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THE CENTRAL LIMIT THEOREM FOR LOCAL LINEAR
STATISTICS IN CLASSICAL COMPACT GROUPS AND
RELATED COMBINATORIAL IDENTITIES!

BY ALEXANDER SOSHNIKOV

California Institute of Technology and University of California, Davis

We discuss the CLT for the global and local linear statistics of random
matrices from classical compact groups. The main parts of our proofs are
certain combinatorial identities, much in the spirit of works by M. Kac and
H. Spohn.

1. Introduction. Let M be a unitary matrix chosen at random with
respect to the Haar measure on the unitary group U(n). We denote the eigen-
values of M by {exp(i - Hj)}’}zl, where —7 < 64,0,,...,0, < . The joint
distribution of the eigenvalues (called the Weyl measure) is absolutely con-
tinuous with respect to the Lebegue measure ]_['Jl-=1 d0; on the n-dimensional
tori, and its density is given by

1 . .
(1.1 Pyy(by,...,0,) = @my ol [T lexp(i-6;)—exp(i-6;)f

‘1l<j<k=<n

(see [36]). Throughout the paper we will be interested in the global and local
linear statistics

12) S.(F) = Z £(6).
(1.3) S, (&(Ly)) = Z 8(L
L, — oo, L— 0
n

The optimal conditions on f, g for our purposes are

(1.4) > 1F(R)P - [k| < oo,

=—00

(1.5) " 18@PR -1 de < oo,
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1354 A. SOSHNIKOV

where

f@ =Y flkye™,

k=—00
1 < itx
g(x) = Ner /700 g(t)e™ dt.

However, in order to simplify the exposition we will always assume that f
has a continuous derivative on a unit circle [f € C1(S!)] and g is a Schwartz
function [g € J(R1)].

Let us denote by E, the mathematical expectation with respect to Haar
measure. We start with the formulation of the result which is essentially due
to C. Andréief [2]; for a modern day reference see [35] (and also [14]).

PROPOSITION.
(1.6) E,exp(tS,(f)) = det(Id + (e’ —1)K,) = det(Id + (¢ — 1)@,),

where (e — 1) is a multiplication operator and K, @,: L>(S') — L%(S') are
the integral operators with the kernels

1 sin((n/2)(x — y))

(1.7 Kn(x, y) =5 sin((x — ¥)/2)
n—l
(1.8) Qu(x, y) =3 —=e” o

Y ——e
j=0 \/277 V27T

REMARK 1. K, @, are unitary equivalent and are the operators of a finite
rank. In particular, @,, is just a projection operator on the first » harmonic
functions of the unit circle.

One of the ingredients of the proof of the proposition is the following chain
of equalities:

1 . .
Pum) (01, .-+, 0,)= m(zﬂ')_n det(exp(i-(j—1)- ek))lsj) b<n
-det(exp(—i-(j—1)- Bk))lgj, hen

1
= m det(Qn(OJ, Hk))lgj,kgn

1
= E det(Kn(Gj, Ok))

(1.9)

1<j, k=n’

Remark 1 allows us to rewrite the Fredholm determinants in (1.6) as the
Toeplitz determinant with the symbol exp(z - f(-)):

E, exp(t 5 f(ej)) _ D, 1(exp(t- 1)
(1.10) J=1

- det<% fo% exp(f (x)) exp(i(j — k)x) dx)

1<j, k<n
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The asymptotics of (1.10) for large n is given by the strong Szegé limit
theorem,

A +C)O A
(1.11) D, _4(exp(t- f)) = exp(tnf(O) + %tZ ST k|IF(R)? + 6(1)).

(See [34] and [22, 17, 11, 15, 16, 37, 38, 25, 5, 19, 7, 8, 26, 31, 39] for further
developments.)

In probabilistic terms (1.11) claims that ES,(f) = (n/27) [7_f(6)d6 +
0(1) (actually the remainder term is zero), and the centralized random vari-
able >>7_; f(0;) — E, >_"_; f(0;) converges in distribution to the normal law

N0, >, |E||F (B)[?) (see [13, 19, 20, 21, 12].
Our first goal is to establish a similar result for the local linear statistics.
THEOREM 1. Let g € J(R'), L, — 4oc, L,/n — 0. Then E,Y_; g(L,, -
0,)=(n/2mL,) [~ g(x)dx, and the centralized random variable Yic1(8(Ly:
0;)—E>"_1 8(L,0;) converges in distribution to the normal law N(0, (1/27)x
+00 | A
S22 18@) P dt).
We give a combinatorial proof which holds both in the local and global

cases. In some sense our approach is close to the heuristic arguments in [18].
We start with a lemma.

LEMMA 1. Let C; ,(f) be the lth cumulant of S,(f). Then for I = 1,
C, .(f) = f(0)n and for I > 1,

A ~ l (_1)m_1
Coalf)= 2 flha)- oo (k) 2 ——
ky+-+k;=0 m=1
l' ly U1+, l1+“'+lm71
x Z /5% I | !<n_max<0’zkiszkia"-’ Z kl)
bty =l, 1 m i=1 i=1 i=1
1>1 l,>1

- max(o, é(_ki)’ lg(—ki% s lﬁgm(_k")»l

i—1

<const; 3 |killf (k) IF (R

ky+-+k;=0
[ky|++|k;|>n

REMARK 2. One can see that for sufficiently smooth f the r.h.s. of (1.12)
goes to zero as n — oo.

REMARK 3. An analogous result to Lemma 1 was established in [33] for
the determinantal random point field with the sine kernel (see also Remark 4
below).

The proof of Lemma 1 will be given in Section 2. At this moment we observe
that it implies the following lemma.
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LEMMA 2. The limit of C; ,(f), I > 1 exists as n — oo and is equal to
Yhittby=0 [ (k1) - f(Ry)-(G(Ry, ..., k) +G(=Fky, ..., —k;)), where G is the

piecewise linear continuous function defined by

l —1)™ 1
G(kl""akl):zz Z( ) Z W

oeS; m=1 Loty =L,

(1.13) Lzl L, 21

I L+l bttty
X maX(O, Do koty D0 Ry oees D k(r(i)).
i=1 i=1

i=1

m

PROOF. After opening the brackets in (1.12) we observe that the coefficient
in front of n is equal to

! -1
=" ! 1 I-1
(1.14) 3 » _ L ,
m=1 I,++l,=l, m I\,
llzlyi=1,...,m

Indeed, the generating function of these coefficients is equal to

log(1+(e* — 1)) = =. m

Now the CLT for }-%_; f(6;) follows from

MAIN COMBINATORIAL LEMMA. Let kq,...,k; be arbitrary real numbers
such that their sum equals zero. Let G(kq, ..., k;) be defined as in (1.13). Then
_ kil = ko, if1=2,
G(kl"“’kl)_{o, ifl > 2.

We will prove the lemma in Section 3.

REMARK 4. A similar combinatorial lemma was stated by Spohn in [33].
He studied a time-dependent motion of a system of infinite number of particles
governed by the equations

dr;(t)y=7)" X _A'dt+dbj(t),

i#j J

where {b(¢) }“io_oo-independent standard Brownian motions, and the initial
distribution of particles is given by determinantal random point field with the
sine kernel sin 7(x—y)/m(x—y). However, no correct proof of the combinatorial
result was given there. For completeness we give a proof of Spohn’s lemma
independently from the proof of our main combinatorial lemma in Section 3.

Assuming the combinatorial part is done, we can quickly finish the proof of
Theorem 1. The formula for the mathematical expectation is trivial. Rewriting
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(1.12) for the higher cumulants of 3>7_; g(L,, - 0;) we see that the limit of the
[th cumulant is given by

(2w)*1/2/§(t1)- s B (Gt 1)+ G(—ty, . —ty)) diy -+ dy,

where the integral is over the hyperplane ¢; +---+¢; = 0.
Theorem 1 is proved. O

REMARK 5. Our method also gives an elementary combinatorial proof of
the Szegé theorem (1.11) for £ € C1(S') and sufficiently small complex ¢. It
is different from the one suggested by Kac [22] where the Taylor expansion of
D, (1—tg) as a function of ¢ was calculated and then a so-called Kac—Spitzer
combinatorial lemma was employed to confirm (1.11).

REMARK 6. Results similar to Theorem 1 have been established for other
random matrix models in [33, 21, 34, 4, 3, 28, 29, 9].

The rest of this paper is organized as follows. We prove Lemma 1 in Section 2
and the main combinatorial lemma in Section 3. The results analogous to
Theorem 1 for orthogonal and symplectic groups are established in Section 4.

2. Proof of Lemma 1. We start with calculating the moments of S, (f).
Recall that the k-point correlation function of the eigenvalues of a random
unitary matrix is given by

n!
P, k(01, .., 0)= R /TH Puy(01, ..., 0,)d0, 1 ---db,

=det(K,(0;, 0,)),;, jp = 4e6(Qu(0:5 0))) 1, sy

The Nth moment of S, (f) is equal to

B F0) - 3 10,),

i=1 iy=1

(2.1

where the indices i, ..., iy range independently from 1 to n, and in particular
can coincide. We need a definition.

DEFINITION 1. A partition of a set B is an unordered collection of nonempty
disjoint subsets .# = {M,,...,M,}, r =1,2,..., of B such that the union of
the elements of the partition is the whole B.

Let # ={M,,..., M,} be a partition of the set {1,2,..., N} into subsets
determined by coinciding indices among iy, ...,iy: M, = {j(ll), e j(s?}, e
M, ={j", .. 0L UL M ={1,2,...,N},s; = |M;|,i=1,...,r. Then

(2.2) En(Sn(f))N _ Z E, Z fs‘(ell)' .fsr(glr).

over all L1 #lg##L,
partitions ./ 1777
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Let us consider a typical term in (2.2) corresponding to a partition .#:

E, > f%(0,) - -f"(6,)

L,
= [ ) ) (e x) da dy,

By definition of the determinant and (2.1),

(2.3)

pn,r(xb LR xr) = Z (_1)0 H Qn(xi’ xo'(i))'

oeS, i=1

Writing the permutation o € S, as a product of cyclic permutations we have

pn,r(xla R xr)

(2.4) = ¥ (ﬁ((—npa—l > ﬁQn(xtg_anx(,(A;)))))a

over partitions \a=1 over all cyclic j=1
x of {1,..,r} permutations of K,

where {1,...,r} =U' K, K, ={\”, ..., ), a=1,...,q, p. = K,
Substituting (2.4) into (2.3) we arrive at the expression that has the follow-
ing form:

2 2

over partitions over partitions
MA={My,...,M,} of {1,..,N} x#={Ky,..,K;}of {1,..,r}

To interchange the order of summation we construct a new partition & =
{P1,..., Py} of {1,2,..., N} as follows: P; = Ujexk, Mj, 1 =1,...,q. Then
{M ;} jck, gives a partition of P; that we denote by &,. We have

E,(S.(FY
= 2

over partitions
P={Py, ..., Py} of {1,..., N}

q
(25 x (n( )3 J, APl e P (1)
i=1 !

over partitions
P, of Pp#={P;1,... P; ;}

X > ﬁ Qn(xj,x(,(j))dx1~-~dxti)>.

over cyclic Jj=1
permutations oeS,,

We recall that the moments are expressed in terms of cumulants as

my = > C\Pll R 'CIPkI‘

over partitions
P={Py, ..., Py}
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Comparing the last formula with (2.5) we arrive at

Cl,n(f)= Z /Tm f|R1|(x1). e f‘Rm\(xm)

partitions
2?={R,,..,R,} of {1,..,1}

x (1)1 > [T Qu(xj, x5 dxq---dx,,

cyclic permutations j=1
oesS,

-y DR EE DL S,

... I'm!’
m=1 over ordered collections 1: lm m:
Uts s L) 27 =1, 1,1

(2.6)

Observe that

Jo P20y P i TT @ul ) -,

=2 2

m=1 (11, . bp): Lyttly =L,

(2.7) l;>1,i=1,...,m
><(_1r2:k1 I l' T /Tm Fi(xy) - - fln(x,,)
X ﬁl Q,(x;,x;11)dxy---dx,,.
j=
Since @, (x, y) = ’J‘-;é exp(—ij(x — y)) we can rewrite (2.6) as
’ (-7t

Cra(f)= 2 2
m=1  (Iy,..,1,):
Li++l,=1,1>1

m L1,

n—1 n-1 __ . o
X Y o 3 (st 1) Fa(=sy 4 85) oo (=8, 1+ 5,).

51=0 S, =0

Writing down the Fourier coefficients of the powers of f as the convolutions
of the Fourier coefficients of f,

fh(=s, +s1) = > fky)- - -f(kzl),
(I
kyttky=s1—sp,
fla(—s1 + sp) = ) AT EEEERY 07 N
(kll+17 ey kl2 ):

kypa+tky,=sy—s;
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fin(=Sm1+58m)= > flry, 1) - - f(Ry,),
(klm,li—l? () klm ):
iy, _yi1totky, =Sy, =Sy 1

we obtain
R R ! (_l)m—l
Cro(f)= > f(ky) - -f(ky) ) —— >
Byt By =0 m=1 M gy o Iy):
Li++l,=11;>1
! L
(2.8) ><%-#{u:Oqun—l,Ofu—i—ZkiSn—l,...,
NN -

bty
O<u+ > kign—l}.
1

The last factor in (2.8) is equal to

I Lty
n—max(O,Zki,..., > ki)
2.9) ' '

L Lot
—max(O,Z(—ki),..., > (_ki)>
1

1

if the expression in (2.9) is nonnegative, or zero otherwise.
Lemma 1 is proved. O

3. Proof of the main combinatorial lemma. First we show that
G(ky, ..., k;) is a linear combination of terms |k; +---+k; |. Then we compute
the coefficient in front of every such term and show it to be equal to zero.

Assume [ > 2. Consider a partition & = {P,, ..., P,,} of theset {1, 2, ..., [}.
Let us denote vy =3 jcp, kj,..., U, =2 jcp k. The expression for G can be
transformed into

! _1\m
Glhyro k=Y, ¥ s

m=12={P,,...,P,} ' ze8,

(3.1)
X maX(O, v'r(l)’ UT(1> + UT(Z)’ ey UT(1>

+ U2+ F Vrime1y)-

In [27] Rudnick and Sarnak, following the ideas of [22] and [32] (see also
[6, 11), used the following identity for the set of real numbers vy, ..., v,, with
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zero sum:
1
m 2= max(0, vy, Uiy + Vr@ys -+ Vst + V) + 7 Vnm1y)
TesS,,
(3.2) 1
=— 2 (FI=-Dim—|F|-1)!|> v
Fc{l,...m} leF
F, FC£%
The last formula gives us
1 Fl-1
G(kl"“7kl)=Z Z Z Z (_1)| |-
m=1 »={P,,..,P,} Fc{l,..,m},
(3.3) F, FC£%

x (|F| - 1)1i 3 k,.i (=)D (g — |F) = 1)L
lieUjer Py |
Let us denote by A the subset U ;. P; of {1,2,...,1}. Then {P;} .y defines
a partition of A, and {P,} ;.pc a partition of AC ={1,2,...,1}\ A.
We change now the order of summation in (3.3): first we sum over all
nonempty subsets A of {1,2,...,/} and then over all partitions of A and AC:

Glhyro k=7 % ( 3 (—1)%10%—1)!)

Ac{1,..1}, over partitions
A, ACxp #={Uy,...U,} of A
(3.4)

2 ki

icA

over partitions
%' of AC

x ( > O - 1)!)

Finally we note that
> D (2 -

@={U,....U,}

|A| '

= X )Tr- 1)1%1"

r=1 (tl,m,t,): tl' e . tr_ r!
Y ti=|Al =1

the expression we already considered in (1.14). Indeed, there are exactly (]A|!/
tl- - - t,)(1/r!) different partitions of A such that {¢y,...,¢.} = {|U4], .-,
|U,|}. By (1.14) if |A| > 2 this sum is zero. If |A| = 1, then |AC| =1 — |A| > 2
and the second factor in (3.4) equals zero by the same argument. O

Now we turn to a combinatorial lemma first formulated in [33]. Let us

denote by a = (ay,...,®;), B = (B1,..., B;) vectors with entries «; € {0, 1}.

We consider a lexicographic order on the set of such vectors: @ < Biff a; < B,

J=1,...,1 and at least for one j, @; < B . Following [33] we call such

nonzero vectors branches and a set T of ordered branches 7' = {a'V, ..., a(™)},
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a® < a? < ... < a™ |T| = m <[, a tree. We denote by T(l) the set of
all trees formed by /-dimensional vectors (branches). A combinatorial sum in
question is

(3.5) Uky, ... k)= Y (=171 max(0,a- kla e T).
TeT(l)

Here we used the notation « - & = le:l a;-k;. We call max(0, a- k|a € T) the
maximum of the tree T'. For a warm-up we prove the following.

PROPOSITION 1.

U(k]_, ceey kl) + U(—kl, ceey _kl) == G(kl, ceey kl, kl+1)
+G(—ky, ..., —k;, —ki ),

where k1 =—ky — kg —---— k.

REMARK 7. Once the proposition is proved we see of course that U(kq, ...,
k) +U(—ky,...,—Fk;) is zero for [ > 2.

PROOF. In the above notations,

(-7

G(k17"-7kl7kl+l)= Z/ |T|

TeT(l+1)

-max(0,a- k' |aeT),

where k' = (ky,..., k;, k;q), and the sum )Y is over all trees T' € T'(I +
1) such that the largest branch of T, ") is less than D = (1,1,...,1).
Similarly, we can write U(ky, ..., k) = Yrcpgeny(—DT! - max(0, a-#'|a € T),
where the sum }” is over the trees T € T(I + 1) such that the ({ + 1)th
coordinate of a7 is zero. We define a “rotation” on the set of all trees such that
17D 2 D: W(a®, a®, ... alT))) = (a@ —a, a®—ah), .. olTh o) D
o). It is easy to see that W rotates the spacings (a, a® —a®, ..., T —

aITI=D D — o(TD) of T. Since Z‘lj;ll k; =0, we observe that
5.6) max(0,a- ke e T)+ max(0,a- (—k)|jaecT)
' =max(0, a - k'|a € W(T)) + max(0, a - (—&')|a € W(T)).

The last equality implies

Ukyy ..., k) +U(=kq, ..., —k)
= Y7 ()T (max(0, e k|a e T)+max(0,a- (—F)|a e T))
TeT(I+1)
1 1711
= Y (DT — 3 (max(0,a- k|a e WP(T))
TeT(I+1) || p=0

+ max(0, a - (—k')|a € WP(T)))
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(-7t
= Y T (max(0,a-FlaeT)+ (a-(—F)acT))
TeT(I+1) ||
(ITH#D
== G(kl, ceey kl+1) + G(—kl, ceey _lirl)‘

Here we used that for any 7" with a(7') £ D there exists a unique T with
ol =0 and 0 < p < |T| such that 7 = WP(T). O

PROPOSITION 2.
3.7 U(ky,...., k) =0 if [ >2.

We proceed by induction.

It is easy to check the case I = 2. Let us assume that the proposition
is true for some [ > 2. Consider U(kg, k1, ..., k;). Since U is a symmetric
function we may assume &y, < k; < ---k;. The continuity of U implies that it
is enough to check (3.7) for nondegenerate vectors (&g, k1, ..., k;). Therefore
we may assume that the coordinates k4, ..., k; are linearly independent over
the integers. Fix such %4, ..., k; and consider U as a piecewise linear function
of y =Fky, U(y, k) =U(y, ky, ks, ..., k). Our first claim is that U(y, k) is zero
for all negative y. To show this we write

Uy k)= Y (-1 max(0,a-(y, k)laeT)

TeT(I+1)
= > + X o+ X
TeT(l+1): TeT(l+1): TeT(I+1):
Qg QU o1y ITD_g {70y

We denote the three subsums by U, U,, Us. The first subsum is equal to
Y (—D)T max(0, a - kla e T),
TeT(l)
the second
Y (-7 max(0, a - kla € T) + max(0, y),
TeT(l)
and by the induction assumptions both are zero. Now we split the third sub-
sum in two. Consider the smallest branch « € T such that the first coordinate
of « is 1, denote this branch by o’ and denote the preceding (may be empty)
branch by «”. We write Us = Uj ; + Us 5, where in Uj ; the summation is
over T e T(I + 1), such that &\ = 1, "™V = 1 and o« — & > (1,0, ..., 0),
and in U; o the summation is over all other trees from U;. We establish
a one-to-one correspondence between the terms of U ; and Uj 4: for any
tree T; with o — a” > (1,0,...,0) we construct Ty = {aV,...,a", " +
(1,0,...,0),a,...,aTl}. Clearly, |Ty| = |T,| + 1, therefore

(—D)T1=1 o max(0, - (y, k)|a € T;) = —(—1)T2I71 . max(0, a - (y, k)|a € Ty),

and U; ; and Uj 4 cancel each other.
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Now we assume that y is nonnegative and 0 < y < by < kg < --- < k;. As
we already noted U(y, k4, ..., k;) is a piecewise linear continuous function.
We claim that it can change its slope only at y = 0. Indeed, U(y, &y, ..., k;)
can change its slope only at the points of degeneracy of (y, k4, ..., k;), where
ay-y+a-k = ay- y+a,-k and the coordinates of (ay, a), (o, ') take values zero
and one. Because % is a nondegenerate vector we must have y +a- k=o' - k
(or a- k = y + k). Since the tree T contains both branches (1, a) and (0, o)
only if &' < «a, the only solution for nonnegative vector (y, k) must be y = 0,
o = . We will finish the proof of the proposition if we show that U(y, k) =0
for sufficiently small positive y. We again write U = U, + U, + U; as before.
Then U; = 0 by inductive assumption and Uj is zero for sufficiently small
y (Us,1 and Uj , still cancel each other). We can write the second subsum U,
as

> (=17 (max(0, « - kla € T) + y)
TeT(l)

= Y (-7 (max(0,a-klae T))+y Y. (=17
TeT(l) TeT(l)

(3.8)

(the last sum includes empty tree). The first term in (3.8) is zero by inductive
assumption and the second is also zero since

Y (-1 = > ™t (141!

L1
TeT(l) htitpe, Mo Ly!
1;>1

Proposition 2 is proved. O

4. Orthogonal and symplectic groups. We start with the orthogonal
case. The eigenvalues of matrix M € SO(2n) can be arranged in pairs:

exp(i6,), exp(—i6;),...,exp(i0,), exp(—ib,), 0<64,09,...,0, <.

Consider the normalized Haar measure on SO(2n). The probability distribu-
tion of the eigenvalues is defined by its density (see [36]):

1 2
(4.1) Pso@ny(01, ..., 0,) = 2<%> [ (2cos6; —2cos6;)".

l<i<j<n

The k-point correlation functions are given by (see [23, 30])

(4.2) P k(01 .., 0,) = det(K3, 1(8;,6,)),_; ;-
where
K3, 1(x,9) = Ko, 1(x, y) + Kg,_1(x, —)
(4.3) 1 /sin((2n —1)(x — y)/2) sin((2n — 1)(x + ¥)/2)
- %( sin((x — ¥)/2) + sin((x + y)/2) )
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In [13] and [20] Diaconis and Shahshahani and Johansson studied asymp-
totic properties of linear statistics Z’Jl-zl f(6;) where for simplicity we may
assume that f is a real even trigonometric polynomial, f(6) = >}" ; a R (e

e ) a, = f(k), k=1,2,..., m. As before we denote the linear statistics by
S, (f). Then S, (f) = Trace(X}", a, M*). It was shown that

E X 3 .
2n € p<tJ2::1f(0])>
(44) 1 m t2 m
= exp(t§ Y1+ (=DM F(R) + 3 S Rf(R)?+ 5(1)),
k k=1

=1

which implies the convergence in distribution of >_; f(;) to the normal law

N (1 > (L4 (D) F(R). S k- f(k)?).
2 k=1

k=1

[Actually (4.4) holds under much weaker conditions; it is enough to assume
f e C*e([0, 7]), @ > 0.]

REMARK 8. Similarly to the unitary case (4.4) is equivalent to the large
n asymptotics result for some determinants, this time Hankel determinants
(see [19, 20]).

Our combinatorial approach allows proving the CLT for all f € C([0, 7])
as well as studying the local linear statistics >._; g(L, - (8 — 0)), 0 < 0 < .
In particular we establish the following.

THEOREM 2. Let g be a smooth function with a compact support, L, —
+00,L,/n — 0 and 0 < 6 < m. Then Ey, 3" ;8(L,-(0; — 0)) = n/L, -
T, ffooo g(x)dx + o(1) and the centralized random variable 37"_; g(L, - (0; —
0)) — Eg, 31 8(L, - (0 — 0)) converges in distribution to the normal law

N(0, (1/2m) [7, 18(t)*[¢] dt).

REMARK 9. To modify the results of the Theorem 2 for the case 6 = 0, 7,
one has to consider instead the Fourier transform of the even part of g,
1/2g(x) + 1/2g(—x) and replace the integration over R! by the integration
over the semiaxis.

Theorem 2 also holds (with obvious modifications) for SO(2n+1) and Sp(n).

Let M € SO(2n+1). Then one of the eigenvalues of M is 1 and the other 2n
eigenvalues can be arranged in pairs as before. The density of the eigenvalues
is equal to

Pso@nt1)(015 -5 0,)

45 2 " '
@5 = (%) [T (2cos6;, —2cos6;)*[] sin2<%>.

l<i<j<n i=1
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The formula for the k-point correlation function is
(4.6) Pn.1(01, ..., 0;) =det(K5,(6;, Oj))i,].zlw,k,
where

K5 (%, y) = Ko, (%, ) — Ko (x, —)

4.7 B i( sin(n(x —y))  sin(n(x +y)) >
- 2w \sin((x — y)/2)  sin((x+¥)/2) /)’

The analogue of (4.4) reads

Eg, i1 <exp(t > f(9j)>>
j=1
(4.8)
m 2 m
- exp(t% Y (14 (-DF)F(R) + % S kf(k)?+ ()(1)).
k=1 k=1

In the symplectic case M € Sp(n) the 2n eigenvalues again can be arranged
in pairs:

exp(i-0;),exp(—i-60;),...,exp(i-0,),exp(—i-0,), 0<6y,09,...,0, <
their density is equal to

Pgpny (01, .-, 6,)

(4.9) = <E> [[ (2cos6; —2cos (9J~)2 ﬁ sinz(ei)

T) 1<i<j<n i=1
and the formula for k-point correlation function is
(410) Pn, k(01, ey Ok) = det(K2_n+1(0i, OJ))L, J=1, .k

The analogue of (4.4) reads

E, <exp(tj2n:=1f((9j)>>

= exp(—t

We will prove Theorem 2 for SO(2n). The proofs for SO(2n+1) and Sp(n) are
almost identical.

(4.11) . .
S (14 (-DF) (k) + % S RF(R) + 0(1)).
k=1 k=1

N| —

PROOF OF THEOREM 2. The arguments from Section 1 imply that it is
enough to prove the following.
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LEMMA 3. Let C; ,(f) be the lth cumulant of 3__; f(6;), I > 2. Then

'cz,,xf)— S Ak fh)

Byt Ry =0

1
+ §<G(k1, o k) + G(=Fy, ..., —kl))'

(4.12) <const; > |Rillf(Ro)- e - 1f (R
Byt k=0
[+ >
+eonsty Y [f (k) I (R
[+l | >

We start with the formula (2.6) which holds for general determinantal ran-
dom point fields:

A 1
L m

l
CuH=Y X D'

m=1 lj++l,=l,
;>1

[ Fl) e ()
[0, =™

x [ (K2n—1(xja Xj11) + Koyq(x, _xj+1))dx1 o dxy,
j=1

(we always assume x,,,; = x;)

SRD DR ELE w—
m=1 ll+“‘+lm=l m ll’ EEEIRI lm’
l;>1
81:i182:i1 €m:i1 [0, 'n']”‘
X 1_[ KZn—l(xj,Sj'xj+1)dx1. dxm
j=1

Each term in the last sum with [[2; ¢; = 1 is equal to

/H oo @) o) TT Koa (o ) T i 30)
i=1€i-1lYV, T =1

Jj=1

1 m
= om /[0 g fll(xl) Tt fl’"(xm) H1 K2n—1(xj7 xj+1)dx1 s dxy,
, e

[we use the fact that f(x) is even]. Combining these terms together we obtain

the same expression as for % -Cy, 2,1_1(23’51 f(0;)) in the case of U(2n — 1),
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which gives vanishing contribution if [ > 2. Finally we claim that the contri-

bution from the terms with [[2; &; = —1 can be bounded from above by
const; > |f(R)|- - - If (R
|y |4+ Ry |>n

Indeed, the integral

n

m 1 .
/[0’ . EICH IR flm(xm)Jll(% > exp(is;(x;—¢;- xj+1))> dxy---dx,,

sj=—n

can be rewritten as

1 n no__ — —_
2_m Z Z fll(sl_em'sm)'flz(s2_81'81)'""fl'"(sm_sm—l'sm—l)'

s;=—n Sp=—"n

Consider the Euclidian basis {e;}7_; in R™ and define f; = e; — &;_1e; 1,
&y = &p,. The vectors {f;}.; form a basis in R™iff [[}_; &; = —1. Then for
any m-tuple (¢4, ...,¢,,) there exists the only m-tuple (s;, ..., s,,) such that
t] = Sj — 8]‘71 . Sj*].? _] = 1, e, m. We Write flj(tj) = Zf(k[1+...+lj_l+1) ot
f(kl1+---+lj), where the sum is over %; such that 2211271“ k; = t;. When we
plug this into (4.13) we obtain a linear combination of

(4.14) f(ky)- - f(ky).

It is easy to see that for ||+ - -+|k,,| < n the coefficient with the term (4.14)
is equal to

l

! 10
S S
2m .= Lyt =1, mli!- 1!

l;>1

For |kq|+---+|k,,| > n the coefficient is bounded from above by some constant.
This finishes the proof of Lemma 3. O

Similar to Section 1 we obtain the proof of Theorem 2 by applying the lemma
to 351 &(L, - (6; — 0)).
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P. Diaconis, K. Johanson and A. Khorunzhy for useful discussions.

REFERENCES

[1] ANDERSEN, E. S. (1953). On sums of symmetrically dependent random variables. Skand.
Aktuarietidskr. 36 123-138.

[2] ANDREIEF, C. (1883). Note sur une relation les intégrales définies des produits des fonctions.
Mém. de la Soc. Sci. Bordeaux 2 1-14.

[3] BAKER, T. H. and FORRESTER, P. J. (1997). Finite N fluctuation formulas for random matri-
ces. J. Statist. Phys. 88 1371-1385.



[4]
[5]
[6]
[7]
[8]
[9]

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]

[18]
[19]

[20]
[21]
[22]
[23]
[24]
[25]

[26]
[27]

(28]

[29]
[30]

[31]

CLT FOR LINEAR STATISTICS IN COMPACT GROUPS 1369

BASOR, E. (1997). Distribution functions for random variables for ensembles of positive
Hermitian matrices. Comm. Math. Phys. 188 327-350.

BASOR, E. and WipoMm, H. (1983). Toeplitz and Wiener-Hopf determinants with piecewise
continuous symbols. J. Funct. Anal. 50 387-413.

BAXTER, G. (1963). Combinatorial methods in fluctuation theory. Z. Wahrsch. Verw. Gebiete
1 263-270.

BOTTCHER, A. (1995). The Onsager formula, the Fisher—Hartwig conjecture, and their influ-
ence on research into Toeplitz operators. J. Statist. Phys. 78 575-588.

BOTTCHER, A. and SILBERMANN, B. (1999). Introduction to Large Truncated Toeplitz Matrices.
Springer, New York.

BOUTET DE MONVEL, A. and KHORUNZHY, A. (1999). Asymptotic distribution of
smoothed eigenvalue density I, II. Random Oper. Stochastic Equations 7 1-22,
149-168.

COSTIN, O. and LEBOWITZ, J. (1995). Gaussian fluctuations in random matrices. Phys. Rev.
Lett. 75 69-72.

DEVINATZ, A. (1967). The strong Szego limit theorem. Illinois J. Math. 11 160-175.

DiAcoNIs, P. (2000). Patterns in eigenvalues. Bull. Amer. Math. Soc. To appear.

DIACONIS, P. and SHAHSHAHANI, M. (1994). On the eigenvalues of random matrices. JJ. Appl.
Probab. 31A 49-62.

DysoN, F. J. (1970). Correlations between eigenvalues of a random matrix. Comm. Math.
Phys. 19 235-250.

FisHER, H. E. and HARTWING, R. E. (1968). Toeplitz determinants, some applications,
theorems and conjectures. Adv. Chem. Phys. 15 333-353.

GOLINSKII, B. L. and IBRAGIMOV, 1. A. (1971). On Szegt’s limit theorem. Math USSR-Izv 5
421-446.

HIRSCHMAN, JR., I. I. (1965). On a theorem of Szego, Kac and Baxter. J. d’ Analyse Math. 14
225-234.

ITZYKSON, C. and DROUFFE, J.-M. (1989). Statistical Field Theory 1. Cambridge Univ. Press.

JOHANSSON, K. (1988). On Szego’s asymptotic formula for Toeplitz determinants and gener-
alizations. Bull. Sci. Math. 112 257-304.

JOHANSSON, K. (1997). On random matrices from classical compact groups. Ann. of Math.
145 519-545.

JOHANSSON, K. (1998). On fluctuation of eigenvalues of random Hermitian matrices. Duke
Math. J. 91 151-204.

Kac, M. (1954). Toeplitz matrices, translation kernels and a related problem in probability
theory. Duke Math. J. 21 501-509.

KATZ, N. and SARNAK, P. (1999). Random Matrices, Frobenius Eigenvalues and Monodromy.
Amer. Math. Soc., Providence, RI.

KHORUNZHY, A., KHORUZHENKO, B. and PASTUR, L. (1996). Asymptotic properties of large
random matrices with independent entries. J. Math. Phys. 37 5033—-5059.

McCoy, B. M. and WU, T. T. (1973). The Two-dimensional Ising Model. Harvard Univ. Press,
Cambridge, MA.

MEHTA, M. L. (1991). Random Matrices, 2nd ed. Academic Press, Boston.

RUDNICK, Z. and SARNAK, P. (1996). Zeroes of principal L-functions and random matrix
theory. A celebration of John F. Nash, Jr. Duke Math. J. 61 269-322.

SINAI, YA and SOSHNIKOV, A. (1998). A refinement of Wigner’s semicircle law in a neigh-
borhood of the spectrum edge for random symmetric matrices. Funct. Anal. Appl. 32
114-131.

SINAIL YA. and SOSHNIKOV, A. (1998). Central limit theorem for traces of large random matri-
ces with independent entries. Bol. Soc. Brasil. Mat. 29 1-24.

SOSHNIKOV, A. (1998). Level spacings distribution for large random matrices: Gaussian fluc-
tuations. Ann. of Math. 148 573-617.

SOSHNIKOV, A. (1999). Gaussian fluctuations in Airy, Bessel, sine and other determinan-
tal random point fields. JJ. Statist. Phys. 100. Available at http://xxx.lanl.gov/abs/
math/9907012.



1370 A. SOSHNIKOV

[32]

[33]

[34]
[35]
[36]
[37]
[38]

[39]

SPITZER, F. (1956). A combinatorial lemma and its applications to probability theory. Trans.
Amer. Math. Soc. 82 323-339.

SPOHN, H. (1987). Interacting Brownian particles: A study of Dyson’s model. In Hydro-
dynamic Behavior and Interacting Particle Systems (G. Papanicolau, ed.) Springer,
New York.

SZEGO, G. (1952). On certain Hermitian forms associated with the Fourier series of a positive
functions. Comm. Seminaire Math. de I’'Univ. de Lund, tome supplémentaire 228-237.

TrAcy, C. A. and WipoM, H. (1998). Correlation functions, cluster functions, and spacing
distributions for random matrices. J. Statist. Phys. 92 809-835.

WEYL, H. (1939). The Classical Groups: Their Invariants and Representations. Princeton
Univ. Press.

WipowM, H. (1973). Toeplitz determinants with single generating function. Amer. J. Math. 95
333-383.

Wipom, H. (1973) (1976). Asymptotic behaviour of block Toeplitz matrices and determinants
I, II. Adv. Math. 13 284-322, 21 1-29.

WIEAND, K. (1998). Eigenvalue distributions of random matrices in the permutation group
and compact Lie groups. Ph.D. dissertation, Dept. Mathematics, Harvard Univ.

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF CALIFORNIA
DAvis, CALIFORNIA 95616



