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ASYMPTOTIC PROPERTIES OF ADDITIVE
FUNCTIONALS OF BROWNIAN MOTION

By MAaAsSAYOSHI TAKEDA AND TUSHENG ZHANG!

Osaka University and Universitét Bielefeld

In this paper we study the asymptotic behavior of additive functionals
of Brownian motion which are not necessarily of bounded variation. The
result is then applied to the Hilbert transform of the Brownian local time.

1. Introduction and framework. A Borel measure x on R? is said to
be in the Kato class K if:

(i) lim [ uI(ay)

a—0

sup

—da_3 =0 whend > 3;
x “ly-xl<alX =yl

(ii) lim [sup] |l (dy)lIn(ly — xll)} =0 whend=2;
a=0| x “Jly-xl<a

(i) sup |ul(dy) < + when d = 1.

x ly—-x|<1

Let p € HX(RY) with |Vp|* € K,, and let u be a measure in the Kato class
K 4. We introduce the following quadratic form on L*(RY):

Q(u,v) = %f  Vu(x) - Vv(x) dx + %de(uv) Vp( x) dx

(1.1) + [ u()v(x) (),
Rd
D(Q) = H3(RY) (the Sobolev space of order 1).

This guadratic form is studied in [9] when d > 3. It is shown that (Q, D(Q))
is a closed semibounded form on L2(RY). Although the results in [9] are
stated for d > 3, they still hold for d < 2. For our applications we would like
to mention several facts in the case d = 1. It is well known that for any ¢ > 0
there exists c(&) such that

(12) [u(0f = e[ u(y) dy +e(e) [T uyfdy, e HK(R).
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Given any u € Ky, integrating both sides of (1.2) with respect to u, we get

JREESIRMICS

IA

' 2 y 2 Y
) o u(y) dy[y_lim(dm +e(e) [ u(y) dy[y_llul(dX)

IA

£sup ul(dy) [ u'(y)* dy
X <1 R

[x—yl<

+e(e)sup /\x_wgl"(dy) fR u?(y) dy.

Applying (1.3) to p’(x)?, we obtain, for any ¢ > 0,
1/2 1
/u'(x)v(x)p’(x) dx| < (fu’(x)2 dx) (/v( x)? p'(x)° dx)

1 11
Esfu'(x)2 dx + E;/v(x)zp’(x)2 dx

/2

IA

IA

et acs anl o
(1.4) o
X [EZ/V’(x)Z dx + ¢(?) [v(x)? dx]

IA

1 L2 1 L2
Esfu(x) dx+§ sup p'(y) dy

x Clx-yl<1
(iz) fv( x)? dxl.

From this it is easy to deduce that the quadratic form (Q, D(Q)) is well
defined, closed and lower semibounded.

Let (Q, F, F, P) be a probability space with filtration F, satisfying the
usual conditions.

c

X afv’(x)z dx +

DerFINITION 1. A real-valued stochastic process A, on (Q, P) is said to be
of zero quadratic variation if
(1.5) lim Y (A, —A,) =0
n-—e tier"
in measure with respect to P for any sequence " of partitions on [0, T] with
(") - 0, where T > 0 is any fixed constant; §(z") denotes the maximum
length of the partition 7".

DerINITION 2. We say that a continuous stochastic process Y, is a Dirich-
let process if the following decomposition holds:

(1.6) Y, =M, + A,
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where M, is a continuous local martingale and A, is of zero quadratic
variation.

It is clear from the definition that the decomposition (1.6) is unique for a
given Dirichlet process. Let M = (Q, X,, P,) denote the Brownian motion on
RY It is well known that the Dirichlet form associated with M, is given by

(17) e’(u,v) = fRqu-Vvdx,

D(&°%) = Hi(RY).
For ue HX(RY), let T denote a quasi-continuous version of u. Then

Fukushima [8] showed that the additive functional A" = T(X,) — T(X,)
admits the following decomposition:

(1.8) AVl = MU+ NY P,-as.,forge. x € RY,

where MY is a martingale additive functional of finite energy and the process
N is a continuous additive functional of zero energy. In particular, A{ is a
Dirichlet process under P, (-) = [zaP,(-) dx. Let p € H}(R?). We assume that
p is bounded and continuous. Let u € K. The additive functional with Revuz
measure w is denoted by Al*l Let N/ be the continuous additive functional
of zero energy defined in the Fukushima decomposition (1.8) for ALl Intro-
duce the following generalized Schrddinger semigroup:

(19) T A(x) = EJexp(N? — Af)f(X)],  feBy(RY).

The following theorem is the main result proved in [9].

THeorem 1.1. (i) T, extends to a strongly continuous semigroup on L>(R).
(ii) T, has a symmetric continuous integral kernel q(t, x, y) such that

(1.10) a(t, x,y) <ceft /2
(iii) The quadratic form associated with T, is given by (Q, D(Q)) in (1.1).

In this paper we are concerned with the asymptotic properties of additive
functionals of zero energy. More precisely, we are going to study the limits of
the following type:

(1.12) t|im %Iog E,[exp( Ny — AM)].
If p =0, the previous type of asymptotic behavior has been studied in [12].
We note that N{ in general is not of bounded variation any more. Our
strategy is the same as that in [12]. We first prove a modified
Donsker—Varadhan large deviation principle. It is then applied to the study
of the limit of type (1.11). This will be carried out in Section 2. We apply our
results in Section 3 to the Hilbert transform of Brownian local time, which
has been extensively studied by both mathematicians and physicists (see [2],
[6], [7] and [11]).
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2. A large deviation principle. Let (L, D(L)) be the generator of the
semigroup T, in L?*(RY). Then D(L) c D(Q) = H}(RY), and Q(u,v) =
(=Lu,v), u e D(L), v e D(Q). Denote by {R_, « > B} the resolvent operators
associated with (Q, D(Q)). For f € B,(RY), it holds that

(2.1) R, f(x) = Ex[fwexp(—at + NP — AF) F( X,) dt
0

and
L(R,f) =aR, f—T.

Define

(2.2) D2(L) = {R,f, a> B, f€ Cy(RY), f>0, f#0}.

We note that by the property of Brownian motion, any function ¢ in D2 (L) is
strictly positive. Now, we can state the following crucial result.

ProposITION 2.1. For ¢ = R, fe DZ2(L), let M? denote the martingale
part in Fukushima's decomposition (1.8). Then

Ce = exp( N — A¥) (%) exp( —ft LT?( Xs) ds)
0

P(Xo)
is a supermartingale multiplicative functional and
(2.3) C¢ =exp(M; — 3{M)), Pas.,g.e xeR",
where

t
M= ooy M

Proor. We first prove that (2.3) holds under P,,. Define
M{ ¢ = exp(NE = Af) d(Xi) — ¢(Xo)

(24) ~ [Cexp(NZ — AZ)Lo(X,) s

Then it follows from the semigroup property that
EJMf?] =0 and Mg¢=M2? + exp(NE — AE)ME2(6,).

This particularly implies that M ? is a martingale. Applying It0's formula to
the semimartingale exp(N/ — A#)¢( X,), we get

log(exp( N — A{) ¢( X)) — log($( X))

— [fexp(~N7 + Af) ! My + [ L Le(x,)ds
(2.5) 0 U e(X) T 0o (X,) )
Lo 4 I L d P b
_Efoexp(—ZNS +2AS)¢2(X5) (MP ).
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It is easy to see from (2.5) that (2.3) will follow if we can prove that
(2.6) Mp? = [Cexp(NS = AZ) dM?.

0

We note that N is not a bounded variation process in general; (2.6) cannot
be directly derived from Itd's formula. By the uniqueness of the decomposition
of the Dirichlet process, in order to prove (2.6) it suffices to show that
Y, = exp(Nyf — A d(X,) — ¢(X,) is a Dirichlet process and the martingale
part is given by [jexp(N/ — A#) dMZ. This follows if we can show that

B, =Y, — fotexp( NS — AL) dM?

is a process of zero quadratic variation. Now let 7" = {0 = t§ <t <t] < -
< tg = T} be any sequence of partitions on [0, T] (T is a fixed constant) with
8(r") - 0as n - +o. We have

Z (Bti+1 - Bti)z

tiETn
= Z |:9Xp( Nt?ﬂ - A{?+1)¢(Xti+1) - eXp( Ntﬁ) - At’f)(b( Xti)
tier"
¢ 2
— [ exp(NS — AL) dMZ
t
- X [(on(n. - A - exa(n - Ao, )
tier"
+exp(Ng = Al)(d(Xy,,) — (X))
(2.7)

~exp(Ng — AL)(ME — M)

2
+ [ [exp(Ng — AE) — exp(NZ — AL)] de}
t

< C[ Y (exp(Ng, — AL ) —exp(Ng - Aéf))2¢>2(><tm)
tier"
+ ¥ exp(2Ng - 2Ap)(N¢ | — N¢Y’

tiE’Tn

N Z (ft”l(exp( Nt’,) — At/':) - exp( NSP - Ag)) dMs‘i’)Z

tier" i

where N? = ¢(X,) — ¢(X,) — M? is defined in the Fukushima decomposi-
tion (1.8).

We use I, 11, and Ill, to denote the terms on the right-hand side of the
preceding inequality. We are going to prove that each term goes to 0 in P,,.
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First
I, <c Y, supa?( Xs)exp(ZSuplNSP - Agl)
tjer" s<T s<T
2
28) X[NE, - AL = (NG = AL
. < csup ¢?( Xs)exp(ZSuplN;’ - Ag‘l)
s<T s<T
2
< X (NG, = AL = (NE=Ap)]
tier"
Since N — A is of zero quadratic variation,
I,—>0 inP,.
By the same argument,
Il,>0 inP,.
To deal with 111, we introduce some notation. Define
(2.9) zh =Y L, v, p()exp(Ng — At’f).

tiE’Tn
It is clear that Z' — exp(N/? — A}). Put
(2.10) T = inf{t > 0, supexp( NS — A¥) > m} for m € N.

s<t
Then T™ is a stopping time, T™ —» +o as m —» +« and
(2.11) 1Z), ol < m.
Thus, for any ¢ > 0,
Po(H, > &) <P (M, >e, T<TH) +P(TF<T)

IA

I:)m Z (/tl+11[s<Tk](eXp(Ntﬁ)_At’f)
tiern \7t

2
—exp( NS — AL)) de) > ce

+ P (Tk<T)

1 _
- Y Pm[f' Lps < riq(exp(NE — AE)

t
tier" g

(2.12)

IA

—EXp( Nsp - A?))2|V¢|2( Xs) dS}

+ P (Tk<T)

1 T N 5 )
apm[/(; 1[s<Tk](Zs - exp( Nsp - Ag)) |V¢| (Xs) dS}

+ P (Tk<T).
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Note that
1o rig(Z0 — exp(NE — AL) VIV (X,) ds < (2k)?VI?( X,) ds
and

Pm[fOT Vol X,) ds} =T/ IVl (x) dx

Applying the dominated convergence theorem, letting first n — «, then k —»
o, we get from (2.12) that
I, -0 inP,.

Namely, we have proven that B, is of zero quadratic variation. Thus we
obtain

(213)  C¢=-exp(M, - 3{(M){), P,as.,foralmostall x € R%.

We are now going to refine the preceding equality to quasi-everywhere
x € RY. Set

A = {o: there exists t > 0, C¢ # exp(M, — 3{(M)),}.

Then 6,A c A, AT A as t|0. This implies that the function P,(A) is
excessive, and hence quasi-continuous. On the other hand, P,(A) = 0 almost
surely by (2.13). By the properties of quasi-continuous functions, we conclude
that P,(A) = 0 quasi-everywhere, which completes the proof. O

ProposITION 2.2. (i) For any p > 0, there exist constants M, and ¢ such
that

(2.14) E,[exp( PN — pAL)]| < cexp(M,t).

(ii) The operator T, maps B,(RY) into C,(R9).
(iii) There exists a constant ¢ > 0 such that

(2.15) R,1(x) > &>0 fora> B.

Proor. (i) Note that N? = p(X,) — p(X,) — ¢ Vp(X,) dX,. We have

EJexo| po(X0) = po(X0) = ['(T0)(X,) 0, ~ par |
<c Ex{exp[—pfoth( Xg) dXg — pzfot IVpl*( X,) ds
+I02/Ot|Vp|2( Xs) ds — DA#}}
1/2
< clEX{exp[—Z pfOth( X) dX — 2p2fot IVpl?( X,) ds}}

1/2
X Ex{exp[z pzft IVpl?( X) ds — 2pA{L}}
0

< cexp(M,t),
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where we have used the fact that exp[ —2 p/¢ Vp(X,) dX, — 2 p?/{|Vpl*(X,) ds]
is a martingale and

Ex[exp(z pzft IVpl?( X,) ds — 2 pA{‘” < exp(c,t)
0

(which follows from a general result for additive functionals corresponding to
a Kato class measure v,).

(i) Fix any f € B,(R?). We see from (i) that T, f(x) € B,(RY). It remains
to prove that T,f(x) is continuous. To this end, we fix a point x, in RY Let
X, € R? be any sequence such that x,, — x,. We need to show

(2.16) T f(Xx,) = T, f(Xo).

For any ¢ > 0, we have

Tof(xa) = [a(t, x,, ¥) F(y) dy
(2.17)
= [ a(t. x,, y)f(y) dy+f|y‘<CQ(t, Xno ¥) F(y) dy.

lyl>c
From Theorem 1.1 and the dominated convergence theorem,
lim a(t, X, V) F(y) dy = [ a(t, %o, y)f(y) dy foranyc>o.
Xp=Xp “ly|<c lyl<c

Thus, to prove (2.16), it suffices to show that for any & > 0 there exists c,
such that

(2.18) sup

n

<e&.

fl q(t, x,, y) f(y) dy

yl>c,

In fact, we can see (2.18) by

/‘ q(t, x,, y) f(y) dy

yl>c

=| Exn[eXp( NS = AE) F(X) L x> c]] |

1/2 1/2

=< Exn[eXp(Zth - ZA#)] / Exn[ fz( Xt)1[|X[|> c]]
1 ) , 2t + X3

< exp( Mzt)llfllw?Exn[Ith | < exp(M,t)IIfII2 =
(iii) Applying (i) to —p and — u, we have
E Nf — A¥ !
AN = ADT = & oo —ng + A
(2.19)
= exp( —Mt).

> —
exp( Mt)
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Thus

R,1(x) = foo exp(—at) E,[exp( N — Af)] dt
0

o 1
Zfo exp( —at)exp(—Mt) dt = vl b 0.

Now we introduce some notation. Let M,(R?) denote the space of all probabil-
ity measures on RY. Define a rate function L, .(») on M,(RY) by

dv
(2.20)  1u(v) = Q(¢.¢), ifv<dxand = ax € D(Q).

+ o0, otherwise.
Let

1
L(A) =~ [ xa(X) ds, A EBy(RY),
0
denote the occupation measure of Brownian motion.

After preparing the previous two crucial propositions, using the same
arguments as in [3], [4] and [12], we have the following result.

THeorem 2.3. (i) For any open set G € M,(RY) and x € RY,
1
(2.21) lim —log E,[exp( N — Af), L, € G] > — inf L.(v).
t— +o T veG
(ii) For any compact set K € M,(RY) and x € R¢,

1
lim sup Tlog E,[exp( N — AF); Ly e K] < — inf 1L.(v).
veK

to>x

Proor. (i) Let ¢ =R, fe D2(L) with ¢?dx € G. Denote by M¢ =
(Q, X, P2, ) the transformed process of M by the supermartingale multi-
plicative functional C¢ defined in Proposition 2.1, that is, P> = C#P,. Then it
is shown in [12] that M ¢ is ergodic with invariant measure ¢2dx. We have

E,[exp(Nf — Af), L, € G]
= E¢[(C¢) exp(N¢ - Af), L € G|

exp(tf _dLdx — e)w(l - P2(Q - S(t,¢))),

ol
< 8}

(2.22)

\%

where

S(t, &) = {weﬂ:‘fd%b(xs)Lt(w,dx) — [ $Ldx

ﬁ{w: L(w) € G}.
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By the ergodic property,
P2(Q —S(t,e)) >0 ast— xforall x € RY.
Thus, by (2.22),

t—»+o T

1
liminf —log E,[exp( N — A{#); L, € G| > f JoLbdx — e
R

Since ¢ is arbitrary and D2 (L) is dense in D(Q), (i) follows.

To prove (ii), we define a modified I-functional. Put D, (L) = {¢ = R, g,
a> B, g C(RY), g= e for some &> 0}. Introduce a functional | on
M,(R?) by

Lo
I(v) = — inf — dv.
(v) ¢ED++(L)‘[R" ¢
(ii) Let ¢ € D, (L). Since E,[C?] < 1, we have
t Lo $(x)
E NS — A¥ — —(X,)d P
X[exp( t t j;) ¢ ( S) S)} < infngd d)(X)
Note that inf ¢(x) > 0 because of Proposition 2.2. Hence, for any Borel set
C € My(RY),
Lo

1
(2.23) limsup —log E,[exp(Nf — A#); L,eC|] < inf sup[ —dv.
t ¢ED++(L) veC Rd d)

tox

Now let K be a compact subset of M,(RY). Put

L
Il =sup inf fd—¢dv.
R

veK ¢ED++(L) ¢
Then for any 6 > 0 and using the fact that L¢ € C,(R?) and K is compact,
we can find a finite number of v,,..., v, €K, ¢, € D, (L) and neighbor-

hoods N(»;) of »; such that K ¢ U _, N(»;) and

Vi

sup dv <1+ 26.

ve N(Vi) RY v
Thus,

1 Lo
limsup —log E,[exp(N? — Al), L,e K] < max inf sup [ — dv
t— 4+ t 1<j<k ¢eD, (L) VeNj d)

<1+ 235
Since § is arbitrary, we have
1

lim sup tlog E,[exp(N? — Af), L, e K] <L

to>x
Therefore, (ii) follows from the fact that 1(v) = I_.(v), which can be proven
similarly as in [12]. O
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COROLLARY 2.4.

1
(2.24)  lim —log E,[exp(Nf — AM)] = — inf Q(u,u).
to T ueD(Q), llullz=1

By noting that ||T,ll;, .. < «, the proof of this corollary is just a repetition of
that of Theorem 6.1 in [12].

3. Applications.

3.1. Asymptotic property of Cauchy principal values of Brownian local
time. Let M, = (Q, X,, P,, x € R) be the one-dimensional Brownian motion.
Define

. to
(3.1) H, = l'f?)fo X5 x5 o OS.

Then it is well known that H, defines a continuous additive functional, which
is called the Cauchy principal value of Brownian local time. We have the
following result.

THEOREM 3.1.
1
(3.2) lim ?Iog E.[exp(Hy)] = - inf Q(u,u),
to>

ueD(Q), llull=1
where

1 g 1d
= — . + V. j—
Q(u,v) szu Vv dx pvfuvx X,

D(Q) = Hy(R).

Proor. It is known (see [8]) that the additive functional H, is the zero
energy part N? of Fukushima’s decomposition (1.8) for Al?!, where ¢(x) =
x log|x| — x. Since ¢'(x)? = (log|x|)? is not in the Kato class, we cannot
directly apply Corollary 2.4. However, we can write ¢ as

(3.3) () = ps(X) + pa(X),
where p(x) = ¢r(X)d(X), p(X) = (1 — Ppr(x)NP(x), R > 0, and Px(x) is any
function in C3(R) such that ¢g(x) =1on [x| <R, ¢g(x) =0o0n [x| >R + 1.
Note now that (p'(x))? = [pr(x)d(X) + ¢'(X)p]? is in the Kato class, and
P5(X) = ¢'(XIL — Ppr(X) + 2Pr(X)P'(X) + dR(X)Pp(x) is bounded. Hence
w= — 3p3(x)dx is in the Kato class. Then it follows that
H, = N = N/ + NP2 = NP — AR,
Now we can apply Corollary 2.4 to get
1 1
lim ?Iog E,[exp(H)] = lim ?Iog E,[exp( N — A#)]
tox tox

= - inf Q(u, u),
ueD(Q), llull=1
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where
1 1 1.
Q(u,u) = E[Vu-Vvolx + EfV(uv)~vpl(x) dx — Efpz(x)uvolx

1 1
= E[Vu-Vvdx + p.v./ uv; dx.
This proves Theorem 3.1. O

3.2. Cauchy principal values of local time: more general case. Let a > — 3

and a # 1. Define

e
H = !Tg)]; IX[%(sgn( X)), ¢ DS.

Then it is a known fact that H¢ is well defined and continuous. It is the
so-called Hilbert transform of the local time. We have the following result.

THEOREM 3.2.

1
lim—log E, [exp(H%)| = — inf “(u, u),
a9 [exp(H)] ueD(Q), ||u\|2=1Q (U, 1)

where Q¢ is defined as
Q%(u,v) = / Vu-Vvdx + p.v./ (uv)Ix|“sgn( x) dx,
R R
D(Q“) = Hi(R).

Proor. We define

Xa+2
, x>0,
1 X (a+2)(a+1)
_ a+1 _
$O) = 7 [y dy = (x)=?
X < 0.

(a+2)(a+1)’

By [13] and [14], H, = N’. [Note that ¢ € H; ..(R).] As we did in (3.3), we
write ¢ = p; + p,, where p;(x) = d(xX)h(x), p,(x) = H(xHL — ¢,(x)). Since
a> — 2, it follows that pi(x)? € LX(R); hence pj(x)? is in the Kato class.
Note that w = — 1p4(x) dx is in the Kato class [this is due to the fact that
ps(x) € B,(R)]. Applying Corollary 2.4 to N? = N/ — A¥, we finish the
proof. O
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