] is
finite m-almost everywhere. For convenience, we set

eq(t)=exp</0lq(Xs)ds), t>0.

We define the gauge function g: E — [0, oo] and the conditional gauge function
u: E x E— [0, 00] by

g(x) :=Ex[eq(8)], u(x,y) :=El[eg(¢)].

It is understood that suitable hypotheses must be imposed on X and g to ensure
that e, () and e, (¢Y) are well defined almost surely with respect to P, and P,
respectively. The gauge theorem takes the following form.

GAUGE THEOREM. Under suitable hypotheses on the process X and the
function q, if g is finite at some point x € E, then g is bounded on E.

The gauge theorem has been proved for quite general Markov processes in
Chung and Rao [11]. See also [28].
The conditional gauge theorem is a result of the following type.

CONDITIONAL GAUGE THEOREM. Under suitable hypotheses on X and q, if
u is finite at some point (x,y) € (E x E)\ d, then u is bounded on (E x E)\ d,
whered ={(x,y) € E x E:G(x,y) =0 or co}.

As we mentioned earlier, unlike the gauge theorem, the conditional gauge
theorem had been proved only for a very limited class of symmetric Markov
processes, mainly for Brownian motion and symmetric stable processes in
bounded Lipschitz domains. In the conditional gauge theorems proved so far, g is
assumed to be in the classical Kato class or some smaller class of functions. We
remark here that the proof of the conditional gauge theorem is more difficult than
that of the gauge theorem.

In this paper, we obtain a general conditional gauge theorem by first establishing
a general gauge theorem that is applicable to conditional processes. This new
approach not only simplifies the proof but also yields a quite general conditional
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gauge theorem that is applicable to a large class of strong Markov processes having
strong duals, including Brownian motions with singular drifts and symmetric
stable processes. Furthermore, we introduce new classes of functions K;(X) and
S1(X) so that the gauge and conditional gauge theorems hold for ¢ in K;(X) and
in S;(X), respectively. We point out here when the conditional gauge theorem
proved in this paper is applied to discontinuous symmetric stable processes in
bounded Lipschitz domains, it not only extends but also refines the conditional
gauge theorem obtained in [7], [8] and [10]. In [7], [8] and [10], the conditional
gauge theorem for discontinuous symmetric stable processes was proved under the
condition that the corresponding gauge function is bounded.

The class S1(X) also extends the class S(X) of functions that are “G p-small
near infinity” used in [25] and [26] when X is a Brownian motion in a domain D.
In their papers, Murata and Pinchover showed that if ¢ is G p-small near infinity
and the operator % + g with Dirichlet boundary conditions is subcritical, that
is, it admits a positive Green’s function G4, then G, is comparable with Gp.
Applying our results to the Brownian motion case recovers and extends their
results. Moreover, our results hold for nonlocal operators as well.

The rest of the paper is organized as follows. In Section 2 we prove a gauge
theorem that is tailored to be applicable to the conditional processes. The
conditional gauge theorem and its consequences are proved in Section 3. Examples
of the class Seo(X) are given in the last section. In this paper, we use “:=" as
a way of definition, which is always read as “is defined to be.” For functions f
and g, the notation “ f &~ g”” means that there exist constants ¢, > ¢; > 0 such that

c18 < f <c8.

2. Gauge theorem. Our approach to the general gauge theorem is strongly
influenced by the approach in Chung and Rao [11] and Section 5.6 of Chung and
Zhao [12]. But it is modified and extended in some directions and tailored to a form
so that it can be applied to the conditional processes to yield the conditional gauge
theorem for a large class of Markov processes in the next section. In this section,
X is an irreducible transient Borel right process on a Lusin space E having left
limits on (0, ¢) with Green’s function G (x, y), as is specified at the beginning of
Section 1. We do not need to assume that X has a strong dual in this section.

DEFINITION 2.1. (i) A function ¢ is said to be in the Kato class K(X) if
t
lim sup E, [/ lg (X)) ds] =0.
t—=>0,cE 0

(i1) A function g is said to be in the class Ko, (X) if, for any ¢ > 0, there is a set
K = K (¢) of finite m-measure and a constant § = §(¢) > 0 such that

() sup G(x,y)lg(y)m(dy) <e

xeEJE\K
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and, for all measurable sets B C E with m(B) < §,
2 sup | G(x,y)lg(y)lm(dy) <e.
xeEJ/B

(iii) A function ¢ is said to be in the class K;(X) if there is a set K of finite
m-measure and a constant § > 0 such that

(3) B :=sup K G(x,y)lg(y)|m(dy)

xek

+ sup sup | G(x,y)lg(y)lm(dy) < 1.
BCK :m(B)<§ xeE

Clearly, Koo (X) C K1 (X). If a function ¢ is Green’s bounded, that is, if

sup [ G(x,y)|g(y)|lm(dy) < oo,

xeE

then M~'q € K{(X) when M > 0 is large enough. The next proposition tells us
that functions in K (X) must be Green’s bounded.

PROPOSITION 2.1. If g € K((X), then q is Green’s bounded.

PROOF. It follows from the definition of K;(X) that we need only to show
that, for any set K of finite m-measure,

4) sup G(x, y)lg(y)Im(dy) < oo.

Let 6 be the constant in Definition 2.1(iii). The set K contains at most finitely many
points {wy, ..., wy} such that m({w;}) > /2. As q is finite m-almost everywhere
and X is transient, we have, by Proposition 2.2(iv) of [19],

k
sup ) G (x, w;)lq(wy)| < co.

xeE i=1

Clearly, K \ {wy, ..., wg} can be written as the disjoint union of a finite number of
sets B; with m(B;) < & and so, by Definition 2.1(iii),

sup G(x, y)lg(y)|m(dy) < oo.
xeE J K\ {wi,..., wi}
This proves (4). U
This proposition implies that, for g € K;(X), the function

xr—)Ex[/O{q(X,)dt}
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is a bounded function. Thus fog q(X;)dt and e, (¢) are well defined. Hence the
gauge function

8(x) = Ex[eq (D], x€eE,

is well defined, nonnegative. Since ¢ is in the o-field o {X;, ¢ > 0}, one can check
easily that g is Borel measurable.

PROPOSITION 2.2. (i) If g € K((X), then there exists a to > 0 such that

0]
®)) 0 .= supEx[/ |q(XS)|ds]<1.
0

xeE

(i) Koo (X) C K(X).

PROOF. We only prove the first assertion; the second assertion can be proved
similarly. So we suppose that g € K;(X). For ¢ > 0, let K and é be as in
Definition 2.1(iii). Let M be so large that m(B) < §, where B = {x € K:
lg(x)| > M}. Then

supE, [ /0 (X, ds}

xek

< supE, [ [ |q<xs>|111<v<xs>ds} 4 supE, [Mt +[ |q<Xs>|13<Xs>ds}

xeE xeE

< sup f Gx. Vg m(dy) + Mt +sup [ GGx. g m(dy)
xeEJE\K xecEYB

< B+ Mt.
The first assertion now follows immediately. [
For a Brownian motion X in R”, any domain D C R" when n > 3 and any
Green-bounded domain D in R?, the proof of Theorem 5.20 in [12] implies that
(©6) K(X)NL'(D,dm) C Keo(XP).

Here m stands for the Lebesgue measure in D and X P the part of the process X
killed upon leaving D. An argument similar to that of Theorem 5.20 in [12] shows
that (6) holds for any symmetric «-stable process X in R” with n > « and for any
open set D in R”.

PROPOSITION 2.3. For g € K{(X) UK(X), there exist positive constants c1,
¢ such that

supE [e)q (1] < et forallt > 0.
xeE
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PROOF. It follows from the definition of K(X) and Proposition 2.2 that there
is a tfp > O such that (5) is valid. Thus, by Khasminskii’s inequality,

1
sup Ex[elql(to)] <— <0Q.
xeE 1-6

It follows from the above inequality, the Markov property of X and the fact
elq)(t +5) = ejq (1) (e)q|(s) 0 01)
that there are constants ¢y, ¢ > 0 such that

supE;[e)q (D] < ec1rte,
xeE

For g € K| (X), define a semigroup {7}};>0 by
(7) T; f (x) = Exleq (1) f(X0)], f=0.

REMARK. It follows from (5) that, for each ¢ € K{(X), there is a constant
B > 0 such that

¢
cg(q) :==supE, [/ e_ﬁthl(Xt) dt} < 0.
xeE 0

Furthermore,
c(g)= lim cpg(q) <0 < 1.
B—o00

Hence g is in the extended Kato class of X in the sense of Voigt [29] and Stollmann
and Voigt [27] with c(g) < 1. When X is symmetric with respect to the measure m,
from [27] we know that the semigroup {7 };>¢ can be extended to be a semigroup
on LP(E,m) forall 1 < p < oo and that it is strongly continuous on L”(E, m) for
1 < p < co. However, we do not need this property in this paper.

THEOREM 2.1. For every x € E with g(x) < 0o, g(X;) is right continuous
and has left limits in t € (0, ¢), Py-a.s.

PROOF. Let x € E be such that g(x) < co. By the strong Markov property
of X, for any bounded stopping time 7,

@) g(X7)=Ex;[e;(¢)] =e_g(T)Ex[e;(¢) | MT], P.-a.s.on{T < ¢}.

Here the martingale t — E[e,(¢)|-M,] is taken to be the right-continuous version.
As t — X; is right continuous having left limits and g is Borel measurable, the
process t — g(X;) is optional. Hence, by an application of the optional section
theorem (cf. Theorem 4.10 in [22]), we have from (8) that

P, (e, (1)g(X;) = Exleg(¢) | M, forallt €[0,¢)) = 1.

Therefore ¢+ — g(X;) is right continuous and has left limits in ¢ € (0, ¢),
P;-as. 0O
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THEOREM 2.2. Assume that g € K{(X). Then the gauge function g is finely
continuous. Furthermore, g is either bounded on E or identically oo on E.

PROOF. Define F ={x € E:g(x) < oo}. Let x € F and K be any closed
subset of E \ F. Define Tx = inf{t > 0: X; € K}. By the strong Markov property,

00 > g(x) = Ex[Tg < ¢ eq(Tk)8(X1y )]

Since K is closed, X7, € K by the right continuity of t — X;. Thus g(X7,) = 00
on {Tx < ¢}. On the other hand, ¢, (Tx) > 0 on {Tx < ¢}, Py-a.s. It follows that
P.(Tx < ¢)=0. This being true for all closed subsets K C F', we have

P (Tpe <¢)=0.

Thus F is absorbing.

Next, let K, § and B be as in Definition 2.1(iii). Choose M large enough
so that the set K N{x € E: M < g(x) < oo} has m-measure less than . Let
B=K°U{x € K:M < g(x) < oo}. By Khasminskii’s inequality, for any x € E,

1
—sup,e Ex[[5" q(X) d1]
< 1 ¢ —_

where 75 := Tgc = inf{t > 0: X, ¢ B}. Thus, for x € E, we have

g(x) =Ex[tp =;e4(tp)] + Ex[tp < ¢ eq(tp)g(Xp)]

E [eq (tp)] = 1

)
<y +E:ltp <¢; eq(TB)g(XrB)]-

Note that, for x € BN F, Py-a.s. on {tp < ¢}, X, does not belong to E \ F
because F' is absorbing. So g(X;,) < M as, by Theorem 2.1, t — g(X;) is right
continuous on [0, ¢). Therefore the second term on the right-hand side of (9) is
bounded by y M. It follows that, on BN F', g is bounded by y (14 M); it is bounded
by M on F \ B by the definition of B. Thus F ={x € E:g(x) <y (1 + M)}.

We now show that the gauge function is finely continuous. It is equivalent to
show that + — g(X;) is right continuous on [0, ¢), P,-a.s. for all x € E. Define
T =inf{r > 0: g(X;) < oo} with the convention inf & = ¢. Clearly, g(X;) = oo for
t < T. It follows from Theorem 2.1 that t — g(X;) is finite and right continuous
fort € (T, ¢), P,-a.s. Hence it suffices to show that g(X71) < 0o, Pr-a.s.on {T < ¢}
and apply Theorem 2.1. For this, observe that, for each bounded stopping time S,

8(Xs)eq(S) = Exleq () | Ms]
= lim 1 E,[e,(£) An| Msl, P.-as.on {S < ¢},
where the symbol 1 indicates increasing convergence. Here the martingale

s — Ex[eq(é-) An | Myl
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is automatically taken to be the right-continuous version. As t — X; is right con-
tinuous with left limits and g is Borel measurable, so t — g(X;) is optional. By
the optional section theorem again (cf. Theorem 4.10 of [22]), we have, P, -a.s.,

(1) g(Xi)eg(r) = Tim 1 Eyleg(@) An|M]  forallr€[0.2).

On the other hand, Py-a.s.on {T < ¢}, as g(X745) <y (1 + M) fors € (0, o07),
we have

g X745)eg(T +5) <y(1+ M)ey (T +1) foralO0<s <1 A o07.
By (10) and the optional sampling theorem, P,-a.s. on {T < ¢},
Ecleq(0) An | Mris]l <y (1 + M)ey (T + 1)

holds for eachn > 1, every s € (0, (£ 067) A 1) and hence for s = 0 almost surely.
Thus, by (10) again,

g(X1)eg(T) <y (1 + M)eyy (T + 1), P.-as.on{T <¢}.
In view of Proposition 2.1, this implies that g(X7) < co. Now, by Theorem 2.1,

lim g(X,) =limg(X5) o0 = g(X71), P.-a.s.on {T < ¢}.
rT 510

This proves the fine continuity of g.
Since F€ ={x € E:g(x) > y(1 + M)} is finely open, if F¢ is not empty, then,
for x € F€,

[ G ymiay =E, [ [ - 11Fc<xs>ds] -0
F¢ 0

and so m(F¢) > 0. This would imply by the m-irreducibility of X that F' cannot be
absorbing unless F is empty. This says that either F' or F¢ is empty, and therefore
g is either identically infinity or bounded on E. [J

REMARK. It is not difficult to see that the condition on the potential ¢ in
Theorem 2.2 can be relaxed. In fact, Theorem 2.2 holds, for example, when
g~ :=max{—gq, 0} is locally in Kato class K{(X) and g+ = max{q, 0} in K;(X).
Here a function f is said to be locally in K (X) if there is an increasing sequence
of relatively compact open sets O, with | ;2 ; O, = E and a sequence of functions
fn in Ky (X) such that f = f,, on O,,.

3. Conditional gauge theorem. In addition to the assumptions on X made in
the previous section, we assume that the process X has a strong dual Borel right
process (X,P,,x € E)on E with respect to measure m. Under our assumption, the
dual process X has Green’s function G(x, y)=G(y,x).Letd . ={(x,y) e EXE:
G(x,y)=0o0r oo}. Foreachfixedz € E,set E, :={x € E:0 < G(x, z) < 00}.
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We first define the class of potentials we are going to work with in this section.

DEFINITION 3.1. (i) A function ¢ is said to be in the class semi-So, (X) if,
for any ¢ > 0 and z € E, there is a Borel subset K = K (¢, z) of finite m-measure
and a constant § = & (e, z) > 0 such that

G(x,y)G(y,z)

(11) XSSEZ £k W@()’)W(CZ)’) <é

and, for all measurable sets B C E with m(B) < §,

(12) “w / G(x,y)G(y,2)
B

G2 lg(y)Im(dy) <e.

xeE;
(i) A function ¢ is said to be in the class S (X) if, for any ¢ > 0, there is

a Borel subset K = K (¢) of finite m-measure and a constant § = §(¢) > 0 such
that

(13) sup
(x,2)e(EXE)\d

G(x,y)G(y,
/ GO NGO imdy) < 6
E\K

G(x,2)
and, for all measurable sets B C E with m(B) < §,

/ Gx,y)G(y,2)
B

(14) sup G o)

(x,2)e(EXE)\d

lg(y)|m(dy) <e.

(iii) A function ¢ is said to be in the class semi-S;(X) if, for each z € E, there
is a Borel set K = K (z) of finite m-measure and a constant § = §(z) > 0 such that

G(x, v)G(y.
pri=sup [ SENCCD iy
xee. JE\K  G(x,2)
(15)
osup sup [ OGOy <.
BCK :m(B)<8 x€E, B G(x,z2)

(iv) A function ¢ is said to be in the class S;(X) if there is a Borel set K of
finite m-measure and a constant § > 0 such that

/ G(x,y)G(y,2)
B

G2 lg(y)|m(dy)

B = sup sup
BCK :m(B)<$ (x,2)e(ExE)\d

(16)

+ sup
(x,2)€(ExE)\d

Gx,vG(y,
/ GG imdy) < 1.
E\K

G(x,2)

Ciearly, semi-S, (X) - semi-S;(X) and S (X) C S1(X). Also S;(X) =
S1(X) and Sgo (X) = Seo(X).
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PROPOSITION 3.1. (i) A function q is in Soo(X) if and only if, for every e > 0,
there is a Borel subset K = K (&) of finite m-measure and a constant § = §(¢) > 0
such that, for any excessive function f of X,

an @S OIOIm@y) <ef)  forall v E
and, for all measurable sets B C E with m(B) < 4,

(18) fB GG ) FDIgWIm(dy) <ef(x)  forall x € E.

(i1) A function q is in S1(X) if and only if, for every ¢ > 0, there is a set K of
finite m-measure, a constant § > 0 and a positive constant 1 < 1 such that, for
any excessive function f of X,

f G, ) fWlg(y)m(dy) + sup /G(x,y)f(y)lq(y)lm(dy)
E\K B:m(B)<§ /B

(19)
<Bi1f(x)

forall x e E.

PROOF. (i) For any z € E, the function y — G(y, z) is an excessive function
of X, so (17) and (18) imply (13) and (14) and therefore ¢ is in Seo (X). Conversely,
suppose that (13) and (14) hold. Then (17) and (18) are valid when f is the
potential of some measure v. Now the conclusion follows because any excessive
function is the increasing limit of a sequence of potentials of the form G#,,, where
h, are nonnegative functions.

(ii) can be proved similarly. [

Since the constant function 1 is an excessive function of X, we can take f =1
in the proposition above and get:

COROLLARY 3.1. S1(X) CK{(X) and S (X) C Koo (X).

For each z € E, let X* = (X,P%,x € E;) be the h-conditioned process
of X with h(-) = G(-,z); that is, X% has transition probability ¢ (¢, x,dy) =
p(t,x,dy)G(y,z)/G(x,z). The state space for X% is E,. It follows from
Proposition 5.4, Theorem 6.5 and, in particular, Example 6.14 in [21] that X"?
is a transient Borel right process with left limits on (0, ¢*). Clearly, the conditional
process X % is irreducible. Note that the Green’s function for X% with respect to
the measure m is

G(x7 )G(’ Z)
G(x,2)
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THEOREM 3.1. Let g be in the class semi-S|(X). Then for each z € E, either
E:le,(¢)] =00 or x — Eile,(¢%)] is bounded on E;.

PROOF. Note that (,cg Ki(X"*) = semi-S; (X). The theorem follows from
Theorem 2.2. [

The following result is proved in [21] (see Theorem 6.5 and Example 6.14
there). Here we give a slick way of proving it under an extra assumption that X
has a transition density function p(t, x, y) with respect to the measure m.

PROPOSITION 3.2. Fix x,z € E with 0 < G(x,z) < 00. Reversing the
conditional process (X,P%) at its lifetime ¢* and taking a right-continuous
version, the time-reversed process has the same distribution as the conditional
process (f, ﬁ’z‘) Consequently, EX[e, (£%)] = E? leq ()]

PROOF. Note that

(20) P> 1) = /wms,x,z)ds/G(x,z).

t

By identifying the finite-dimensional distributions, it is easy to see that, condi-
tioned on {¢* = ¢}, the process (X, P, x € E;) has the same law as the process X
conditioned on {X; = z}. In other words, conditioning on {¢* = ¢}, X" has tran-
sition density function p(s, x, y)p(t — s, y, 2)/p(¢, x, z) with respect to the mea-
sure m. Therefore the conditional process X % can be constructed in the following
way:
1. for each fixed T > 0, construct a process Y with Yy = x for s € [0, T] from X

by conditioning on X7 = z (i.e., construct a process Y with density function

p(s,x, )p(T —s,y,2)/p(T, x,2);
2. randomize T according to the distribution

P(T>t)=/oop(s,x,z)ds/G(x,Z).
t

From this construction, it is clear that if one reverses (X, P%) at its lifetime ¢,
the time-reversed process has the same distribution as the conditional process
(X, P}). This, in particular, implies that EZ[e, (¢%)] = E][e,(¢Y)]. O

REMARK. Note that (cf. the proof of Proposition 2.1), for ¢ € S1(X),
& . G(x,y)G(y,2)
] [ o] = [ CED0D g
x| J, lg (X3l e G2 lg(y)Im(dy)
is bounded on (E x E) \ d, where d = {(x,w) € E x E:G(x,w) =0 or co}.
Hence ¢, (¢%) is well defined and, by Jensen’s inequality,

inf  Eileg(¢9]>0.
(x,z)el(%xE)\d wleg(E9)]>
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THEOREM 3.2. Suppose q is in the class S1(X). If E;[e,(;%)] is finite for
some (x9,z0) € (E x E)\ d, then E;[e;(;*)] is bounded on (E x E)\ d.

PROOF. Let u(x,z) = Eile,(¢9)] and ii(x,z) = Ei[e,(¢%)] for x € E and
z € Ex. Applying Theorem 3.1 to the process X% and using Proposition 3.2, we
get

sup i(zo,x) = sup u(x,zp) < 0.
x€Ey, X€Ey,

This implies, by applying Theorem 3.1 to the process X that for any x € E,

sup u(x, z) = sup u(z, x) < 0o,
z€Ey z€Ey

where Ex ={z€e E:0<G(x,z) < oo}. Let the set K and the constant § > 0
be as in Definition 3.1(iv) for the class S;(X). Note that u(x, z) is in B(E x E)
if we set u(x,z) =1 for (x,z) € d. Hence {x € K:sup,cpu(x,z) > M} is
B(E)-measurable since it is the x-projection of the set {(x,z) € K x E:
u(x,z) > M}. As N5;_»{x € K :sup,cpu(x,w) > M} = &, we can choose M
large enough so that the set {x € K :sup,.p u(x,z) > M} has m measure less
than §. Let B = KU {x € K :sup,.p_u(x,z) > M}. Note that by Khasminskii’s
inequality, for any (x, z) € (E x E)\ d,

1 1
Elle,(tp)] < , < =
v 1 —sup,cp EX[[o% q(X;5)dt] = 1= fa

Thus, for any (x,z) € (E x E)\ d,

u(x,z) =Ei[tg =% eq(rp)1 + Exltp < 0% eq(tp)u (X, 2)]

V2.

21
<r+Eiltg <% eq(tpu(Xy;, 2]

Observe also that, for x € B N E_, P%-a.s. on {tp(X %) < ¢%}, X'r’; is not equal
to z. So u(X;g, 7) < M since, by Theorem 2.1, t — u(X;*, z) is right continuous
on [0, ¢%). Therefore the second term on the right-hand side of (21) is bounded
by y» M. It follows that, for x € BN E,, u(x,z) < y»(1 + M). By the definition

of B, we know that, for x € BN E_, u(x,z) < M. Hence, for any z € E,

sup u(x, z) < y2(1 + M). 0

xekE;

REMARK. Similar to the remark at the end of the previous section, Theo-
rem 3.2 holds if ¢~ is locally in S;(X) and g+ € S1(X). Here a function f is
said to be locally in S;(X) if there is an increasing sequence of relatively compact
open sets O, with [ J;2; O, = E and a sequence of functions f, in S;(X) such
that f = f, on O,.
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THEOREM 3.3. Let g be a function in S1(X) such that the conditional gauge
function u(x,y) = E} leq(¢¥)] is not identically infinite on (E x E) \ d. Define
Gy(x,y)=u(x,y)G(x,y) for (x,y) € (E x E)\d.Then

(22) Gyx,y) =G, y)+ /E G(x,2)q(2)G4(z, y)m(dz).
Furthermore, for any Borel function ¢ with G|¢| being finite, we have
Gq9 =G+ Glg(Gy9)l.

PROOF. From Theorem 3.2 we know that, under the assumptions of the
theorem, u(x, y) is bounded for (x, y) € (E x E) \ d. Hence

G(x,2)1q(2)|G(z, y)
sup u(z, y)m(dz) < oo.
(x.y)e(ExENd/E G(x,y)

Therefore we can apply Fubini’s theorem to get

Eleg(¢")] — 1 =K _exp(/g | q(X;y)ds) _ 1]
L 0

¢ ¢
— R Y Yy
=E; _'/0 q(X; )exp(/{ q(X; )ds)dt]

&
:EY/O q(Xz’y)E?.y(z)[eq(fy)]d’}

:/ G(x,2)q9(2)G(z,y)
E G(x,y)

In other words, (22) is valid. The last assertion is an immediate consequnce
of (22). O

u(z, y)m(dz).

REMARK. (1) If the Harnack inequality holds for positive L£-harmonic
functions, then the above theorem holds for g in semi-S;(X) as well.

(2) Let £ denote the the extended generator of X introduced in Getoor [20]. It
is possible to show that G, in Theorem 3.3 is the Green’s function of £ +¢g, which
is the extended generator for the perturbed semigroup {7;};>0 defined by (7) (see
Theorem 5.10 and Remark 5.15 of [20]). We omit the details here.

Now we give some examples.

EXAMPLE 1. Suppose that X is a symmetric a-stable process on R”, with
o € (0,2] and n > «. It is known that X is transient with the Green’s function
G(x,y) =clx —y|“ . Let D be abounded domain in R” and denote by G p (x, y)
the Green’s function of X in D. More precisely, G p is the Green’s function of X,
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the part process of X killed upon leaving the domain D. Assume that the following
3G inequality holds: there is a constant ¢ > 0 such that

Gp(x,y)Gp(y,2) -
Gp(x,2) -

The above 3G inequality holds, for example, when D is a bounded Lipschitz
domain. It is known from [31] that

(23) c(lx =yl* ™" +ly =z, x,v,z€D.

4) K(X) = {q . im sup x — ¥ g ()] dy = 0}.

740 xeRrn Jy—x|<r

For a function ¢ that vanishes outside D, it is easy to see that ¢ € K(X) if and only
if

lim sup sup [ Jv—yI" " lg(]dy =0,
840 B:m(B)<s xeR" /B

By (23), we see that K(X) C Soo(XP?). Therefore the conditional gauge theorem

holds for any ¢ € K(X) when D is a bounded Lipschitz domain. So when o < 2,

we have established a refinement of the conditional gauge theorem obtained in [7],
[8] and [10].

EXAMPLE 2 (Brownian motion with singular drift). Let D be a bounded
Lipschitz domain in R” with n > 3 and b(x) = (b1(x), ..., b,(x)) an R"-valued
function on D such that |b| € L? (D) with p > n and the distributional derivative
> k=1 (0br/dxr) > 0. Then the diffusion XPin D given by

dXP =dW, +b(XPydr, 1 <tp:=inflt >0:XP ¢ D},

has a strong dual with respect to the Lebesgue measure in D. Here W is a Brownian
motion in R”. Let Gp(x, y) be the Green’s function of X?, and G%(x, y) the
Green’s function of the Brownian motion killed upon leaving the domain D. It is
known from Ancona [2] that there is a constant ¢ > 1 such that

1
~G3(x,y) <Gp(x,y) <cG5(x,y)  forx,yeD.
C

Hence it follows from 3G inequality (23) for G i‘) that

Gpx,y)Gp(y,z) -
Gp(x,2) -

Therefore K(W) C Soo(XP) and the conditional gauge theorem for X D holds for
any g € K(W).

c(x =y + 1y — 2P, x,y,z2€D.
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4. The class Soo(X). In this section we continue to look at some concrete
examples. Throughout the rest of this paper, X is a symmetric «-stable process
in R” with o € (0, 2] and n > «, and m(dx) = dx is the Lebesgue measure on R”.
Let D be a domain in R”, and X? the part of the process X killed upon leaving
the domain D, whose Green’s function is denoted by G p.

We say that a function g defined on D is locally in K(X?), written as g €
Kioc (X D), if, for any compact subset K of D, 1ggq is in K(XD).

DEFINITION 4.1. A function g € Kjoc (X Dy is said to be G p-small at infinity
if, for any ¢ > 0, there is a Compact subset K = K (¢) of D such that

25 _ G G d
(25) R ey y)/ p(5, DIgDIGp(z, ) dz <&

The collection of functions which are G p-small at infinity is denoted by S(X ).

When X is a Brownian motion, the above definition was first introduced in
Pinchover [26] but renamed to the current one in Murata [25]. It can be shown
by using the maximum principle that the function g € Kjoc(XP?) is G p-small at
infinity if and only if, for any ¢ > 0, there is a compact subset K of D such that

xSyufDm/ Gp(x,2)|q()|Gp(z,y)dz<¢
(cf. Lemma 2.1 of [25]).

PROPOSITION 4.1. If g € S(XP), then the family of functions

{ Gt IlgMIGpC.y)
Gp(x,y)

is uniformly integrable in D; that is, for any € > 0, there is a § = 5(¢) > 0 such

that, for any set A C D with m(A) < 8,

ED}

xyepo/ Gp(x,2)|q(2)|Gp(z,y)dz <e.

PROOF. For any ¢ > 0, by the definition of S(X?) there exists a relatively
compact open subset O of D such that

1 e
(26) Sup = Gp(x,2)1q(2)|Gp(z,y)dz < -.
x,yep Gp(x,y) JD\O 2
For any relatively compact open subsets O; and Oy of D with 0 CoO;C
01 C 02, y — Gp(x,y) is harmonic (for the process X?) in O, for each fixed
x € D\ O,. Hence, by the Harnack inequality, there is a constant C| > 1 such that

Gp(x,2)

27) sup ——=C1 < 0.
xeD\0s,y,z¢0; GD(x,y)
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Note that
Gp(x,y)=G(x,y) —E;[G(X,, y)] forx,y € D,

where G(x, y) = c(n,a)|x — y|“" is the Green’s function of X. From this, we
see that there is a constant ¢ > 1 such that

(28) cHx =y " <Gpx,y) <clx—y[*™  forx,ye 0.

Therefore there exists a constant C, > 1 such that

9y GoDODEN) o 4 Ghiy),  xy.z€ O
Gp(x,y)

Since g € Kjoc (X Dy, by (24) and (28) there exists a § > 0 such that, for any set
A C Oy withm(A) < 6,

su Gp(x,2)lq(2)|dz < .
xeﬂg’ A 2C1Cy

Hence, for such a set A,

Gp(x,2)|q(2)|Gp(z,y) €
30) /Amo Gp(x,y) dz = 2

for all (x, y) € (D \ O2) x O1) U (O3 x O). In the above inequality, we used (27)
for (x, y) € (D \ O2) x O1 and (29) for (x, y) € Oy x O». In particular, inequality
(30) holds for (x, y) € D x Oq, and by the symmetry of the Green’s function G p,
it holds for (x, y) € O; x D as well. Fix y € D\ O;. The function

T %Gp(x,y) —/ Gp(x.2)|q(2)|Gp(z, y)dz
ANO

is positive on O} and is a superharmonic function in D \ O for the process X,
Hence, by the definition of superharmonicity, %G p(x,¥) > [4n0 Gp(x,2)|q(2)]
x Gp(z,y)dz for every x € D, and therefore (30) holds for any (x, y) € D x D.
Combining the above with (26), we have

up /AGD(x,z)Iq(z)IGD(z,y) dz<e

x,yeD Gp(x,y) -

which proves the proposition. [
The above proposition shows that S(X Dy © Soo (X P). In fact, we have:

THEOREM 4.1. S(XP) =S, (XP).
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PROOF. It remains to show Soo(XP) c S(XP). Let q € Soo (X D). By
Proposition 2.2 and Corollary 3.1, g € Koo (XP) c K(XP). For any € > 0, there is
a Borel-measurable set K = K (¢/2) and a constant 6 = §(e/2) > 0 such that (13)
and (14) hold with /2 in place of €. As one can always find a compact set K C K
such that m (K \ K ) < §, it follows that

Gp(x,y)Gp(y,2)

sup i lg(|dy
x,zeD JD\K Gp(x,z)

Gp(x,y)Gp(y,2)

< sup lg(y)|dy
x,zeDJD\K Gp(x,z2)

Gpx,y)Gp(y,2)
+ sup 5
x,.zeDJK\K Gp(x,z2)
<egf24¢/2=c¢.

lg(y)|dy

This proves that ¢ € S(X?). O
It is now easy to see that the following holds.

COROLLARY 4.1. Sco(X) are those functions q € K(X) such that

lim sup
MTOO xeRn

/ lgnldy
|

ysM |x =yl

Hence, when o = 2, Soo(X) is exactly the space of Green’s-tight functions
introduced in Zhao [32]. In the rest of the paper, we will use ép(x) to denote the
distance from x to the Euclidean boundary d D of D. We will drop the subscript D
from ép (x) when there is no danger of confusion.

PROPOSITION 4.2. Let D be a bounded C"' domain in R" and q €
Kioe(XP). Then g € Soo(XP) if and only if, for any € > 0, there is a compact
subset K = K (¢) of D such that

], Y00 ot Mgl dy <
sup ——,~,UpWX,¥y)qly y=¢e.
xeD\K JD\K 8(x)*/2

PROOF. It is known (see [6] for the n = 1 case, [30] for the Brownian case
o=2and[9] for0 <a < 2)that,on D x D,

3(x)*/25(y)*/? }

G31) G e y) ~[x =y min 1 2
|x — yl
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Thus
8(x)*/25(y)*/?
GD(.X, y) ~ _ 2 2
Ix — "= (Jx — y|* + 8 (x)4/28(y)*/2)
(32)
N 5(x)?/28 (y)*/?
Ix — Y[ (lx — y|¥ + 8(x)* +8(»)%)
If we put

plx,y)=lx —y[""*(lx = y|* +8(xX)* +8(»)%),

it is easy to check [cf. (38)-(40) below] that there is some constant C = C(D) > 0
such that

px,2) <C(p(x,y)+p(y,2)), x,y,z€D.
This is equivalent to

GD(-X’ }’)GD()’» Z)

Gp(x,2)
3(y)*/? §(y)%/>
SC(WGD(X,)])'i‘WGD(y,Z))’ x,v,z€D.

Thus our condition is sufficient for g € Seo (X Dy,

To prove the necessity, let ¢ > 0 be the eigenfunction corresponding to the first
eigenvalue A < O of the infinitesimal generator of X D As¢p(x)= 271G po(x),
one can easily deduce from (31) that ¢ (x) ~ 8§(x)%/2 on D. The necessity of our
condition now follows from Proposition 3.1. [J

The proposition above implies that, for a bounded C!:! domain D, ¢ € Soo(XP)
if and only if the family of functions

5(.)0:/2
{WGD(X’ INgOI; x € D}

is uniformly integrable in D.

COROLLARY 4.2. Suppose that D is a bounded C'-' domain in R" and that q
is a function in Kjoc (X Dy, If there exist constants C > 0, € (0, «) and a compact
subset K of D such that

lg(x)| < C8(x)~7, xeD\K,

then q € Soo (X D).
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PROOF. It follows from (32) that

5 . s
5Cya2 O I T < b=y

As {|x —|* A" x € D} is uniformly integrable, the corollary is established. [

For 1 < « < 2, the function §(x)~# is not integrable on D when 8 € [1, «),
so the function 1p(x)8#(x) cannot be in the Kato class K(X). Thus the above
corollary shows that, at least when D is a bounded C!-! domain, the class So. (X ?)
is strictly larger than the classical Kato class K(X). The class Seo (X Dy contains
functions which are singular near the boundary of D.

Using the Kelvin transform, one can similarly prove the following.

PROPOSITION 4.3.  Suppose that D is an unbounded C' domain in R" with
compact boundary, q € Kioc(XP) and 1B0,r)cq € Koo (X) for some large r > 0.
If there exista C > 0, a B € (0, «) and an ro > 0 such that

g <Cs) P, xeDwith§(x) <r,
then q belongs 10 Soo(XP).

PROPOSITION 4.4. Letn > 3 and let W be a Brownian motion in R". Suppose
that D = {x € R":x1 > 0} is the upper half space in R" and q € Kijoc(WP). Then
q € Soo(WP) if and only, if for any & > 0, there is a compact subset K of D such
that

Y1
swp [ 2Gp lawldy <.
xeD\K /D\K X]

PROOF. It suffices to show the following inequality

Gp(x,y)Gp(y,2) _

Gp(x,2) -
for some C = C(D) > 0, as the “if” part follows immediately from it, while the
“only if” part follows from Proposition 3.1 and the fact that the function x +— x
is a positive harmonic function on D.

The Green’s function G p is given by

Cn Cn

lx —yIn=2 fx =y

(33) C(§Gb<x,y>+§—lcp<y,z>), x.y.2€D,
1 1

Gp(x,y) = x,yeD,

where C, =T'(5 — 1)/2n"™?) and y' = (—y1, y2, ..., yn) is the reflection of x
with respect to the hyperplane x; = 0. If we set

4x1y1
lx —y?’

y(x,y) =
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then, for any x, y € D,

1
x—y"2  x—y 2

1
|x — y|n=2"

(34) (1= (1 +y@ ) "7

Using monotonicity and the facts

1= 4022y 2
lim =
rl0 r 2

and

lim (1 — (1+47)"""2/2) =1,
r1oo

we see that
1— (1 +r)~ "2 ~ min(l, r}.

So we have,on D x D,

X
(35) G ey~ Ix =y minf 1,
lx — yl
Since
) xX1y1 xX1y1
mln{l, 2}% 5
lx — yl |x —y|=+x1)
and
Ix — yI? +x1y1 & |x — y 1 +xf +y7,
we get
xX1y1
(36) Gp(x,y)~ )
lx — y["2(Ix — 12+ x7 4+ y7)
If we put

PG y) =l = y"2(lx =y i + D),
then (33) is equivalent to the following inequality:
(37) p(x,2) <C(p(x,y)+ p(y.2)), x,y,z€D,
for some C = C(D) > 0. We are going to prove (37). Obviously, we have
o= 2" < 2" (x = yI" + 1y =2l
(38)
<2 o, »)+p(,2),  x,y,z€D.
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When x| < z1, we have
e e (e e L )
< 2"l =y 2 4 2" -y
<2"3(p(x, y) + p(y,2)).
When x| > z1, using the fact that x| < |x — z| + z1 and the displays above, we get
Xl — 2" <2lx — 2" + 227 |x — 2|2
<2"(p(x,y) +p(y,2)) + 2" (p(x,y) + p(¥,2))
<2 (p(x, y) + (3, 2)).
Combining the two cases above, we arrive at
(39) xilx—z"2 <2 (p(x, y) + p(3.2).  x.y.z€D.
Similarly, we have
(40) zile = 2" 2 <2 (e, ) + 03, 2)), X y.zED.
Equation (37) now follows from (38), (39) and (40). O

The proposition above implies that, for the upper half space D = {x € R":
x1 >0}, g € Soo( WP if and only if the family of functions

Y1
y = 2Gp i) x e D}

is uniformly integrable in D.
The proposition above can be generalized as follows.

PROPOSITION 4.5. Let 1 <k <n, D={xeR":x1>0,...,x >0} and
q € Kioc(WP). Then g € Soo(WP) if and only if, for any € > 0, there is a compact
subset K of D such that

Y1 Yk
sup/ Gpx,ylg(y)ldy <e.
xeD\K JD\K X1 - Xk

PROOF. Similar to the proof of the proposition above, it suffices to show that
the inequality

GD(-X’ }’)GD(}’, Z)
GD()C, Z)

<C<y1'
=5

(41)

-~ Lo Vi
> GD(x,y)-i-y Y GD(y,Z)), x,y,2€D,
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holds for some C = C(D) > 0, as the “if” part follows immediately from it, while
the “only if” part follows from Proposition 3.1 and the fact that the function

X > X1--- X is a positive harmonic function on D. We are only going to show
(41) in the case k = 2.

The Green’s function G p is given by

Gp(x,y) = Cu((Jx — y[* " — |x =y
—(x =" = x=3*™), x,yeD,

Where Cn = F(% - 1)/(27["/2)9 y/ = (_)’1, }’2, R} )’n)a y = ()’1, _}’2, y37 et )’n)
and y = (—y1, —¥2, Y3, ..., yu). Note that, by (34),

4 —(n—-2)/2
Gp(e,y)=Cpl1— 1+ —21 x—y> "
lx — y|?

4 —(n—2)/2
—cn<1—<1+| x”illz) e =317
X =y
4x —(n—=2)/2 4x —(n—=2)/2
—¢, <1+ 1)112> —<1+ 1y12> i — y2
lx =¥l lx =yl
4 —(n—2)/2
e e (e
lx =¥l
4 —(n=2)/2
x (1—(1+| x2y2|2> =y
x—y

A —(n—2)/2
_ Cn<1 + 2y22>
lx — yl

4y P2 4y P2 _
X((1+|x—y|2> (1 75) e
4 —(n=2)/2
+Cn1_(1+ x1y1>
lx — y[?

4 —(n—-2)/2
X (1 — (1 + | xzy2|2> lx — )’|2_n
X =Yy

=1+I.

(42)
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But
4 (n—2)/2 Ay —(n—2)/2
Isau—ﬂb"l—0+ x@b) O+ WZ)
lx — ¥l |x — yl
4x Ax —(n—-2)/2
:C,,|x—y|2_" 1—(1+ 1y12 3 22 ) .
|x — y|* |x —y|* +4x1y1 +4x2y2
By the same reasoning that leads to (35), we have
. 4x1y1 4xay2
I <cn)|x —y? "mm{l, }
Y |x — y1? |x = y[? + 4x1y1 +4x2y2
We claim that
. 4x1y1 4xa2y2
ming 1, 3 3
|x = y|* |x — y|= +4x1y1 +4x2)2
43)

§l6min{1, xlylz}min{l, x2y22}.
lx — vl lx — yl

This is because when x|y > |x — y|2 and xoyp > |x — y|2, clearly (43) holds as
its right-hand side is 16. If x;y; > |x — y|*> but x2y, < |x — y|?, then

4x1 4xzy2
Ix — yI12 |x — yI2 +4x1y1 +4x2y2

4 X
5-—53¥%;54mn41,'“ylz}mh41,—;933}
|x — i lx — I |x — i

s0 (43) is satisfied. Similarly, (43) holds when x1y; < |x — y|2 but xoy; > |x — y|2.
Finally, when xy; < |x — y|? and x2y> < |x — y|?,

. 4x1y1 4x2y2 }
min; 1

Tlx =y x — yI> 4 4xiy1 + 4xayn

4 4
< )C1y12 X2y22 < 16min{1, X1y1 2}min{1, X2y2 . }
lx — y|* [x =yl lx — yl lx — yl

So (43) is proved for every x, y € D and therefore we have

X X
Ifc(n)lx—ylz_”min{l, lylz}min{l,ziyzz}.
lx — yl lx — vl

By the same reasoning that leads to (35), one has

4 —(n=2)/2 X
1—<1+ )6_1)/12) %min{l, 1);12}
|x — ] lx — yl
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and

4 —(n-2))2
1-<1+ f?”z) wrmn{L-;ﬁ?zi}
lx — yl lx — I

and so the second term in (42) becomes

X X
H&qx—yFﬂHmnpﬂ ””z}mm{L 2”2}.
lx — ¥l lx — yl

Thus we conclude

Gpx,y) =1+11

X X
~|x — y[* " min{1, I\ in 1, 22 |
2 2
lx =yl lx =yl

(44)

Similarly to the proof of Proposition 4.4, one can easily deduce from (44) that

X1y1x2y2
lx — " 2(x — y2+x7 +yD(x — y2 +x3 4+ y3)

(45) Gplx,y)~

If we put
p(x,y) = lx = y"2(x =y 7 + 3D (x = P +x3 + ),
then (41) is equivalent to the following inequality:

(46) p(x,2) <C(p(x,y)+ p(y.2)), x,y,2€D,

for some C = C(D) > 0. Similarly to the proof of (37), we prove the above
inequality by showing that each term on the right-hand side below,

p(x,2) = |x — 2™+ |x — z"x7 + |x — 2"y} + |x — z|"x3

2 —2.2.2 —2.2.2
+x —z|"yy 4+ |x — 2" xixy + |x — 2" X1y

|n—2

-2.2.2 2.2
+lx —z|" T yixy + lx — 2Ty g,

is bounded by C(p(x, y) + p(y, z)) for some constant C = C(n) > 0. The proofs
of these are elementary and similar to what we did in proving (37). U

Therefore, for 1 <k <nand D={x e R":x; >0,...,x, >0},q € Soo (WD)
if and only if the family of functions

Yk
'WWGD@JQM@ﬁXED}

{ 1
y—)
X1

is uniformly integrable in D.



1338 Z.-Q. CHEN AND R. SONG

Acknowledgments. We thank Pat Fitsimmons for helpful discussions. We
also thank an anonymous referee for a careful reading of this paper and helpful
comments.

REFERENCES

[1] ATIKAWA, H. (1998). Norm estimate of Green operator, perturbation of Green’s function and
integrability of superharmonic functions. Math. Ann. 312 289-318.

[2] ANCONA, A. (1997). First eigenvalues and comparison of Green’s functions for elliptic
operators on manifolds or domains. J. Anal. Math. 72 45-92.

[3] BANUELOS, R. (1991). Intrinsic ultracontractivity and eigenfunction estimates for Schrodinger
operators. J. Funct. Anal. 100 181-206.

[4] BAss, R. and BURDZY, K. (1995). Conditioned Brownian motion in planar domains. Probab.
Theory Related Fields 101 479-493.

[5] BLUMENTHAL, R. M. and GETOOR, R. K. (1968). Markov Processes and Potential Theory.
Academic, New York.

[6] BLUMENTHAL, R. M., GETOOR, R. K. and RAY, D. B. (1961). On the distribution of first hits
for the symmetric stable processes. Trans. Amer. Math. Soc. 99 540-554.

[7] BOGDAN, K. and BYCZKOWSKI, T. (1999). Potential theory for the «-stable Schrodinger
operator on bounded Lipschitz domains. Studia Math. 133 53-92.

[8] CHEN, Z.-Q. and SONG, R. (1997). Intrinsic ultracontractivity and conditional gauge for
symmetric stable processes. J. Funct. Anal. 150 204-239.

[9] CHEN, Z.-Q. and SONG, R. (1998). Estimates on Green’s functions and Poisson kernels of
symmetric stable processes. Math. Ann. 312 465-601.

[10] CHEN, Z.-Q. and SONG, R. (2000). Intrinsic ultracontractivity, conditional lifetimes and
conditional gauge for symmetric stable processes on rough domains. [llinois J. Math.
44 138-160.

[11] CHUNG, K. L. and RA0O, M. (1988). General gauge theorem for multiplicative functionals.
Trans. Amer. Math. Soc. 306 819-836.

[12] CHUNG, K. L. and ZHAO, Z. (1995). From Brownian Motion to Schrodinger’s Equation.
Springer, Berlin.

[13] CRANSTON, M., FABES, E. and ZHAO, Z. (1988). Conditional gauge and potential theory for
the Schrodinger operator. Trans. Amer. Math. Soc. 307 174-194.

[14] DooB, J. L. (1984). Classical Potential Theory and Its Probabilistic Counterpart. Springer,
New York.

[15] FALKNER, N. (1987). Conditional Brownian motion in rapidly exhaustible domains. Ann.
Probab. 15 1501-1514.

[16] FrtzsiMMONS, P. J. (1987). On the excursions of Markov processes in classical duality.
Probab. Theory Related Fields 75 159-178.

[17] FrtzsiMMONS, P. J. and GETOOR, R. K. (1995). Occupation time distributions for Lévy
bridges and excursions. Stochastic Process. Appl. 58 73-89.

[18] FITZSIMMONS, P. J., PITMAN, J. and YOR, M. (1993). Markovian bridges: construction, Palm
interpretation, and splicing. In Seminar on Stochastic Processes (E. Cinlar, K. L. Chung
and M. J. Sharpe, eds.) 101-134. Birkhduser, Boston.

[19] GETOOR, R. K. (1980). Transience and recurrence of Markov processes. Séminaire de
Probabilités XIV. Lecture Notes in Math. 784 397-409. Springer, New York.

[20] GETOOR, R. K. (1999). An extended generator and Schrodinger equations. Elec. J. Probab. 4.

[21] GETOOR, R. K. and GLOVER, J. (1984). Riesz decompositions in Markov process theory.
Trans. Amer. Math. Soc. 285 107-132.



[22]
(23]
[24]
[25]
(26]
[27]
(28]
[29]
[30]

[31]

GAUGE AND CONDITIONAL GAUGE THEOREMS 1339

HE, S. W., WANG, J. G. and YAN, J. A. (1992). Semimartingale Theory and Stochastic
Calculus. Science Press, Beijing.

KUNITA, H. and WATANABE, T. (1965). Markov processes and Martin boundaries. [llinois
J. Math. 9 485-526.

MARTIN, R. S. (1941). Minimal positive harmonic functions. Trans. Amer. Math. Soc. 49 137—
172.

MURATA, M. (1997). Semismall perturbations in the Martin theory for elliptic equations. Israel
J. Math. 102 29-60.

PINCHOVER, Y. (1989). Criticality and ground states for second order elliptic equations.
J. Differential Equations 80 237-250.

STOLLMANN, P. and VOIGT, J. (1996). Perturbation of Dirichlet forms by measures. Potential
Anal. 5 109-138.

STURM, K.-T. (1991). Gauge theorems for resolvents with application to Markov process.
Probab. Theory Related Fields 89 387-406.

VOIGT, J. (1986). Absorption semigroups, their generators, and Schrddinger semigroups.
J. Funct. Anal. 67 167-205.

ZHAO, Z. (1986). Green’s function for Schrédinger operator and conditioned Feynman—Kac
gauge. J. Math. Anal. Appl. 116 309-334.

ZHAO, Z. (1991). A probabilistic principle and generalized Schrodinger perturbation. J. Funct.
Anal. 101 162-176.

[32] ZHAO, Z. (1992). Subcriticality and gaugeability of the Schrodinger operator. Trans. Amer.
Math. Soc. 334 75-96.

DEPARTMENT OF MATHEMATICS DEPARTMENT OF MATHEMATICS

UNIVERSITY OF WASHINGTON UNIVERSITY OF ILLINOIS

SEATTLE, WASHINGTON 98195 URBANA, ILLINOIS 61801

E-MAIL: zchen @math.washington.edu E-MAIL: rsong@math.uiuc.edu



