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STOCHASTIC BIFURCATION MODELS!

BY RICHARD F. BASs AND KRZYSZTOF BURDZY

University of Connecticut and University of Washington

We study an ordinary differential equation controlled by a stochastic
process. We present results on existence and uniqueness of solutions, on
associated local times (Trotter and Ray—Knight theorems) and on time and
direction of bifurcation. A relationship with Lipschitz approximations to
Brownian paths is also discussed.

1. Introduction. Let B, be a continuous function of ¢, let ¢, xq, By,
Bs € R, and consider the ordinary differential equation

(1 1) dXt _ Bl, ith<Bt,
. dt By, ifX,> B,, teR, X(t) = xo.

Among the results we prove are the following:

1. Although in general there will not be a unique solution to (1.1), there will
be a unique Lipschitz solution to (1.1) if B, is a typical Brownian motion
path.

2. Let B, be a Brownian motion with B, = 0 and let X,° denote the solution
to (1.1) when ¢, = 0 and X (¢,) = x,. The map y — X7 is a one-to-one map
of R onto R. The smoothness of this map is controlled by the local time
at 0 of X; — B,. If we call this local time L] and B;, B, satisfy suitable
assumptions, then L7 is jointly continuous in y and ¢ and {L%, y > 0}
and {L.J, y > 0} are strong Markov processes. We show that this implies
that for a fixed ¢ > 0, the function y — X is of class C'* with y < 1/2,
but it is not C3/2,

3. As we shall see below, (1.1) is an example of a bifurcation model; if B, is
a Brownian motion, 8; < 0 and By > 0, each of the events {lim,_ X, =
+o0} and {lim,_, ., X, = —oo} has positive probability. The bifurcation time
is defined by T, = sup{¢t: X, = B,}. We calculate both the probability
of {lim, , ., X, = +oo} and the expectation of the bifurcation time using
excursion theory.

4. Equation (1.1) sheds light on the best Lipschitz approximation to Brownian
paths. In particular we obtain an estimate on the lower bound on the best
constant in the Koml6s—Major-Tusnady result concerning strong approxi-
mations of Brownian motion by random walks.
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Equation (1.1) is similar to an equation that arose in the course of an eco-
nomic study and its accompanying probabilistic model in Burdzy, Frankel and
Pauzner (1997, 1998). These papers introduce and study an economics model
whose technical side is based on the following equation:

19 dX, _ -BX,, if X, < f(Bt),
(1.2) W‘{B(l—xa, i£X,> f(B), t=0, X(0)=xe(0,1),

where B, is a Brownian motion starting from B, = b,, 8 > 0 is a fixed constant
and f is a nonincreasing Lipschitz function. The case when xy, = f(b,) is of
special interest. Results on the time and direction of the stochastic bifurcation
were crucial elements of these two papers.

We also consider the following equation, more general than (1.1):

(1.3) dXt: BilX, — By|*, if X; < By,
' Ba| X, — B,|*, ifX,> B,, teR, X(ty) = xq.

dt

[If a; = ay = 0, then (1.3) reduces to (1.1).] Equation (1.3) was inspired by the
following model. Consider a pendulum with rigid arm which is turned upside
down (see Figure 1).

Let X, denote the distance of the weight W from its unstable rest position
at the top of the vertical arm. When X, = x and x is small, the weight is about
c1x2 units below its rest position, and therefore c,x? units of potential energy
must have been converted to kinetic energy, given by c5(d X /dt)?. Hence, we
have the approximate relationship d X /dt = ¢, X,, assuming infinitesimally
small velocity at the rest position. Note that if the initial velocity at the rest
position is close to zero, then the time it takes the pendulum to move any fixed
nonzero distance from the rest position is very large. We now add stochastic
oscillations to our pendulum model. We suppose that the base A of the pendu-
lum vibrates according to a Brownian motion B,. Then the position X, of the
weight W relative to A is X, — B, and we have d X /dt = ¢4(X, — B,), which
is (1.3) with oy = a9 =1 and —; = By = ¢4.

A

Fic. 1. An example of an unstable system—an “upside down” pendulum. Random oscillations of
the base result in stochastic bifurcation.
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The solutions to (1.1) exhibit fast switching between two kinds of excursions.
See Karatzas and Shreve [(1988), Section 6.5] for a closely related model.
Mandelbaum, Shepp and Vanderbei (1990) also consider a model with fast
switching between two kinds of excursions, but we were not able to find a
direct connection with our own model.

The rest of the paper consists of five sections. Section 2 contains results
on existence and uniqueness of solutions to (1.1), (1.3) and related equations.
The process B, will generally be a Brownian motion, but Theorems 2.3 and 2.4
also apply to some fractional Brownian motions (see Examples 2.3 and 2.4).

Let X denote the solution to (1.1) with X = y. For a fixed ¢ > 0, the
function y — X; is a transformation of R onto itself. How smooth is this
map? How many derivatives does the function y — X have and are they
continuous? To answer these questions, one is led to study the local time of
X7 — B,. Section 3 is devoted to a number of results about local times related
to (1.1), including analogues of the Trotter and Ray—Knight theorems. See
Knight (1981), Leuridan (1998), Norris, Rogers and Williams (1987), Revuz
and Yor (1991) and Yor (1997) for old and new variants of the Ray—Knight
theorem. Our local times are defined as local times at points, but they may
also be viewed as local times of Brownian motion on a random curve—see
(5.15) in Follmer, Protter and Shiryaev (1995) for a result on local times on
nonrandom curves.

Section 4 gives explicit formulas for the probability of upward bifurcation
for (1.3) and the expected bifurcation time for (1.1), with some indication how
to proceed in the more general case (1.3). This extends results from Burdzy,
Frankel and Pauzner (1998). Section 5 takes a look at the solutions to (1.1) as
Lipschitz approximations to the Brownian path. As a consequence, we obtain
some lower bounds related to the Komlés—Major—Tusnady construction; see
Theorem 5.6. Finally, Section 6 is a list of open problems.

In Sections 3-5, we consider Brownian motion defined on the whole real
line R, that is, the process {B;, —o0 < ¢ < oo}, where {B,, t € (0,00)}
and {B_,;, t € (0,00)} are independent Brownian motions starting from 0
with variance EB? = EB?, = o?t. Unless stated otherwise, we will assume
that all Brownian motions (including those with drift and/or reflection) have
infinitesimal variance o2 and that all constants are strictly positive and finite.

2. Existence and uniqueness of solutions. In this section we present
several theorems on the existence and uniqueness of solutions to differential
equations similar to (1.1). There is considerable overlap among the theorems,
but each contains cases not covered by the other. We first present our main
results. They are followed by some remarks and examples. The proofs are
relegated to the end of the section.

We start with the equation
21 X _[AX =B[N i X, < B,
’ dt Bs| X, — B,|*, if X, > By, teR, X(ty) = xg,

where B, is a Brownian motion, a;, @y > —1 and B, B2 € R.
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First note that the function X, = B, is a solution to (2.1) with ¢, = 0 and
x9 = 0, because neither of the conditions on the right-hand side of (2.1) is ever
satisfied. We would like to disregard such a solution for two reasons. First, the
economics model behind (1.2) required that the solutions to (1.2) be Lipschitz.
Second, the example X, = B, is rather artificial. For oy, ay > 0 it is natural to
require that X, be a Lipschitz function. We generalize this to all o, ay > —1
by writing an integrated version of (2.1), namely,

t
(22) Xi=xo+ [ [BilX, = B"Lx 5 o0+ BolX, — B,|"Lix, 5,0 ] ds.

It is easy to see that solutions to (2.2) satisfy (2.1), but the example X, = B,
shows that the opposite statement is not true.

THEOREM 2.1. For fixed t,, xo, B1, By € R, 02 > 0 and ay, ay > —1, there
exist a Brownian motion B, and a process X, which satisfy (2.2) with the initial
condition as in (2.1). The solution X, is unique in law. We may construct X, in
such a way that (X,, B,) is a strong Markov process relative to the appropriate
filtration. If we assume in addition that ay, ay > 0, then for a given Brownian
motion B, there exists a unique solution to (2.2), a.s.

Our next theorem is a result on existence. We will state the result for the
following generalization of the equation (1.1):

(2.3) dX, [F«(X,), ifX,>B,

’ dt o F2(Xt)’ lf Xt < Bt’ t e R, X(to) = xo.

THEOREM 2.2. Assume that F{ and Fy are continuous functions and that
|F| and |Fq| are bounded by B < oo. If B, is a continuous process, then
(2.3) has a Lipschitz solution, a.s. There exists a maximal Lipschitz solution
{X], t > ty} to (2.3); it is adapted to the filtration 7, = o(Bj, s € [ty t]).

Haya Kaspi pointed out to us that measurability of a solution to (2.3) is the
most delicate point of Theorem 2.2.

We will say that LY is a local time for a process B, if it is the occupation
time density,

00 t
/ h(x)L* dx = fo h(B,)dt as.
for all A bounded and measurable. Note that if B, is continuous and the local
time L} is jointly continuous, then sup, L} < oo, a.s. for each ¢.

We will use the traditional Markovian notation P* to denote the distribution
of {B,, t > ty} conditioned by {B, = x}, even though we do not assume the
Markov property for B, in Theorems 2.3 and 2.4 below.

THEOREM 2.3. Let t, > 0, xq, B1, By € R. Assume that:

(i) The process B, is continuous and has a jointly continuous local time
Ly;
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(i) If A, is an adapted process with A, = x, whose paths are Lipschitz
continuous with Lipschitz constant M, then for each x the law of {B,+A,, t, <
t < ty+ s} under P* is mutually absolutely continuous with respect to the law
of {B,, ty <t <ty+ s} under P*"™ for every s > 0.

Then with probability one there exists a random sy, > 0 and a unique Lipschitz
solution to (1.1) on [tg, to + Sp]-

If in addition we assume that B, is strong Markov then there is a unique
Lipschitz solution to (1.1) for all t > .

REMARK 2.4. If W, is a Brownian motion and f is a strictly increasing
function such that both f and f~! are Lipschitz continuous, it is easy to check
that B, = f(W,) is a strong Markov process that satisfies the other assump-
tions of Theorem 2.3.

THEOREM 2.5. Let t;, xq € R. Assume that F; and Fy are bounded, Lip-
schitz functions. Suppose that both are bounded by M and that both have
Lipschitz constant less than or equal to M. Let B, be a continuous process
such that:

(i) There exist ¢; > 0 and vy € (0, 1) such that whenever s < t,

C1

(2.4) BB, edy | %) = 5

dy, y €R.

(i) If A, is an adapted process with A, = x, whose paths are Lipschitz
continuous with Lipschitz constant M, then for each x the law of {B,+A,, t, <
t <ty + s} under P* is mutually absolutely continuous with respect to the law
of {B;, ty <t <ty+ s} under P*"™ for every s > 0.

Then with probability 1, there exists a unique solution to (2.3) for all t > t,.

We will show in Example 2.10 below that Theorem 2.5 applies to some
fractional Brownian motions. As in Remark 2.4, some functions of fractional
Brownian motions also satisfy the hypotheses of Theorem 2.5.

Let f(x,b) = B11{,<p) + Bal{y-py and suppose that a; = ay = 0. Then (2.2)
may be written as

(2.5) X, = xo + /tt f(X,, B,)ds.

The function (x,b) — f(x,d) is discontinuous. In applications such as that
in Burdzy, Frankel and Pauzner (1997), it may be argued that a model with
continuous d X /dt¢ might be more realistic. Let us replace f with a continuous
approximation,

Ba — B1
2

" (x=b+¢e)+ Bl]l{b—s<x<b+8}

fa(xa b) = Bll{x<b—s} + BZI{x>b+€} + [
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and consider the corresponding equation
t

(2.6) X® = x0+/t £.(X¢, B,)ds.
0

We will show that the solutions to (2.6) converge to those of (2.5), and thus
many results about solutions to (2.5) proved later in this article may be applied
to give asymptotic results for the solutions to (2.6).

THEOREM 2.6. Assume that (2.5) and (2.6) are defined relative to the same
Brownian motion B,. Equation (2.6) has a unique Lipschitz solution. As ¢ — 0,
the functions X7 converge to the unique solution X, of (2.5), a.s.

Note that the convergence in Theorem 2.6 is uniform on compact sets as all
functions X? are Lipschitz with constant max{|B;/|, |B2|}-

REMARK 2.7. For the economics model behind (1.2), one does not neces-
sarily want to require the Markov property to hold. The proof of Theorem
2.3 uses the strong Markov property to do an induction argument. For Theo-
rem 2.5 we have in mind examples where B, is a Gaussian process; see Exam-
ple 2.10 below. In general, By, — By will not be Gaussian when T is a stopping
time.

EXAMPLE 2.8. We present an elementary example of a continuous deter-
ministic function ¢ — B, for which there are multiple solutions to (1.1). Let

Bl < 01 BZ > 0’
(1+By)t, forte]0,1],
B, =11+ By, for ¢t > 1,
0, for t < 0.

There are uncountably many solutions to (1.1) with this choice of B, and the
initial condition X, = 1. Here are two of them:

1_ 0, for t < —1/8,,

t 14 Byt, fort > —1/B;

0, for t < —-1/B,,
X2 _ 1+ Bot, for t € (—1/B,, 1],
) 1+ B, for ¢ € (1, 5],

1+,82+5B1+,31t, for ¢t > 5.

EXAMPLE 2.9. As we noted earlier in this section, X, = B, is a solution to
(1.1) but a rather trivial one. In this example, we will show a less trivial and
perhaps more interesting non-Lipschitz solution to (1.1). Take 8; = B3 = 0 in
(1.1); in other words, consider the equation

dX,
dt

=0 ifX,#B, teR, X(¢) = x,.



56 R. F. BASS AND K. BURDZY

The function X, = 0 is a solution to this equation and, moreover, it is the
only Lipschitz solution, by Theorem 2.1. Let Y, be a skew Brownian motion,
that is, a process which may bg constructed by flipping positive excursions of
a standard Brownian motion B, to the negative side with probability p; and
negative excursions to the positive side with probability p,, independently of
each other. Suppose that p; # p, so that the process Y, is not a standard
Brownian motion. Let L, be the local time of Y, at 0. By a result of Harrison
and Shepp (1981) [see also Exercise X (2.24) in Revuz and Yor (1991)], for a
suitable constant c¢; # 0, the process Y,—c; L, is a standard Brownian motion.
If we take B, =Y, — ¢;L, then X, = ¢; L, is a non-Lipschitz solution to our
equation.

EXAMPLE 2.10. We provide an example of a process satisfying the assump-
tions of Theorem 2.5 that is not strong Markov. Let B, be fractional Brownian
motion of index H € (0, 1/2]. This means that B, is a mean zero Gaussian
process with

Cov (B,, B,) = c,(s®H + 12" — |t — s|?H).

Then B, has a stochastic integral representation
t
B, = / R(t,u)dZ,,
—0o0
where Z, is a standard Brownian motion and

R(t,u) = co[ ((t — u)" )12 — (u)H-12);

see, for example, Rogers (1997). Conditioning on %, with s > 0, the law of B,
given .7, is that of a Gaussian process with variance

c%IE[(/:(t —y)H-12 dZu>2

Assumption (i) of Theorem 2.5 is immediate from this.
We now show (ii). We give the argument for the case ¢; = x; = 0, s = 1; the
extension to the general case is routine.

¢
.78:| = c%/ (t —u)? 1 du = cy(t — s)*H.

If H =1/2, then B, is standard Brownian motion, and (ii) follows from the
Girsanov theorem; so we suppose H < 1/2. Let « = H+1/2. See Decreusefond
and Ustiinel (1997) for more details of some of the steps in the following
argument. Let F(a, b, ¢, z) be the standard Gauss hypergeometric function
and define an operator Ky on functions on [0, 1] by

(Euf)XO = 575

X /Ot(t —x)EYV2FR(H -1/2,1/2 - H,H +1/2,1 —t/x)f(x)dx.

Let #y = {K gh: h € L%([0, 1])} and define
1F 1Ly = K& e
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For B € (0, 1), define
B __lr _ et
TN = g5 |, FO =0t
and
B = d 1-8
(DPf)(x) = (I P F)(x).

By Decreusefond and Ustiinel [(1997), Theorem 2.1, Theorem 3.3 and the proof
of Theorem 3.3] we have that -# is dense in the set of continuous functions
on [0, 1] that are null at 0 and that K is an isomorphism from L?([0, 1]) onto
I7+1/2(L2([0, 1])). By Proposition 2.1 of that paper, D is the inverse to I”.
Since K7 is continuous from I7+Y/2(L2) into L2, then K ' o I#*1/2 is con-
tinuous from L2 into itself, and so there exists a constant ¢, such that

IKG TP 2 g 12 < cqllgllze-
Thus if f € #%, then

1Kz fllze < cg| D2 F 2,
or

1F 1l < call D*Fl e

Let A, be a uniformly Lipschitz process as in the statement of Theorem 2.5.
By Theorem 4.9 of Decreusefond and Ustiinel (1997) and the Novikov condition
discussed just after that theorem, (ii) will hold if for each 7" € (0, 1) we have

E exp[|| A()[1%, /2] < .

By the above paragraph, it is enough to show
T

(2.7) Eexp<[ |D“At|2dt/2> < 0.
0

To show (2.7), by an approximation argument it suffices to show that for each
fixed T' > O there exists c5 (depending on T') such that if f is a C* function
on [0, o) with f(0) = 0, then

(2.8) sup [D*f(x)| < e5[1f" |-
0<t<T

Then (2.7) will follow easily from (2.8) and our assumptions on A,.
Note that by a change of variables,

I f() = c | S fx— e dt

and by the Leibniz formula and the fact that f(0) =0,

%Il—af(x) — /(;x f/(‘x _ t)l’_a dt — ¢ /(,)x f/(t)(x — ) %dt = Il_o‘f/(.X)-
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Since @« = H +1/2 < 1, then |x — £|7* is integrable on [0, x]. So, for u = f’,
X
IDf ()| = [T “u(x)| < IIHIIOO/O |x — [ dt < ¢ql|ull

for x < T'. This gives (2.8), and thus a fractional Brownian motion with pa-
rameter H € (0, 1/2] satisfies the assumptions of Theorem 2.5.

ExamPLE 2.11. The weaker version of Theorem 2.3, that is, the one without
the assumption on the Markov character of B,, applies to fractional Brownian
motions with parameter H € (0, 1/2]. Assumption (ii) of Theorem 2.3 is the
same as (ii) of Theorem 2.5; we have verified that assumption in the previous
example. As for assumption (i) of Theorem 2.3, the joint continuity of the local
time for the fractional Brownian motion follows from Lemma 8.8.1, Theorem
8.8.2 and the proof of Theorem 8.8.4 in Adler (1981).

ExaMPLE 2.12. Fabes and Kenig (1981) gave an example of a process B,
satisfying

dB, = o(B,, t)dW,,

where W, is a standard Brownian motion, o is Hoélder continuous in the first
variable, o is bounded above and below by positive constants and the distribu-
tion of B; does not have a density with respect to Lebesgue measure. B, is a
space—time strong Markov process. Because o is bounded below, it is not hard
to see that B, has a jointly continuous local time [cf. Revuz and Yor (1991),
Chapter 6] and that hypothesis (ii) of Theorem 2.3 holds. Thus this process
B, is an example where the assumptions of Theorem 2.3 hold, but those of
Theorem 2.5 do not.

The rest of the section contains proofs of our main results. The following
lemma is immediate.

LEMMA 2.13. Let Et = B_, and )?t = X_,. If X, is a solution to (2.1) then
X, is a solution to
Q: _’31|ft_§t|a1’ ifft<§t’
dt —Bs|X, — By, if X,>B, teR, X(~t) = x,.

PrOOF OF THEOREM 2.1. For simplicity, assume that ¢, = 0. The equation

t t
Y, =x +f0 [B11Y (| Ly <oy + Bl Y| 1y oy ds — /o dBq, t>0,

has a weak solution which is unique in law by Theorem 5.15 in Karatzas and
Shreve (1988). For X, = Y, + B,, the last equation is equivalent to (2.2) for
t > 0. This proves the first assertion of the theorem. The strong uniqueness
in the case a;, ay > 0 follows from Proposition 5.17 of Karatzas and Shreve
(1988). We note that although the function y — y* is not bounded, that propo-
sition clearly applies by using a truncation argument. The part of the solution
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to (2.1) for t < ¢, = 0 can be obtained in a similar way using Lemma 2.13. That
X, may be constructed so that (X ,, B,) is a strong Markov process follows from
the weak uniqueness in a standard manner; see Bass (1997), Section 1.5 or
Stroock and Varadhan (1979), Chapter 6. O

PROOF OF THEOREM 2.2. We start by showing that for each » and for any
u; and z; there exists a maximal solution X, *' to the equation

dX,/dt = Fy(X,), teR, X(uy)=2.

First, it is well known that there exists at least one solution to the equation
since F'; is continuous. Since |F'| is bounded by B, all solutions are Lipschitz
with constant 8 and so their supremum X "1 is also a Lipschitz function
with constant 8. Next note that the maximum of any two solutions is also a
solution to the equation. This and the Lipschitz property of solutions easily
imply that there exists a sequence of solutions converging to X, **, uniformly
on compact intervals. Now a standard argument can be used to show that
X '#1 is a solution to the equation.

The analogous maximal solution to d X,/dt = Fy(X,) with the initial con-
dition X (u;) = z; will be denoted X LA

The followmg properties of solutlons X %1 follow easily from the definition
of X, X“"* and from the continuity and boundedness of F; and F,. First, if
XZ;’ZI = 2z, then the functions X, X“* and X?Z’Zz are identical. Second, if
z, —> 2, as n — oo then the sequence of functions X £V 7" converges to X P
as n — oo, uniformly on compact sets. Finally, if z; < z, then X?l’zl < X?l’zz
for all ¢.

We start by proving the existence of a solution to (2.3) for ¢ > ¢,. Consider a
small § > 0. We proceed to define a 5-approximate solution X? to (2.3). First
suppose that B, < x,. By the continuity of the paths of B,, for almost every
path of B,, there exist a unique time ¢; € (¢;, oo] and a function X? defined
for ¢ € (ty,t,), such that X} = xo, X} = B, if t; < o0, and X} = X% for
all ¢ € (to, t1). We then let X? = X7 + B(t —t;) for all ¢ € [¢1, 4 + 8], if t; < oo.
If B, > x( we use the same procedure to define X? for t € [ty, t; + 8] except
that we use the function X % in place of X %o If B, = xg, we let t; =,
and X? = X} + B(t — t1) for t e[ty t; + 8]

We have deﬁned X? on an interval [¢,, t;+8]. Let x; = X? t,+5- Liet us replace
the initial condition in (2.3) by X(¢; + 6) = x; and define an approximate
solution X? to (2.3) on an interval [¢; + 8, ¢, + 8] using the same method as
above. By induction, we can construct a (possibly infinite) sequence of times
{t;} and a continuous function X? which satisfies (2.3) on every interval (¢, +
8, t;41) and which is linear on every interval [¢,, ¢, + 8], for £ > 1. Note that
the function X? is defined for all ¢ > ¢, because ¢, > t; + & for every k.

By construction, the §-approximate solution X? is a Lipschitz function with
Lipschitz constant S.

For every integer m > 1, consider a 1/m-approximate solution X; 1m Al of
these functions are Lipschitz with the same constant 8, and they all satisfy
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tho/m = x. Let X, be defined by

X, = limsup X" = lim sup X,/".

m—o00 =0 m>n
The supremum of an arbitrary family of Lipschitz functions with constant 8
is a Lipschitz function with the same constant, and the same remark applies to
the limit of a sequence of such functions. Hence, for every n, the function Y7 =
sup,,-, X tl/ ™ is Lipschitz with constant 8, and the same is true of X,. Note
that Y} converge in a monotone way to X,, uniformly on compact intervals,
because all these functions are Lipschitz with the same constant .
We will show that X, is a solution to (2.3). Let

W(8) = U {(t,¥): y=x+(t—9)B, te[s,s+ 8]}

{(s,x):s>tg, By=x}

For & < §;, the portion of the graph of X? which lies outside W(8;) satisfies
(2.3), by construction.

The set of ¢ such that B, = X, is closed because both functions B, and
X, are continuous. Consider any interval (s;, s9) such that B, # X, for all
t € (81, Sg). Suppose without loss of generality that B, < X, for all ¢ € (sq, s9)
Choose an arbitrarily small §; > 0. Note that as 6 — 0, the open sets W¢(5)
converge to the complement of {(s, x): s > #;,, B, = x}. Let 8, > 0 be so small
that the (closed) portion of the graph of X, between s; +6; and s; — 8; does not
intersect W(8,). Let sy = s; + 8;. Since the Y} converge to X,, there exists

/m;

a sequence m; such that X, ' — X, . For sufficiently large j, the point

(89, X io ) lies outside W(§,) and we also have 1/m; < 8,. Then, for ¢ 111/1 a
neighborhood of s, the function x;/ ;" must be given by X, M= X ?0 oo

~30, XS
We will show that X, = X:O ? for t € (sg, 89 — 81). o X
Suppose that this is not tru)((e and let s5 iinf{t €59, 89 —81: X, # X, "™}
Note that the functions X,” " and X,” " " are identical. Since (s3, X 5;) lies
outside W(8,), an argument similar to the one given above shows that for

some 83,8, > 0 and all m > 1/8,, the functions X,”” must satisfy X,” =
>S3 Xiém

X, 7 fort e [33,33 + 85, if |X§§m — X, | < 84 If for some k,m > 1/8,

o X, | <8, and X VE < X5, /™ (note that we are not assuming

we have | X,
that |X1/k X, | <8, then Xl/k < Xl/m for t € [s3, s3 + 63]. This is because
l/m

th/m =X %5 for t e [s3, 83 + 63], and if X% = X}/™ for some v in this

interval, we must have th/k = Xt X for all ¢ > v in the interval [s3, s3+ 83,
recalling the construction of the approximate solutions. Consider an n > 1/8,

such that Y < X, +64/2. If Y = Xig/ for some m > n then we have

~s l/m
X;gk < Xl/m for all k > n. This 1mphes that X s, X' < X Xea forall k> n
and ¢. Hence for t € [s3, s3 + 83],

1/ 1/m n
k >3, Xy ~s3, Y7
Y/ =sup X}  =sup X;*"% = X% =X," ",

k>n k>n
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1
Suppose that there is no such m but then, necessarily, Y” =lim;_ . X5 /mJ , for
some increasing sequence {m ;} with the property that X s; ™/ is also increas-

ing. Then, using the monotonicity properties of X +V 71 discussed at the begin-
ing of the proof and earlier in this paragraph, we obtain for ¢ € [s3, s3 + 3],
l/k l/m, ~s3, Y

Y?_supX/ _supX _th =X,

k>n k>n Jj—o0

We have shown that Y} = fjs’yss for ¢ € [s3, s3 + 03]. Recall that X, is a
monotone limit of Y}. In view of the monotonicity and continuity of z; —
}??1’21, we obtain

X, = Jim Y7 = Jim X7 = X0 = X
for t € [s3, s3 + 83]. This contradicts the definition of s3 and proves our claim.

Thus X, satisfies (2.3) on (s;+6;, so—961) and, in view of the arbitrary nature
of 8;, the same claim extends to the whole interval (s;, s;). The argument
applies to all intervals (s;, s9) such that B, # X, for all ¢ € (sq, s9). This
implies that X, is a Lipschitz solution to (2.3). The proof of the existence of a
Lipschitz solution is complete.

The existence of the solution to (2.3) for ¢ < ¢, may be proved in a completely
analogous way. The two solutions can be combined into one function X, in an
obvious way. It remains to check if the differential equation (2.3) is satisfied
at ¢ = ty. It is easy to see that if B, < x, then dX,/dt = F(X,) for all ¢ in
some intervals (¢, — 8, ¢y) and (¢, ¢y + 6) with 6 > 0. This and the continuity
of X, at t = t; evidently imply that dX,/dt = F{(X,) for t = ¢, and so (2.3)
is satisfied for ¢ = ¢,. The case when B, > x, is analogous. When B, = x,
(2.3) is trivially satisfied by X, for ¢ = ¢,.

Since the functions {X; m > to} are adapted to the filtration %2 = o(B,,
S € [tg, t]), so is their lim sup, X,. If B, is strong Markov then the process
{(B,, X,), t>t,} is strong Markov with respect to the filtration {Z,2, t>t,}.

We will show that the function {X,, ¢ > ¢y} constructed above is the largest
of all Lipschitz solutions to (2.3); that is, if X7 is another Lipschitz solution,
then X, > X7 for all ¢ > ¢,. Consider any Lipschitz solution X} to (2.3) and
suppose that X} > X, for some ¢ > ¢;,. Then there must exist § = 1/m; such
that X7 > X? for some ¢ > t,. Fix such 8§ and let S be the infimum of those
t such that X; > X2. If S € [t,; + 8,t,,,) for some j, then X = X% # By
a.s., and, by continuity, we must have X* # B, and X? # B, for all s in some
nondegenerate interval [S, S 4+ §;). On this interval one of the conditions in
(2.3) is satisfied by both X7 and X?, s0 X* = X? = X5 X5 forall s € [S, S+6,)

or X:= X2 =X5%forall s e [S S + 8;). This contradicts the definition
of S. Next, suppose that S € [t;,¢; + &) for some j. On this interval, the
derivative of X? is equal to 8. It is is easy to see that a Lipschitz solution X
to (2.3) cannot grow faster than that on this interval, and so S > ¢; + 9, a
contradiction which completes the proof of our claim.



62 R. F. BASS AND K. BURDZY

A similar construction gives a solution {X,, ¢ < ¢,} to (2.3) which is max-
imal among all Lipschitz solutions on the interval (—oo, ¢,] with constant B.
Note that X, is measurable with respect to the o-field o(B;, s € [¢, ty]) for
t < t.

The maximal solution X, of (2.3) is consistent in the following sense. Con-
sider a fixed path {B,, ¢ € R} and the corresponding maximal solution X,.
Now choose any s > 0 and suppose that X, = z. Let {X?, u > s} be the
largest Lipschitz solution with constant g for (2.3) on the interval [s, oo) with
the initial condition X* = z and the path {B,, ¢ € R} truncated to {B,, ¢ > s}.
Then it is easy to see that X} = X, for all u > s. It follows that for s > 0, the
portion {X,, ¢ € [s, u]} of the solution to (2.3) may be defined only in terms
of X, and {B,, t €[s, ul}.

In a similar fashion we can construct a minimal solution to (2.3); this min-
imal solution is also adapted to the filtration of B,. Uniqueness would follow
once we prove the maximal and minimal solutions are equal for all s a.s. O

ProoF OF THEOREM 2.3. Without loss of generality, we assume that ¢, = 0.
Let X* and X~ be the maximal and minimal solutions to (1.1). By (2.3) the
P* law of B, — X~ (t) is mutually absolutely continuous with respect to the P*

law of B,, so under P*, B, — X~ (¢) has a jointly continuous local time T;; such

that sup, Z§ < 00, a.s. for each ¢.
Let B = max(|B4l, |Bz|) and

UQ) = inf{t > 0: supL? > 1/(4;3)],
with the convention that inf & = co. If ¢ < U(1) and a > 0, then
t a ~
fo L(B,—x(s)e[0,a]) 4S = /0 Lidz < a/(4B).
Let @ > 0 and

S =inf{t > 0: X*(¢)— X (¢) > a}.
Since both X* and X~ satisfy (1.1), if V.= U(1) A S,

\%4
XH(V)-X~(V) < 2Bf0 L(x-(u)=B,=X+(u) AU
\%
< 23/0 L0=B,- X (u)=X*(u)-X(u)) T

\%
= 23/0 L(0=B,-X~(u)a) AU

< 2aB/(4B) = a/2.
Since Xt(V)— X~ (V)=a if U(1) > S, we must have V = U(1). This is true
for all @ > 0, so X*(¢t) = X~ (¢) for ¢t < U(1).
Now assume that B, is strong Markov and let U(j+1) = U(j)+U(1)o0y,
j=1,2,..., where 0 is the shift operator associated with the process B;. An
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induction argument using the strong Markov property at U(j) shows that
XTt)y=X"(@)fort <U(j+1)for j=1,2,.... The continuity of B, and L}
easily implies U(j) — oo, a.s., so X1 (¢) = X~ (¢) for all ¢ > 0. O

The proof of Theorem 2.5 will be split into several lemmas.

For the remainder of the section, let 6 = (1 — vy)/4. Note that § € (0, 1/4)
since y € (0,1). The constants ¢y, cg, ..., in the proofs in this section may
depend on y and §.

LEMMA 2.14. Leta>1,t<1,A>0,C, = fot 1(0-B,~asw) ds. Assume that
condition (i) of Theorem 2.5 holds. There exist ¢, and c, independent of « and
A such that for A > 0,

P(C, > A) < ¢; exp(—coAa®/(At*+20)),
ProoF. First let us compute E(C,—C, | %,) for u € [0, ¢]. Let R = R(a) =
o'/, Note that R > 1, R = exp(a~!log @) < c3, and
1-R1=1—exp(—loga/a)<loga/a < cya /%
where c; and ¢, do not depend on « as long as « > 1.
By condition (i) of Theorem 2.5,
t
E(C,—C, | %) = [ P(B, (0, As") | 7,)ds
t a
< [ oA
v (s —uy

Let us examine
t s¢
I=| ——ds.
/u (s—u)r s
Suppose first that u < ¢/ R. We observe, using the fact that R > 1,
t/R o @ t/R a ot
/ s ds < t / ds < t_/ ds
v (s—u) R v (s—u) = altu(s—u)

_t* e ds t*
T al sY a
On the other hand, in view of the inequality 1 — R™! < c o~

¢ s* t ds
—  ds<t“ -
/t/R (s—u) 5= /t/R (s—u)

< ta/t L
- t/R (s—t/R)Y

(2.9)

1/2
b

t(1-1/R) ds
./
0

- I’
= c t*t7Y(1 - R7H

< Cgta+1_y/a(1_7)/2.
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Recalling that « > 1 and combining with (2.9),

Cg ta—l—'y

I = a(l_V)/2 ’

Now suppose u > ¢/R. Then

/ut (s jaLt)“Y ds =" f: (s (—isu)V = /otiu %

= cot®(t — u)'Y < cot*(t — t/R)
= ¢t (1 - RTH.

As before, this is less than or equal to c;ot**1~7/a(1=7)/2,
Since 6 = (1 —vy)/4,t <1land a > 1,
E(C,— C, | %) < ep At /0™ < ¢ At* /o,

This says that almost surely the process E(C, | .%,) does not exceed C, by
more than c;; At*+t?% /a® for any u < t. In particular,
E(C,—Cr | 1) < c11 At*T?/a’
for every stopping time T bounded by ¢. We apply Theorem 1.6.11 of Bass
(1995) to deduce that there exist ¢4 and c;5 such that
Eexp(c1pCoa®/(At*T)) < cy3.

Our result easily follows from this estimate. O

LEMMA 2.15. Given ¢ > 0, there exist ¢y, ¢y such that if « > 1, A, B > 0,
B/A > &, and B = a+ 6, then

P(C, > BtP for some t < 1/2) < ¢; exp(—cyBa’/A).

PROOF. Let ¢, =2"1"%F k =0,1,.... The process C, is increasing. So if
C, = BtP for some ¢ < 1/2, then for some % > 1 we must have C, > B(t;)".
Hence

P(C, = Bt” for some ¢ < 1/2) < P(C,,_ > B(t;)" for some k> 1)

2.10 -
(2.10) < Y P(C, _, > B(t)").
k=1

Using Lemma 2.14, this is bounded by

> cgexp(—cyB(ty)Pa /(AL 2))
k=1

[
8

5
C3 €xp <—C4 BTa2‘B‘k—(—l—(k—l)/ﬁ)(a+25))

B
Il

1

I
8

B
C3 €Xp (—04 BTasz/B+8—(a+28)/(a+3)) )

B
Il

1
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Since @ > 1 and 6 € (0, 1/4), the quantity 2°—(¢+29/(«+9) jg hounded below and
above by absolute constants, so the last displayed formula admits a bound

[ B 8
> e exp(—c57a2k5/5)
(2.11) =t

=c4 exp(—c5—> ) exp<—05—a (2B — 1)).
Ao A

The infinite sum in the last expression is bounded by

> B kOB _ 1 ) - it . (_C5Bk810g2>

3 exp(er g (217 - 1) = Y- exp( - 2Z00E2
- 1
~ 1 —exp(—c5Bélog2/(AB))
< cgAB/B.

Combining this with (2.10) and (2.11), we obtain
1
P(Ct > BtP for some ¢ < 5)

<c exp( c —Ba5>c —B
= t3 —t5 6
A B

5
= c3exp —c5B—a +log cg + log 4 + log(a + 6)
A B
Ba?
< c3 €xp —C5T +logcg —log é +log2 +1loga).
The last expression is less than
(%)
C7 exXp _CBT
for suitable ¢; and cg (depending on ¢ and §) and all « > 1. O

Let X/ and X; be the maximal and minimal solutions to (2.3) constructed
in the proof of Theorem 2.2. Let Y, = X} — X;. We will show Y, = 0, a.s. for
t<1/2.

LEMMA 2.16. For each s,
P(X;=B,)=0 ass.

and similarly with X} replaced by X .
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ProOF. We know X is a process whose paths are Lipschitz continuous.
By assumption (ii) of Theorem 2.5, there exists a probability measure Q which
is equivalent to P and such that the Q law of B, — X} is the same as the P
law of B,. Then

This is equal to zero by (2.4). Since P and Q are equivalent, the lemma is
proved. O

LEMMA 2.17. Y, =0,a.s.if t <1/2.
PROOF. The process X, satisfies
t
X/ =x +f0 [Fi( X xiop)+ Fo(XD)1ixi_p,]ds

and X, satisfies a similar equation. Then, noting Lemma 2.16,
t
Y= [[Fy(XD) = Fu(X)p,x;<x7 ds
t
[ IFo(X]) = Fo(X)ix, <xi g, ds

t
+ [ IFUXD) = Po(XO) N, <, xi) s
Therefore

t t
Y, < M/ (XJ—XQ)d8+2M/ L(x; <B,<xt)ds
0 0 s s ®
t t
(2.12) - M / Y, ds+2M / Lio-n,_x--x'—x-)ds
0 0 s S © s

t t
= M/O Y, ds~|—2M/0 1(0<BS—X;<Ys)dS‘

Recall that we have assumed that F ; is bounded by M. Hence, the process
Y, is Lipschitz with constant 2M. Since X has Lipschitz paths, there exists,
by assumption (ii) of Theorem 2.5, a probability measure Q equivalent to P
such that under Q, {B, — X, 0 < s < 1/2} has the same law as {B,, 0 <

s

s < 1/2} does under P. So it suffices to show that for any Lipschitz process Y
with constant M satisfying

t t
(2.13) Y, < M/ Y, ds+2Mf Lio-p, -y, ds,
0 0 s s
we have
P(Y, # 0 for some ¢t <1/2) = 0.
Let
D(A, o) ={Y, > As* for some s < 1/2}.
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As Y is Lipschitz with |Y,| < 2M¢, then D(3M,1) = &. Let ¢ > 0 and let
n = 1/4. We will choose N > 1 and j, > 0 in a moment. Let A ; = NJif j < j,
and A; = (1+n)/N/o for j > j,. Let a; = 1+ j5. We want an estimate on the
probability of D(A; 1, @;1) — D(Aj,a;). If o ¢ D(Aj,@;), then Y < A s%
for all s < 1/2, and so from (2.13), for ¢t < 1/2,

t t
Yt < M/() AjSaj dS+2M/0 1(0<BS<A_/saj)dS

(2'14) MAjtaj+1 t
= W +2M/(; 1(0<Bs<AjS(X-f)ds‘

Let ¢ = (1—7)/2M and let ¢; and ¢, be constants chosen as in Lemma 2.15
(depending on &). Find large j, so that

(2.15) (14 j8)°?/2M > 1,

(2.16) T3 s = n(1+mn)

and

(2.17) c1 Y. exp(—cy(1—n?)(1+ jd)*?) < /2.
J=Jo

Next choose N large so that

(2.18) N> M/n
and
(2.19) 2jociexp(—cg(1—m)N/2M) < g/2.

For j > j,, we have

2.20 J A
_ << .
(2.20) (aj+l)_n AR

using (2.16). The same inequality holds for j < j, in view of (2.18).

In view of (2.14) and (2.20), for w to be in D(A 1, ;1) — D(A;, a;), we
must have
Y Ajtaj+1

t
1 ahyds> L — 1
/o (0<B.<A;s) O5 = 97 2(a; +1)

iy pai+1
(2.21) - Aj+1t 41 B A]t it
= 2M 2(a; +1)
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for some ¢ < 1/2. Recall that we set ¢ = (1 — 1)/2M and note that for all j
we have (1 -1)A;,,1/(2MA;) > {. By Lemma 2.15, the probability that the
inequality (2.21) holds is less than or equal to

. exp( . (1—77)Aj+1a5)
1 —Co——oa % ).
2MA; J

Using (2.15) and (2.17) for j > j,, we obtain

nd 1- 7I)Aj+1 5
c1 Y. exp(—cz—aj)
J=Jo 2MA,;
S L sz sy 9
=1 ) exp| —ca—a (14 08)" (14 j8)"7 | < &/2.
J=Jo
From (2.19),
Jo—1 (1-m)A; Jo—1 (1-n)N
A= MA i s _,A=mN
clgexp< O IA aj>§clgexp< o7 )
Jj=0 J Jj=0
1-7n)N
< 2j001 exp(—cz%> < 8/2
Hence,
e (1- A, 3>
c1 ). exp(—CQ—a- <e,
o 2MA ; 7
and so

j=0

If o ¢ U9 D(Aj, @;), then Y (w) < Aj;t% < (1+ 1)/ N7o(1/2)*7% for all
J > joandall t <1/2. Since (14+1)(1/2) < 1, letting j — oo shows Y ,(w) = 0.
Therefore

P(Y, # 0 for some ¢t <1/2) <e.

Since ¢ is arbitrary, this proves the lemma. O

PrOOF OF THEOREM 2.5. By Lemma 2.17 we have Y, =0 a.s. fort < 1/2. If
we consider the law of B, given 77 o, it is not hard to see that assumptions
(i) and (ii) of Theorem 2.5 apply to this process as well. So we apply the same
argument to X, , and X, 5, and we obtain Y, ;o =0fort <1/20r Y, =0
for t < 2(1/2). By an induction argument, we then have Y, = 0 for all ¢, which
proves uniqueness. O
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PROOF OF THEOREM 2.6. The existence and strong uniqueness of solutions
X7{ to (2.6) can be proved in the same way as in Theorem 2.1.

Consider any sequence ¢, | 0 and with a slight abuse of notation let
X" = X;". Since all functions ¢ — X7 are Lipschitz with constant 8, we
may suppose, passing to a subsequence, if necessary, that X} converge to a
function X{°. In order to finish the proof, it will suffice to show that X° = X,.
Since (2.5) has a unique solution a.s., it will be enough to show that if o is
not in the null set where uniqueness does not hold, then X?°(w) is a solution
to (2.5). The functions X} are Lipschitz with constant B, so the same is true
of X{°. Let A be the set of times ¢ such that X{° = B,. The complement of the
set A consists of a countable number of open intervals. Let I = (¢4, £;) be one
of the intervals in the complement of A. Fix any ¢35 € I and suppose without
loss of generality that X’ > B, . Choose some ¢, € (¢1,%3) and ¢;5 € (¢3, ¢5)
and let a be the infimum of X7° — B, over ¢ € (¢4, t5). For sufficiently large n,
we have ¢, < a/3 and | X} — X?°| < a/3 for all ¢ € (¢4, t5). It follows that for
large n and ¢ € (44, t5), we have X} — B, > a/3 > ¢,. Hence, for such n and ¢,
d X} /dt = B,y. This shows that d X7°/dt = By for all ¢ € I. The same argument
works for all other intervals in the complement of A. There is nothing to check
for t € A, so X{° is a solution to (2.5). O

3. Local time. In the remaining part of the article we assume that B, is
a Brownian motion. In this section we will exclusively deal with solutions to
(1.1). We will find several explicit formulas for the local time spent by B, on the
paths of the process X,. Moreover, we will prove analogues of the Trotter and
Ray—Knight theorems. The results on local times provide information about
the behavior of the function y — X for fixed t; see Remark 3.10.

Our first lemma is supposed to help develop a mental picture of the solutions
of (1.1). So far, we have proved existence and uniqueness of a solution to (1.1)
for fixed ¢, and x, (see Thorem 2.1).

LEMMA 3.1. (i) With probability 1, for every t,, x, € R, there exists a unique
Lipschitz solution to (1.1). Let X denote the solution of (1.1) with X5 = x.

(i) For a fixed t, the function x — X7} is continuous a.s.
(iii) If x < y, then X* < X for all t € R, a.s.

PROOF. According to Theorem 2.1 applied with «; = ay = 0, for every fixed
to and x, there exists a unique Lipschitz solution to (1.1), a.s. Hence, the exis-
tence and uniqueness assertion holds for all rational ¢, and x, simultaneously,
a.s.

Suppose Lipschitz functions X, and X . satisfy (1.1), not necessarily for
the same values of ¢, and x, (we make no assumptions about rationality of
the initial conditions ¢, and x, in this paragraph). We will show that X ;=
max(X,, X .) also satisfies the condition in (1.1). Consider any s € R and

assume without loss of generality that X, > X s If X, = B, then 5(:5 = B,
and (1.1) is satisfied in a trivial way. If X, # B, then the graph of X, is a line
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segment in a neighborhood of (s, X,). Since X s < X, then either the graph of

X, lies strictly below that of X, in a neighborhood of (s, X,), or it agrees with
the graph of X, in a neighborhood of the same point. In either case, the graph

of X ; 1s a line segment in a neighborhood of (s, X,), with the slope satisfying
(1.1).

Recall that X7 denotes the solution of (1.1) with X§ = x. We will show
that X7 < X; for all ¢ € R, a.s., assuming that x < y, and x and y are

rational. Indeed, if X¥ > X7 for some ¢ then X} = max(X?, X7) is a solution

to (1.1) with XJ = y, but this solution is different from X;. This contradicts
the uniqueness of solutions for rational ¢, and x,.

Next we will prove that if x and y are rational and x < y then X7 < X for
all ¢t € R. By Lemma 2.13, it is enough to consider ¢ > 0. We will use the same
method as in the proof of Theorem 2.3. Fix some rational x. By the Girsanov
theorem, the law of B, — X7 is mutually absolutely continuous with the law of
Brownian motion starting from —x, so B, — X7 has a jointly continuous local

time Ef such that sup, Ef < 00, a.s. for each t. Let B = max(|B,], |Bs]) and
U= inf[t > 0: supL? > 1/(8,8)},
with the convention that inf @ = o00. If # < U and a > 0, then

t a ~~

/0 L(B,—x:c[0,a)) @S =/0 Lidz < a/(8B).
Let a > 0 be a rational number and y = x + a. Let

S =S(y) =inf{t > 0: X} - X7 < a/2}.
Let V=UAS and W = W(y) = sup{t < V: X; — X7 > a}. Since both X7
and X satisfy (1.1),

y v

XV — X%C/ >a— 2BfW 1(Xﬁ§Bu§Xg) du

\%
>a—2B /W Lio<B,-xz<x3-x3) du

\%4
>a— 2,8 /W 1(OSBM—X§Sa) du
>a—2aB/(88) = 3a/4.

Since X7, — X3 = a/2 if U > S, we must have V = U. This is true for all
a>0,s0 X}, — X}, > (Xy — X%)/2 for all rational y > x.

Let U(1) =U and U(j+1) = U(j)+U(1)obyj), j = 1,2, ..., where 0 is the
shift operator associated with the process B,. An induction argument using
the strong Markov property at U(j) shows that Xy, — X7 ;) = (X5 —X§)/2/.
It is elementary to see that U(j) — oo as j — oo, so for a fixed rational x, all
solutions X with rational y > x will stay strictly above X7 for all ¢ > 0, a.s.



STOCHASTIC BIFURCATION MODELS 71

The claim can be extended as usual to all rational ¢, and x,; that is, if X and
X are Lipschitz solutions to (1.1) with X(#)) = x < y = X (ty) then we have
X() < X (t) for all ¢ € R, for all rational ¢,, x and y simultaneously, a.s.

Now consider any real y and define 7; as the supremum of X7 over rational
x < y. We can use the argument presented in Theorem 2.2 to show that 7;
is a Lipschitz solution to (1.1) with 73 = y. Similarly, let X be a Lipschitz
solution obtained as the infimum of X over rational x > y.

Let us show that 73 = X7 and that this is the unique Lipschitz solution
of (1.1) with XJ = y for all real y simultaneously. Suppose that 72’ < X7 for
some real y and s. By the continuity of the two solutions, there are rational
tg, v and z such that Ytyo <v<z< X?; Let X’t and }?t be the solutions

of (1.1) satisfying X (ty) = v and X (tg) = z. It follows from the definitions
of Yty and X; and the monotonicity of x — X7 for rational x that we must

have X 0)=y= X (0). This, however, contradicts the fact that solutions with
different rational starting points v and z at a rational time ¢, never meet.

Next suppose that for some real y, there is a solution X; to (1.1) with
X} =y, but different from X;. Hence for some s we have X3 # X?, and we
can assume without loss of generality that X; > X?. Recalling the definition
of X?, we can find a rational number x such that x > y and X?¥ € (X?, X7).
Then }?f = max(X7, X?) is a Lipschitz solution to (1.1) with }Z’g = x, dif-
ferent from the function X7, thus contradicting the uniqueness of solutions
for rational initial data. This completes the proof that there exists a unique
Lipschitz solution to (1.1) for ¢, = 0 and all x;, € R simultaneously, a.s. This
can be immediately extended to an assertion that applies to all rational ¢, si-
multaneously, with probability 1. Finally, this last assertion easily implies the
claim that existence and uniqueness hold for all real ¢, and x, simultaneously.

The continutity of the function x — X7 follows from the fact that 7; = X7
for all x and ¢.

Finally, we show the strict monotonicity of x — X7. Suppose that we have
x < y and X¥ = X7 for some s € R. The two functions X} and X; are not
identical since X§ = x # y = X, but they are both solutions to (1.1) with
to = s and xy = X 7. This contradicts the uniqueness of solutions to (1.1). O

In the rest of this section, we will assume that ¢, = 0 and study the portion
of the solution X, to (1.1) for £ > 0 only.

We continue with a discussion of some exit systems. Some of our results on
exit systems may be of independent interest. We refer the reader to Blumen-
thal (1992), Burdzy (1987), Maisonneuve (1975) or Sharpe (1989) concerning
the fundamentals of excursion theory.

Let D = {(b, x) € R%: b = x}. We will construct an exit system (H*, dL) for
the process of excursions of (B;, X,) from the set D. The first element of an exit
system is a family of excursion laws H*. An excursion law H* is an infinite o-
finite measure on the space C* of functions (e}, e?) defined on (0, o) (note that
0 is excluded) which take values in R? U {A}. Here A is the coffin (absorbing)
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state. Let v be the lifetime of an excursion, that is, v = inf{# > 0: (e}, €2) = A}.
Then H*-a.e., we have (e}, e2) € R? for ¢ € (0, ») and (e}, e?) = A for ¢ € [v, o).
The measure H”* is strong Markov with respect to the transition probabilities
of the process {(B,, X,), ¢t > 0} killed at the hitting time of D. Moreover, the
H~*-measure of the set of paths for which lim, (e}, €?) # (x, x) is equal to 0.
The second element of the exit system, dL, denotes the measure defined by a
nondecreasing process L,. The process L, is a continuous additive functional,
also known as a local time, for (B,, X;) on D. The process L, does not increase
on any interval (s, u) such that (B,, X,) ¢ D for t € (s,u); thatis, L, = L,
for such intervals. Consider a maximal interval (s, u) such that B, # X, for
t € (s,u). Suppose L, = r. Let (e}, €?), = (Byyy, X,4y) for t € (0,u — s) and
(e}, e?), = Afor t > u —s. Let u(r) = inf{¢ > 0: L, = r}. The collection of all
“excursions” {(r, (el, e?),)} is a Poisson point process which, roughly speaking,
has random mean measure (ry — ’”1)]:12 H*M(A)dr on the set (rq, ry) x A.

Next we apply some transformations to the excursions and excursion laws
in order to simplify our description of the exit system. First, we note that by the
translation invariance of the Brownian motion B, and (1.1), the distribution
of (el —x, e —x) under H* is the same for every x € R. Let this distribution be
called H,. For H;-almost all excursions, the second component e? is a linear
function of ¢ until the excursion lifetime v, with the slope equal to B; or B,.
In the first case, e} > e? for ¢ € (0,v), while the inequality goes the other
way in the second case. Let H denote the part of the measure H; which
is supported on excursions with e} > e? and let H;_ be the part supported
on the set where e < e?. Let H,, be the distribution of {e; —e?, ¢t € (0,v)}
under H,, and let H,_ have the same definition relative to H,_. Note that, by
definition, the excursion laws H,, and H,_ are supported on paths in RU{A}
rather than RZU{A}, since the second component becomes irrelevant after our
last transformation.

Our transformations preserve the strong Markov property, but the last
transformation creates a drift so that the measure H,, has the transition
probabilities of Brownian motion with drift —B;, killed upon hitting 0. It is
standard to show [see, e.g., Theorem 4.1 of Burdzy (1987)] that for any event
A defined in terms of the process after some fixed time s, > 0, we have, up to
a multiplicative constant,

.1

(3.1) H,. (A)=1lim mQ’igl(A),

where @Q” ; stands for the distribution of Brownian motion with drift —g;,
killed at the hitting time of 0. The normalization of the excursion laws is
arbitrary as long as it matches the normalization of the local time, so we can
use the normalization in (3.1). We next choose the normalization of the local
time so that it matches that of Hy,. Given the normalization for H,,, the
normalization for H,_ is no longer arbitrary and we will have to prove that

1
(3.2) Hy (4) = lim 1 Q%5 (4).
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Unless specified otherwise, all excursion laws in this paper will be normal-
ized as in (3.1) or (3.2).

Let H3 denote the excursion law for excursions of Brownian motion without
drift away from 0. Let us split H3 into positive and negative parts Hz, and
H,_, asin the case of H,. We normalize H5 using a formula analogous to (3.1).
Recall that v denotes the lifetime of an excursion e, and that (3.1) defines the
normalization of H,, .

LEMMA 3.2. (i) On the set where v < 00,
dH,, B%V
—dH3+ (e) = exp(—ﬁ .

(ii) For a fixed time s € (0, 00), the conditional distributions of H,, and
H;_ given {v = s} are identical.

(iii) If By < O then Hy, (v = 00) = 2|B4|/0?.

(iv) Formula (3.2) is the correct normalization for H,_.

Parts (i)—(iii) of Lemma 3.2 have obvious analogues for H,_.

ProOF. Fix arbitrary 0 < sy < s; < oo and let A be an event measurable
with respect to o{e;, ¢t € (s¢,s1)}. Since Hj, is assumed to be normalized
using a formula analogous to (3.1), we have

Hy (A0{r=s1}) . Qg (An{r=s})
Hs (An{r=s1}) =0 Qs(An{r=s}) "

An application of Girsanov’s theorem, as in Karatzas and Shreve [(1988),
(5.11), page 196], shows that

QpAn{r=s}) _ (xB Pl
QGANr=sp) o2 202)
This and the previous formula imply
Hy (AN{r=s1}) _ ox _Bis:
Hz, (An{v=s1}) 202 )

which then easily implies (i) and (ii).
As for (iii), we start with the formula

Qp (v = 00) = 1 — exp(2xB/0?),
with B; < 0 [Karlin and Taylor (1975), page 362]. Then (3.1) yields

1 2|B4|
H2+(V = OO) = lj:clf{)l gQ*ﬁl(V = OO) = o2

>

as desired.
It remains to prove (iv). Fix arbitrarily small v > 0 and let

A, = A(t) = [matx|Xs| > t1/2+7}.
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Note that |X,| < Bt < tY?*7 for small ¢+ > 0 so we have P(A;(¢)) = 0 if
t is small. However, we will prove the result using only the property that
lim, ., P(A{(¢)) = 0 because we will need this version of the proof later in
the paper. Let us take t, = 0 and x, = 0 so that X, = 0. Note that the
excursion law normalization does not depend on ¢, and x,. Let A, = A_(s) be

the event that the first excursion (e}, €2) of (B,, X,) from D with the property

that |e} — e?| > s¥/2+7/2 for some ¢ € (0, v) also has the property that e} > e?

for t € (0,v). Let A_ be the analogous event with e} < e?. Let T'(a) be the
hitting time of a by B,. For small s > 0,

[T (Y2472 4 1207y < T(—s!/2PY/2 4 g1247) < s} € A, (s)U Aq(s)
and
[T(=sY/27/2 _ gM207y < (12072 _ gM247) < ) € A_(s)U Ay(s).
It is elementary to check that
li—I)%P(T(Sl/Z-Q—y/Z sy < P(—sl/2HYI2 4 G124y )

= lHm P(T(—sY2+7/2 — gV2H7y < T(s1/247/2 _ sV/2H7) < 5) = 1/2.

s—0

This and the fact that lim,_ o P(A;(¢)) = 0 imply that
(3.3) lir% P(A,(s)) = lin(l) P(A_(s)) =1/2.

The scale function S(y) for Brownian motion with drift —3; is given by
S(y) = exp(2B,y/0?) [Karlin and Taylor (1981), Chapter 15.4]. Let F; be
the event that the difference between the maximum and the minimum of an
excursion exceeds i. Then, by (3.1),

D _ . 18(x) — S(0)
Hy (F) = 2Q%, (Th < To) = 1im =553 =5(0)
Lexp(2B1x/0?)—1 2B, 1

T a0 x exp(2B,h/02)—1 o2 exp(2B,h/0?)— 1’

An analogous formula holds for H,_(F'},), but we will write it with an addi-
tional multiplicative constant c;, since we have not proved that (3.2) is the
right normalization yet:

28, 1

Hy (F)) = Cl?exp(ZBzh/oa) -1

Our goal is to show that ¢; = 1 is the correct choice for the constant.
Excursion theory tells us that the arrival times for excursions (e}, e?) of
(B,, X,) from D with the property that |e} — e?| > s¥/2+7/2 for some ¢ € (0, v),
and with e} > e? for ¢ € (0,v), form a Poisson point process on the local
time scale with intensity Hg, (F2+2). This process is independent from the
analogous process of excursions with e} < e?. Formula (3.3) tells us that for
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small s, the probability that the first arrival for the first process is earlier
than the first arrival for the second process is close to 1/2. Hence, the ratio
of the intensities for the two Poisson point processes must converge to 1 as
s — 0. Therefore, we must have

lim 2;31 1 o\ 2Bz 1 T
im =1.
s—0 o2 exp(2B,s1/2tv/2/g2) -1 = exp(2Byst/2+v/2/g2) — 1

However, this is possible only if ¢; = 1. This completes the proof of (iv). O

REMARK 3.3. (i) Lemma 3.2(iv) can be used to prove uniqueness for (1.1).
In order to do so, one would have to consider an exit system for the maximal
Lipschitz solution X, to (1.1), constructed as in the proof of Theorem 2.2,
and the analogous exit system for the minimal Lipschitz solution. Lemma
3.2(iv) shows that both exit systems are identical but this can be true only if
the maximal and minimal solutions are the same. We will not formalize this
argument, as it cannot be easily generalized to non-Markov processes. The
delicate part of the argument would be to show that the maximal solution X,
is the sum of the excursions and it contains no component corresponding to a
“push” proportional to local time.

(ii) According to Lemma 3.2(i)—(iii), if B; < 0, the excursion laws H 5; and
H .. agree on the set of excursions with finite lifetime and the only difference

is that H, b | gives some mass to excursions with infinite lifetime, while H, fl
does not.

For every x € R, consider the solution X§ to (1.1) with X§j = x. Let L}
denote the local time of Y} =4 B, — X7 at 0, defined earlier in this section
as the local time of (B,, X}) on the diagonal, accumulated between times 0
and ¢. Note that this is not the local time of a one-dimensional diffusion at
level x.

PROPOSITION 3.4. If B; > 0 and By < 0, then for every x € R,

(1LY
tooo ¢ 1B1] B2l

PrOOF. Fix some x € R. Our assumptions that 8; > 0 and B, < 0 imply
that there will never be an excursion of B, from X7 with infinite lifetime,
since the drift will always push the excursions of Y} towards 0. This in turn
implies that L} will grow to infinity a.s.

Recall that we used Qy to denote the distribution of Brownian motion
with drift —B;, killed at the hlttlng time of 0. By Theorem 7.5.3 of Karlin and
Taylor (1975), we have for y > 0,

I R Iyl = 1Balt)?
QZBI(VGdt)_ 3/2\/_ Xp(_TQtl> dt,
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where v denotes the lifetime of the process. The same formula holds for y < 0,
with B; replaced by B5. Using (3.1) and (3.2), we obtain

1 1
H,(v e dt) = lim — @’ e dt) +lim — @’ edt
(v e de) =lim =@, (vedo) +lim @7, (v dn)

(Iy| — |B1]t)?
=1lim ———— exp( -~ 212 ) g¢
00 01322 exp( 202t

. (131 = [Balt)?

:0t3/2«/_ [ (305

N

Let V¥ be the inverse local time, that is, V¥ = inf{¢ > 0: LY > s}. The
process V¥ is the sum of lifetimes of excursions which start before the local
time reaches the level s. The Poisson character of the excursion process easily
implies that

EV?E = s/ tH,(v € dt)
0

—s [o — Fexp [—(B2/202)¢] dt

(3.4)

+s / — Fexp [—(B2/202)t] dt

S \UBl B2l )T

This and the strong law of large numbers for the Lévy process s — V¥ [see
page 92 of Bertoin (1996)] imply that

Vx 1 1
|ﬁ1| |Bz|’

a.s., as s — oo. This can be easily translated to the statement of the proposi-
tion. O

We note that if B;, By > 0, then we will eventually have X} > B,, for
every x. Hence, in this case, LY, < oo for every x € R, a.s. We will prove the
next lemma under the assumption that 8; — By > 0. We believe that similar
statements hold when B; — By < 0, but technical difficulties prevent us from
giving a formal proof in that case.

The following lemma contains the most complicated and technical argument
in the whole article.
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LEMMA 3.5. (i) Fix x, a, B1, By > 0 and assume that B, — By > 0. Then

BLE | L =) = a - 0Pl (1 exp (2= P2) ) 4 oo,

B1— B2
for 8 ] 0.
(i) If a, By, B2 =0, x <0and B; — By > 0, then
XrS | Tx N Ba B —2a(B, —52))}
e ‘“)“”5[31—32 51— B exp( o? o),
for § 1 0.

ProOF. (i) Recall that B, = 0, that we have fixed x,a, 81,82 > 0 and
assumed that 8; — B, > 0. Since the proof of the lemma is quite long, we will
split it into several steps.

Step 1. We start with some transformations of the processes X7 and B,,
which will enable us to look at L* from a slightly different perspective. It is
perhaps not necessary to make these transformations, but we find the trans-
formed problem much easier to comprehend than the original one from an
intuitive point of view.

We first offer a rough guide to our notation (whose validity is limited to this
proof). Different Brownian motions with different drifts and reflected barriers
will be denoted B}, for j = 1,2, ... . The notation L{ and L]* will refer to
the local time of B; on the lower and upper reflected barriers (if any). We will
write v ;(a) = inf{t: L]” = a}.

It is well known that the set {¢: B, = 0} has zero Lebesgue measure, so
the Girsanov theorem implies that the same is true of the set {¢: X; = B,}.
We will excise all intervals where X7 > B,. First, we define a clock ¢;(¢) =
fot 1;x:-p)ds and its inverse b;(¢) = inf{s: €i(s) > t}. Since B, B > 0, we
will eventually have X7 > B,, so we let u; = sup{¢;(¢): ¢ > 0}. Then we define
new processes on the random interval [0, u;] by

B} = By () — Ba(b1(t) — 1),

X% = X5 () — Ba(ba(t) — B),

1, x+8
X, = X?,Cf(f) — Ba(by(t) — 1)
For ¢t € [0, u], we have Xix = x + B;¢, the process B} is a Brownian motion

staying above and reflected on the line ¢t — x + 8¢, and the process X } X0
a solution to (1.1) with B, replaced by B;.

Next we similarly excise the intervals where X, *™ < B!. Let us define
a new clock €5(t) = fg 1 y1e00, g1y ds, its inverse by(t) = inf{s: €5(s) > ¢}, a

S
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random time u, = sup{&€,(¢): ¢ > 0}, and processes
B} = Biz(t) B1(bo(t) — 1),
X7" = Xyl — Bulby() = 0),

X750 = Xy ir0 — Bi(by(t) — t).
For ¢ € [0, usy], we have X? =x+ B;t and X2 x4+ 64 Bot. The process
{B?, t € [0, uy]} is a Brownian motion reflected on the lines ¢ — x + 8;¢ and
t — x+ 8+ Byt and confined to the region between them. Note that B2 = x a.s.
and that the lines ¢t - x + B¢ and ¢ — x+ §+ Byt intersect at ¢ = §/(81 — Ba),
so necessarily uy < 6/(B; — Bs)-

The time u, corresponds to the start of the infinite excursion of B, below the
graph of X7. By excursion theory and Lemma 3.2(iii), the distribution of Lj,
is exponential with mean o2/(28,). Hence, we may assume that the process
B? is generated in the following way. Suppose that B? is a Brownian motion
starting from Bg = x, reflected on the lines ¢t — x+ Bt and ¢t - x+8+ B9 and
confined to the region between them, but defined for all ¢ € [0,5/(B; — B2))
rather than confined to some random time interval. Let L3~ be the local time
of B? on the line t — x + B;¢ and let Z be an exponential random variable
with mean 02/(28;), independent of BS. If v5(s) = inf{t: L}~ = s}, then the
distributions of the processes {B2, t € [0, u,]} and {B;, ¢ € [0,v3(Z)]} are
the same.

Let L3 be the local time of B} accumulated on the line ¢ — x + & + Byt.
The distribution of LX? given {L% = a} is the same as the distribution of
LiJ”(a), so we will try to find an approximate formula for ELU (@)

We continue our transformations. Let Bf = B3 — x — B,t. The process B} is
a Brownian motion starting from 0, with drlft —B1, reflected on the horlzontal
axis and the line ¢t — & — (B; — By)t. The processes L3~ and L™ can be
identified with the local times L%~ and L} of B# on the horizontal axis and
the line t — 6 — (B; — Bg)t, respectively. Hence, it will suffice to show that the
estimate given in part (i) of the lemma holds for EL},,

Step 2. In this step we will obtain some estimates for reflected Brownian
motions using excursion theory. Let B? be a Brownian motion with drift — 3,
confined to positive values by reflection on the horizontal axis. The Green
function G(z, y) for Brownian motion with drift —g3;, killed upon hitting 0 is

given by
G(z,y) = [ew(zﬁ1 ) - 1} eXp(— 2B§y>,
Bl g

for 0 <z < y < o0, by (3.15) in Section 15.3 and Section 15.4.B of Karlin and
Taylor (1981). Let G3(y) denote the Green function for the excursion law Hj
of B? from 0, that is, the function defined by

o] 29 5
H5</0 Lie(eler 2y d'f) :/21 Gu(y)dy.
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A formula analogous to (3.1) yields

1 2 2By
5 _ - _ _ 1
Gy(y) = 1215101 SGz ) =—5 eXp( 3 )

for y > 0.

Consider some 8; > 0 and excise excursions of B? above the level §;, just
as we did with the excursions of B, and B}. Let €5(t) = fot 1ipsos,y ds, bs(t) =
inf{s: ¢3(s) > t} and B% = ng(t). The process B¢ is a reflected Brownian
motion in [0, 8, ]. Let G%(y) be the Green function for the excursion law Hg of

BS from 0. It is clear from the nature of the transformation which generates
B¢ from the paths of B} that G%(y) = G3(y) for y € (0, 8,). Hence,

01 5 9 2 1 28.5
HG(V):/O G?q(y)dy=/0 ;exp<— i;y>dy= E[l—exp(—%)}

Let L% and L% denote the local time of BS at 0 and &, respectively. Let
vg(s) = inf{t: L%~ = s}. The random variable v4(s) is the sum of the lifetimes
of excursions of B® from 0 which occur before LS~ reaches the level s. The last
formula and excursion theory give

(3.5) Evg(s) = sﬁi[l - exp<—231261)] =g s1(8;).

1 g

Next we will derive an estimate for Hg(v > t). Recall that @ denotes
the distribution of Brownian motion with drift —g3;, killed upon hitting 0. Let

Q° s, denote the distribution of Brownian motion starting from z € (0, 6;),
with drift — B3, reflected at 6;, and killed upon hitting 0. It is easy to see that

Qi (v >1)< Q5 (v>1),
for all ¢t > 0 and z € (0, §;). By Lemma 3.2(i), Theorem 5.1(iii) of Burdzy
(1987) and scaling,
N
Hi(v>1t) < lzlﬂ,l;Q—ﬁl(V > t)
(3.6)

1 > 1 3\—=1/2
glzlfg;Q,Bl(wt):Hf,(wt)g/t ~(2ms’) V2 ds.

A simple argument based on scaling and the Markov property applied at times
t= k6%, k=1,2,..., shows that there exists a constant c¢; > 0, such that

(3.7) Q%4 (v > t) < exp(—c ta?/82),
for all ¢ > 82/02 and z € (0, 8;). Another standard estimate is
Q%4 (v = 8%/0%) < zcy.

This combined with the previous estimate gives (with possibly new values for
the constants),

Qiﬁl(v > t) < zcyexp(—cita?/6%),
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for all ¢ > 82/0% and z € (0, 8;). We obtain from this an estimate analogous
to (3.6) but applicable for ¢ > §2/02,

(3.8) Hy(v > t) < cyexp(—cqta?/62).

Since the excursion process is a Poisson point process, we have from (3.6) and
(3.8),

Varvg(s)=s [ £ Hy(v e dt)
0

i

o2

8%/0% 1 o 1 2
<s / U 22atd)y V2 dt 4 s / ] —< ) (2mt%) V2 4t
0 g 51/0'2 g

(3.9)

00 52 to?
+ s tZCZ 12 eXp(—C1—2> dt
83/0% 1o 01

583 83 8%

3
< <
<c3 s +cy i + c5 8 < cgS67.

Step 3. We will find a link between processes reflected on sloped lines
(in space-time) and within an interval. We will need to define some more
variables. First, s, > 0 should be considered a small constant whose value
will be chosen later in the proof and which does not change with 8. Recall 7
defined in (3.5). Let u, > 0 and 8; € (0, ) be defined by the following two
equations, uy = (8 — 81)/(B1 — B2) and sq = uy/n(By, 8, 7°).

Recall that BY is a reflected Brownian motion in [0, ;] and note that now
8, is defined relative to 8. Let B} be the analogous reflected Brownian motion
in [0, 8].

Note that 6 — (B; — B2)t > 6; for t € (0, uy). Hence, on the interval (0, u),
the upper reflecting boundary for BS lies below that for B?. This relationship
between the upper reflecting boundaries implies that the excursion measure
distribution of the lifetime of an excursion from 0 of the process Bf is stochasti-
cally larger than that for an excursion of B¢, for excursions within the interval
(0, ug). Tt follows that one can construct B and B% on a common probability
space so that vg(s) At < v4(s) At for all ¢ < u,, where v,(s) = inf{t: L}~ = s}.
On the other hand, 6 — (8; — By)t < & for ¢ > 0, so the analogous relationship
for B” goes in the opposite way, that is, v;(s) At > v,(s) A ¢ for all ¢ > 0.

Although the process B} starts from 0, by construction, it will be necessary
to consider the case when it starts from some other value; in other words,
we will now consider a process with the same transition probabilities but a
different starting point. The starting point y will be reflected in the notation
by writing P¥ or E?, as usual. A

Let T{ be the hitting time of 0 for the process Bj for i = 4,6, 7. By the
previous remarks, we can construct versions of B} and B! on the same prob-
ability space so that they start from the same point y and Tg At < Tg At for
t < uy.
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By the strong Markov property applied at T(7), we have EVv,(s) = E Tg +
E%v,(s). It follows easily from (3.7), applied to & rather than &;, that

(3.10) EYT{ < ¢,6%/ 0.

Consider arbitrarily small ¢ € (0, 1/4). We obtain, using (3.5) (applied with &,
replaced by §) and (3.10),

E?(v4(s9)) < B (v7(50)) < BYTG +E’(v7(s0)) < ¢78%/0% + u.

For small § > 0, (3.5) shows that 1(8) is approximately 28/02. Hence, u, =
som(8) is approximately equal to 2s,8/02. This shows that for small §, the last
displayed inequality yields

(BA1)  E(us(s0)) < ug(1+8) = son(3)(1 + &) < 2565(1 + £)>/0>.

Next we will find a lower bound for the same quantity.

By the strong Markov property applied at Tg, we have EVvg(s) = E? Tg +
E%vg(s) and Var (vg(s) | BS = y) = Var (TS | B = y)+ Var (vg(s) | B§ = 0). We
have an estimate analogous to (3.10),

(3.12) EYTS < ¢;82/0”
and another estimate following from (3.7),
(3.13) Var (T | B = y) < cgd1/0%,

for any y € [0, 6;].
We obtain, using (3.5) and (3.12),

E”(vg(so(1—¢))) < EyTg + E%(vg(so(1 — £))) < ¢787/0” + 5o(1 — £)m(8).

For small § > 0, §; is also small and (3.5) shows that 7(§;) is about 28,/02.
Hence, sy(1 — £)n(8;) is approximately equal to 2s,(1 — £)8;/02. This shows
that for small §, the last displayed inequality yields

E”(vg(so(1 — €))) < so(1 — &/2)n(51)
< so(1— &/2)n(8) = ug(1 - &/2).

A similar estimate for the variance follows from (3.9) and (3.13), for small §,

(3.14)

(3.15) Var (vg(so(1 — ¢)) | Bf = y) < c81/0* + cgso(1 — £)87/0*

< 0930(1 — 8)6?/0’4

This estimate, (3.14) and the Chebyshev inequality yield,

0980(1 - 8)8?/()4 6105? 6105:{
]py 1-— > < < = .
(ve(so(1 = ) = up) = (eug/2)? n(8)e2ugo*  n?(8)e?syot
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For small 6 we have

(3.16) (‘5/0'2 < n(8) < 48/0’2.
Hence,

C115§ 1101
(317) Py(UG(SO(l — 8)) > uo) < (6/0’2)282300'4 = 8230 .

We have from (3.14)—(3.17), for small §,
E”(v6(s0(1 — £)))* = Var (ve(so(1 — &) | Bf = y) + (E*ve(s0(1 — £)))?
< ¢cg89(1 — £)83/0* + (s0(1 — £/2)m(8))?
< 325%(1 — £/2)28%/a*.
We use this estimate, (3.5) and (3.16)—(3.17) to obtain, for sufficiently small 8,
E¥(v4(80)) = E¥(v4(50) A 1g)
> E7(vs(s0) A o)
> B (ve(so(1 — &) A ug)
> E?(vg(so(1 - ¢))) — EY [U6(30(1 - 8))1{v6(so(1*8))2u0}]
= so(1— )n(31) — (E* (06(s0(1 ~ £)E* (Lyyya-epzuo)’)
= so(1 = £)n(81) — (B (ve(s0(L — £)))*P* (ve(so(1 — €)) = ug))""*

(3.18)

5.\ 12
> 2s5(1 — £)28, /02 — (3233(1 — £/2)28% /0" %) :
0

It follows from (3.16) and the definition of §; and u, that for small § > 0,

81 =08 —59m(8)(B1 — Bz) = 8(1 —4s¢(B1 — :32)/02)-

We will choose sufficiently small s, > 0 (relative to o, B, By and &) so that
81 > 8(1 — £/2). Then the last inequality and (3.18) yield for small &,

(3.19) EY(v4(s0)) = 250(1 — )38/ 2.

Step 4. We will apply induction in order to obtain estimates for E°v,(js,)
with integer j > 1. At the time v,(s;), the distance between the reflecting

barriers for Bf is equal to §=056— (B1 — Ba)va(sy), which is less than 8, so we

can use the estimates (3.11) and (3.19) with 8 replaced by 5, assuming that
6 itself is sufficiently small for the estimates to hold. By the strong Markov

property,
E°(v4(250) — 04(50) | v4(50)) < 2850(1 + &)*/0”
= 2[8 — (B1 — B2)va(so)]so(1 + &)*/0?,
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and so

E%(v4(250) — v4(s0)) < E°2[8 — (B1 — B2)v4(sp)]so(1+ &)?/0?
< 2[8 — (By — B2)28s¢(1 + &)*/0*|so(1 + &)*/ 0
= 28(sp/0H)[(1 + &)* — 2(B; — B2)(so/0?)(1 + &)*].

It follows that for small 6 > 0,

E%04(280) = Ev4(50) + E°(v4(250) — v4(s0))
< 26(so/0*)(1 + )’
+28(s0/0*)[(1 + )% — 2(B1 — B2)(s0/0?)(1 + £)*]
= 28(s0/0™)[2(1 + &)* — 2(B1 — B2)(s0/0*)(1 + &)*].

More generally,

E%vy((J + 1)so) = E v4(jso) + E*(v4((J + 1)so) — va(Jso))
< E%v,(Jjso) + 2[8 — (B1 — B2)E v4(Jso)Ise(1 + &)* /0
= E%04(jso)[1 — 2(B1 — B2)(50/0”)(1 + £)°]
+28(sg/*)(1 + &)*.

From this we obtain by induction
Jj-1
v o) = E0u(ou) | 1 2081 — ) 25 ) 1+ o7

+2a( )(1+s)22[1 2(31—B2)< )(1+ )T

k=0

<25< )(1+ )2[1—2(31 /32)( )(1+ )2]j1

+20( 2 )+ >2]Z2[1—2<B1 g (% )<1+8>T

k=0

_ o1 —[1—2(B; — B2)(so/0?)(1 4 £)%)/
25( )“ T T T =208, — Ba)(s0/o®) (L T )]

B Bfﬁz(l_[l_zwl BZ)( >(1+8)2] )

Now fix an arbitrary a > 0, an arbitrarily small ¢ > 0 and choose a suffi-
ciently small s, > 0 so that §; > 6(1 — £/2) and such that for some integer j
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we have js; = a, and, moreover, j is sufficiently large to imply the following:

o sa(2)avo])
B sa(2)ao] )

(o)

Then for sufficiently small § > 0 we have

=

(3.20) E%vy(a) =E vy(Jso) < (1 — exp(—2a(B; — B2)(1 + &)*/a?)).

B1— B2
A completely analogous argument using (3.19) in place of (3.11) yields

= f - (1 B exp<—2a(31 _0€2)(1 - 3)4))'

Since & > 0 is arbitrarily small, a standard argument based on (3.20) and
(3.21) gives for 6 | 0,

(3.22) Elv,(a) = B f 55 <1 - exp(M)) + 0(9).

Step 5. The last part of the proof exploits a relationship between local time
and certain stopping times. Recall the local times L%~ and L*", introduced
earlier in the proof. We have for some standard Brownian motion BS,

B =B} —Bt+ L - L}

(3.21) E%v4(a) >

One has to check that the normalization of the local time, defined relative
to the normalization of the excursion laws in (3.1), is the correct one for the
above “Lévy formula.” This can be done, for example, by comparing our nor-
malizations with those in Theorems 3.6.17 and 6.2.23 in Karatzas and Shreve
(1988).

Note that the o-fields generated by B? and B? are identical so v4(a) is a
stopping time for B®. We have Bim) =0and Li:(a) =a, so
(3.23) 0=B? Bivg(a)+a — L

U4<a) - U4(a)'
Since vy(a) is bounded by /(81 — B) the optional stopping theorem yields
EBS,,, =0, and so, using (3.22),

EL:*(&) =a —EBjvy(a)

(3.24) . Sﬂlﬁ—lﬁz (1 _ eXP(M)) +0(8).

Now recall that Lij(a) has the same distribution as L% given {L% = a}. This
observation and the last formula complete the proof of part (i) of the lemma.
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(i1) The proof of part (ii) of the lemma uses a formula analogous to (3.24),
but requires some additional work.

Recall that 8§ was positive in part (i) of the proof; it will be negative in the
present part.

Recall the transformations of B, from the proof of (i). It is easy to see that
analogous transformations in the current case do not lead to B} which is a
Brownian motion starting from 0, with drift —g8;, reflected on the horizontal
axis and the line ¢ - & — (B; — By)t (with 6 > 0), but instead they give a
Brownian motion §j} starting from 0, with drift —3,, reflected on the horizontal
axis and the line ¢t — 6 + (B; — By)t (with § < 0).

A subtle but significant difference from (i) is that the infinite excursion of
B, from the graph of X7 will go in the direction of the graph of X f+3 and so
it will generate some more local time. By Lemma 3.2(i) and Remark 3.3(ii),
the excursions with finite lifetimes have the same intensities for Brownian
motions with drifts 8, and —fB,, so we can use estimate (3.24) for the portion
of the local time generated before the last, infinite excursion of B, from the
graph of X¥. The estimate has to be modified as 8; has to be replaced by B,
and so we obtain

(3.25) a— |8|B1'8_2B2<1—exp<w>> + 0(8).

To this we will have to add the local time spent by B, on the graph of X f+3
during its final, infinite excursion from the graph of X7. The rest of the proof
is devoted to that calculation.

Let U be the first time when the final, infinite excursion of B, from the
graph of X7 hits the graph of X%, Let 6; = |X¥ — X§™°|. First, we will
condition on &;. The process {B,;, t > U} is a Brownian motion conditioned
not to hit the line ¢ — By + 6; + Bat. By subtracting the drift and flipping the
process to the other side of the horizontal axis, we may consider a Brownian
motion BY starting from &,, with drift 8, conditioned not to hit 0. We will
estimate the amount of the local time this process spends on the graph of a
solution Y, to (1.1) with B, replaced by —(8; — Bs), B; replaced by 0, and B,
replaced by BY.

Let H? be the excursion law for excursions above the level §; for Brown-
ian motion with drift B,, conditioned not to hit 0. Let F, denote the set of
excursions with infinite lifetime. We will compute H% (F ). Let Qj, be the
distribution of Brownian motion with drift 85. Then

. 1 81tz
HO(Foo) =lim ~ Q3" (T < Ty, | T < To)

i Qu (T < T, and T, < T)
=10 2 Qp. (T < To)
81+z
1 T,<T
=lim @ ( )

20 2 QUF(T, < Ty)
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Recall that the scale function S(y) for Brownian motion with drift B, is equal
to exp(—2B,y/0?). This gives

o 18(8,+2) - S(8) S(c0)— S(0)
H(Fo) =l - =500y~ (o) 561 +2) - S(0)

_ lim L €XP(=2B5(5; + 2)/0*) — exp(—2B58,/0*)

210 2 0 — exp(—2B98,/02)
0-1
" exp(—2B,(6, + 2)/0?) — 1
2B

B o?[1 - exp(—23281/o-2)]'

If we fix arbitrarily small ¢ > 0 then for sufficiently small §; > 0 we have

1 1
(3.26) — <H"(F,)<(1+s&)—.
81 81
We proceed to calculate the expected time to hit §; for Brownian motion with
drift B, starting from 8; — z and conditioned not to hit 0, where z € (0, §;). If
we take

z2 -2
s(z) = exp|:—/0 % dy] = exp( 03222)

and

S(z) = /OZ s(y)dy = 20—;2[1 —~ exp<_i€22>}

then formula (9.9) on page 264 of Karlin and Taylor (1981) yields
E3(Ts, | Ts, < T)

_ 2[S(81) = S(8, = 2)] /51‘2 S*(y) % S(IS(81) — S(¥)]
0

5(5)5(5; — 2) 23 P TR T a%s()8 0y

_ 2[(02/232)[1 - exp(—2B281/02)] - (‘72/252)[1 — exp(—2B5(8; — Z)/‘Tz)]]
(02/2B3)[1 — exp(—2B581/0%)]|(2/2B5)[1 — exp(—2B4(8; — 2)/0?)]

-2 (04 /48,%)[1 — exp(—2Byy/0?))?
) /o o2 exp(—2Byy/0?) 4

2 ( (0%/2B)[1 — exp(—2By/0?)]
0% exp(—2B2y/0?)(0%/2B)[1 — exp(—2B58,/0?)]

o2 —2B96, a? —2B5y
<[gml1- o (5) |- g1 ( )] &

+2

6,—2
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_ 2[exp(—2B4(8; — Z)/Uz) - exp(—2/3281/02)]
(02/2B2)[1 — exp(—2B581/0?)][1 — exp(—2B5(8; — 2)/0?)]

12 (04 /48,%)[1 — exp(—2Byy/0?)]?
) /0 o2 exp(—2Byy/0?) o

51 2

+2 [1—exp(—2B5y/0?)]

81—z 2_182
exp(~2B,y/0%) — exp(-2By0r/0?)
o2 exp(—2Byy/0?)[1 — exp(—2B58,/0?)]
The expected lifetime of an excursion below §; for the Brownian motion with
drift By, starting from &; and conditioned not to hit 0, is therefore equal to

N P
121%1 ;]E51 (T5, | Ts5, <To)

_ 2(2B3/0”) exp(—2B381/0”)
(3.27) (02/2B2)[1 — exp(—2B28,/0?)|[1 — exp(—2B381/0?)]

5 (04/4B5?)[1 — exp(—2B5y/0?)]?
<, 0% exp(—2B2y/0%) %

= C‘181’

for small 8; > 0 and some c; depending on 8, and o2 but not on §;.

Fix arbitrarily small £ > 0. We are ready to derive estimates for the total
amount of local time, say L%, that B? spends on the graph of Y,.

On one hand, the estimate (3.26) shows that L2 is stochastically bounded
by an exponential random variable with mean 6, for sufficiently small §; > 0.

Let vg (a) be the time spent by BY between Y, and the horizontal axis before
the time when L?’L hits a. Since Y, is nonincreasing, the estimate (3.27) can
be used as an upper bound for the expected duration of an excursion below
Y,, for every t > 0. Fix arbitrarily large b < oo and arbitrarily small ¢ > 0.
We have from excursion theory,

Evg (b87) < bd1¢181,
and so, for sufficiently small 6; > O,

2
P(vg (b8;) > 81¢) < M = %61 < e.
0:& &
We see that with probability greater than 1 — ¢, the distance between Y, and
the horizontal axis remains greater than 6; — 8;¢(8; — Bs), at least until the
time when LY" exceeds b6;. On this time interval and given this event, the
intensity for the arrival process of the infinite excursion is bounded above by
(1+ &)/(81(1 — &)), by (3.26). Hence, EL%/§; can be made arbitrarily close
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to 1, by choosing large b, then small ¢ and finally small |§|] > 0 (note that
81 < |8)]).

Finally, in order to obtain an unconditioned estimate for EL%", we have

to average over the possible values of §;. Let U4(a) be the time when the

local time of E‘t‘ [defined earlier in the proof of part (ii)] reaches a. The same
argument which gives (3.22) yields the following estimate:

EL%" = E8, + o(9)
= |8] — E(B1 — B2)vs(a) + ()
_ B2 _ e —2a(B1 — Bs)
=8| — |8| — 3, (1 e p(—a2 ))—i—o(B)

= 9] exp(—2a(Bl — B2)/0?)) + o(3).

Adding this quantity to (3.25) gives the formula in Lemma 3.5@i). O

LEMMA 3.6. Fix x,a, B1, By > 0 and assume that B; — By > 0. Then

Var (L% | LY, =a) = 31|§|/32 (1 - exp(M)) + 0(8),

for 8 | 0. The same formula holds if x < 0 and 6 1 0.

ProOF. First suppose that x, § > 0 and recall the notation and definitions
from the proof of Lemma 3.5(1). It follows from (3.23) that

4+
Ly — @ = By, o) = B1v4().

We have, using (3.22),

4
E(Lj(a)

—a)’ = E(Bv4(a) B1vs(a))®
= E(Bv4(a))2 - ZBlE[B§4(a)U4(a)] +E(vy(a))®

(3.28) = Evy(a) - 2,811E[ij4(a)v4(a)] + E(vy(a))?

“aem o))

+0(8) — 2B1E[B; ) va(a)] + E(v4(a))*.

Recall that v,(a) is bounded by 6/(8; — Bs). Hence,

(3-29) E(v4(a))® < 8%/(B1 — B2)?
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and
]EB§4(a)v4(a)
< (E(BS,,))*E(v4(a))?) "
(3.30) = (Evy(@)E(vy(a))?)"”
< 6 —ex —2a(B; — Ba) & 12
B <|:B1—Bz <1 © p( o? >)+0(8):|(31—32)2)
= 0(96).

Combining (3.28)—(3.30) yields

5 —2a(B;1 — B)
]E(Li:”(a) —a)? = 55, (1 - exp(%)) + 0(9).

This implies

Var Ly, =E(Ly}, —EL; )"

vy(a vy(a)

— E(L4+ _ a)2 _ (]EL4+ _ a)2

v4(a) v4(a)

= 5 f 55 (1 - exp(w)) + 0(6)

(o525 (1o Z2E2)) o]

= 5 i 5 (1 — exp(M)) + 0(5).

Similarly to the proof of Lemma 3.5(i), we have Var(L*" | L* = a) =
Var L‘lfj(a), which combined with the last formula proves the lemma in the
case x > 0.

Now consider the case x, 5 < 0. We argue as in the proof of Lemma 3.5(ii)
that we have to add a contribution from the local time on X*™ generated
by the infinite excursion of B, below X7. We have shown in the proof of
Lemma 3.5(ii) that the local time on X f‘“‘s generated by the infinite excur-
sion is stochastically bounded by an exponential random variable with mean
8 so its variance is bounded by 282, and, therefore, the contribution to the
variance from the infinite excursion is negligible. The same formula holds in
the case x < 0 as in the case x > 0. O

Recall that L7 denotes the local time of B, — X7 at 0. The following result
is analogous to Trotter’s theorem on the joint continuity of local times for
Brownian motion [see Karatzas and Shreve (1988) or Knight (1981)].

THEOREM 3.7. Assume that B1,Bs > 0 and B; — By > 0. There exists a
version of the process (x, t) — Lf which is jointly continuous in both variables.
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PROOF. Note that X7 and X increase at the same rate when B, does not
lie between X7 and X;, and by the assumptions on 8; and By, they grow
closer together when B, does lie between them. Therefore, for all x, y and
t>0,

(3.31) | XF - X7 < |x—yl

Define G(x) = ELZ, . The excursion law for Brownian motion below the line
t — Pyt gives mass 28,/02 to excursions with infinite lifetime, by Lemma
3.2(iii). By excursion theory, the waiting time (in terms of local time) for the
first excursion with infinite lifetime is exponential with mean o2/(285). This
says that the distribution of L%, is exponential with mean 0?/(28,). This and
the strong Markov property applied at the first time when B, intersects X¥
imply that for some ¢; < oo and all x, we have G(x) < ¢;. An easy conditioning
argument that combines this observation with Lemma 3.5 shows that for all
x and y,

(3-32) 1G(x) = G(y)| < calx — yl.

The process (X7, B,) is strong Markov, and L7 is an additive functional. So
by the Markov property,

E[LS, — L | 711 = E[L% 0 0, | 7]
= G(X} — By).
Therefore
B[LL, - Ly | 7] < 1.
Also, using (3.31) and (3.32),
[E[(L% — L) = (Lf = L)) | A1 = |G(X] - B,) - G(X{ — B))|

< oo| X7 - X7
< cglx — vl
By Bass (1995), Proposition 1.6.14,
(3.33) E[sup L¥ — L;V|4] < ¢ lx - y)%.
t

By Kolmogorov’s criterion and standard arguments [cf. the proof of Proposition
1.6.16 of Bass (1995)], we deduce that there exists a version of L that is jointly
continuous in x and ¢. O

A classical Ray—Knight theorem [see Knight (1981), Revuz and Yor (1991)
or Yor (1997)] asserts, roughly speaking, that if LY is the local time for the
standard Brownian motion then x — L7 is a diffusion for certain stopping
times 7. As a part of that theorem, the infinitesimal parameters of the dif-
fusion are also given. We prove a similar result for our family of local times,
with T' = oo. Recall that we assume that B, = 0.
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THEOREM 3.8. Suppose that B1, By > 0 and B, — By > 0. The distribution of
LY, is exponential with mean o?/(28y). The process {L*,, x > 0} is a diffusion
with the infinitesimal drift

(@) =~ 2 (1- enp( B2

and infinitesimal variance

The process {L*, x > 0} is a diffusion with the infinitesimal drift

Bs B1 <—2“(31 - Bz))
31—.32+31—32exp o?

and the same infinitesimal variance

PROOF. We have already shown in the proof of Theorem 3.7 that the dis-
tribution of LY, is exponential with mean o2/(28,).

Recall from Lemma 3.1 that if x < y then X7 < X for all ¢£. The Markovian
character of the process {L*, x > 0} at any fixed “time” x = y follows from
the independence of the Poisson processes of excursions of B, below and above
X7. The same remark applies to {L2*, x > 0}. The infinitesimal parameters
of the processes were calculated in Lemmas 3.5 and 3.6.

The process x — L% is continuous, by Theorem 3.7. Since its infinitesi-
mal drift is bounded and the infinitesimal variance is nondegenerate, there
is a unique (in law) Markov process with this infinitesimal drift and variance
[cf. Bass (1997), Section IV.3], and this Markov process is in fact a strong
Markov process. O

Aa) =

THEOREM 3.9. Suppose B1,Bs > 0 and B; — By > 0. For fixed t > 0, we
have a.s., for all x, x1, x9 € R,

d — exp(“2L118,=)
y=x

Yy
_Xt 5
o

dy

and

X7 - X' = /xz exp(—_ZLt(B;l — '82)) dx.

1 o

PROOF. First we will prove an estimate analogous to (3.22) except that it
will hold for v,(a) itself rather than its expectation. Recall the notation and
definitions from the proof of Lemma 3.5().
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The following estimate is completely analogous to (3.17) except that we
state it for the process B! rather than B, so 8, is replaced by & in the bound:

BY (ug(s6(1 — £)) = ug) < —11°

e2syo2’

We can further modify the estimate by replacing sy(1 — ¢) with s, so that

o(1—
P (0r(s0) = /(1 — &) = SO 2)
£25502
This and (3.16) imply that for small ¢ and § we have
(3.34) v7(sg) < up/(1 — &) < 2508(1 + &)?/0?

with probability greater than or equal to 1—c;;8(1—¢)/(&?sy0?). The inequal-
ity (3.34) is analogous to (3.11) and can be used in the same way as in the
argument between (3.19) and (3.20) to prove a formula analogous to (3.20),

— _ e 3
(3.35)  vi(a) = v,(Jsy) < 5 f . <1 _exp< 2a(B; Uﬁza)(1+ ) ))

where 8 in vj(a) indicates the dependence of vi(a) on 8. The above argu-
ment requires that we can use an estimate analogous to (3.34) at every stage
of the inductive procedure, that is, at every stopping time v (msg) for m =
1,2,..., 7 — 1. All of these estimates hold simultaneously with probability
greater than

1—(J—1Ded(1— 3)/(823002)-
This shows that the probability that (3.35) fails to hold is smaller than
(J —Dey6(1 = 8)/(823002)-

Now fix arbitrarily small &; > 0 and let §, = (1 — &;)*. Let A, be the event in
(3.35) with & replaced by §;; that is,

Ap= {vik(a) < 318_}7%2 (1 - exp<_2a([31 _062)(1 : 8)3)) }

We have
Z(j —1)c116,(1 — 8)/(323002) = Z(j — ey (1 - 81)k(1 - 8)/(823002) < 00,
k=0 k=0

so only a finite number of events A, may fail to hold. Consider an w and k&,
such that all events A, k > kg, hold for this ». Suppose that & € (0, §;, ).
Then & € [8),_1, 8, ] for some k; > k. Since A, holds, we have

v3(a) < vikl (a) < %(1 - eXP(—Za(Bl —Ba)(1 + 8)3>>

o2

()
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This inequality holds with probability one for all sufficiently small § > 0. Since
e > 0 and &; > 0 are arbitrarily small, we see that a.s.,

5
lim sup vala) 1 3 (1 - exp(—_za(ﬁlz_ '82))).
— B

504 O T By o

The same lower bound can be obtained for liminf in a completely analogous
way, so with probability 1,

(3.36) i Vi(@) _ 1 exp(~2a(B; — B3)/o?)

6—0+ 1) Bl — Bz

Suppose @ > 0 and let v(a) = inf{t > 0: L} = a}. Fix some x € R and con-
sider 6 > 0. We will first find the right-hand side derivative (d*/dy)X Z(a)|y:x.
Let T = inf{¢: B, = X{} and let U; be the amount of time spent by B, be-
tween the graphs of X and X*™ on the time interval [0, T']. We will write
U, to denote the amount of time spent by B, between the graphs of X} and
X between times T and v(a).

If x > 0, then U; = 0. If x < 0 then U, is not greater than the amount of
time U5 spent by B, between the lines t - x + 8¢ and ¢t — x + 6 + B;¢, until
the hitting time 7. Standard arguments show that for any arbitrarily small
e > 0, we have U3/6% % — 0 as 8 — 0, a.s. Note that the distance between
X" and X¥ decreases by (8; — By)u on any interval where the Brownian
motion B, spends u units between these functions. Hence,

Xi(tzs) = Xy =0 —(B1—B2)(Uy + Uy).

The random variable U, may be identified with v}(a), so (3.36) gives for any
fixed a, a.s.,

dt oy | . XJUC(JZB)—Xf(a)
@XU(G)Iy:x - %IE)I(I) 6
_ lim 8 —(B1— B)(U; +Uy)
5—0 1)
_ _ 5
—1—1im (B1—B)U; lim (B1 — B2)vy(a)
5—0 é -0 )

—1-0- (1_exp(w>>

<_2L$(a)(31 - Bz))
= exp 5 .

g

The above holds simultaneously for all rational a, with probability 1. Since
t - LY and t - X} — X? are continuous monotone functions, an elementary
argument can be used to extend the last formula to fixed times; that is,

(3.37) e exp<_2Lf(Bl2— 32>>’
y=x (o2

dy

simultaneously for all ¢ > 0, a.s.
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Fix some ¢ > 0. By Fubini’s theorem, (3.37) holds for almost all x, a.s. We
have | X — X?| < |y—z| for all y and z. Since the function y — X is Lipschitz,
it has a derivative almost everywhere and so for a fixed ¢, we may replace the
right-hand derivative with the usual derivative in (3.37), for almost all x. The
function x — LY is continuous, so the derivative in (3.37) is equal almost
everywhere to a continuous function. This implies that the derivative is equal
to the function everywhere. This proves the first assertion of the theorem.
The second one follows from the first one and from the Lipschitz character of
y— X). O

REMARK 3.10. Suppose that X; are solutions to (1.1) and assume that
B1, Bs > 0 and B; — By > 0. Fix some ¢ > 0 and consider the function y — X3 .
We will sketch an argument showing that y — X7 is C*” for every y < 1/2,
that is, that the function has a derivative which is Holder continuous with
Holder exponent vy.

Fix any z € R. With probability 1, B, # X3, and with strictly positive
probability, there exists & > 0 such that B, # X3 forall y € (z— &, z+ ¢) and
s > t. It follows that if a local property holds for the function y — L2, with
probability 1, it must hold for y — L7, with probability 1. Since y — L2 is a
diffusion, its paths are Holder continuous with exponent vy for every y < 1/2.
It follows that the same is true of y — L. Theorem 3.9 now implies that
y — X} is C'*” for every y < 1/2. The same argument shows that y — X;
is not C3/2,

4. Time and direction of bifurcation. We will first address the ques-
tion of the direction of bifurcation for (1.3). We will say that a positive bifur-
cation occurs if for some ¢; we have X, > B, for all ¢ > ¢;. The definition of
a negative bifurcation is analogous. If 8; and B5 have the same sign then it
is easy to see that a bifurcation will occur with probability 1 and its direction
will be the same as the sign of 8,’s. If 8; > 0 and B4 < 0 then there will be no
bifurcation. The next theorem deals with the only remaining nontrivial case.

THEOREM 4.1. Consider (1.3) with t, = xo = 0. Assume that B; < 0 and
B2 > 0. Let
2|,V (a; + 1)o@t
T N1 (e, + 1))

for j =1,2. The probability of a negative bifurcation is equal to A{/(A; + Ag).
When ay = ay = 0, the formula simplifies to |B1|/(|B1| + |Bal)-

>

Before proving Theorem 4.1 we present a lemma which may have some
interest of its own.

LEMMA 4.2. Assume that B, < 0 and By > 0. Consider a solution X, to
(1.3) with ty = xy = 0. There exists y > 0, depending on «y, as, B1, Ba, such
that X,/t/?*Y converges in probability to 0 as t — 0.
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PROOF. Let us assume that —1 < a; < 0 < ay. The other cases may be
treated in a similar way. Let U = sup{s < ¢: X, — B, > —t%/2}. For s € (U, ¢t)
we have X, — B, < —t%/2 so for such s, |dX,/ds| < B,¢t(/?«. It follows that

X, — Xy| < —(t = U)BtP < g+ (12
and so
B, - X, <(B;,—By)+(By — Xy)+ Xy - X,)

< (max B, — min B ) 412 _ g 1+ (1/2)ay
- (se(O, 0 0 se(0,8) ° B

This implies that
E|B; — X" 1;p,_x,-0}

@

<E

max B, — min B ) + 172 — g 1+(1/2)en
<se(0, 0 se(0,8) ° A1

< 3™ [E(max B, — min Bs>a1 + (/2 |’81|a1ta1+(1/2)a%]
s€(0,¢) s€(0,¢)
< clt(l/z)"‘l + 02|’81|¢11t0¢1+(1/2)0‘%.
Recall from (2.2) that
t
X, = /0 [B11Xs — By|*"1;x _p <o) + B2 X — By|*?1;x _p _o)] ds.

From this we have the following estimate:

t
EX, > E/o Bil X, — By|*"1ix _p <0y ds

= /(:E(BHXS — B|"1x _p o) ds
= By [ (s oy o1 02
= By (cgt™T V2 4 ¢ gy [ gltert(1/Dat),
Since a; > —1, the exponents 1+ (1/2)e; and 1+ a; + (1/2)a% are greater

than 1/2 and so for some y > 0 and every c; > 0, liminf,_,, csEX,/¢t/277 > 0.
It follows that

(4.1) }fi_l)%]P(Xt/tl/zﬂ’ < —cg) =0,

for every cg > 0.
Recall that ay > 0. Since

t
X, < /0 Ba| X — By|“11x _p .oy ds,
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an elementary argument shows that for small ¢ we have X, < 28,¢if B, <1
for all s € (0, ¢). It is clear that P(max,, , Bs; > 1) goes to 0 as ¢ — 0 so

%in(}]P’(Xt/t > 2B5) = 0.
This and (4.1) prove the lemma. O

PROOF OF THEOREM 4.1. The assertion of the theorem deals only with
probabilities, so we can use any solution to (1.3), as we have uniqueness in
law by Theorem 2.1. The same theorem shows that a solution X, may be con-
structed so that (X,, B,) is a strong Markov process, and hence we may apply
excursion theory to it. Recall the discussion at the beginning of Section 3. The
same analysis of excursion laws and the exit system applies to the solutions
of (1.3) for arbitrary «;, @y > —1. Let us briefly recall the facts that we will
need in our present argument. Let D = {(b, x) € R%: b = x} and let (H*, dL)
be an exit system for the process of excursions of (B,, X,) from the set D.
The generic excursion may be denoted (e}, e?). By the translation invariance
of the Brownian motion B, and (1.3), the distribution of (e} — x, e? — x) under
H* is the same for every x € R. Let this distribution be called H,. Let H,,
denote the part of the measure H, which is supported on excursions with
e} > ¢? and let H;_ be the part supported on the set where e! < e?. Let H,,
be the distribution of {e} —e?, t € (0,v)} under H,, and let H,_ have the
same definition relative to H;_. We have, up to a multiplicative constant,

1
4.2 H, (A)=1lim —QI(A
(4.2) 2+(A) ;}101|x|Q+( )
where Q% stands for the distribution of the diffusion Y, with the same in-
finitesimal variance as Brownian motion (i.e., o?) but with drift —g,|Y,|*,
killed at the hitting time of 0. We will normalize H,, as in (4.2). We will have
to prove that the following formula gives the correct normalization for H,_:

.1

(4.3) Hy (4) = lim 7 Q% (A).
Here @* denotes the distribution of diffusion Z, with Brownian quadratic
variation (namely, 02) and drift —3,|Z,|*, killed at the hitting time of 0.

The proof that (4.3) is the correct normalization for H,_ can proceed ex-
actly as the proof of Lemma 3.2(iv), thanks to Lemma 4.2. It only remains to
find and compare the formulas analogous to those for Hy (F}) and H,_(F},).
Recall that F;, is the event that the difference between the maximum and
the minimum of an excursion exceeds 4. The scale function for a diffusion on
(0, 00) with infinitesimal drift u(x) = —B;x% and variance o2 is given by [see
Karlin and Taylor (1981), page 194]

X 2 X _2 ay
S(x) =/1 exp(— /Oy l;(zz) dz) dy =/1 exp(— /Oy %dz) dy

. x 2‘81ya1+1)
_/1 exp<0_2(a1+1) dy.

(4.4)
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By (4.2),

Hy,(Fy) = limg 2 QE(T), = To) =lim © S0 =0
iy LJo exP(2B1y* Yo (@ + 1)) dy
=10 % [Mexp(2B1y4+1/oX(ay + 1)) dy
_ 1
) exp(2B1yertt/o(ay + 1)) dy
If we use (4.3), we obtain in the same way
1

P exp(~2By 5%t /0% (ay + 1)) dy

Hz—(Fh) =

which implies that
}zi—IE(l) Hy (F,)/Hy (Fp) =1,

and this confirms that the normalization in (4.3) is correct.
The probability for the process Y, starting from & never to hit 0 is equal to

S(8) = 8(0) _ Jy exp(2B1y**!/0*(en + 1)) dy
b0 8(b) = S(0) 7% exp(2B1yitl/0(ay + 1)) dy

It follows that H, (F), that is, the measure given to positive excursions
which do not return to 0, is given by

o LIy exp(2B1y ! /0% ey + 1)) dy
008 [ exp(2B,y**! /0% (ay + 1)) dy

o 281y \1!
(45) B [/0 e"p<02<a1 - 1))}
. (—2B1/0%(ay + 1)@ (a; 4+ 1)
Bl I'(1/(e; +1))
(_2:81)1/(a1+1)(a1 + l)al/(a1+1)
= e (1 (1)) @M

An analogous formula holds for A, =4 H,_(F ). The processes of excursions
on both sides are independent so the probability of the negative bifurcation
is the same as the probability that the first arrival of an infinite excursion in
the Poisson process on the negative side comes before the analogous event on
the other side. The probability in question is the ratio of A; and A; + Ay. O

REMARK 4.3. Mike Harrison pointed out that Theorem 4.1 may be proved
without using excursion theory. One can calculate the probability that the
diffusion X, — B, will go to infinity using an explicit formula for the scale
function of this diffusion. The excursion theory approach has its advantages,
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though. First, excursion theory seems to be the right tool for the proof of
Theorem 4.4 below. Second, the excursion theory may be used to find the
positive bifurcation probability when the vector process (X, B,) is Markov but
X, — B, is not. The solution of (1.2), studied in Burdzy, Frankel and Pauzner
(1998), is an example of such a situation.

Let T, denote the bifurcation time; that is, let 7', be the supremum of ¢
with X, = B,.

THEOREM 4.4. Consider the solution to (1.1) with t, = x5 = 0, B; < 0 and
By > 0. Then

0_2

ET, = —

1281Bs|

PrOOF. By Remark 3.3(ii), the distribution of the excursion law on excur-
sions with finite lifetime remains the same if we change 8 to —8. Hence, (3.1)
applies in the case B; < 0 and B, > 0, and we have

1 1
EV,=(—+—)s,
: <|31|+|Bz|>s

for V, = inf{t > 0: L, > s}. By excursion theory, the infinite excursion of
B, from X? occurs independently from finite excursions in the Poisson point
process of excursions, so the expected bifurcation time is equal to

lo¢]
ET, = / AeMEV, ds,
0
where A is the intensity of the Poisson process arrival for infinite excursions.

We have
_ 2(1B841 + 1Bsl)

A
o2 ’

from (4.5), taking into account infinite excursions on both sides. It follows that
00 00 1 1 1/ 1 1
ET, = f Ae MEV ds = / )\e‘“(— + —)sds = —(— + —)
0 0 1Bl B2l ANIBil  [Bgl

o2 < 1 1 ) o2
= V- | — + _— = . O
2(181] + 1Bzl \1B81] 1Bl 1281Bsl
REMARK 4.5. (i) It is also the case that

T — o?(B1 + Bs)
T 2BiBS
if By, By > 0. We leave the proof to the reader.
(ii) A similar result can be obtained for any values of «aq, ay > —1, but the

formula does not seem to have a compact form, so we only sketch how it can
be obtained. The proof of Theorem 4.4 needs two ingredients. One of them is
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the expected amount of local time before the infinite excursion occurs. This
is equal to the expectation of the minimum of two independent exponential
random variables whose expected values are inverses of the quantity in (4.5)

[for (a1, B1) and (ay, Bs)].

The second ingredient is the expectation of the inverse local time at s, for
the process with finite excursions only. This is equal to s times the expected
lifetime of a finite excursion under the excursion law. Here is how we can
calculate this quantity. For arbitrary a; > —1 we write as in (4.4),

_ 231xa1+1
o =eo( o)
X 2B,y
0= Lo )

For 0 < x < y < oo, the Green function for Brownian motion Y, with drift —g;
(the negative sign is due to restriction of the excursion law to finite excursions)
is given by [see Remark 3.3 on page 198 of Karlin and Taylor (1981)]

2[S(x) — S(0)][S(o0) — S(y)]
o?s(y)[S(c0) = S(0)]

Hence, the expected lifetime of an excursion is equal to

2[S(x) — S(0)][S(o0) — S(y)]
25(y)[S(c0) — S(0)]

B 2 > [S(o0) = S(y)]
= 02[S(c0) — S(0)] /0 s(y) @

G(x, y) =

1 1 oo
lim- | G dy = lim —
i3 [, S b =ln |

2
o ¥ exp(—(2Br2 71 /0% (ay + 1)) dz
x [ S5 exp(—(2B12% X (ay + 1)) dz
0 exp(—(2B1y“*1/o%(a; +1)))

Adding this to the analogous quantity for a, gives the expected lifetime of a
finite excursion under the excursion law.

5. Lipschitz approximations. In this section we will address the ques-
tion of how well a Lipschitz function can approximate a Brownian path. Our
analysis will be based on the fact, proved in Lemma 5.1 below, that a certain
solution X7} to (1.1) may be looked upon as a Lipschitz approximation to B,.

LEMMA 5.1. Assume that B; < 0 < Bg. For almost every w there exists
a unique X = x(w) such that the solution X} to (1.1), that is, the solution
satisfying Xi(w) = %(w), has the property that there exist arbitrarily large t
with X¥(w) = By(w).
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It is easy to see that if B; < 0 < By then with probability 1, all solutions
X7 have the property that there exist arbitrarily small ¢ > —oo such that
X7 = B,. Lemma 2.13 shows that a result analogous to Lemma 5.1 holds
when By < 0 < B;, and we require that the solution intersects the Brownian
path for arbitrarily small ¢ > —oo.

PrROOF. We will first prove the existence. The law of the iterated logarithm
easily implies that for some random x > 0, the functions ¢ — x + B9t and
t — —x + B;t stay above and below the trajectory of B, for ¢ > 0, respectively.
This shows that there exist both large and small (random) x such that X¥
does not intersect the trajectory of B, for ¢ > 0.

Let A be the set of all x such that X7 > B, for all ¢ greater than some
t; = t1(x). By Lemma 3.1(i) and the above remarks, the set A is a nonempty
semiinfinite interval. We will show that it is open. Consider an x such that
X7 > B, for all ¢ greater than some ¢;. Then X7 = X7 + Bo(t —¢;) for ¢ > ¢;.
Let ¢; = inf{X} — B,: t > t; + 1} and note that ¢; > 0, by the continuity of
X} — B,. By Lemma 3.1(i1), the function y - X fl 41 1s continuous so we can
find & > 0 such that X?’IH > X; ;1 —ci/2for all y > x — . It follows easily
that for such y, we have X; = X}, 4+ By(¢t — ¢; — 1) and so X; > B, for
t > t; + 1. This proves that A is open. The same is true of the set A’ of «x’s
with the property that X§ < B, for all ¢ greater than some ¢; = ¢;(x). Hence,
(AU A’)¢ is nonempty and so we must have at least one x for which X7} = B,
for arbitrarily large ¢.

We turn to the proof of uniqueness. Since 8; < 0 < By, for every fixed x,
there will occur a bifurcation at a finite time for the solution X7. This holds
for all rational x simultaneously, a.s. If it were true that for two distinct y
and z, the solutions X} and X? intersected B, for arbitrary large ¢, then the
same would be true for a solution X7, for some rational x between y and z.
Such an event has probability 0. O

Consider (1.1) with —; = By = B > 0. Let X7} denote the solution of (1.1)
constructed in Lemma 5.1. That is, X} = X7.

LEMMA 5.2. We have with probability 1,

. X:—-B, .. X - B,
lim sup —— =limsup ——
t——co log|t| t-co  logt
B, - X3
= limsup ———1t
2P Tog ]
B, — X* 2
= lim sup Sl U—.
t—00 logt B

Note that liminf, ,__ |X} — B,|/log |t| = 0 as X crosses B, for arbitrarily
large ¢, and the same is true for the other analogous lim inf’s.
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PrOOF. Let }Z't be a solution to (1.1) with ¢, = x; =0 and —B8; = By = —p,
andletY, = B, — X ;- The process Y, is a diffusion which spends zero time on
the real axis, which behaves like Brownian motion with drift 8 when Y, < 0,
and it is a Brownian motion with drift —8 when Y, > 0. By Karlin and
Taylor [(1981), Chapter 15.5, (5.34)], the process Y, has a stationary proba-
bility distribution with a density

2
1) = B eso(-2021).

Let {?t, t € R} be the process which has density ¢/(y) for every fixed ¢ and
which has the transition probabilities of Y,. The initial distributions of pro-

cesses ?t and Y, are different because Y, = 0. Let
~ ~ t ~
X, =-Y, +/0 sgn(Y,)Bds
and
B,=Y,+X,

It is easy to check that Et is a Brownian motion with EO = 0 and that X ‘
solves (1.1) with B, replaced by §t and B; = —By = B. Moreover, ft has
the property that X ;= Et for infinitely many arbitrarily large negative and
arbitrarily large positive ¢. This follows for large positive ¢ from the triviality
of the tail o-field. The same argument applies to large negative ¢ by time
reversal. If we now time-reverse §t and X +» we will obtain a Brownian motion
and a corresponding solution to (1.1) which satisfies the defining properties of
X7. Hence, we may construct B, and the corresponding process X7 by letting
B, = E_t and X; = f_t.

The scale function S(y) for Brownian motion with drift —pB is given by
S(y) = exp(2B8y/c?) [Karlin and Taylor (1981), Chapter 15.4]. Let T, be the
hitting time of a by the process Y. The mass H(F';,) given by the excursion law

for the process Y, to positive excursions whose height exceeds 4 is equal to

.1 . 1S8(e)=-S(0) . 1 exp(2Be/0?) — 1
m ZP(T < To) =lim =5 3) =500) = U % exp(2Bh/o?) — 1
28 1

~ oZexp(2Bh/o?)— 1’

Fix some small £ > 0 and let A, = klog 2(1 — £)o?/(28). Let L, denote the
local time of Y, at 0 with L, = 0, and let A, denote the event that there exists

a positive excursion of ?t whose height exceeds #; and which starts at a time
t such that 2¥ < L, < 2#*1. The probability of A, is the probability that a
Poisson random variable with mean A, = 2*H (Fy,) takes a nonzero value.
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Thus, P(AS) = e *. For large &,

£ 2B 1
o? exp(2Bh;/o?) — 1-

= ZkU—[; exp(—2

/\k=

o? 2B

0'

ﬁ klog 2(1 — &)o?
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—92Bh,
)

) — 2k 2:3 —k(1-e) __ 2B2k8

This implies that Y, P(A%) = Y ,e ™ < oo. By the Borel-Cantelli lemma,
only a finite number of the events Aj occur. Hence,

Y
li > li ! 2k,2k+1}
M logL, ~ Ty Sup{log L, [ !
> limsup sup Y. L, € [2F, 2%1]
- k—o0 1g2k+1
. h,
1 | S
= SR 1) log 2
) klog2(1— &)o?
=lims
M SUD DBk + 1)log 2
(11— g)o?
=5

Since ¢ > 0 is arbitrarily small and, by Proposition 3.4, lim,_,

a.s., we obtain, with probability 1,

~

lim su !
t—00 P log logt
A similar argument yields
? —~
—hmmf— = lim sup
t-oo logt t>—oco lOg |t|

Recall from the first part of the proof that ?t =B_,—

L/t = B/2,

a2

~ 2B

-~

0_2

= —liminf —— = —.
t—>-co log|t| 2B

X*,— ?0. This combined

with the results for ?t implies the proposition. O

The function ¢ — a + B|¢| is Lipschitz with constant 8. For some random a,
this function is greater than B, for every ¢, by the law of the iterated logarithm.
Since the infimum of an arbitrary family of Lipschitz functions with constant 8
is again a Lipschitz function with constant 3, there exists a smallest Lipschitz
function Z; with constant 8 with the property that Z; > B, for all ¢. Let Z;
be the largest Lipschitz function with constant 8 such that Z,; < B, for all ¢.
Note that Z; and Z; are not measurable with respect to o{B;, s < t}.
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LEMMA 5.3. Assume that B, = 0. We have with probability 1,

lims Zi —Z; lims Zi —Z; < o
imsup ———— =limsup —— < —.
t_>_oop 10gt t_>oop logt - ZB

PrOOF. Consider aq, ay > 0. Let
A, ={3¢t>0: B, =a,+ Bt}, A _={3¢t>0: B,=—ay— Bt},
A_,={3¢t<0: B,=a; — Bt}, A__={3¢t<0: B,=—ay+ Bt}.

The probability that B, ever hits the line ¢ — a,+ St is equal to exp(—2a;8/5?)
[Karlin and Taylor (1975), page 362]. The probability that B, crosses the line
a; + Bt at some ¢; > 0 and then crosses the line —a, — Bt for some ¢ > ¢;
is bounded by exp(—2a;8/0?) exp(—2asB/0?), by the strong Markov property
applied at ¢;. The probability of crossing first —a, — B¢ and then a; + B¢ is
bounded by the same quantity. Hence,

P(A , NA,_ )< 2exp(—2(a; + az)B/d?).
The same estimate holds for P(A__ N A__), by symmetry. We obtain
P(A,,NA_)=P(A_,NA, )=-exp(—2(a; + a2)3/0'2),

from the independence of the processes {B,, ¢ > 0} and {B,, t < 0}. It fol-
lows that

P(Zy — By > a1, By — Zy > as)
=P(Z; = a1, Zy < —ay)
<P[A, NA _JU[A__NA_JU[A,.NA__JU[A_ NA,])
< 8exp(—2(a; +ap)B/0%).
Choose ¢ € (0, 1). Let m > 8 be an integer large enough that (m—1)/(m(1—
£)) > 1. We have for any y > 0,

P<Z3_Z5Zy)5ZP(Z(T—Boz%,BO—ZaZM>

J=0 m

“ Jy (m—j—-1)y\B
528exp(—2(;+—m >ﬁ>
<9m exp(W).

Fix some large b < oco. Consider an integer 2 > 0. Let n be the integer
part of
2B(1 — £)b2*
oZklog2 ’
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and let x, = b2*/n, and t’;’- = j2%/n. We have

IP’(Z;;;_ — Z;; >x,)=P(Z§ - Zg > x3)
—2(m — 1)xkﬁ)

< 9mexp

=9m exp 5
mno

< 9m exp

(
( (m — 1)2Bbzk>
(-

(m — 1)2B8b2*% 02k 1og 2
m2B(1 — &)b2k g2 )
—k(m —1)log 2
m(l—e¢)

For some ¢; < oo, using (m —1)/(m(1 — ¢)) > 1, we obtain

=9m exp( ) = 9m . 27 km=D)/(m(1=2))

Y X PZi-Zu =)

k=10<tk <ok

[o¢]
< c Z 2n -9m - 2_k(m_1)/(m(1_€))

k=1
k
B - ) LA VSRS TS R N
T D o%klog2

By the Borel-Cantelli lemma, for all sufficiently large %k and all tk e [0, 2%], we
have Z:E,_ - Z;; <ax,. If Z?}; - tk < x;, then for ¢ € [(tk —l—tk _1)/2, (tk +tk+1)/2]
Z] —Z] <x,+2B|t—t;| < b2%/n + B2F/n = (b2%/n)(1 + B/b) = x,(1+ B/b).
This implies that for large &, we have for all ¢ € [0, 2¢],

Z[ - Z; = x,(1+ B/b).
We obtain
Z5-z; Z;-Z;

lim su L <limsup su
t—00 p IOg t T bheoo P te[zk—lr’)gk] log ¢

: Z;—-Z;
<limsup sup Py
koo te[2k-1,2k] log 2

x(14 B/b)
= s G T log 2

. (b2k/n)(1+B/b)
= llI]:LS;lp (k—1)log2
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. b2k o2k log 2(1 4 B/b)
= lmsup o o)p2k(k — 1)log 2
B a?(1 + B/b)
= 2B(1-e) |

Since € may be chosen arbitrarily small and b may be chosen arbitrarily large,
with probability 1,

Z;-Z; o?

lim sup ————~
lt%ollp logt 2

IA

The result for ¢ - —oo follows by symmetry. O

THEOREM 5.4. (1) With probability 1,

X — Xy —B
lim sup —% L = limsup —L——1
t——00 10 t t—>00 logt
- X3 B, - X3
= lim sup — L —limsup —4——1
t——00 log¢ t—00 log¢
+ Z- Z+ —7Z- 2
— limsup 24— 2t —limsup 2t 2t - 7
t——00 logt t—00 logt 2B

(ii) E|B, — X}| = 202/B, for every t € R.
(iii) E(Z/ — B,) =E(B, — Z;) = 302/B, for every t € R.

Theorem 5.4(1) shows, in a sense, that Z* and Z~ are as good Lipschitz
approximations to B, as X*. However, the comparison comes out differently
when we look at the averages presented in (ii) and (iii).

PROOF. It is elementary to check that we always have Z; < X! < Z;.
This and Lemmas 5.2 and 5.3 yield (i).

Recall the stationary density (y) for Y, from the proof of Lemma 5.2. This
is the same as the density for the distribution of B, — X;. Hence

q (B 28|y 1o
B1B - X1 = [ G ew(-220 ay = 5

o

which proves (ii).

For a > 0, the probability that B, crosses the line a + B¢ for some ¢ > 0 is
equal to exp(—2aB/0?) [Karlin and Taylor (1975), page 362]. This is the same
as the probability of crossing the line a — Bt for some ¢ < 0. The probability
that none of these events happen is [1 — exp(—2aB/d?)]?, and so

P(Z§ < a) =[1 — exp(—2aB/0?)].
This yields
302

525 = T
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We similarly have EZ,; = —302/(48), and by translation invariance, for ev-
ery ¢,
3 2
E(Z} - B,) =E(B, — Z;) = % 0

If we let @; = a9 = 1 and choose suitable 8; and B, in (1.3), then Y, =
X, — B, is an Ornstein—Uhlenbeck process. Results for such a process, closely

related to Theorem 5.4(i), can be found in the paper of Darling and Erdos
(1956).

COROLLARY 5.5. For any random Lipschitz function g(t) with constant B
we have with probability 1,

g(t) — B, 2

48"

PRrROOF. Suppose that X7 — B, = a for some ¢ and @ > 0. Let s be the
largest time less than ¢ such that B, = X7. Then we see that the quantity
Sup,.,<; |&(w)— B,| cannot be smaller than a/2 for any Lipschitz function g(u)
with constant B8, by comparing g(u) with the function u — B,+a/2+ (u—s)B.
Since limsup,_, ., (X} — B,)/logt = 0?/(2B), for any Lipschitz function g(¢)
with constant 8, we must have

y
e log ¢

v

: g()— B, o?
1 A Sl O
1Itnsup Too £ >

Corollary 5.5 sheds some new light on an old problem about strong ap-
proximations. Let us assume that o2 = 1, that is, we will consider now only
standard Brownian motion. Suppose that {V},.; are i.i.d. random variables
such that |V,| < B, a.s. Let S, = };_; V}, and extend the function n — S,
to all positive real values by linear interpolation between S, and S, ;. Note
that the random function S, is Lipschitz with constant S.

The following is an immediate consequence of Corollary 5.5.

THEOREM 5.6. Suppose that V, and S, are as above. If S, and B, are
constructed on the same probability space (but not necessarily independent),
then

S,— B 1
5.1 li L
(5-1 T Togt = 4B

Theorem 2.3.2 of Csorg6 and Révész (1981) says that if the V;, have finite
variance and
S,— B
lim sup M =0,

t—00 10g t
then the V), have a standard normal distribution. Our result (5.1) may be
interpreted as a quantitative version of the same theorem, in the case when
|V | are bounded. A remarkable theorem of Komlés, Major and Tusnady [see
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Csorgo and Révész (1981), Theorem 2.6.1] implies that if the V', are bounded,
then one may construct S, and B, on a common probability space so that

(5.2) lim sup —|St — Bl <C < o0.
t—00 log ¢

It is striking that one can achieve the same logarithmic order of approximation
for a Lipschitz function S, with independent increments S, — S,,_;, as for an
arbitrary Lipschitz function g(¢) with constant 8. Rio (1991) proved that (5.2)
holds with C = 9/2 if V, are centered Poisson variables [the estimate had
appeared in Section 5 of the preprint; that section was not included in the final
version of the article, Rio (1994)]. No other estimates for C seem to be known
so (5.1) is our own modest contribution to the field of strong approximations.

6. Open problems. We list a few questions we were not able to answer
in this paper.

1. Can one prove pathwise uniqueness in Theorem 2.1 if one or both «; and
ay belong to (—1, 0)?

2. Does a result analogous to Theorem 3.8 hold for 3, 85 > 0 with 8;— 84 < 0?
A similar question can be asked about the case when B; < 0 < B,; in the
last case a special solution to (1.1), defined in Lemma 5.1, would have
to play an important role. Can one generalize Theorem 3.8 to local times
corresponding to solutions of (1.3) with @; and a,5 not necessarily equal to
0? Can one prove similar results in the case 8; < 0 < B, but for the process
{L%, x € R}, with T a stopping time for B,, for example the first hitting
time of a given value?

. Find the best y = y(ay, ag, B1, B2) > 0 in Lemma 4.2.

. Find the best constants in (5.1) and (5.2).

. Does there exist a unique Lipschitz solution to (2.3) if B, is a fractional
Brownian motion of index H € (1/2,1)?

O i W
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