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This paper is concerned with the integration (of 1-forms) against the
Markov stochastic process associated with a second-order elliptic differ-
ential operator in divergence form. It focuses on the limiting behavior of
the integral as the process leaves a fixed point or goes to infinity. This
extends previous work in the area where advantage was usually taken of
the fact that the operator was self adjoint and started with the associated
invariant measure. Applications are given. For example, it is a trivial con-
sequence that the diffusion associated to a uniformly elliptic operator on a
negatively curved Cartan—Hadamard manifold has an asymptotic direction
(recovering and strengthening the previous arguments of Pratt, Sullivan
and others). The approach can also be used to construct a Lévy area for
such processes, to study the thinness of sets for the elliptic operator, and
probably has wider applications.

1. Introduction. The starting point for this paper consists of a connected

manifold E on which a strictly elliptic divergence form operator
I A S S
Lu=p %: gzt P8 &xfu+b a0

with measurable coefficients, is defined, which has been closed via its Friedrich
extension and to which has been associated a diffusion process X in E (and
whose finite-dimensional distributions are given by the minimal positive so-
lutions to associated parabolic equations). An expert will realize, from the
intepretation of divergence form operators via duality and the notation we
use for the operator L, which puts in evidence a natural volume measure V
and an energy form, that it is easy to extend some of our arguments to (new)
results in other Dirichlet space settings; we have avoided such generalization
in order to keep the paper accessible.

If a bounded function f is in L?(V) and has finite energy and o € E is a
fixed point, then the process f(X,) can be uniquely decomposed under P?, in
the form

f(Xt)zf(Xs)-F%Mf—%Mé—af—i—ﬁf, 0<s<t,

where for fixed s, (M7, ¢t > s) is an additive functional martingale and for fixed
¢, (ML, 0 < s <t)is a martingale with respect to the backward filtration of the
process. The processes (o}, B;, t > s), with s fixed, are additive functionals of
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2 T. LYONS AND L. STOICA

finite variation. The decomposition allows one to define the stochastic integral
t
/ wodX
S

of a 1-form w against the process X, thus continuing the works [14], [15] and
[13].

Two problems arise for such a stochastic integral: (1) the existence of the
limit as s \ 0 under P°; (2) the existence of the limit as ¢ 7 { (the lifetime of
the process). It is the aim of this paper to study these two problems. Theorem
5.2 gives rather general conditions on w under which the stochastic integral
admits P°-almost surely finite limits as s N\, 0. This result is in fact a local
one. It depends on certain estimates of the logarithmic gradient of the heat
kernel. For smooth enough coefficients of L, adequate estimates are classical.
We give what we believe is a new estimate in the case of nonsmooth coefficients
(Theorem 8.1), which turns out to be powerful enough for our purposes.

Theorem 5.4 gives general conditions ensuring that the stochastic integral
has finite limits as ¢  {. Explicit and more concrete results are obtained in
the case of a negatively curved complete Riemannian manifold, with L the
Laplace operator. Theorem 7.1 provides a precise convergence and a strong
control of the rate of convergence in the spirit of [21]. A more general result
is obtained in Corollary 7.6. However, the convergence given by this corollary
is not very precise, being like the convergence of a semimartingale. This kind
of result had been initially obtained by Prat [17] for the angular coordinate of
Brownian motion on a negatively curved two-dimensional complete manifold.

Part of the results of this paper has been stated in a slightly different
preliminary form in [12] without detailed proofs.

2. Preliminaries on the framework. Let E be a connected N-dimen-
sional manifold, N > 2, and g a measurable metric such that for each point
e € E there exists a chart (U, ¢) with e € U and in local coordinates, the
following conditions are satisfied:

(1) ATHEP < gii(x)E'E < A€, xeU, écRY,

the constant A > 1 depending on the chart and the point e. Let V be a measure
on E such that in local coordinates it is written with a density p, V(dx) = pdx,
which satisfies the condition

(2) A< p(x) <A, xeU,
with the same constant A from above. The gradient of a function u is expressed
in local coordinates as the vector with components
. . du
ut = V—
v XJ: Chley

where (g7) is the inverse of the matrix (g;;). The energy (or perhaps more
correctly “action”) form is defined by integrating the pointwise scalar product
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of the gradients (vu(x), vv(x)) = g(vu(x), vv(x)),
&(u, v) = fE(vu, vo)dV,  u,ve ¢*(E).

Let (H, &) be the Dirichlet space obtained as closure of the space £>°(E) with
respect to &(u, u)+|u|3 =: & (u, u) (see [6] and [16] for basic facts concerning
Dirichlet spaces).

The infinitesimal generator (A, 2(A)) of the resolvent of this Dirichlet space
is expressed in local coordinates in the variational form

_pty g O
Au=p % F p8Y ——u.

Consider also a measurable vector field b := b/(d/dx’), such that |b| is
bounded on E (the magnitude | | of a tangent vector being measured with
the matrix (g;;) and using the same notation | | for the uniform norm). The
uniform or L, norm of a vector field has a useful alternative characterization
as the smallest value for |b| so that for every u € L?, v € H the inequality

[ ub@)av < bl luly/ €. v)

holds. In the same way we will use | | to indicate the magnitude of a cotangent
(measured by g%) and for the unifom norm of a 1-form.
We define an operator L by setting 2(L) = 2(A) and

Lu = Au + b(u), ue ().

In order to obtain the semigroup generated by L, (P,) and its adjoint P;
on the space L%(dV), introduce the (nonsymmetric) bilinear form

&(u,v) = &(u,v) — (bu, v), u,veH.

For large vy € R, the form Zy = & + (-, ) becomes a coercive closed form in
the sense of [16]. Therefore it generates a semigroup P], whose infinitesimal
generator turns out to be L — y. Then the semigroup generated by L is easily
obtained by the formula

— oYt pY
P,=¢e"P;.

2.1. Properties of the minimal semigroup generated by L. We record in this
section some standard estimates which apply to the semigroup generated by
L. Our approach is to regard L as a pertubation of a self-adjoint operator A.
Standard spectral theory applied to the self-adjoint semigroup and the pertur-
bation estimates that come from iterating the integral form of the Campbell—
Baker—-Hausdorff-Dynkin equation, which goes back to Philips, quickly give
all we will need.

We start with the results from spectral theory. It is standard from the theory
of Dirichlet forms that the self-adjoint operator A defines a bounded semigroup
Q, = exp tA, which is a positive contraction on L?(dV) with range contained
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wholly in 2(A). From the inequality xexp —x < 1/e, it is routine from the
spectral theorem that

IAQ, fllz <e 't M Ifll,  feL?

and from xe " < 1/+/2e that
1
&(Q; f)l/ZSﬁt Y20 £ s felL?

and £((-A)2Q,f, ) < (1/v/2et)&(f, f), which leads to

1AQ, s < \/iz—et‘”%”(f)”z, feH.

Similarly, from the inequality x3e*" < (3/2¢)?2, one deduces

1/2 3\** -3/2 2
cAQN" < (o) PIfl  felL
and, again from x exp —x < 1/e, one obtains
1
CAQ ) = —t7'e(f)?,  feH.
e

Finally, we have, from the estimate e % < 1, the bound

AQINE=E (N2, FeH.

Putting the above together with our characterization of bounded vector fields,
we have

1
16(Q; Flls = Et’mlbl Ifll,  feL?

16@Q,flls < [bIE(f)M?, feH.

Now we consider the estimates that follow from perurbation theory. Our in-
terest is in the semigroup (P,) which is related to @, by the equality

t
(3) Pif = Qif + [ QuubP,f du
that is easily obtained by applying the Leibnitz—Newton formula to the func-

tion u — Q,_,P,f. Iteration of this formula gives a sequence of asymptotic
expansions that leads to the following expression for the semigroup:

X ot Uy Un_1
P,f=@Q,f+ Z/O fo /O Qi bQu, - bQy 0 bQ, fdu,...du;.
n=1
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In fact, we are now going to estimate the terms in the expression of P,f
sufficiently carefully to see that the series converges and is adequate to obtain
various other a priori estimates that will be important to us. To this end we
denote by I, the general term in the sum expressing P,f,

and observe from above that

1o = 171 [ [ [ J—N'zl'fu
15| |b]

du, ---du;.

Computing the integral

topun Un-1 du,, ---duy
n =t"27"2 T (n/2 + 1),
/O/O /(; \/(ul_u2)"‘(un71_un)un i / ( / )

we arrive at

1Ll < Iflle  (tm B2\
"Z2=T(n/24+ 1)\ 2e

and using the fact that 32 ; s"/2/T'(n/2 + 1) < 2¢°, one gets the inequality

tw | b|?
@ Pl =20 leso( T 00 ) pe

Similarly, one obtains the estimates
|b[» D27t 1)2

(V2ey+t I((n+1)/2)

| b |n tn/277.n/2

ST < |If 1

S(I)"V? < e(f)'V?

(v2e)r I'((n +2)/2)
and hence
—-1/2 b b 2
® o=t P ep(TLE)). fere

2
6)  2(P,f)V2 < ()22 exp<%>, feH.

In order to differentiate with respect to time the expression of P,f, one writes
the general term in the form I, = ¢"*.J,, where

1 ,uq U, 1
Jn = /O ](; o /O Qt(l—ul)th(ul—uZ) e th(un,l—un)thunfdun e duh
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thus obtaining

d d
—I, =nt" g, +"—d,,
at " nt at "

which by straightforward estimates leads to

I o II n 1 n t7T|b|2 n/2

Dy - 82 ) ——— I(n/2+1

[t 21 52?) () 1o

9, 12 2 n-1,, tm | b 2\"V2 ) n1
H& < &(f) <+ +2= 316l (5, r(=—5—+1).

Finally, one deduces

o 2  tw|b|? 2 1
l=p,fl < 1 exp——=n +t V20| /S (1+ =32
T | =1 Ze T2 e ) 2 (14 5
27 | b |? 1 tw|b|?
TRLALA 0] 1+ —3%%)exp tmloF , felL?,
e 2e 2e
J 1 tm|b|?
(8) —P,f| <& 1/2[—t—1/2+8 b|ex ] € H.
H‘% tfl!g (F) 2e | & ] exp 2e 4

Relation (7) should be interpreted as saying that P,f € 2(L) for each
f e L? and LP,f = (9/dt)P,f satisfies the inequality.

We end this subsection by deducing some similar estimates for the adjoint
semigroup. Clearly from (4) one has
|5
2e

tmr
) [P flle <2[F2exp felL?

Also, one sees easily that P;f € 2(L*) for each f € L? and inequality (7)
implies

m|bl?
L Pifls < 1|2 exp T2 e o] 2 (14 33/2)

2m | b |2 1 tm|b|?
+u 1+ —3%2)exp ™10 feL?
2e 2e

(10)

e
From the identity
&(Pif,8)=—(f,LP,g)+ (P;f,bg)

and making use of (8) and (9), one deduces

| 2

(11) &PV < ||f||2<2it—1/2 +10|b | exp ”Tz'b > felL?
e e
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Analogously, from the identity
S(Pif,8)=2&(f, P,g)—(f,bP,g)+ (P;f,bg)
and the inequalities (6) and (9), one gets
tm|b|?

(12)  &(Pif)* = 2exp ——(&()"* +21b[|fl2),  feH.

The equality
(L"Pif,8)=—&(f, P,g)+(f,bP,g)
and the estimate (5) lead to
IL*Piflle < ()24 161 [I£ll2)

1 |b]| tm|b|?
— 12 H.
X < P + 5 exp % , fe

2.2. The semigroup density. The following theorem introduces the densi-
ties of the semigroup (P,) and the diffusion process generated by L (whose
transition function is given by the densities). The proof is rather lengthy and
is postponed to Appendix A. It is based on the classical properties of parabolic
equations in divergence form proved by Nash, de Giorgii, Moser and Aronson.

THEOREM 2.1. There exists a continuous strictly positive function p,(x, y)
defined on (0,00) x E x E, such that

Pes(x.¥) = [ px, 2)p (2. )V (d2),
Pif(x) = [ pu(x, 0)F(y) V(dy),

Pif(x) = [ F(2)Py: )V(dy).
For each fixed point y, U a neighborhood of y, € > 0 and K a compact set, the

following relations hold:

@) lim  sup  py(x,y)=0,
t=0 xeUc, se(0,1)

(i1) sup  p(x, z) < oo.
z2eK,xe€E, s>¢

Moreover, there exists a diffusion process with transition function
pi(x, y) V(dy).

For the purposes of this paper, it is useful that the density be a bounded
function in the second variable, too; that is, a bounding relation dual to (ii)
of Theorem 2.1 is of interest. More precisely, since our treatment involves a
single probability measure P°, corresponding to the process started at a fixed
point, it turns out that the following is what we need throughout this work.
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HypPOTHESIS. There exists a point o € E such that the function p,(x) =
p.(o, x) satisfies the following condition for each ¢ > 0:

sup{p,(x) | x € E, t € [e, e ]} < c0.

Since P,1 < 1, this hypothesis implies that | p;|ls < /[ P¢lec < 0o. There-
fore, p, = P;5(p;/2) belongs to Z(L*) and to H. Similarly, p,(-, x) belongs to
9(A) for each x € E. Also, if f € L?, then the random variable f(X,) is P°
integrable for each ¢ > 0 and

E°(| f(X)]) < ”f”Z\/”pt”oo'

Another consequence of the hypothesis we made, which will be essentially
used, is contained in the following lemma.

LEMMA 2.2. The following inequality holds for 0 < t < oo:

t
2
fs | v po| AV dl <[Pl = Il pslI3] + (£ = )IIbI% sup (21 PE

s<l

PROOF. Set F; = [ p?dV and derive

F, =2fplL*pz = —Zf! vpz!2+2/pzb(pz)-

Therefore, one deduces

2 [lvmfdi=[p~[pi+2] [pibtpdl.

Then use the following inequality:

< Pol(=f 19 pi 4o [ 57). o

The next proposition gives a sufficient condition for the fulfilment of the
above hypothesis with respect of all points in E. This condition is expressed
in terms of the divergence of the drift 4. [In our context, the divergence of a
measurable vector field X is a distribution div X defined by the relation

2| pib(py)
/

div X (¢) = —/X((p)dV, o e ™.
In local coordinates one has div X = (d/dx?)(pX?).]

PROPOSITION 2.3. Suppose that the divergence div b is bounded from below
in the sense that there exists a constant vy such that yV +div b is a nonnegative
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measure. Then for each y € E, each open neighborhood U, each compact set K
and & > 0, one has

(1) lim sup p(y,x)=0,

i—0 xeU¢, se(0,t)

(i1) sup e " p.(y,x) < oco.
x€E, yeK, s>¢

PROOF. First we note that the assumption on the drift b can be rewritten as
[re—beydvz0, eec(E), ez0.

This condition implies that Z”y = & + y(-, -) is a Dirichlet form in the sense of
[16] and hence, the dual semigroup e~ " P} is sub-Markovian. The reasoning
at the end of the proof of Theorem 2.1 can be applied and gives the desired
estimates. O

Finally we remark that, without any assumption on the drift b, if we re-
strict our frame to a relatively compact open subset E' C E, then the basic
hypothesis holds true for any point in E’.

3. Decomposition with forward and backward martingales. The
operator L generates a diffusion process in E which, in general, is not nec-
essarily conservative. So the infinity point A associated to E will, from time
to time, play a (rather formal) role in what follows. We keep the traditional
notation for this point and hope the distinction from the “Laplace operator”
A, which we also use, will be clear from the context.

We denote by Q the set of all continuous maps w: [0, 0) - E, = E U {A}
which admit lifetime {(w) = inf{¢: w(¢) = A} in the sense that w(¢) = A for
each ¢ > {(w). As usual, the process of projections is denoted by (X,), that is,
X, (w) = w(t). We denote by (3,) the usual filtration, obtained by completion,
and denote by (J}) the “backward filtration”; that is, 3} is the completion of
o(X,: s > t). The shift operators are denoted by 6, and the probability mea-
sures associated with the transition function of the minimal semigroup (P,)
are denoted P*, x € E. We use the common notation of Markov process theory
(see [2]). For example, any function defined on E is automatically extended to
E, with f(A) =0 and so on.

If f € H, then by choosing an appropriate version, we always assume that
it is quasi-continuous so that f(X,) is a continuous process. This is possible
according to Appendix C.

Now for each f € H we introduce the two-parameter processes af and Bf,
defined by

t
afi =ai = [ P (X,)&(Vpy, VFX,) du,
(13) ’

Brt =B = [ b(X,)du,



10 T. LYONS AND L. STOICA

where 0 < s < t < o0 and p, = p,(o, -) is the function associated to the fixed
point o € E. In the rest of this section we will be concerned with properties
which hold under the fixed probability P°. First we remark that the above
processes have finite variation on intervals [s, ¢] with 0 < s < ¢ < co. Indeed
we have, by Lemma 2.2,

t
E°(var o) =/ /|g(Vpu,Vf)| dV du
. 1/2
<(t— 3)1/25(/”)1/2(/ /|Vpu|2dVdu) < 0.
Similarly, for the process 81,

Evarg) = [ [1b()] ., dV du

(=9 |b | sup 1Pl < 0.
s<u=<

Let us now suppose that f € Z(A)N L™ and introduce the processes M f, M f
defined by

Mfi=Mi=f(X) - f(X)~ [ Af (X,)du~ B,
Mfl =M= (X))~ f(X)~ [ Af (X,)du— 20} + B}

The process fst Af(X,)du has finite variation and its mean value is bounded
by

B( [ 18RI du) < 1f1s |V 1pal o du < o

The process M f is meaningful when s > 0 is fixed and ¢ belongs to [s, c0) as
seen from the next proposition. The process M f is more interesting when ¢ is
fixed and s belongs to (0, ¢]. This is the reason for the use of the parameters
s and ¢ up or down. The processes « and $ are interesting both forward and
backward. All of the random variables o, B;, M; and M’ are measurable with
respect to o(X,; s < u < ¢) so that for fixed s, (M7: t > s) is adapted to (3,)
and for fixed ¢, (M!_,; 0 < u < ¢t) is adapted to (J}_,).

t—u>

PROPOSITION 3.1. Under P° the following hold.

(i) For each fixed s > 0, the process (M3,3,, t > s) is an L2-martingale
and

(2), =2 [ IVFP(X,) du
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(i) For each fixed t > 0, the process (M'_,,3, ,, 0 < u < t) is an L?-
martingale and

. t
(Mi_) =2 [VFP(Xo)de
(ii1) The following relations hold almost surely (0 < u < s < t):
F(X)—f(X) =g M; — 3 M — o} + B,
M} = MY - M,
M =M - M.
(iv) If h is another function in 2(A) N L, then
¢
(MF, MES), =2 [ g(Vf,Vh)(X,)du,
- _ ¢
(M. Mh_ ), =2 g(Vf.Vh)(X)dt.

PrOOF. (i) The relation
t—s
P f-f=[ P,Lfdu
0

holds in L2 and shows that E¥(M?) = 0, for almost evry x € E. Then, by the
Markov property it follows that M* is a martingale. In order to compute its
bracket, we set

t
H,= [ Lf(X))de,
so that we may square the expression for M; and write it in the form
(M) = fA(X,) — FA(X,) - 2M3(f(X,) + H,) - 2f(X )H, - H}.

On the other hand, the function /2 belongs to L? and, on account of Lemma
3.2, the following equality holds in L?:

Pooft~f=[ LP,frdu=2[ PJfLf+|Vf?du.
0 0

By the Markov property we deduce that
t
M(f%); = FA(X) - FA(X,) - 2f (FLf(X,)+ V(X)) du
is a martingale too. From these relations and using also

Hf=2ftHudHu,

M?thftHudMZ—i—ftM;dHu,
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one deduces
t t
(M3 = M(F); +2 [ [V (X,) du —2f(X)M; 2 [ H, dM3,

which establishes the required formula for the bracket of M?.

(ii) In order to avoid any ambiguity, in what follows we assume that the
process is nonconservative and leave to the reader the simpler case when it is
conservative. When the process is nonconservative, we have P,(x, E) < 1, for
each x € E and ¢t > 0, because of ellipticity of L and connectivity of E. Then,
we extend the density function p,(x, y) to E, and set p,(x, y) = p,(x, y), for
x,y € E, p(x,A) =1—-Py(x,E), py(A,x) =0, for x € E and p,(A,A) = 1.
We extend also the measure V and set V(dy) = 15(y) V(dy) + €x(dy). The
semigroup (P,) has the canonical extension (P,) defined by

P, h(x) = /E Pi(x, ) () V(dy),  x€Ey h € By(Ey).

The adjoint semigroup (P}) is extended to E, by the adjoint of P,, given for
h € %y(E,) by

Pih(x) = Pi(hlg)(x) ifxecE,
Pr h(A) = h(A) + /E (1— P,1(x)) h(x) V(dx).

The process (X,) is Markovian under P°, with the semigroup (P,) on E,. If
we reverse the time from a fixed moment ¢ > 0, the process (X, , )<, is
Markovian, too, under P° with the nonhomogenous transition function on E,,

Qu.o M%) = Py_y(x) ' Pi_(Pryh)(x), x€Ey O<u<v<t,

where p,(x) = p,;(0, x). (The function p, is strictly positive on E, for each
t > 0, under the assumption of nonconservativity.) In the sequel we are going
to repeat the arguments used in the above proof of (i). First we have to check
that

E°(M.|3)) =0,

which clearly implies the martingale property of M‘. Because of the Markov
property for the reversed process, this relation is equivalent to

(PO Py = F+ () [ PPl f — B(F)

+ Zg(vptflu Vf)) du

This relation should be checked on E,. For x in E it becomes

Pi(psf)(x) = (P f)(x)

) _ [OH Pi(Dyu(Af = b(F)) +28(Vpr_ys VI)) (x) du
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and should be proved in L'(E,dV). Since f vanishes in A, for x = A the
relation becomes

[a=P 1)pfdv
() s
= [ JA= P (pu(Af ~b(F)) +28(V iy VF)) AV du.

In order to check relation (x) one applies the fundamental theorem of cal-
culus to a function with values in the vector space L(dV) to get

t
Piopf = pif = [ (LPypeuf + Pioupi-uf) du.

From Appendix D we know that p,_,f € Z;.(L*) and have a formula for
L*(p;_,f)- Using this and the fact that L*p, = d,p,, one can put the right-
hand side of the preceding relation in the form appearing in the right part of

().

In order to prove relation (x*) we first write the left-hand term as

[ pof = [Piypaf) = [ puf = [ Piopf)+ [ pf = [ pof

and then apply the fundamental theorem of calculus to both differences just
obtained:

= [ [ Pruou— LY puf du~ [ [ 3u(puf)du
By Lemma 3.3 we have
[ L (puf) =0,

so that the above expression becomes

= ft[/ Py (3, = L*)(puf) — /(au - L*)(puf)i| du.

This last expression equals the right-hand term of relation ().
Now, in order to compute the bracket of M?, one follows the calculations
made for M. First write

Mﬁ—u = f(Xt—u) - f(Xt) - Hu’
H,= [ T.f(X, ) dv,

Dof = Af = b(F) +2(py) '8 (VPi_ys V).

By using Lemma 3.4 and the final comments of Appendix D, one obtains a
similar backward martingale associated to f2,

M) = FA(X ) — FAX))

—2 [ (X ) dH,~2 [ VX, ) dv.
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Finally one gets
(Zwi—u)2 = M(fz)i—u - 2f(Xt)M§—u
2 HodMi,+2[ [V/P(X,,)dv.

which proves the formula for the bracket of M*. The remainder of the asser-
tions in the statement are obvious. O

LEMMA 3.2. If f € 2(A)NL*® and u > 0, then P,(| Vf |?) € L? and the
following relation holds:

LP,f*=2P,(fLf)+2P,|Vf *.
PrROOF. Start with the scalar product, with ¢ € €2°,
(LP,f? ¢) = (f*, L*"P,¢) = —&(f*, Py@) + (bf*, P, ¢)
= =2 [ (VF, VP¢) +2(fbf . Pye).
The first term from the right-hand side can be written as
2 [ £ (VF,VP;0) = =26(f, [Pi0) +2 [ | Vf * Plg.
Therefore one has

(LP,f2% ¢)=2Lf, fPy9)+2 [ | Vf [* Pie. 0

LEMMA 33. Ifu € 2(L*)NL*® and v € Z(A) N L*®, then the following
relation holds:

/L*(uv)dv ~0.

PrROOF. We apply the proposition from Appendix D and get
/L*(uv) dv = /(L*u)v + / u(A — b)v + 28(u, v)
= (Lv,u) + (Av — bv, u) + 2&(u, v) = 0. O

LEMMA 34. Ifu € 9(L*)NL* and v € Z;:(A) N HN L*®, then one has
[ L*(uv)dV =0.

The proof is based on the same calculation as the proof of Lemma 3.3, using
the comments at the end of Appendix D.

DEFINITION 3.1. Let A =(A,;,0 < s <t < o) be a two-parameter process.
For o € E and s > 0 fixed, we set

¢5(A) = lim E°((A, )h)/2(t ~ s),
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provided the limit exists. We say that A has uniformly zero energy if for each
& > 0, the following relation holds:

lim sup EO((AS, s+u)2)/u’ =0.

u 1

g<s<e~

It is easy to see that the sum of two processes of uniformly zero energy
preserves this property.

THEOREM 3.5. For each f € H N L™ there exist two-parameter processes
Mf=M=(M;, 0<s<t<oo)and Mf =M = (M., 0 <s <t < o0),such
that the following conditions are satisfied under the probability P°:

(i) For each fixed s > 0, the process (M$,3,, t > s) is a continuous L2-
martingale and its bracket is given by

(), =2 [ IVFP(X,) du

(i) If 0 <s<u <t, then Mi — M = M}, almost surely.

(iii) The process (f(X,) — f(X,) — M3i, 0 <s <t < 00) has uniformly zero
energy. o

(i) For each fixed t > 0, the process (M'_,,3,_,,0 < u < t) is a continuous
L2-martingale and its bracket is

(), =2 |vFREXOdL.

(i) If 0 < s < u < ¢, then M' — M' = M*, almost surely.

(iii") The process (f(X,) — f(X,)+ M, 0 < s < ¢t < 00) has uniformly zero
energy.

(iv) The processes (M§ + M!, 0 < s < t < ), (a, 0 < s < t < 00),
(B, 0 < s <t < o0),all have uniformly zero energy and the following relation
is fullfilled:

(X))~ f(X)=3M;— M~ o} +B;, O<s<t
PRrROOF. Let us first consider the case when f € 2(A)NL* is such that Af —
bf € L. Then the assertions (i), (ii), ("), and (ii’) follow from Proposition 3.1.
Assertion (iii) is a consequence of Lemma 3.6. Now, let us check assertion
(iii"). Because Bf and I'Af are again uniformly of zero energy by Lemma 3.6

(I" being defined there), all we have to prove is that af has the same property.
Squaring the relation

—M{ = f(X,)) - f(X,)+ 2] +T(Af = b(f));,
we obtain
(M)? = (f(X)) = (X)) +4(e)” + (D(Af = b(£));)?
+4(f(X,) — f(X))eai +2(f(X,) — F(X))T(ASF —b(f));
+ 4 T(Af — b(F));.
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By Lemmas 3.7 and 3.8 we know that e2(M) = e2(f(X) - f(X)) = (ps, |[VFI?),
with a uniform limit relation.

On the other hand, the assumption that Af — b(f) is bounded implies a
uniform bound I'(Af — b(f)); < K(t — s), with K a constant independent of
s and ¢. This implies that the mean value of the last two terms in the above
expression, divided by (¢ — s), tend to zero uniformly in s, as ¢ \ s. If we show
that

(%) lim sup u 'E°((f(Xgpu) — F(X))ei,,) =0,

UNO o<t

then it follows, from the above relation, that af has uniformly zero energy.
Now, let us prove relation (x). Because f is bounded and f(X) is almost
surely continuous, it follows that the random variables

Yu = Sup |f(Xs+u) - f(Xs)l

e<s<gl

are uniformly bounded and tend almost surely to zero, as u ~\, 0. On the other

hand, the random variables u~'a?,, may be expressed as

-1 _s 1
u as+u(w)=/0 hy o(w, r)dr,

where (A, , s € [¢, 7], u € (0, 1)) are random variables on the product space
(@ x (0, 1), P* ® dr), defined by A, ,(w, 7) = Pyl €0V Pysrs V)X yir)- S0
relation (x) would follow if we are able to show that the family of random vari-
ables on (Q, P°), (p,1g(Vp,, V)X, )u € [&, e 1 +1]) is uniformly integrable.
If K is a compact set and A > 0, then we have

{P.'18(VP,. VI > A} c K°U D,

where D, = {|g(Vp,, Vf)| > Ay} and y = inf{p,(x): x € K, u € [, e 1 + 1]}.
Then we may write

E°(p, 18(Vpu, VOIX L) pH8(VPus VAI(X,) > A)

<[ 1&(Vp, VOV
K°cUD,

1/2
e ([ IVFE) 4 [ 1e(pa V)

Now we choose K as large as the first term in the right-hand side is small.
Then we use the fact that the family of functions

{18(VPu, VI)|; uele, et +1]}

is L'-continuous, and hence uniformly integrable, so that, letting A be large,
the last term from above is small, too. This completes the proof of relation (x)
and of assertion (iii).
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The relation from assertion (iv) is exactly the same as in (iii) of Proposi-
tion 3.1. It may be written as

(o) F(X) = F(X,) = Mj = —5(M; + M{) — of + ;.

From this relation one sees that (M3 4+ M!) has uniformly zero energy.

Now let us treat the case of a function of f € H N L*. We can choose a
sequence {f,} C D(A)NL*> such that Af, —bf, € L™, |f .l < |flls for each
n, and lim, f, = f in H. We may do so using the resolvent (W,) generated
by A — b. This resolvent is sub-Markovian, so that f, =n W, f is a sequence
satisfying the above requirements.

For each fixed s > 0, the martingales (M f% ) form a Cauchy sequence which
has a limit denoted by M f¢. Then conditions (i) and (ii) are easily verified. To
check property (iii) we write

F(Xy) = (X)) = Mfy = [Fn(Xy) = Fu(Xy) = Mf3,]
+[(f = (X)) = (F = F)(X)]
+[Mf,, —Mf7]

The first term in the right-hand side has uniformly zero energy and the ratios
measuring the energy of the other two terms are arbitrarily small as n — oo,
by Lemmas 3.7 and 3.8. The assertions (i'), (ii’) and (iii’) are proved similarly.
The relation from (iv) passes through the limit. Then relation (*x) from above
and the following one,

f(X,)— f(X,)+ ML= 5(M; + M%) — o + B3,

show that both (M4 M?*) and (—a$+B5) have uniformly zero energy. Since (35)
has the same property by Lemma 3.7, it follows that («}) also has uniformly
zero energy. U

LEMMA 3.6. If f € L2, then the process I'f defined by T'f$ = fst f(X,)du,
has uniformly zero energy.

PROOF. A direct calculation gives

(" f(X»de)Z} 28| [ X [ (Ko de o]
- 2/: /OH P, (fP,f)(0)dt dv.

On the other hand, one has

[Py o(FP)0)| = [(Posofs PO =I5 sup [Pllecs

e<t<e 141

which leads to the conclusion of the lemma. O
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LEMMA 3.7. For each & > 0, there exists a constant C > 0 such that for any
feHNL*® ue(0,1),and any s € [&, '] the following estimate holds:

E°((f(X o) = F(X))?) = Cus(F) (I oo + I Fll + E(HYV2).

Moreover for each fixed [, the following limit relation acts uniformly in
sele, &7

Hm B2[(F(Xsu) = F(X))*)/2u = /psl v f*dv.

PROOF. Write the left-hand side of the inequality as
(Ps: Puf? = %) = 2(psf, Puf — f)
= [ [=6 Py Ps®) + (B P )
+28(psf Pof) — 2(psf, b(P,f))] de.
Because p; = P;_, 9P, /2, from estimate (11) one deduces
E(p)2<C,, sele, el
On the other hand, we have &(f2)Y2 < 2||f & (f)'/? and hence
E(Pof*)"? < Cllflloet (/).

Estimating term-by-term the above integral, one gets the inequality in the
statement. In order to prove the limit relation, we note that the preceding
expression under the integral differs from a similar one with P, replaced with
P, = I, which equals 2 [ p,|Vf|?, by a quantity that is smaller than

CAE(Pof* = 2 + (I oo + €(HVHEPf = )],
Now using relation (3), one deduces
&(P,h — Q,h)Y% < CtM2&(h)1/?, heH.

Since lim,_, £(Q,h — h) = 0, for each & € H, these estimates imply the
desired limit relation. O

LEMMA 3.8. For each & > 0 there exists a constant C > 0 such that
S+u
Bo( [ 1vrr) ae) < custh),

forany f e H, u € (0,1)and s € [&, e 1]. If f € 2(A)N L™, then the following
limit relation holds uniformly in s € [&, £ 1]:

tim 2| [ 19X de| fu= [ palvrE,
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PrROOF. For the inequality, it suffices to write the term in the left-hand
side as

s+u
[ [pdviPdvde sus(f) sup |pl

s<{<s+u

In order to prove the limit relation we have to estimate the difference
[ pdVFE= [ pdVFE = [(pe = POIVFE.
Setting h = p, — p, we write
[ BIVEE == [hfaf - [ fe(Vh. vF),
so that

fMIVfI2 —fpslvfl2 <IFlsllAf ol pe = psllz + 1 Fllo(F) 26 (D = D)V

Since p,— p, = P*__(P;_,p,—P.), from relation (12) we get a uniform estimate
that proves the limit relation in the statement. O

REMARK 3.1. If f, h € H N L, then from the formulas expressing the
brackets of M(f + h), Mf, Mh one deduces

t
(Mf5, MAS), =2 [ &(VF, VR)(X,)dt,
and a similar relation for the backward martingales,

(ML MH_ ) =2 g(Vf,IR)(X,)d.

REMARK 3.2. The martingale property and properties (ii) and (iii) in The-
orem 3.5 uniquely determine the process M f. Similarly, the backward mar-
tingale property, (ii’), and (iii’) determine the process Mf.

Moreover, both processes M f and M f are uniquely determined by their (for-
ward, respectively, backward) martingale properties, properties (ii) and (ii’),
the fact that their sum M f + M f has uniformly zero energy and the relation
from (iv) of Theorem 3.5.

These are consequences of the following fact: if a two parameter process
A = (A, |0 < s <t < o0) has uniformly zero energy and if {7,} is a sequence
of partitions of an interval [u, v] C (0, c©), with 6(7,) — 0, then

lim E< » (Ati’tHl)Z) —0,

n—oo tiETn
that is, A has zero quadratic variation.

REMARK 3.3. Evenif f € H is not assumed to be bounded, then the asser-
tions (i), (i1), ("), (ii’) of Theorem 3.5, the fact that M f + M f has uniformly
zero energy, and the relation of (iv) all still remain valid.
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4. Stochastic integration of differential forms. Let f € H N L* and
u: E — R be such that

(14) /u2|Vf|2dV < 0.

Keeping the point o € E fixed as in the preceding section, we define under P°
the stochastic integral over an interval [s,¢], 0 < s < ¢t < oo,

t t t—s _
[uXoedf(X) =3 [ wXydM;—3 [ w(X, )dM;,
(15) ’

t t
- [ w(X)dai+ [ u(X,)dB;,

S S
where M, M, a, B are associated to f. Note that condition (14) ensures the
existence in L2 of the stochastic integrals with respect to the forward, respec-
tively, backward martingales M* and M!_, as well as the finiteness of the

pathwise ordinary integrals with respect to da’ and dp?. The next proposi-
tion shows that the above definition of stochastic integral is of the Stratonovich

type.

PROPOSITION 4.1. Let f,u € HNL* and assume condition (14) is satisfied.
Let {7"} be a sequence of partitions of [s, t],0 < s < t < oo, such that 6((7,)) —
0. Then the stochastic integral is approximated in probability as follows:

/tu(Xe)odf(Xe)=,}gIOlo ¥ alu(Xy,) + w(X,, DIF(X,,.,) = F(X,)]

s tpeth

PrOOF. Each integral appearing in the right-hand side of (15) is approxi-
mated by Riemannian sums, so that their sum is approximated by

2 u(X )My, = My) = 5 Y u(X, (MG, — M)
-l u(Xy e, — )+ 2 u(Xy (B, — B,

If we set N; = f(X,) — f(X,;) — Mg, by (iii’) of Theorem 3.5 this is uniformly
of zero energy. The relation of (iv) in the same theorem tells that

N; = f(X,) - [(X,) — Mg — 20 + 2;.
Therefore the above approximating sums may be written as
>os(X,)+u(X, (X)) (X))
+ 32 (w(Xy, ) —u(X, )N, — N3

The mean value of the modulus of the last sum is dominated by the product

ol (Z(u(thH) _ u(th))2>1/2E0 (Z(kaﬂ _ ka )2>1/2,
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The first factor of this product is bounded by Lemma 3.8. The second fac-
tor tends to zero because N has uniformly zero energy. The proposition is
proved. O

The following proposition ensures the uniqueness of the forward- and
backward-martingales appearing in relation (15).

PROPOSITION 4.2. Let f € HN L* and u be such that condition (14) is
satisfied. Then the following process is uniformly of zero energy:

t t—s —
/ u(x,)dM: +/ wX, ) d,M:_, 0<s<t
s 0

PRrROOF. Assume first that f € €>° and u € ¢,. We may write each term of
the above expression as follows:

[ uxyam; = [ @x,) - u(x,)dm;
+ B @)+ u(X )M + Hw(X,) — u(X)ME,

[ pd, = |

“u(X,) - (X)) d M.,
+ LX) + u(X )M+ L(u(X,) — u(X,) M.

The square of the sum of the middle terms appearing in the right-hand side
of the above relations is bounded by

[L(w(X )+ u(X )M+ MO < [lu|2(M: + MY,

Then one uses (iv) of Theorem 3.5 to deduce that this sum has uniformly zero
energy. Clearly, each of the other terms has uniformly zero energy, too. When
f and u are in the general case, one proceeds by approximation and uses
Lemma 3.8. O

In order to give a detailed definition of the stochastic integral of differential
forms, we need some preparatory lemmas.

LEMMA 4.3. Let f!---f" € HNL>® and ¢ € CY(R") be such that $(0) = 0.
Then F = ¢(f*--- ") belongs to HN L™ and the martingales in the decom-
position of F are related to the martingales corresponding to f'--- f" by the
following formulas:

MF; =Y [ 0:6(F" - XX ) d MFE°,

i=1°%

MF; = Z/otis Gip(F )X d MFL,.
i-1
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Moreover, if u is such that the finiteness condition (14) is satisfied with each
ft, i = 1---n, then the same condition is verified with F and the following
relation holds:

[ WX )odF(X) =3 [ und(f' )Xo df (X))
S i=1 S

(The constant functions are in general not in H, so condition ¢(0) = 0 is
needed to ensure that F' is in H.)

PROOF. dJust compute the bracket of the difference

t

(wr: =3 [t oo anri)
i=1"%

taking into account the formula VF = Y d,¢(f!--- f*)Vf*. The bracket turns
out to be zero, thus proving the first formula. The proof of the second is similar.
The last formula follows from the others. O

LEMMA 4.4. If f € H N L™ is constant on an open set U C E, u vanishes
outside a compact set K C U and condition (14) is satisfied, then

/: w(X,)odf(X,)=0.

PrOOF. Each term appearing in definition (3.2) vanishes. For the martin-
gale terms one sees that the brackets vanish. O

Now, let us consider an open set U and a compact set K C U. Let f be
a function defined in U such that it is locally in H N L* [in the sense that
f.¢o € HNL* for each ¢ € C¥(U)]. Let u be a function vanishing outside K
and satisfying (14). Then we may define the integral

[ u(x,)0df (X))

S

as follows: take a function ¢ € C2°(U) such that ¢ = 1 on a neighborhood of
K and set A = ¢ f; then define

[ u(X0)odf(xX) = [ u(X,)odh(X,)

By Lemma 4.4, this definition does not depend on the function ¢. Also, if
' =f +c, with ¢ € R, then

[ u(X0) 0 df(x) = [ u(X) o df (X))

Now let us extend the last relation of Lemma 4.3. Let f!--- f* be functions
defined in U such that they are locally in H N L*™. Let V be an open set in
R™ such that the vector (f!---f") maps U into V. Suppose that ¢ ¢ C;(R")
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admits an extention as a function ¢ in C}(R") and set F = ¢(f*--- ). Then
F is locally in H N L* and the following relation holds:

[[w(X)edP(X) =3 [ usd(* - UK 0 dF (X)),
S i=1 S

for u vanishing outside K and satisfying condition (14) with respect to each
function f1--- .

Now we are able to write down the definition of the stochastic integral of
a differential 1-form o which is in L2. So let » be a measurable 1-form such
that the pointwise norm |w|(x) = |o|,(x) is in L?. We are going to define the
integral

/twodX,

such that if o is of the form w = udf, it coincides with definition (15). Let
(U;, d;);c; be a covering of E with charts. Then choose a partition of the unity
1=73,.;"V,;, subordinated to the covering and a family {o;};.; of functions in
C*°(E) such that supp o; C U; and o; = 1 on a neighborhood of supp ¥;. If for

i € I, the map ¢; has components ¢; = (qSL1 . -~q’>f\_’), we set ] = Uicbij and if
o is written on U; as o = }_; wi’jdd)f, then we define (for 0 < s < t < 00),

¢ N ¢ :
(16) [wodX=Y% [ Vo, (X)odf{(X,).
s iel j=1 s

In order to make clear the summation in the above formula, one should decom-
pose each integral in the right-hand side and separately add the components.
Writing

b(f)=dfi®),  g(vpe,vri) =dfi(vpy),

and 0 = }; V0 = 3,3, \Ifiwhjdfij, one can see that the sums of 8 and
a-components are

ZZ/: q’iwi,j(Xz)d.B(f{)Z = /st w(b)(X,)dt,
ZZ/: V0, (X,)da(fl); = /: (X Do(vp)(X,)de.

Denoting by Bwi = B, respectively, awi = of these sums, one sees that, as
in the case of expression (14), one has

1/2
E°(Var B7) < (t — s)|| @l [6] sup. 1P 1% < oo,
s=u=

: 1/2
E°(Var &f) < (t — 8)'2|| ]| .2 <f | v pel? dle) < 0.
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The sums defining «; and B} converge in the mean of variation. The sums
corresponding to the forward and backward martingale components,

t .
Moj=M; =2 % [ Vioy(X)dMF)),
i s
. . t—s .
Moi=M=Y% [ Vi, (X, )dMF),
i
converge as L%-martingales. The brackets of these martingales are
Lo
(M), =2 [ |oP(X,)dt,
Vi Lo
(M} ),y =2 [ lol(X,)de.
With this notation, relation (16) may be written as
t _
17) /wodX:%Mj_gMg—afﬂsg.

By using Lemmas 4.3 and 4.4, one deduces that the above definition is inde-
pendent of the family of charts (U;, ¢;), of the partition (¥;) as well as of the
family of functions (o). Also, because of Proposition 4.2, M{ + M’ has uni-
formly zero energy, and consequently M and M are uniquely determinated in
relation (17).

This definition may be extended. In order to do so, we are going to point
out the local character of the stochastic integral. So, let U be an open set such
that o vanishes on it and set

As,t = {Xs € U}ﬂ{TUC o6, > t—S},
for 0 < s < ¢. Define the backward stopping time
R=inf{u>0: X, , e U}

Then obviously A, , = {X, e U} N{R > t — s}. On the set A, ; the following
integrals vanish: «f, 85, (M3$),, (M!_,),_,. This implies that each term in the
right-hand side of (17) vanishes on the set A ;.

Now, let us assume that o is satisfying the weaker condition that |w| € L% .
Choose an increasing sequence (U,,), of relatively compact open sets such that
E=U,U,. Then 1y || isin L2, so that the integral of the form 1y o is well
defined. Then we define the integral of w by the limit

/twodxzhgl/twnwodx,

on the set {¢ < {}. The sequence of integrals in the right side is stationary
almost surely on this set, because it may be written as a union

{t <&y =U{t < Ty}



STOCHASTIC INTEGRALS OF 1-FORM 25

and on the set {¢{ < Ty.} the integrals corresponding to m’s greater than n
all coincide. In fact, all the component sequences are almost surely stationary.
Let us set

t
B(w. O = Lygy | w(B)(X)dE = 1 lim B(Ly, w);.

a0, O =1y [ PP O(VPIX) Al = 1y, Tima(ly, ),
M(w, {); = Ly lim M(1y, o);,
M(w,{); =14y lim M(1y, »);.
Of course, we have

t —
18) Ly [ wod X = M(w. 0 - }M(w. 0, - a(w, 0); + Bo, O

REMARK 4.1.  For s fixed, the process (M(w, ()7 ,t € [s,00)) is an L?
martingale, with T, = Ty., n € N. The process (M(w, {){, t > s), however,
is not necessarily a local rrnlartingale, because lim, T, = ¢, which in general
is different from oo. Instead, the process {M(w, {):_,, Sy_u, u € [0,¢)} is
a local martingale with parameter set [0, ¢) (¢ fixed) This is easily checked,
taking into account that {¢ < {} = {X, € E} € ¥ and using the reducing
sequence of backward stopping times R, = inf{u € (0, ¢): X,_, € U%}, (under
the natural convention inf & = ¢).

5. Limits of stochastic integrals of 1-forms. In this section we are
going to study the possibility of taking the limit as s \( 0 or ¢ / { in the
integral

ftwodX.

We approach this limit on the components of stochastical integrals. In order
to do so, we need a jointly continuous [in (s, ¢)] version of each component.
The following simple lemma allows us to assume that the components of the
stochastic integral are always jointly continuous.

LEMMA 5.1. Let (Q, &, P) be a probability space, S < T two real-valued
random variables and (M3;, S < s <t < T) a two-parameter real-valued
process defined on the random interval (S, T']. Assume that for each fixed s the
process (M;,s <t < T) is continuous on the set {S < s < T} and for each
triple u, s, t such that u < s < t, the following equality holds almost surely on
the set {S <u,t<T}:

MS = MY — M".

Then the process has a version which is jointly continuous in (s, t) and the
above relation is satisfied everywhere.
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A two-parameter process as in the conclusion of Lemma 5.1 will be called
smooth in what follows.

THEOREM 5.2. Let w be a differential form such that |o| € L% and suppose

loc
that U is an open neighborhood of o such that the following conditions are

satisfied with T = Ty., the hitting time of U°:

T
(1) f lw2(X,)ds < oo P° almost surely,
0

T
(i) / P o(Vp)|(X,)ds < oo P° almost surely.
0

If we choose a smooth version of the stochastic integral and fix t > 0, then the
following limit exists and is finite P° almost surely on {t < {}:

t
(iii) lim [ wodX.
S\O S

PROOF. By the above lemma we may suppose that all components of the
integral in (iii) are smooth on the set {t < ¢}. Condition (ii) ensures the
existence of the limit

li M
31\1}3 0[((1), g)t

and similarly, condition (i) together with the inequality |w(b)| < |w|,|b]|, en-
sure the existence of the limit

lim B(w, ¢);.

The process (M(w, {)!_y,3,_,, u € [0, t)) is a local martingale. Its bracket on
[0,¢) is

! 2
1{t<§}/0 |w| (Xt_g)dﬁ.

Condition (i) ensures that it is P’-almost surely finite. This implies the exis-
tence of the limit lim,. o M(w, ).

Now, let us look at the process (M(w, )i, s € (0, t]). Take V, a relatively
compact open set, and put R = T'y.. Then we have

M((‘)7 g);%/\t = M(le);B/\t’

which is an L2?-martingale for any fixed s > 0 and ¢ € [s, o). On the set
{¢t < R} one obviously has

lsi\rB M(w, ) = 131\1‘% M1y o)z,

whenever one of the limits exists. On the other hand, condition (i) leads to the
fulfillment of condition (iii’) of Lemma 6.2 for the process {M(1lyw)i, 0 < s <
t}. This lemma implies the existence of the limit in the above right-hand side.
Since V is arbitrary, this completes the proof. O
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As we remarked in Section 4, the stochastic integral of a form w has a
local character. Now we underline this aspect by remarking that if we restrict
the process to an open set U (by killing at the boundary), then the stochastic
integral of w); made with this process coincides with the stochastic integral
of w made with the global process before the first exit time 7' = T'.. So, if
U is a small open neighborhood of o, which is included in a chart, it can be
included in RY. Then the infinitesimal generator L,y may be extened to RN
such that it satisfies the conditions of Section 8. By Theorem 8.1 we get the
following result.

COROLLARY 5.3. Suppose that the form w is such that |o| € L2 and

loc
1IAT
/ fl(s)|w*(X,)ds < oo P°-almost surely,
0

where f € C1((0, 1]) is a function with the following properties: f > 0,

lim sup f(s)|Ins| < oo,
s\0

/01|f/(s)||lns|ds< 0.

Then the conclusion of the above theorem holds.

Remark that, because of Aronson’s estimates, the condition in the above
corollary is satisfied if 1;|w| € L? for some neighborhood U, p > N and
f(s)=Ins|2.

Now, let us direct our attention to the case where w is of the particular
form w = df for some f € H. It is not difficult to see that for such a form the
stochastic integral is expressed as

[wodX = f(X) - F(X,).

(To check this, it suffices to take first f € C>° and then to make an approxi-
mation.) The existence of the limit as s N\ 0 is equivalent to the existence of
the limit lim__ , f(X,), under P°. Let us suppose that this last limit exists
P°-almost surely. By Blumenthal’s 0-1 law, it should be a constant; denote it
by £. Then, for each & > 0, consider the set

U.,={xeE:|f(x)—¢| <€}

The first exit time 7' is strictly positive under P°, because of our supposition.
In other words U, is a fine neighborhood of o and this tells us that f admits
¢ as fine limit in o. Thus the above results offer us criteria of existence of fine
limit of a function at a point, in terms of its (generalized) first derivatives.
If the function |df| = |Vf]| is in L°(U), for some open neighborhood U of o,
with p > N, it is known by Sobolev estimates that f admits a limit in the
ordinary topology. This agrees with the above remark, which ensures only the
fine limit of the function. However, the above results offer more insight in



28 T. LYONS AND L. STOICA

cases where f is not continuous. So, let us consider the classical case E = R?
and L = A (Laplace operator = Zf‘L d%/3x'?) when the process is Brownian
motion. We consider a kind of Lebesgue spine or thorn set,

Cs={(x,5,2) €R% x> 0, (37 +2)2 < exp—x7).

Define a function f: R® — R by setting r = (x2+ y2+2%)"/2, § = arctan(y?+
22)V2/x, x > 0 and

f(x,y,2) =r*(In1/6)*/%s

for x >0and 6 <1, and set f(x,y,2)=0if x <0or 6 > 1.

We assert that

li inf =1.
lim inf | f(x,y,2)

To see this it suffices to treat only the points in the plane z = 0, because of
rotational symmetry around the x-axis. Let us look in the plane z = 0 at the
graph of the function y = exp —1/x°. For small values of 6, the line y = tan 6x
intersects the graph. Let (x(8), y(0), 0) be the nearest intersection point. This
point is in the boundary of C;s. The coordinate x(6) satisfies the relation

+x(9)51nL =1

1
6 [
*0)'In 755 tan 0

This relation shows that if § — 0, we have x(#) — 0, and hence
x(0)°In1/x(6) — 0, which leads to x(6)°In1/tgf — 1 or x(6)°In1/6 — 1.

On the other hand, the relation y(60)/x(6) — 0 (as § — 0), implies
r(0)/x(0) — 1. Therefore we have

£(x(6), y(6),0) = r()*(n1/6)*® -1, 6 — 0.

This proves the assertion.
Moreover, by a straightforward computation, one can prove that for a« < §/2,
the following relation holds:

o8 [ [ aner1axly f|2<Xt)dt] < oo,

with B the unit ball. This relation implies the finiteness condition of Corollary
5.3 with o = df, and hence f is finely continuous at 0. Thus the preceding
reasoning offers a proof of the fact that Cj is thin at 0.

Now we continue with a discussion of the limit of the stochastic integral
when ¢ tends to the lifetime of the process . If |w| € L?, then all components
M:, M!, f, B are continuous in ¢ when s is fixed, and so the existence of the
limit of the stochastic integral as ¢ / { is automatic on the set {s < { < co}.
It remains then to investigate the existence of the limit as ¢ ,/ co on the set
{¢ = oo}. If w is such that |w| belongs only to L2 , the stochastic integral is
defined up to ¢ and it is a consistent problem to study the limit at {, on the
finite as well on the infinite part. The next theorem offers a criterion.
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THEOREM 5.4. Let w be such that |w| € L12Oc and satisfy the following con-
ditions for certain s > 0:

(1) / lo|?(X,)dt < 0o P°-almost surely,
(i1) / |lo(b)|(X,)de < oo P°-almost surely,
(iii) / pHo(Vp)(X,)dt < oo  P°-almost surely.

If a smooth version of the stochastic integral is choosen, then the following limit
exists and is finite P°-almost surely on the set {s < {}:

t

lim [ wodX.
t/¢ Js

[Remark that in the above three conditions the integral is in fact taken only
on the interval (s, {).]

PROOF. We look at each component appearing in relation (17). Conditions
(ii) and (iii) imply the convergence of terms «f and B7. The forward martingale
component M(w, {); is like a local martingale and condition (i) ensures that its
bracket (M?), is almost surely finite. Then it is easy to deduce the convergence
of this component. Now let us look at the backward martingale component,
M(w, {)L. Define for 0 <u <v <1,

N =ME" on{s < { < oo},

Ni=0 on {{<s}U{{=o0}.

Because ¢ is a stopping time for the backward filtration, it follows that ({ —
u)vs is alike. Then it is not difficult to check that the process (N¥) with
the filtration &, = 32 —u)vs satisfies conditions (i'), (ii), (iii’) of Lemma 6.2.
Therefore, the following limit exists almost surely on the set {s < { < co}:

: i AW

11}{% Ny = }}{% M 1y = }}}I} M s
Since one has M L= M z r—1vs T M ffﬁl)vs (we assume that a smooth version
was choosen), the desired conclusion is obtained on {s < { < oco}.

In order to get the same result on the set {{ = oo} one should again use
Lemma 6.2. However, another method of reversing the time should be em-
ployed. Let ¢: (0,1] — [s,00) be a bijection (order reversing), for example,
¢(t) =s—1Int. Define for 0 <u <v <1,

Ny = My;) on {{=oc},
N¢ =0 on{{ < o0},

and 4, = ¥ ,). We get the existence of the desired limit as before, thus
completing the proof. O
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We complete this section with some remarks concerning possibilities of
checking the conditions (i), (ii), and (iii) of the theorem in concrete situations.
Let us suppose that the process is transient and denote by U its potential
kernel

Uf(x) = E* </0°O f(Xt)dt).

If there exists a compact set K such that
U(1lg|ol*)(0) < oo,
U(1ge|o(b)[)(0) < oo,

then clearly conditions (i) and (ii) follow.

Now let us assume that the semigroup P, is symmetric and its density p,
satisfies an estimate of the following type: || p;|.. < ct~%/2, for large t, with
some constant d > 0. Also suppose that |w| € L2. Then we write

([ ptlepoiXode) = [~ [l(vpolav e
1/2

< </|w|2dV>l/2 fSOO(prAZdV) de

The tail of the last integral may be majorized by a series

O\ V2 e , 12
([1onP) aesxe([" [1vnpae) .

Because of the relation

d _d 2 9
Zpau(0)= = [ pE==2[1Vp,L,

it follows that the preceding sum is dominated by

C Z 2n/227nd/4.

n>ng

on+l

>

n=n

If d > 2, this sum is finite and condition (iii) follows.

6. Technical probabilistic lemmas. In this section we prove the prob-
abilistic arguments used in the proofs of the limit theorems of the previous
section.

LEMMA 6.1. Let (0,3, P) be a probability space and 3, s € (0, 1] an in-
creasing family of sub o-algebras. Let (Mi, 0 < s <t < 1) be a jointly contin-
uous two-parameter process satisfying the following conditions.

(i) for each fixed s € (0,1), the process (M,3,, t € [s,1]) is an L2-
martingale.
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(i) For 0 < u < s <t <1, it satisfies the next relation
Mi =M} — M; everywhere.

(iii) limg o E((M3)?) < oc.
Under these conditions, the following lim ¢t exists almost surely and in L?:

lim M3.

s\0
PrOOF. Remark that relation (ii) above implies that M = 0. Also from

relation (i1) and the martingale property, it follows that
E((M})*) = E(M3)*) + E(M})?).

Therefore the limit in (iii) is increasing. Let us take a sequence s, — 0 and
set H, =M i”. By the preceding relation we deduce

12
nllg

2
92

I _ a2 — a2 sl
[ Hupp — Hylly = | Ms," |l = | M{"" ||y — | M7"|

which shows that the sequence (H,) is a Cauchy sequence in L2, and con-
sequently it has a limit H. Then we put H, = H — Mj and assert that the
process (H,, 3, s € (0,1]) is an L?-martingale. First, the relation

H, = lim M} — M5 =lim M*,

n—o0o

shows that H is J;-measurable. Then, for 0 < s <¢ < 1, we have
E(Ht - Hs|3s) = E(Mﬂss) =0.

We conclude by the usual convergence theorem for martingales, that lim,. o H,
exists almost surely and in L2, which implies the conclusion of the lemma. O

LEMMA 6.2. Assume that condition (ii) of Lemma 6.1 remains valid and
conditions (i) and (iii) are replaced by the following ones.

(") The process (M3},S,, t € [s,1]) is a local martingale for each fixed
s € (0,1).
(ii") There exists a sequence s, \ 0 such that

lim (M%), < oo almost surely.
s, \\0

Then the following limit exists and is almost surely finite:

M =1lim M.
s\.0

Moreover, there exists a strictly positive stopping time T > 0 (almost surely)
such that the following limit relation holds in L?:

: sAT _ —
lim(M"" — M) =0.

(Note that M is not necessarily in L2.)
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PROOF. Let us denote K =lim,_, (M?*),, where (s,) is choosen such that
s, \« 0. We assert that there exists a continuous, increasing and adapted
process (K, s € [0, 1]), such that K, =0 and

Ks =K - (Mf>1>

almost surely.
It suffices to define the process K™, which has the same increments on the
interval (s,, 1], by

Ki=K—((M>"); = (M]"),), 8> sy.

Clearly this process is continuous and increasing. To see that it is adapted one
uses the relation

Ky =Hm(Mm), — ((M2)]),
which by condition (2) becomes, for m > n, equal to
lml (M), — ((M2) [1)] = lim (M*),.
If m > nand s € (s, 1], then K7* = K7, almost surely. Then one may define a
continuous, increasing and adapted process (K, s € [0, 1]) such that K, =0

and K, = K? almost surely for s € (s,, 1]. Now, let us define the stopping
time,

T =inf{s e (0,1]: K, > 1},
(with the convention inf & = 1). Then set
N? = M(st/\T)\/s’

obtaining a process which clearly satisfies condition (2) of the preceding
lemma. Let us check conditions (1) and (3) now. From the relation

K,— K, = (M), — (M!), = (M?),, 0<s<t=<l,
it follows that
(N =(M})pys=Kpys— K< Kp <1,

almost surely, which implies that E((N3)?) < 1, checking conditions (1) and
(3). By the preceding lemma, the following limit exists almost surely and in
L2

N = lim N¢.
s\0

Because M7 = Nj, we may write M = Nj + M Tvs_ On the other hand,

because T' > 0 almost surely, it follows that limg o M fvs = M7 almost surely
and consequently

M= h\IB M$ =N+ MT almost surely.
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The first assertion of our lemma is proved. Further, noting that N7 = M ‘}AT,
we have

M = N5+ M7,

This relation, together with the preceding one, leads to the second assertion
of the lemma. O

7. The case of a negatively curved manifold. Let us suppose that £
together with g is a complete and connected Riemannian manifold, V is the
volume measure associated to g and L = A, so that the associated process
is symmetric. Let o € E be fixed and denote by r(x) = d(o, x), the geodesic
distance between x and o. Assume further that the sectional curvature % is
negatively bounded: —b < k < —a, with two constants 0 < a < b < co. Under
these assumptions it is known that there exists a constant 6 > 1, such that

(19) 671 < li¥ninfr(Xt)/t <limsup(X,)/t < 6,
=00 t—o00

almost surely and a constant y > 0 such that the volume of a ball B centered
at o and of radius § satisfies a growth bounding condition such as

(20) V(B;) < Ce".

A result of Li and Karp [9] ensures that the process is conservative; that is,
P,1 =1 under this growth condition. The stochastic calculus under an infinite
measure such as PV was presented in [14] and [13]. Clearly, the definition of
the stochastic integral of 1-forms coincides with that presented in Section 4.
The following theorem offers a strong control over the rate of convergence of
the stochastic integrals of forms.

THEOREM 7.1. Let w be a bounded differential form such that the function
¢: (0,00) = R, defined by ¢(t) = sup{|w|(x)/r(x) > t} satisfies the condition

/OOO o(t) dt < .

Then the following limit exists and is almost surely finite:

¢
lim | wodX.

t—o0 JQ

Moreover, the oscillation of the stochastic integral over the interval [2", 2"F1]
is asymptotically almost surely dominated by

gn+l

t
OSCantferl (Ln wodX) < C o (,0(0_1 t)dt

PROOF. Under the measure PV, the stochastic integral is written as the
difference of a forward and a backward martingale, that is, the finite variation
term « disappears (the term B disappears, too, because the drift b vanishes),

t _
(%) ItzfowodXzéM?—%Mf).
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Let (A,) be a sequence of nonnegative numbers to be specified later to suit
our proof and set

T, =inf{t > 0/r(X,) = 62"},

27!
Q, = {r(XO) <62",2" <T,, . |w|2(Xt) dt < K, ,08C_gn-1-4-on(I;) > An},
on- ==

27[
K, = sz ©2(071t) dt.

Observe that in the definition of ), only the condition concerning the oscil-
lation of I, is nontrivial asymptotically, because relation (19) implies that for
PV-almost surely for large n and ¢ one has 2" < T, and

lw|(X,) < @(67').

Now we are going to estimate the PV-measure of ()" by using the method
of Takeda [22]. The Dirichlet space associated with A, V and the Neumann
boundary conditions generate a semigroup and a process on the closed ball
By Until the first hitting time of the boundary this process coincides with
the process we already have. The advantage of the new process is that its in-
variant measure is the restriction of V to Byy., which is a bounded measure.
Let us denote by u, this measure normalized such that it becomes a prob-
ability measure and write P#» for the associated probability measure on the
path space of the process with Neumann conditions. Under P*», the stochastic
integral I, preserves the above decomposition (x) with the same forward and
backward martingales so that we may write

PV (Q,) = V(Byg) P#*(Q,) = V (Byr)

A 3 Fon
x PhHn (oscznlﬁtfzn(M?) > A, or oscoitﬁm(M%,_t) > Ay;

[ loP(Xode < K, ).
By Lemma 7.2 we have
Pr(Q,) < C(VK,/A,) exp—(A5 /2K )
and hence, on account of (20), we get
PY(Q,) = C(VKn/A,) exp[y62" — (A7/2K,,)].
In order to make convergent the series

> PY(Qy),

we choose A, = 7,/2"K,, with 7 > 2y0. It follows by a Borel-Cantelli argu-
ment that for large n we have

08Con-1<y<on(I;) < Ay,.
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Because obviously K, < 2" 1¢(67127"71)2 it follows that
2"
M=C [ e(o7ldt,
2n—1
and hence

> A, foooqo(t)dt< 0.
- 0

The assertions of the theorem clearly follow from these estimates. O

LEMMA 7.2. Let (O, 3,5, P) be a filtered probability space and (M,) be a
continuous martingale. Then the following inequality holds:

P(0sco_se M, > A; (M), < K) < C(VK/\)exp—(12/2K).
For the proof, see [11], page 80.

Another criterion for the existence of the limit of a stochastic integral for
large t is the following proposition.

PROPOSITION 7.3. Let w € L? be such that r|w|* € L. Then the following
limit exists and is PV-almost surely finite

t
hm/ wodX.
t/100J(Q

PROOF. Let us set A, = {x € E: 67!t < r(x) < 6¢} and compute

EV</O 1At|w|2(Xt)dt) =/ /At ||>dV dt
- f(e AT
Again we look at the decomposition (). The bracket of M (and of M) is finite
(M%) = /OOO |o|?(X,)dt < oo almost surely,
because its tail coincides with the tail of the integral
[ ol X de,

which is almost surely finite according to the above computation. To be more
specific, let us denote by

T = sup{t: r(X,) < 671t or 0t < r(X,)}.

By (19), we know that T' < oo almost surely. On the set {T' < ¢} one has
14,(X;) = 1, almost surely, and this fact ensures that the two tails coincide.
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The finiteness of the bracket suffices to conclude the convergence of the
forward martingale

lim M.
t 00

It remains to treat the backward martingale. Set B, = 1, (X,) and observe
that the process (B,) is previsible and B, = 1 almost surely on the set {T" < ¢}.
Note also that ¢ —T on {T" < ¢} is a stopping time with respect to the filtration
(7., uel0,t]). Let us put

t—u>
_ t—s _
N.ZZ/(; Btfu duMi—u
Certainly we have N% = M’ almost surely on {T < ¢}. The bracket of N is

_ t
(Nidu= [ BloP(X))dt

and it follows that
sup EV((N'_),) = (6 — 0-1)/ rlo2dV < oo.
t

Now, choose a smooth version of N and inverting the time with a bijection
¢:(0,1] — [0, 00), apply Lemma 7.4. This implies, almost surely, the existence
and finitenes of the limit

lim N},

t—>00
Because for smooth versions one has (on {T" < ¢})
Mi=M5y+ MY,  Ni=N,+N{,

it follows that

lim M} = M} + lim N} — N{. O

t/100 t /oo

LEMMA 7.4. Let (Q,3, Q) be a measure space with a filtration (3, t €

(0, 1]) such that @ is o finite with respect to each o-algebra ;. Let (M3, 0 <

s <t < 1) be a continuous smooth process such that the following conditions
are satisfied:

() M is 3, measurable, E((M?)?) < oo, and the martingale relation
E(Mfz; A)= E(Mfl; A)
holds for any 0 <s <ty, <t3 <1, Ae3,;
(i) My = M;, — M5 ;
(iii) limg o E((M3)?) < oc.
Then the following limit exists in L? and almost surely:

lim Mj3.

s—0
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ProOOF. First note that for 0 < s <¢ < 1 one has
E((M3)*) = E(MY)*) + E((M})).
This and condition (3) imply that
lim E((M; ~ M})?) = lim E((M3)?) = 0.
Thus we have obtained the existence of the L2-limit,
MY = 151{% Ms.

For the almost sure convergence we introduce the variables MY = M9 — M.
One easily checks that M? = limg. o M7 and then deduces that (M 9.9, te
(0, 1]) is a generalized martingale in the sense of (1).

The problem is that the restriction of @ to %, is not known to be o-finite.
Therefore we consider the process ((M?)?,.%,), which is a generalized sub-
martingale. Doob’s down-crossing inequality applies to it and gives the almost
sure convergence, completing the proof of the lemma. O

Without assuming that the curvature of the manifold has an upper bound,
we may obtain another criterion based on Theorem 5.4 and an estimate of
Li-Yau [10]. The result of Li-Yau assumes only that the Ricci curvature is
bounded from below by a constant — K, with K > 0. Then it states that any
positive solution u of the equation Au — d,u = 0 on [0, c0) x E satisfies the

estimate
vu\?  Au _ Na(1 N K
u U2\t 2a-1)

where « is an arbitrary constant such that « > 1. As a consequence of this
estimate, we have the following lemma.

LEMMA 7.5. If f: [1,00) — R, is such that floo f(t)dt < oo, then the fol-
lowing integrability condition holds:

E[/:O £(H)IVIn pt|2(Xt)dt] < 0.

PrOOF. The proof follows from the preceding estimate and the following
relation

o Apt _ —
E [E(Xt)} _prth_o

In order to prove this relation we first apply Theorem 6.3 of [18] and deduce
that Ap, € L. Then we write p, in the form

D= U)\()Dy
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with ¢ = (A — A)p,, so that Ap, = —¢ + AU, ¢.Then one takes a sequence
(¢,) C €, such that 0 < ¢, <1 and ¢, / 1 and writes

//\U/\@ = ,}Lrgof¢nAUA¢ = r}gngofwAUAwn = /<p-
The last equality is a consequence of the fact that AU,1=1. O

This lemma and Theorem 5.4 immediately lead to the next corollary.

COROLLARY 7.6. If w € L?_ and f:[1,00) — R_ is strictly positive, de-

loc
creasing, and the next conditions are satisfied,

/oo f(t)dt < oo,

1

/OO fl(t)|w*(X,)dt < oo P°-almost surely,
1

then the following limit exists and is P°-almost surely finite:

t

lim | wodX.
t/00J1

Compared with Theorem 7.1, this corollary has a more general hypothesis.
However, the conclusion of the theorem is more precise.

8. The case of a divergence form operator in RY. In this section we
suppose that E = RY, N > 2. First, we recall some well-known results of
Aronson and Nash and refer to [20] for an elegant, concise exposition on this
subject. Let a = (a) be a measurable N x N matrix, p a measurable function
and b = (b*) a measurable vector field on RY. Assume that the following
conditions hold:

(21) %|§|2 <Y a¥(x)E¢l < A¢*: x, £ e RY,
i,J
1 N
(22) XSp(x)sx\:xe]R,
(23) |*(x)| <A:x e RN E=1...N,

with some constants A > 1, A > 0. The operator
1 Jd . d
L=-Y —pa’— + > b*
k

P dxt dxJ

Jd
dxt

generates a Feller continuous conservative semigroup (P,) which admits a
density p,(x, y), with respect to the volume measure V(dx) = p(x) dx. This
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semigroup is strongly continuous on both L%(dV) and H = Wé’Z(RN ). The
density satisfies the estimates

1
(24) € " uye(x = ¥) = px, y) = CeMqu(x — y)

for each (¢, x,y) € (0,00) x RY x RY, where q,(x) = (47t)"N/2 exp —|x|2/4t
and C,0 > 1, n > 0 are constants which depend only on N, A and A (see
I1.3.8. of [20]). As a function of (¢, x, y) the density p,(x, y) is locally Hélder
continuous. More precisely, the following estimate holds:

\/lt—slle—x'lvb’—y'l)“
5

@) Ipe) - =0
for all (¢, x, v), (s, 2, y) € [6, 1/6]XRNX]RN, with constants C and « dependent
only on N, A, A and 6 > 0. This estimate is presented in Appendix B. If b is
identically zero, then the semigroup is symmetric and the above estimates
(24) hold with n = 0.

Now we are going to prove an estimate for the gradient of the density, which
turns out to be suitable for the local treatment of stochastic integrals of forms.

THEOREM 8.1. Let f € ¢1(0, 1] be a function such that f >0,

v :=limsup f(s)|log s| < oo
s—0

and

1
/ If'(s)log | ds < oo.
0

Then there exists a constant M which depends only on N, A and A such that
the function p;(y) = p;(xg, ¥) satisfies

t 2
/Of(l)/%dle
< M|y-+ F(loge] + 1) + [ 1F@Iogl] + Dl + [ @) di,
for each fixed xy € RN and t € (0, 1].
PrOOF. For o € (0,1) and x, € RV, set
r, = {¢=%/07P7¢dl:/:¢e£c(RN), ¢ >0,
/dde =1, supp ¢ C B sz(x,), 7€ (0, 0')}.

Take € > 0 and ¢ € I', and define
F,=f()P;dlog(P; + €).
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By Lemma 8.2, one concludes that F; ¢ Ll(IRN ). Applying the Leibnitz—

Newton formula on an interval [s, ] C [0, 1] and then integrating with respect
to V one gets

F(t) [ Piglog(Pid+e)dV — f(s) [ Piplog(Pip +€)dV
_ /: £(0) [ Pidlog(Pié +e)dV dl

+/: f(1) [(L*P;$)log(P; ¢ +€)dV dl

t P?d) * PD*
+/s f(l)[PMJrGL Pi¢dV dl.

We are now going to analyze each term of this relation. The function L*P;¢
is absolutely integrable because it equals

1 * *k
(*) L*P7¢=;Pz(PT¢—¢)a

if ¢ is expressed as (1/7) [, P;¥dl and ¢ satisfies the conditions in the above
definition of I',. Since [L*P;¢dV = 0 and log(P;¢ + €) — loge € H, the
second term of the right-hand side of the equality can be written as

‘ VPi¢[? ‘ P
—/S f(l)/'Ple'E dle+/S f(l)/Pf(;(ieb(PM)dle.

The first term in this expression converges, as €, s and o tend to zero, to
the left side of the estimate we have to prove. So, in order to obtain the de-
sired estimate we are going to let ¢ — 0 and bound the other terms in the
above equality. The left terms as well as the first on the right of the relation
are bounded by Lemma 8.2. Let us look at the last term in the above rela-
tion. Letting € — 0, on account of the expression of L*Pj¢, what we have to
estimate is

[ [ P~ Pwyarav
= (X roppwa— [ ryp
T t s

[0 - Fa+ )P dZ} av.

Since [ P;idV <1, the absolute value of this expression is dominated by

1 pt+7 t+7 ’
;/t f(l)dl+/s £/ dL.
Further we have to bound the following term:

AVNA [t |VP; |
o [ s P

=<

[ 1 [upisava

1 %k
dV+5/qude> dl.
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Choosing 6 = 1/AvV NA and concluding all the above calculations, as € — 0
one gets

/f(l)/'V P gv ai

< M[f(t)(l log | +1) + f(s)(log sl + 1)+ [ IF()I(|log| + 1)dl]

NAA

w2 [T rwars [Tir@nas M5 [ roa

Now, with s and ¢ fixed, we choose two sequences o, — 0 and (¢,), with
¢, € I', and pass to the limit, taking into account Lemma 8.3. Finally the
estimate of the statement is obtained letting s — 0. O

LEMMA 8.2. There exists a constant M = M(N, A, A) such that
[ Pidl1og PgldV < M(|logt] +1),
forany ¢ €T, and 0 <o <t <1.

PrROOF. If0 < u < o <t, one deduces from (24) that

pt+u(x> y) = 2N/20q20t(x - y)7

and hence, with ¢ corresponding to ¢ and using the notation (Q,) for the
semigroup with density q,(x — y),

P;¢(x) < 2V2CQqp, ().

Now, let us examine the function u — wulogu. It is decreasing on (0, e!],
increasing on [e™!, c0) and its minimum at e~! is —e~!. This shows that

(%) ullogu| < v(]logv| + 1),

whenever 0 < u < v. Therefore, what we have to estimate is

| @auvrllog Qg dix.

If |x — x¢| = 24/0 and |y — xy| < /7, one has 2|x — y| > |x — x|, which implies
@20(x — ¥) < 2N gy (x — x¢).
Since supp ¢y C B /;(x), one deduces for |x — x| > 2./0,
Qoo (%) < 2V gy (x — xo).

On the other hand, for |x — x| < 2./0 obviously,

Qo (%) < (8m61) N/
holds. By using again the inequality (xx), it remains to bound the integral

[ su(x)110g asye(x - x0)| dx
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on the complement of the ball B, /7 (x,), which follows by a direct computation.
The integral over this ball is easily bounded because o < ¢. O

LEMMA 8.3. Let xy € Ry and I', be as in the proof of Theorem 7.1. Take a
sequence o, — 0 and ¢, €', for each n € N. Then

n—oo

t
lim / /|V(P}"q’>n —p)|2dVdl=0,
forany 0 < s <t < oc.

PrROOF. Because of continuity of the density p;(:, x), it follows that
Pi¢,(x) — p;(x), for each x € RY. On the other hand, the upper estimate in
(24) implies convergence in L2. This holds uniformly for [ € [s, ¢] because

IP;¢n — pilla = | Pi_(Psd, — P2 < Cll P, — pslla — 0.
Then, by the same argument as in the proof of Lemma 2.2, one has for 4 € L2,
t t
/ /|VP7h|2dle < /(P:h)QdV+/(P§‘h)2dV+A2/ /(P}‘h)Zdle.

This inequality, applied to & = P{y¢, — py on the interval [s/2,¢ — s/2],
concludes the proof of the lemma. O

As we have mentioned, if 6 = 0, the semigroup is symmetric and the esti-
mates (24) hold with n = 0. This fact enables one to prove a result similar to
Theorem 8.1 concerning the behavior of Vp, for large ¢. The next theorem is
one such result. The key point is that Lemma 8.2 extends to ¢ € [, 00). (In
fact, all the reasoning used to prove Theorem 8.1 extends even to the case of
a general manifold E, except for the estimate contained in Lemma 8.2)

THEOREM 8.4. Assume that b =0 and let [ € €1([1, 00)) be such that
y =limsup f(#)log ¢ < o2, /100 £/ (1) log £ di < oo.
Then the following relation holds:
[7 1o [ avar < My + poog e+ + [ IFOltog 1+ |

with p; = p)(xy, y), xo fixed arbitrary in RN, t > 1 and the constant M de-
pending only on N and A.

From Theorems 5.2 and 8.1 one deduces a result concerning the limit at
zero of stochastic integrals of forms. It is contained in Corollary 5.3. Similarly,
by Theorems 5.4 and 8.4 one obtains the following result.
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COROLLARY 8.5. Assume that b= 0and o € L2, (RN) satisfies the following
condition:

l[wf‘VSNwF(X;)dS<cw,

P-almost surely, with a function f € C([1,00)) such that f > 0,
limsup, . f(f)Int < oo, f1°c|f/(£)|lnﬁd€ < o00. Then the following limit
exists and is P%-almost surely finite:

¢
lim/ wodX.
1

t—o00
APPENDIX A

Proof of Theorem 2.1. The method of our proof consists in obtaining
first locally the properties stated in the theorem and then deducing the global
assertions. Let (U, ®) be a chart on E such that conditions (i) and (ii) are
satisfied on it. To simplify the notation, we identify the set U with its image so
that we look at U also as a subset of RY and extend the functions g; 89, p, b
in RY and assume that conditions (i) and (ii) are uniformly satisfied on RY and
the extension of b is uniformly bounded. Let g;;, g, p', b be these extensions

and define in RY the operator
1 9
7 p/ 07xi

0 .0
g’ b —.
re o7xJ+lZ. oxt

L' =

As mentioned in Section 8, the semigroup generated by L’ in L2(RN ,dV')
admits a density p;(x, y) which satisfies estimates (24) and (25). In particular,
the semigroup (P;) generated by L’, has strong Feller property and generates
a diffusion process in RY. On the other hand, the weak solutions of L’ produce
a harmonic space in the sense of Brelot (see [7]; Theorems 8.20 and 8.30 are
particularly useful in checking the axioms). It turns out that the notions of
balayage in the sense of the harmonic space and of the process coincide. For
example, if N > 3, one checks that the potential kernel

& = [ [ pe »f(dtVidy)

transforms each function f € KC(RN ), f = 0 into a potential with respect to the
harmonic space. In general, if D € RY is a bounded open set and f € <. (D),
f = 0, then the function © which solves the problem

L'u=—f in D,
u=0 ondD,

is a potential in D. This is observed first for open sets with smooth boundary
and then follows for general D by approximation from inside. Therefore, we
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have
u(x) = E[fOT f(Xs)ds} xeD,

where T' = T p.. The part of the diffusion X in D admits a density which we
denote by p?, density that is related to p, by the equation

pP(x,y)=p)(x,y)— E[p,_(Xp,y); T<t], =« yeD.

The main point is that if D c U, then the function p? is uniquely determined
by L viewed as an operator in D and is independent of the extension L’. (The
function p? is in fact the fundamental solution of L — J, with zero boundary
conditions on ¢D.) From the above formula one sees that p” is continuous
on (0, 00) x D x D and also satisfies the inequality p?(x, y) < pj(x, v). This,
together with the estimate (24), implies that p? may be extended for ¢ €
(—o00, 0] with the value 0, obtaining a lower semicontinuous function on R x
D x D which is continuous outside the set {(0, x, u) | x € D}.

Concluding, we deduce that the part of X on U is a diffusion on U generated
by L and if U’ is another chart domain satisfying (i) and (ii), the two processes
on U and U’ produce by restriction on U N U’ processes having the same
transition function. Then, by a result of Courreége—Priouret [4], one gets a
diffusion on E such that its part on each chart domain U as above has the
transition function expressed with the density pU as pY(x, y)V(dy),x, yeU.
The transition function of the global process X given by this result is uniquely
determined. In fact, this transition function corresponds to the semigroup (P,)
generated by L. To see this, one should use the fact that locally the process
X is associated to the harmonic space produced by L on E and deduce that
for each relatively compact open set D C E, the function

u(x) = E [/OT e‘dtf(Xt)dt], xeD,

with T' = T'j,. is the solution of the problem
(L-—a)u=-f in D,
u=20 on dD.

Taking an increasing sequence (D,,) of relatively compact open sets such that
U, D,, = E, one deduces that the function

u(x) = B U e‘“tf(Xt)dt}, xeE
0
is in H and satisfies the equation (L —«a)u = f for, say, f € €.(E). This implies
u :/0 e P, fdt,

which in turn, by uniqueness of the Laplace transform, leads to

P,f(x)=E*(f(X,)) for V-aee. xecE.
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In order to go further and obtain the density p,(x, ¥) on E, we are going to
use some potential theoretic facts on the space—time set R x E endowed with
the structure of the harmonic space (in the sense of Constantinescu-Cornea
[3]) associated to the space—time process. This is a process on R x E which has
two independent components: the first is the uniform motion to the left and
the second is the process X in E. This means that this process is the diffusion
generated by the operator L — Jdt. For the chart domain U we may use the
density pY(x, y) to define the Green function corresponding to L’ in R x U by
putting

(s, %, t,y) = pY (x,9),  (s,%),(t,y) eRx U,

where pU is the above-mentioned extension so that one gets the value 0 when
s < t. The function U is lower semicontinuous on Rx U xR x U and continuous
outside the diagonal. For each fixed (¢, y) € R x U the function qV(., -, ¢, y) is
a potential in R x U with support at (¢, y). This potential can be rised to a
potential g(-, -, ¢, ¥) in R x E uniquely determined by the following conditions:

1. q(-, -, ¢, y) has support at the point (¢, y).
2. the following relation holds for any (s, x) e R x U:

Q(S’ x,t, y) = qU(S7 x,t, y) + Ex(Q(s =T, xp,¢, y))v
where T' = T'y. is the hitting time of U°.

The second term in the right-hand side of this relation, as a function of
(s, x) represents the balayage of the potential q(-, -, ¢, y) on the set R x U°.
This function is obtained from qY(-, -, £, y) by a formula which shows that the
association ¢V — ¢ is continuous (see Theorem 3.1’ on page 32 of [19]).

This way one obtains the Green function corresponding to L —Jt in R x E,
which is lower semicontinuous on (R x E) x (R x E) and continuous outside
the diagonal. In other words, g represents the density of the potential kernel
of the space—time process, which can be expressed by the following relation:

B\ [ et Xodu| = [ oot )00t ) de Vi),

for any ¢ € €,(R x E) and (s,x) € R x E. From this relation, one easily
deduces that q(s,x,t,y) = g(s+ u,x,t + u,y), u € R and then that the
function p,(x, y) = q(¢, x, 0, y) represents the density of the semigroup (P,).
Since q(+, -, 0, ¥) is a potential with support at (0, y) one deduces that this
function vanishes on (—o0,0) x E. Taking also into account the maximum
principle in the form

sup{q(s, x,0, y) | (s, x) e R x E\(—¢, &) x U}
= sup{q(s, x,0,y) | (s, x) € d(—¢, &) x U},

we get relations (i) and (ii) of the statement. O
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APPENDIX B

Continuity of the semigroup density in RY. In what follows, we as-
sume that E = RY and will show that the density p:(x, y) of the semigroup is
locally Holder continuous by proving the estimate (25). Since the arguments
of the proof involve the operator L as well as its adjoint L*, we start in a
general setting and consider an operator of the form

19 ij ou L ou 190

a +E = 2 (pb*u) + cu.
Pe xi dxk p&xk(p )+

“T poxt
All the coefficients p, a¥, b, bk, ¢ are assumed to be bounded with bounded
derivatives of all orders. Moreover conditions (21), (22) and (23) are supposed
to be satisfied with some constants A and A, the field b is assumed to be
bounded by (23) and | ¢ | to be bounded by the same constant A. As in the
preceding sections, we denote V(dx) = p(x) dx and

19

pat/ —

A -,
JxJ

T poxi

We also write B = b*(d/dx*), B = b*(3/9x*) so that the formal adjoint of
B is expressed as B*u = —(1/p)(d/9x*)(pb*u) and thus one may write ./ =
A + B + B* + ¢. One immediately sees that the adjoint of _# is of the same
type: £* = A+ B* + B + ¢. It is known that the semigroup generated by _~
admits a density p;(x, y) which is in the class J, €,°((1/n, o0) x RY x RY)
and satisfies the estimate (24) (see [20]). Moreover, this density satisfies the
estimate (25). This follows from the next proposition applied to p (-, ¥), with
respect to d, — # and to p, (x, ) with respect to d, — #*. The statement of this
proposition is given in terms of cylindrical sets of the form

Qo,é,r)=[o0— r2, o] x Br(f),

where 0 e R, ¢ e RY, r e R +. It is a variation of Nash’s theorem, which is
well known (see [8]). An elegant proof for the case B = 0 may be found in [20]
(Theorem I1.2.12). However, for the reader’s ease, we include a short proof
here which reduces the result to that treated in [20].

PROPOSITION B.1. For each 6 > 0, there exist two constants « € (0, 1] and
C > 0, which depend only on N, A, A and 8, such that any solution of d,u —
Zu=0,uc ¢V Q(o, & r)) satisfies the estimate

s P2V x—y |\
[u(s, )~ u(e, )= 0 . TP
for any (s, ), (t, y) € Q(o, £,8r), 7 €R, £ € RY, r € (0,1/3].

_ PROOF. We are going to show that the problem can be reduced to the case
B = 0. Take ¢ € RY and set { = ¢ + (3/8)e; with e; = (1,0,...,0). Then
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choose ¢ € KCW(IR{N) so that supp ¢ C By,5(§), ¢ > 0 and [¢dV =1 and set

wx) = [T [ e Vidy)de,

where 7 = n+1, and 7 is the constant appearing in the estimate (24). Stright-
forward computations show that w has the following properties:

l. we éboo(RN) and (. — 7)w = —¢; in particular one has (. — 7)w = 0 on
By5(£).

2. There exist two constants 0 < m < M < oo which depend only on N, A, A
and 6 so that

m<w(x)<M
for any x € By /5(£).

Theorem 8.22 of [7] gives another constant C which depends only on N, A, A
and & so that

() |w(x) —w(y) [ =C|x—y|%x,y € Bysé).

Now take arbitrary o € R, r € (0, 1/8) and v € €12(Q(o, &, r)). Then one has
(9, — L) (e"wv) = e™w(d, — L)v,

where L = A’ + B — B and

/

1 7 o d
= ——uw?pa¥
w?p dxi

dxd’

Now, the main point is that the operator A’, defined on B, ;(§), is similar
to A and the function p’ = w?p can be extended to RY so that it satisfies an
estimate like (22) and with this extension A’ becomes like A in RY. Therefore,
one may apply Theorem I1.2.12. of [20] with respect to L. If u is a solution of
(0, — L)u = 0 in Q(o, &, r), then the function v = e"“Yu/w is a solution of
(0, — L)v = 0, and according to the theorem mentioned in [20], the function v
satisfies the estimate from the statement. Then, taking into account relation
(%), one easily deduces that z = e™*~?wv should satisfy a similar inequality.

Finally, the estimate (24) for the density of the operator L of Section 8 (with
measurable coefficients) is obtained as in Theorem I1.3.8 of [20] by approxi-
mation. O

APPENDIX C

Quasi-continuity. In this Appendix, we prove the following lemma.

LEMMA C.1. Ifa function f is quasi-continuous with respect to the capacity
given by &, then the process f(X,) is continuous.

PrROOF. The property asserted in this lemma is clearly a local one, so that
it is enough to treat the case E = RY. In this situation one can show that if
(4,) is a decreasing sequence of open sets such that cap(4,) — 0, then the



48 T. LYONS AND L. STOICA

sequence T, = T, of first hitting times converges to infinity a.s. To see this
one should use the estimates (24). With y > 7, one constructs a y-coexcessive
function which is strictly positive,

w@ = [ [ e plr.0V(dy).

Then the semigroup e "' P, is in duality with the semigroup u~le " Pi(u-)
under the duality measure u - V. Since the second semigroup became sub-
Markovian, one may apply the duality theory of [2]. On the other hand, the
Green function of this pair is comparable [via (24)] with the Green function of
the symmetric semigroup e~ @,. This leads to E*(e”?"») — 0. O

APPENDIX D

The domain of L* in L(dV).
LEMMA D.3. Let u € HNL' and h € L' be such that the following relation
is satisfied for each ¢ € €°:
_@Q(Qpa u’) + (qu, u) = (@7 h)

Then u belongs to the domain in LY(dV) of the operator L* [or, in other words,
to the domain of the infinitesimal generator of the semigroup (P}) considered
on the space LY(dV), which is denoted by Z;:1(L*)] and L*u = h.

PrROOF. The relation in the hypothesis extends to any ¢ € H N L*®. In
particular, for a constant A > 0 and ¢ € £°, we may write
_f(U)\(Pa LL) + (bUAqL’» u) = (U)\(p, h)
From this equality we deduce
(§D> u) = Z/\(U)\§D7 u) = (UA¢> Au — h) = (QD, U’)ﬁ‘()\u - h))>
which implies u = U(Au — h) in L. O

From this lemma one immediately gets the following propositon.

ProPOSITION D.4. Ifu € 9(L*)NL>® and v € Z(A)NL*>, then uv € D1.(L*)
and the following relation holds:

L*(uv) = (L*u)v + u(A — b)v + 2(Vu, Vv).
In particular, one has the following result.

PrOPOSITION D.5. Ifu,v e 2(A)N L%, then uv € Z;:1(A) and
Auv = uAv + vAu + 2(Vu, Vu).

Observe also that the above statements remain true if the condition on the
function v is replaced by v € Z;:.(A)N H N L.
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