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HILBERT SPACE REGULARITY OF THE («,d, 1)-SUPERPROCESS
AND ITS OCCUPATION TIME
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Arizona State University and Carleton University

The superprocess and its occupation time process are represented as
Hilbert space valued solutions of stochastic evolution equations by using
the Fourier transform of the process. For appropriate parameter values,
the existence of density valued solutions follows. Pathwise regularity of the
processes is obtained. As a new tool we develop a maximal inequality. We
also extend the Tanaka-like evolution equations developed for local time
processes and provide an Ito formula for certain functionals of the super-
process.

1. Introduction. The notation («a, d, 1) superprocess refers to a collec-
tion of measure valued stochastic processes arising as scaling limits of the
empirical measures of systems of particles. The particles in the approximat-
ing systems independently move in R? as symmetric stable processes of index
a € (0, 2] and undergo critical binary branching. The special case a = 2 is the
Dawson-Watanabe (or super-Brownian motion) process.

Each process satisfies a weak stochastic evolution equation [Konno and
Shiga (1988), Meleard and Roelly-Coppoleta (1990), Roelly-Coppoleta (1986)].
Many results and background material can be found in Dawson (1993).

In Blount (1996) and Bose and Sundar (1997), Hilbert space regularity re-
sults for super Brownian motion on a bounded domain were obtained by using
Fourier series methods and a maximal inequality for “Ornstein—Uhlenbeck”
like processes. Here, by using Fourier transform methods, we show this ap-
proach can be extended to R? and to both the («, d, 1) superprocess and its
occupation time process.

In particular, we obtain the following results.

1. The superprocess and its occupation time process are represented as
Hilbert space valued solutions of stochastic evolution equations. This is done
by using the previously mentioned weak evolution equation to obtain an equa-
tion for the Fourier transform of the process. If the initial measure has infinite
total mass, a suitable weighting function can be used to first embed the process
in the space of finite measures.

For the appropriate parameter values, @ > 1 if d = 1 for the superprocess
and d < 2a for the occupation time process, the existence of density valued
solutions follows naturally from our approach.
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Pathwise regularity of the processes, as measured by square integrability of
their weighted Fourier transforms, is obtained. The regularity results appear
to be optimal.

2. We develop a maximal inequality which is used to obtain pathwise reg-
ularity results for a process defined by the stochastic convolution of a semi-
group with respect to a martingale measure. The semigroup is generated by
—(—A)¥2, where A is the Laplacian. In our problem these operators do not
have a discrete spectrum, but we develop a method which reduces the calcu-
lations to ones similar to the discrete spectrum case. We also give an example
showing the applicability of the maximal inequality for obtaining regularity
results for stochastic partial differential equations.

3. In Adler and Lewin (1992), Tanaka-like evolution equations were devel-
oped for the local time process. In addition, an Ito formula for certain func-
tionals of the superprocess was obtained. We obtain extensions of these results
by expanding the class of objects upon which the superprocess and occupation
time process may act.

2. Statement of results. Consider .#z(.#;r), the set of finite (locally fi-
nite) Borel measures on R?. Endow .# with the topology of weak convergence.
Employ the notation v(¢) to represent the integral of an integrable function
¢ over R? with respect to the Borel measure v. For a measure-valued process,
v(t), write v(¢, ¢) instead of v(¢)().

Let O = C([0, 00): .#F) denote the space of continuous .#p-valued paths
with the compact open topology and let 7 denote its Borel o-field. Let (%;),-
denote the canonical right continuous filtration on (Qz, 7).

Denote the space of k-times differentiable bounded functions on R? with
bounded continuous derivatives as CZ’f. For x € R? and ¢ e C?, the fractional
Laplacian operator A, = —(—A)*2 has the representation

Adp(x), if a=2,
)= { [ @ ply =2l @ dy, if 0<a<2,

where

P(x, ) = (y) = d(x) = Vo(x) - (y = x)(L + |« — y[*) 7

(- is the scalar product and | - | is the norm in R%).

If EX(0) = v € .#F, then X(%), the («a, d, 1)-super process [in the terminol-
ogy of Dawson (1993)], is a continuous .#y-valued process which satisfies for
¢ eC2

(2.1) X(¢, &) = X(0, ¢>)+/OtX(s,Aac/>)ds+M(t, ),

where M(¢, ¢) is a continuous square integrable .%, martingale with quadratic
variation

MG )0 = [ "X(s, b?) ds.
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Before allowing X(0) to be an infinite measure, we describe our results for the
finite case. We follow Rudin [1973] to introduce the relevant function spaces
on R?. Denote

Mdx) = (27) 2 dx, py(dx) = (1+ |x|?)YA(dx) and e,(x) = exp(if-x).

For f € .7, the usual Schwartz space of smooth and rapidly decreasing
functions, let

f(6) := AMe_of) and the norm ||f]}% := ,(|1?)-
Recall that H,, Sobolev space of index v, is the completion of . in the | - |,-

norm so that Hy = L2(R?) and {H,;: y € R} form a scale of Hilbert spaces.
Similarly for v € .#5,

5(6) :=v(e_y) and [v]2 = p, ().
For y < —d/2, u,(1) < oo and we have the following continuous injections
Ap CH, and C([0,00): .#5) C C([0, c0): H.).

Hence it is natural to write X(¢, 6) for X(¢, e_,) and similarly for M(¢, e_,).

Let the Feller semigroup generated by the operator A, be S,(¢). Viewing M
as a martingale measure [Walsh (1986)], one can extend (2.1) [as in Meleard
and Roelly-Coppoletta (1990) or as in Prop. 7.1 of Dawson (1993)] for suitable
functions ¢, to obtain in the mild form

2 X(t, 6) =X(0,8.(06) + (&, ),
where
Y 8) = [ [ (8.0 9)6)0M(ds, dx),

We can extend A,: H, — H,_, as a continuous linear mapping by setting,
for g € ./,

(A,8)(0) = —|0]°8(6)

and similarly
(S4(£)£)(6) = exp(~[6]) £(6).
Since A, e, , = —|0|%e_y, if also EX(0) € .# then (2.1) and (2.2) specialize to
(2.3) X(¢, ) = X(0, 6) — |6]* /Ot X(s, 0) ds + M(¢, 0)
and
2.4)  X(t, 6) = exp(—t]6]*)X(0, 6) + /Ot exp(—(t — $)|6|%) dM(s, 6).

Note (2.4) can also be obtained from (2.3) via variation of constants. If we
identify X(¢) with X(¢,-) and M(¢) with M(, ), then the above equations
define Hilbert space valued evolution equations whose regularity properties
are described in the next theorem.
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THEOREM 1. Assume EX(0) € .#5.

(a) For any T > 0, almost surely
t
(2.5) X(t) =X(0)+ [ AX(s)ds +M(t),
0

holds in C([0, T]: H,) for y < —d/2.
(b) The convolution term [;S,(- — s)dM(s) is a.s. in C([0, T]: H,) for y <
(a—d)/2.

(¢c) For any T > 0, almost surely
t
(2.6) X(t) =S,(t)X(0) —i—/o S,(t —s)dM(s),
holds in C((0, T]: H,) N C([0, T']: Hy) provided vy < (a« —d)/2 and B < —d/2.

Note that Theorem 1 shows that for d = 1 and « > 1, X has sample paths
in C((0,T]: H,) for 0 < y < (a —1)/2. If EX(0) € .#7r with suitable restric-
tions, then Theorem 3 shows this holds locally. A simple calculation with a
nondegenerate, deterministic X(0) € .#r shows E(||X(t)||?y) < oo for ¢ > 0 if
and only if y < (e — d)/2. Thus our results appear to be essentially optimal.
Existence of densities for fixed ¢ > 0 and X(0) = Lebesgue measure was shown
in Roelly-Coppoletta (1986), for d = 1 and « > 1. Konno and Shiga (1988) and
Reimars (1989) obtained joint continuity in (x, t) for d = 1 and a > 1. Their
methods are very different.

Define the occupation time process for X as

o(t) = [O "X(s)ds.

The density of #(t), when it exists, is denoted by _#(¢, x) and is also known
as the local time process. Results on & and # were first obtained in Iscoe
(19864, b) for the case @ = 2, and he showed existence of .~ for d < 3. More
generally, existence of .# is known to hold when d < 2« [Fleischmann (1986),
Dynkin (1988)].

Joint continuity results in (x,¢) are obtained in Krone (1993), Sugitani
(1989) and Adler and Lewin (1992).

Our focus in this paper is regularity as measured by the index of the Sobolev
space in which the processes can be embedded. However, pathwise existence of
- when d < 2a follows very easily and naturally using our methods and basic
estimates on £(t, §) or the analogously defined ép(t, 6) (Theorems 2 and 4,
respectively). We also show pathwise existence of a distributional derivative
for .~ when d = 1 and « > 3/2. In what follows, Df f will denote the kth
derivative of f with respect to the ith variable.

THEOREM 2. Assume EX(0) € .#5.
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(a) Forany T > 0, almost surely & satisfies the following evolution equations
in C([0, T]: H,) for y < (2a —d)/2:

(2.7) (t) = (I-A,)'[X(0) + &(t) — X(¢) + M(2)],
(2.8) o(t) = /O 'S.(t — $)[X(0) + M(s)] ds

(b) If d < 2a then £(t, ) exists and satisfies P{.# € C([0,T]: H,)} = 1 for
v < (2a—d)/2.

() If d=1and 1 < @ < 2, then almost surely a version of Z(t, x), which
is jointly continuous in x and t, is given by £ (t, x) = (1/+/27) [ exp(i6- x)
A(t, ) do.

(d) Ifd =1and % <a<2,P{D; 2 cC([0,T]: H,)} =1for y < (2a—3)/2.

To start initially from a o-finite measure, we need to consider a subset of
A7 p. Towards this end, consider C the space of continuous functions on R? and
let ¢ ,(x) = 1/(1+ |x|*)?. Then define C, = {f € C: |f|p < 0o} where |f|p =
sup,cgre | f(x)/®,(x)|. Let us introduce the notation C* to denote functions in
C, which are k-times differentiable with the derivatives also in C,,.

Now define .#), = {n € A1 p: p(¢,) < oo}. The topology on .#,, is defined
by the convergence w, — u in .#, if and only if u,(g) — u(g) for g € C,.
Introduce the path space (1, as in the finite case. In discussing .#,,, we assume
p>d/2ifa=2andd/2<p<(d+a)/2if0<a<?2.

For EX(0) € .#,, X(¢), the (a, d, 1)-super process, is a continuous ./Z,-
valued process that satisfies for f € C2

@9 X(t.£6,) =XO.[o,)+ [ X(s.A(F6,)ds + M(t.6,),

where M(¢, f¢,) is a continuous martingale with quadratic variation process

MG, £o,)10) = [ X(s.(F6,)7)ds.

Define X,(¢, f) = X(¢, ¢,f) and M (¢, f) = M(¢, ¢,f). Note that a.s. for
all ¢ we have the Radon—Nikodym derivatives

ax,() dx( 1

dX(t)

Equation (2.9) is sometimes stated in the literature with more restric-
tive conditions on f. But it holds for f € CZ°, the space of infinitely dif-
ferentiable functions of compact supports; and using subsequent Lemmas 4
and 5, if f € Cg, then one can choose f, € C¥* with f, — f and qb;lAa
(fndp) — d);lAa(f ¢,) boundedly and pointwise. Now (2.9) follows using
standard approximation arguments. Note also that X, has sample paths in
C([0, c0): AF).
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In order to derive an evolution equation for Xp(t, 0), we need the Leibnitz
formula for A, which we now develop.
For f, g € C2,

(2.10) A.(fg) =A.(f) g+ FA.(8) + B.(f, 9),
where

B.(f, g)(x)
2V/(x) - Vg(x), a=2,

- { [ @+ 9) = F@)lgCx + ) — g@llyl @ dy, 0<a<2;
(2.11) R4
A, (e_gbp)() = —[0]€_y(x)b (%) + e_o()Agb(2)

+e_g(x)eq(x)Bg(e_g, ¢,)(%)
=—6]"e_g(x)¢ ,(x) + e_g(x)Ry, g (%),

where

Ra,@f = Aaf + eOBa(e—B’ f)
For f =e_,, (2.9) becomes

A A t A
X, (¢, 0)=X,(0, 0) — |o|a/0 X, (s, 0)ds
(2.12)

t A
+/O X, (s, e_gb; Re ¢b,) ds + M, (2, 6).
Now define G, , by setting, for v € .45,
(Ga’py)(e) = V(879¢;1Ra,0¢p).

THEOREM 3. Assume EX(0) € .#, and T > 0.
(a) Almost surely the following holds in C([0, T]: H,) for y < —d/2:

t
(2.13) X, (t) =X,(0) + /0 (A, + G, )X, (s)ds +M,(2),

(b) Almost surely, the convolution terms [;S,(- — s)dM,(s) and [,S,(- —
8)G,, p X,(s)ds arein C([0, T]: H,) for vy < (a —d)/2.

(c) Almost surely, the following equation holds in C((0,T]: H,)NC([0,T]: Hp)
provided vy < (a — d)/2 and B < —d/2:

t t

(2.14) X, (t) = S,()X,(0) + fo S (t — 5) dM,(s) + /O S.(t — )Gy ,X,(s) ds.

THEOREM 4. Assume EX(0) € .#, and T > 0.
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(a) The following evolution equation holds a.s. in C([0,T]: H,) for vy <
(2a —d)/2:

o,(t) = /Ot S.(t — 8)[X,(0) + M,(s)] ds
(2.15)

t s
+/O S, (t — s)fo G, ,X,(u)duds.

() If d < 2a then P{£,, € C([0, T]: H,)} = 1 for v < (2a — d)/2.

(©Ifd =1and 1 < @ < 2, then almost surely a version of .Z,, which
is jointly continuous in x and t, is given by £,(t,x) = (1//2m) ffooo exp(i6 -
x)6,(t, 0) do.

(d) Ifd=1and a > %, P{D,2£, € C([0,T]: H,)} =1 for y < (2a — 3)/2.

Define

[ BalfC+2) = F(). (- +2)
B, o(f, 8)(x) == —e(N@ 0 dz,  if0<a<2,
Y(O.D;f)(x)DD;g)(x),  ifa=2.

For f, g € C2,

(2.16) A.B.(f, 8) =Bu(Auf, 8) + Bu(f,A8) + By 5(f, 8).

Let us introduce B, ((f, g) := fg and B, {(f, g) := B,(f, g). Then for
i =1, 2 one defines (formally),

F,.(V.W.f.8)#)=V(0,B, ; 1(f, 8)) + /OtV(s, B, 1(f.g8)ds

+Wt(t, B, 1(f,8)—VI(t, Ba,iftl(f’ g))
+£ V(S, Ba,i—l(Aaf’ g)) ds +/0 V(S: Boz,i(f’ g)) ds.

Recall Y as defined in (2.2).

THEOREM 5. Assume EX(0) has a bounded Lebesgue density and f € Ci.
(a) For each t and g e H_,, a.s.,

©.17) [ ¥(s. f2)ds = F, (V. ML £, (1= A,) 0)(0)

where the last expression of (2.17) in the expansion of ¥, | satisfies

(2.18) | Y(s.B(f. £)) ds = B 5(Y. M, £, (I— A,) ()
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(b)
¢ 2
supk| ([ X(s. fe)ds) | = (T Pl

t<T
(c) If (2.18) is substituted in (2.17), then all time integrals and martingale
terms on the right-hand side of the resulting single equation are a.s. continuous
in t.
(d) If d < 2a, then the previous results hold with g = &,, the probability
measure with unit mass at a € R?.

THEOREM 6. Assume E[|X(0)||2] < oo in addition to the assumptions of
Theorem 5. Then the conclusion of Theorem 5 holds with X in place of Y.

THEOREM 7.  Assume X(0) is Lebesgue measure and f e Cji. Then the
following hold.

(a) For each t and g € H_, with compact support, a.s.,

[ X(s. feyds =t{g. f) + [ ¥(s. fg) ds.
0 0

Here, the second term on the right-hand side has the properties given in Theo-
rem 5 and in addition (g, ) is given by the duality between functions locally
in H, and distributions in H_, of compact support.

(b) If d < 2a, then (a) holds with g = 6, where 8, is the probability measure
with unit mass at a € R%.

In Adler and Lewin (1992) an analogue of Theorem 7 is proved assuming
that either of the following conditions hold:

1. d <2a, g =68y, and [ = 1.
2.d<3,a=2,g=06y,and f € Cl% with compact support and f(0) = 1.

Adler and Lewin do not use a version of (2.18), and their result is stated in
terms of X rather than Y. Some computations show their formula agrees with
ours if g € C¥, and taking limits gives agreement with g = §,. By using
integrability properties of (I — A)~18,, continuity in ¢ is also obtained in their
paper. To obtain continuity in ¢ in Theorem 5 would require continuity in ¢ for
Y(z, g) with g € H,, being arbitrary. We don’t know if this is true. However,
Theorem 5 holds for g € H_, rather than the particular case g = §, with
d < 2a, and we have eliminated the compact support assumption on f. Adler
and Lewin did not use the Leibnitz formula for « # 2, which restricted them

to the case f = c or a = 2 if f is not constant.

THEOREM 8 (It6 Formula). Let X(0) be Lebesgue measure.
(@) If geH,pN LY(R?), then a.s. X(-, g) is continuous and satisfies

X(-. 8) =X(0.8) + [ Y(s. A8)ds + M(-, ).
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(b) If g; e H,;; NLY(R?),1 <i <nand F € C;(R"), then a.s. for t > 0,
F(X(t7 gl)» LR X(t’ gn))
= F(X(O’ 81)--- 7X(07 gn))

+/0t VF(X(S, g1)7 cee X(S, gn)) ' (Y(S7Aagl)7 cee Y(S, Aagn))ds
[ VE(s, g0), X5, 8,)) - (AM(5, 20), . dM(s, &,))

t
+3 [ X DD F(X(s. 81).... X(s. £,)X(s. g:8,) ds.
i, J

In Adler and Lewin (1992) an analogue of Theorem 8 is proved in which
only X, rather than Y, appears. They assume each g € {gy, ..., g,} satisfies
g e H, and

/Rd D" - D g(x)|dx < o0

for Z?:I m; < 2, which is more restrictive than our conditions. As an example,
let g(x) = Iy 11(x1)$(xg, ..., x4) where I|_; 1)(x) is the indicator function
of [-1,1] and ¢ € CP(R4!). Then g(60) = (2sin(6,)/61)h(0s, ..., 6;) where h
is rapidly decreasing in 0, ..., ;. Thus g € H, for y < 1/2, and so g € H, 5
for & < 1. Theorem 8(a) provides a semi-martingale representation for X(-, g)
if @ < 1, but g does not satisfy the regularity conditions of Adler and Lewin.

We now state a maximal inequality for real valued nonnegative processes
which is a key ingredient in our proof of Theorems 1 and 3.

THEOREM 9 (Maximal inequality). Suppose nonnegative processes x(-),
g(-) with g(-) > ax(:) for a > 0 and f(-) are adapted to the filtration 4,
and satisfy the following S.D.E.:

x(t) = x(0) [Ot g(s)ds + /Ot £(s)ds + m(2),

where m(t) is a continuous S,-local martingale. Assume that Ex(0) < co and
the quadratic variation of m satisfies [m](t) = fot k(s)ds where k(t) < h(t)x(?).
Assume, in addition, that for a <,-stopping time 7, we have

sup f(tnt) <b and suph(tAT) < 2¢, for strictly positive constants b, c.
t<T t<T

Then
T +EF(x(0))
P|sup x(tAT) > 2]5—,
sepetenn = a F(q?)
where F(v) is the function given by
(av)"

Fo)=a1y _—
=0 Tt o)
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COROLLARY 1 OF THE MAXIMAL INEQUALITY. If I' = max(b, c¢) and x(0) = 0
then

9 aT
P[i‘;‘? Hirm) 2 q } = (oxp(ag?/2D) — 1)’

COROLLARY 2 OF THE MAXIMAL INEQUALITY. If I' = max(b, ¢) and x(0) = 0
then for ¢®> > 0, one has

2 -1
E|sup x(tA7)| < ¢* + 2TT | exp 99 1) .
t<T 2T

COROLLARY 3 OF THE MAXIMAL INEQUALITY. Let y(t) = fot exp(—B(t — s))
Ja(s) dW(s) where 8 > 0, W(t) is a %, Brownian motion, a is nonnegative <,
adapted, and « is bounded by a constant I'/2. Then the following hold:

(a) P(sup,.r y*(t) > ¢*) < 2BT(exp(Bg*/T) — 1)~".
(b) For ¢> > 0,

E[sup yQ(t)} < ¢® + 2TT(exp(Bg*/T) — 1) .
t<T

ExXAMPLE. We give an example which also contains the proof of Corollary 3
of Theorem 9. The calculations are similar to some of the results of Dawson
(1972) which developed a now standard technique for Hilbert space regularity
of stochastic partial differential equations driven by space-time white noise.
A version of (a) of Corollary 3 is used in Blount (1996) and Bose and Sundar
(1997).

Let W be a &, Brownian motion and « be nonnegative %, adapted and
bounded by I'/2. Consider for 8 > 0,

96 = [ exp(-Bt ~ ),/a() dW(s)
= B[ wds+ [ a9 dW(s),
y2(t) = —28 /Ot y¥(s)ds + /Otzy(s)\/EdW(s) + /Ot a(s) ds.
Now let x(¢) = y%(¢), so that
x(t) = —a /Otx(s)ds + /Ot £(s)ds + m(t)

where a = 28, f(s) = a(s), 7 = T, [m](t) = [, 4¥*(s)a(s) ds = [; 4x(s)a(s)ds.
Also, b =T/2, ¢ =T. Hence by Corollary 2,

2 -1
E[sup x(t)] <q®+ 2FT<exp (2,8q ) - 1) .
t<T 2r
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For m > 1, consider
¢
V() = [ exp(=Bu(t = )/ (s) AW, (5)
0
where {W,,} are %, Brownian motions, {«,,} are <,-adapted, 3,, = m? and

2sup,_ a,,(¢) < m'~° for some 0 < 8 < 1. Set g% = m~1+9/2),
Then

E[ sup yfn(t)] < m %2 4 2m 10 (exp (m®/?) — 1)_1
t<T
and
E[sup = 53] = X Esups2(0)] <.
t=T p=1 m=1 =T
One also can use Corollary 1 to show
1
2 ; _
Each approach shows
P{ lim " supy?(t) = O} =1
N—o0 mnN t<T

In Kotelenez (1987) a maximal inequality for non-Gaussian convolution is
developed using a different method.

3. Proofs.

PROOF OF THEOREM 9 (Maximal inequality). Define
7(¢%) = inf{t: x(t) > ¢*}.
Now note that F' and its derivatives are positive and strictly increasing on
v > 0. Then
F(x(T/\T/\T(qz)))]
F(q?)
By utilizing the properties of F(-), we now estimate the expectation. Set

o = 7A7(¢?) and introduce the martingale r(¢) = [;"" F'(x(s)) dm(s). Then
by the It6 lemma, for ¢ < T,

P[Sup x(EAT) > q2i| = P[x(T/\T/\'r(qz)) > qz] =< E[

t<T

F(x(tnd)) = F(x(0)) + /Otw F'(x(s))[—g(s) + f(s)]ds
[ " R () R(s) ds + [ " B (x(s)) dm(s)

< F(x(0)) + /Otm F'(x(s))[—ax(s)+b]ds + fotm F"(x(s))cx(s)ds
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+r(tao)

= F(x(0)) + /Otw [F'(x(s))(b — ax(s)) + cx(s)F"(x(s))] ds
+r(tao)
= F(x(0)) + (tA0) + r(tno).
To obtain the last equality, observe that for the particular form of F,
coF"(v) + F'(v)[b —av] = 1.

Taking expectations concludes the proof of Theorem 9. O
PROOF OF COROLLARY 1 OF THE MAXIMAL INEQUALITY. For v > 0,

F(l)) - a_l Z (av)n

nF”n'

(av/Fnl/”)”

Z

> a ' exp(5p
since sup,.; n'/" <2. O

PROOF OF COROLLARY 2 OF THE MAXIMAL INEQUALITY. Let

z =supx(tAT) > 0.
t<T

For g2 > 0 one has
E[z]:/oooP(z > u)du
:/Oq%P(z > u)du+f:P(z >u)du
it (o () 1)

=q2+ /q: aT exp (_2;?) (1 — exp (%))_1 du

2 -1 2
aqO —aqo

— 27T (1 —
=46+ ( exp( or )) ep( or )

q2 -1
= 2TT 0)-1) . O
=t +210(ew () 1)
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LEMMA 1.  Assume EX(0) € .#p and T > 0.

(a)
E[%)xa, 1| < X0, 1]+ 2VT,/EX(0,1).
(b) _ _
E|sup (e, 0) | < e(7) < .
(©) 7 _

PMeC(0,T: H,} =1 fory< —g.

PrOOF OoF LEMMA 1. (a) Note that
X(¢,1) =X(0,1)+M(¢,1) and [M(~,1)](t)=/0tX(s, 1)ds.
Hence
E[X(¢,1)] = E[X(0,1)] and E[MZ(,1)] = tE[X(0, 1)].

Using Doob’s maximal inequality,
E[supX(t, 1) | < EIX(0, D] + /4EIMX(7, 1)
t<T
< E[X(0, 1)] + 2VT/E[X(0, D).
Note that
. ¢ t
E[|M(t, 0)[%] = E/ X(s, le_|?) ds = Ef X(s, 1)ds < C(¢t).
0 0

Now the conclusion follows by Doob’s inequality.
(b) (c) For s, ¢t <T, one has

IML(2) — M(s)II5 = p, (INI(2, -) — M(s, -) ).

The integrand is dominated by 4 sup,.r IM(t, 6)|2, which is a.s. integrable
w.r.t. w, by (b).

By the dominated convergence theorem and continuity in ¢ of M(t, 6) then
P{ltgng [M(2) —M(s)ll, =0, s,t< T} =1.

This concludes the proof of Lemma 1. O

To establish the path properties of the convolution integral with respect to

the martingale measure M, we apply the maximal inequality to the convolu-
tion term in (2.6).



REGULARITY OF SUPERPROCESS 117

LEMMA 2.  Assume EX(0) € #p, v < (a—d)/2 and T > 0. Define

(3.1) Y(¢) = / 'S.(t — 5)dM(s).
0
(a) If p < 00 and 7(p) :=inf{¢: X(¢,1) > p}, then
P{ lim sup Y (tA(p), )1, (dO) = o} =1.
N—oo t<1 Jjo|>N
(b)
P{ lim sup 1Y (t, 0)*1,(d6) = 0} =1.
N—oo <1 J|6|>N
(c)

P{YeC([0,T: H,} =1.
PROOF. (a) Noting
(3.2) Y, 6) = /0 " exp(—|0°(t — 5)) dNI(s, 0),
we have
Y, 60) = — /Ot 10]°Y (s, 0) ds + M(t, 0)
and

A t . t
(3.3) (L, )2 = —2|a|a/ (e, e)|2ds+/ X(s,1)ds
0 0
t . R t . A
n / Y(s, —6) dM(s, 6) + / Y(s, 0) dM(s, —0).
0 0
If B c R? is a bounded Borel set then

[ G, 0)Pu,(@0) =~ [ [ 2161°%(s, 0)Pu,(d6) ds
0 /B
—Huy(B)fotX(s, 1)ds

+ /[0 xR /B [Y(s, 0)e_g(x) + (s, —0)ey(x)]
X, (d9)M(ds, dx).

Let us remark that to obtain the last term, we have used a stochastic Fubini
theorem (Theorem 2.6) of Walsh (1986). If we replace ¢ by ¢A7(p), then the
assumptions of Walsh are satisfied if

E[ [l e [, [¥(s. 0)PX(s, dx) s My(da)] < o0,
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where the orthogonality of the martingale measure simplifies the integrand
in Walsh’s statement of the theorem. The expectation is dominated by

o [ [ BI¥(s, 00 s (d0) =

— exp(—2/6|s))
2|6]*

pE[X(O, I)J/B/Ot & ds u,(db) < oo,

since B is bounded. As subsequently shown in proving part (b), we can choose
p(n) such that P(7(p(n)) < T 1i.0.) =0, so we may replace tA7(p) by ¢.
If we define
y(@) = [ 1¥(2.0)P (o)
then the equality (3.1) can be expressed as

y(t) = — /Ot g(s)ds + /Ot £(s)ds + m(z)

with
g(s) =2 [ 16°1¥(s. 6)[ u,(d0) = 2inf |0]° ()
f(s) = p,(B)X(s, 1)
and
¢ . . 2
[m](¢) = /0 X(s, [ /B [Y(s, 0)e0+Y(s,—0)e0}uy(d0)] )ds.
Now

[ /B [¥(s, 0)e_o+ ¥(s, —e)eg]ﬂy(de)]z
< 1y(B) [ [¥(s. 0)e_y +¥(s. ~0)e, |’ 1,(d6)
< 2u,(B) [ [[¥(s. 0)e_of* + ¥(s. ~0)e, ], (d0)

= 4u,(B) [ [¥(s, 0)11,(d0) = 411,(B)y(s).

Hence, k(t), the derivative of the quadratic variation of m(t), is dominated
above by

k() < 4u,(B)X(Z, 1)/3 Y (2, 0)P1,(d6) = 4, (B)X(2, 1) ¥(2).

Thus h(t) = 4u,(B)X(t, 1).
Then, for 7 = 7(p),

sup f(¢tAT) < puy(B) and suph(¢AT) < 4pp,(B).
t<T t<T



REGULARITY OF SUPERPROCESS 119

Setting b = pu,(B) and ¢ = 2pu,(B), we have identified the parameters
needed to apply Corollary 1 of the maximal inequality. So we consider a spe-
cial B.

Let m € Z? be a multi-index. For B(m) := [[/_4[m; — 3, m; + 3] with |m| # 0,
consider

a(a, B(m)) =2 inf |0|* and I =2max(b,c).
0eB(m)
Then there are strictly positive constants c¢;(a, d), cs(a,d), di(y,d) and
ds(7v, d) such that one has
ci(a, d)|m|* < a(a, B(m)) < cy(a, d)|m|*

and

pdy(y, d)(1 +|m[*) <T < pdy(y, d)(1 + |m[*?).

Define

Yn = Sup | )IY(tM(p),ee)lzuy(dO)-

Using Corollary 1 to the maximal inequality, obtain

g*ci(a, d)|m|* _ -
d2<y,d)p<1+|m|2v>) 1} '

If « — 2y — d > 0 then choose € such that 0 < € < a« — 2y — d and define

P[ym = qz] < T co(a, d)|m|a|:exp<

Then P[y,, > ¢*(m)] < a®(m) where

aX(m) = T ey(ec, d)m | exp(e(ar d. p, Y)|ml) ~ 1]

with ¢(a,d,p,y) >0and 6 =a—d —€—2y > 0.
Since 3,40 @*(m) < oo, by the Borel-Cantelli lemma

Ply, > q*(m) io.]=0.

Since sup;.r f|g|>N |Y(t/\7> '9)|2My(d9) = Z|m|>1v Ym and Zm;ﬁo qz(ﬂ) < o0
the conclusion (a) follows.
(b) By Lemma 1(a), P(7(n) <T 1i.0.)=0. Let

By={r(n)<T i0)",

and, forn =1,2,...,

B, = { lim sup [ |Y(tAr(n), 6)u,(d6) = 0}‘
N—oo 4<7 J|0|>N
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Let
C= () B, andnote P(C)=1.
n=0
For w € C,
lim sup Y(tAT(n, w), 6, w)|*u,(d0) =0 for all n.

N—oo <7 J|0|>N

But w € By, so we can choose n(w) such that r(n(w), w) > T and the previous
limit holds without the stopping time for w € C.
(©)

IY(s) =Y (9% < o Y(s, 0) = Y(2, )[* 11, (d6)
(3.4) - .
+ 2sup Y (u, 6)|2,u7(d9).
u<T ’|0|>N
Because of part (b) a.s. the second term on the right hand side of the last
inequality can be made small for large N. Fix such an N and consider the
first term on the right hand side of (3.4). Now applying integration by parts
to (3.2) obtain

Y(t, 6) = M(¢, 6) — /Ot 16| exp(—|6]*(t — u)) M(u, 6) du.

The above representation, in addition to the continuity of M in ¢ as in
Lemma 1(c), allows us to conclude that this term tends to zero as s — ¢.
This concludes the proof of Lemma 2. O

PrOOF OF THEOREM 1. (a) As noted in the introduction, a.s. X € C([0, T']:
Hg) for B < —d/2 and the same holds for M by Lemma 1. Since (2.5) is an
identity for the Fourier transforms of all terms appearing in it, the regularity
also holds for the integral term.

(b) Using (3.1), rewrite (2.6) as

(3.5) X(¢) = S, (£)X(0) + Y(2).

However, |S(:(?)X(O, 0)| = | exp(—t|6]*)X(0, 6)| < X(0, 1) exp(—¢|6|*).

Thus S,(¢)X(0) € C((0, T]: H,)NC([0, T']: Hy) for § < —d/2 and any y € R.
This observation and the conclusion from Lemma 2(c) complete the proof of
Theorem 1. O

PROOF OF THEOREM 2. Note, (I—-A,)"': H, - H_,, is an isomorphism.
Thus (2.7) in Theorem 2 is algebraically equivalent to (2.5), and the regularity
of & follows from the regularity of X and M. This also proves (b) and (d).

The equation (2.8) in Theorem 2 follows from integrating (2.5) and using
variation of constants. An application of Fourier transforms gives

M) (X(O, 1)+ sup IMI(s, 9)|>'

6,01 = (— g5
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Regularity then follows from Lemma 1, which also shows sup,_p |A(t, 0)] is
a.s. integrable df for d = 1 and « > 1. Thus (c¢) follows from the inverse
Fourier transform. O

REMARK. The next six lemmas are needed for the proof of Theorems 3
and 4.
LEMMA 3. For x € R%, one has:

(a) For % <p,0<a<2, and g =min(p, (d + a)/2)

1
‘/\y—x\zl ¢p(y)m dy = C(p, @)y ().

(b)

1, if 0<a<]1,

1 1, if 1<a<2,/6] <2,
/Md @AY e dy < C ) 1120 G 021 Jol o 2,

|yl
6], if 1<a<2,16]>2.

PrOOF.

(a) : = . Lo dy
ly—xl=1 (L+]y[?)P |y—x|dte ly—xl=L,|yl<lxl/2 (L+]y[2)P |y — x|d+e

+/ 1 L
ly
ly—x[=LIy1>|xl/2 (14 |y[2)P |y — x|dte

- C / 1 dy
= (L |x)Ee S pyapz 1 y1la2 (14 ] y[2)P
() 1
o —_dy
(1+|x[2)P f\y—x\zl,|y\>\x|/2 |y — x|dte
C
<— .
(1+x[?)4
This concludes the proof of part (a).
(b) Let
I= [ 15l@Alblly)) —roms dy
lyl<1 |y[d+e
Then
1
2 ylt@edy=c [ p@ordlayifo<a<,
lyl<1 0
1
I<{2 |y )|y | dy = c/ p2drapd-lgr  if1<a <20 <2,
ly]<1 0

[N A 12 ifl<a<20>2
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Now consider the last case when || > 2 and 1 <« < 2.

2
16]

1 (da _
[, @A) s dy = € [ @nlolryrt -t dr

1
+C [ rEr@Al0|r)rt dr

2
161

5C|0|f

% 1
0

" pleaqy +2C /2 r-*dr.

16]

Thus

7 < Cln|6|, ifa=1,|0]>2,
= l1cCloet, ifl<a<2,6]>2.

This completes the proof of Lemma 3. O

LEMMA 4. Assume p > 0. Then:
(a) For n =2m, m > 1,

n/2

D!, (%) = b pinj2(2) 3 c(p, 1) y(x)x?.
=0

Forn=2m -1, m>1,

(n—1)/2
D2d,(2) = b pinp(2) Y c(py Dby p(x)x? L
=0

(b) For m = (my, ..., my) € 24,
D" Dy ¢, (%) = dg(x)gm, p(x),
where ¢ = p + (L1 m;/2) and |g,, ,(%)| < c(m, p).
PROOF. Note: D;¢,(x) = —2px;¢,.1(x). (a) then follows by induction.

Note: ¢,,5(x) = ¢ (x)Pp(x), and let n; be even and n, be odd. Then from
(a),

D'D?*¢,(x) = ¢p+'n;"z(x)< ;0 ci(p, l)d’z(x)x?l)

(nx—1)/2 -
X( Y. cp, l)¢l+%(x)xj+ )

=0

The analogous calculations for D" ---D}“¢ ,(x) prove (b). O

LEMMA 5. Let p>d/2and 0 <a < 2.
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(a) If f € Cf,, then
A7) = C(p, ) [ supmaxiD,D 7+ 2)]| 0,0+ 171,
where ¢ = min(p, (d + «)/2).
(b) If f € CF with k =2+ Y%, m, then
D" ...DA,f =AD" ... D} f.

PROOF. Denoting the Hessian matrix by D?f, use symmetry along with
an integral form of Taylor’s theorem to obtain

1 .1

+ [ FE S0 dy = (@) [ |y dy.
ly[=1 ly[=1

The second integral is dominated by ||, /1, ¢,(x + Y)|y|~@*+9) dy, so now

apply Lemma 3(a). It is clear how to dominate the remaining terms and that
A, commutes with the derivatives. O

Let us introduce the notation

1, if0<a<l,

1, fl<a<2, |0 <2,
Inlg], ifa=1,|0 >2,
[0t ifl<a<2,|0>2.

I(a, 0) =

LEMMA 6. Let p > d/2. For f € C}, define

[ (e-o» =1

(3.6) D, of(x)= x (F(x +y)— F)|y|" @ dy, if0<a<2,
—2i0-Vf(x), if a=2.

(@) If 0 < a <2 and f € Cl, then

D, ,f(x)| < C(p. a)[l(a, 0)

supmax D, (-+ )| 0,(x) +1f1, 64(2)].
p

lz|<1

where ¢ = min(p, (d + @)/2).
(b) If f € CF with k =1+ Y%, m; then

Dlln1 T D:indDa, Of = Da, ODTI o D:indf
(e Iff e C}ﬂ then
Dy, of ()| = C|6] max D, 1, ¢ ,(x).
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PRrROOF. For 0 < a < 2,

D, sf(x)= / (e_g(y)—1) /Ol(vf(x Fty)) - y) dt|y|—(d+a) dy

ly|<1

+ [ (eg(y) = D(f(x +3) = F())y|~ ¥+ dy.

lyl=1

The first term is dominated by

C| sup max|D; /(- + 2)|

lz|<1

o(®) [ 112AIBlIY DI dy,
P lyl<1

and now Lemma 3(b) can be applied to the integral. The remaining term can
be bounded as in the proof of Lemma 5. The proof of parts (b) and (c) are now
clear. O

For f € C2, note that
Ra,ﬁszaf+Da,9f'

With n = 1 and a Schwarz function in place of ¢ ,, the analogue of Lemma 7(a)
is proved in Dawson and Gorostiza (1988).

LEMMA 7. If p>d/2and a=2,0or d/2 <p <(d+a)/2and 0 < a < 2,
then:

(a) [AY¢,], = C(a, p, n);
() [D2,6,], = Cla, p, )T (a, 6);
(c) IRg, Bd)PIp = C(a, D, n)In(aa 0)

PROOF. The proof follows from Lemmas 4, 5, 6 and basic computations.
For f € C2, note

A (e_of) = (Ase_g)f +e_4R, of.

Putting Rf ,¢, in place of f shows, forn =0,1,2,...

(3.7) A (e Ry 4,) = —|01% Ry yb, +e Ry 6,
For v € .#y define G, , ,v by

(3.8) (Ga, p,nv)(e) = V(€79¢;1RZ’ 0¢p)'

Similarly

(3.9) (Gu p. s M, (£))(0) = M, (£, e_o 5 'R 4b,,).
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LEMMA 8. Assume EX(0) € .#,,.

(a) B[ sup.cr X,(t.1)| = CTIEIX, (0. D),

(b) E| supecr ¥, (1, 0)F | < C(7) < .

(c) P{Mp € C([0,T]: Hy)] —1 fory< —g,

(d) (G, w)(6)] < w(1)C(et, p, )I"(ax, 6),

(e) E[supssti(Ga,;Mp)(s, 9)\2} < C(t,a, p,n)I"(a, 6).

ProOF. Note that
X,(t, 1) =X, (0,1) + /(:X(s, A,b,)ds+M,(t, 1)
and
t
M, DI = [ X, (s 6,)ds.
Using Lemma 7(a),
E[X,(t,1)] < E(X,(0,1)) +¢ /0 tE[Xp(s, 1)]ds

and

T
E[i?%’ X,(6.1)| = BIX,(0. D] +c [ EIX, (s, ] ds + 2 [Blsup M 1)

Using Gronwall’s inequality, the proof of (a), (b) and (¢) can be completed
with calculations similar to the proof of Lemma 1.

Proof of (d) follows from Lemma 7 and the proof of (e) follows from Lemma 7,
Doob’s inequality and part (a). O

PROOF OF THEOREM 3. From (2.12) we obtain (2.13) which holds in
C([0,T] : H,) for y < —d/2 since this fact is true for all but the integral
term and the equation is an identity.

Applying variation of constants gives (2.15) which we will also write as

(3.10) X, (¢) = S ()X,(0) + Y, (£) + Z,,(¢).
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Now the fact P{Y, € C([0, T']: H,)} = 1 for y < (@—d)/2 holds by applying
the proof of Lemma 2 to Y, in place of Y with minor notational changes such
as using M, and X,(s, 1) in place of M and X(s, 1).

The regularity given for (2.14) holds with S,(¢)X,(0) +Y ,(?) in place of X,
and we need only to consider Z,(¢) where

N t —
Z,(t,0) = [ exp(=[6]"(t = £))(Gu, .1 X,)(s. 0) ds
and, by Lemma 8,

Iip(t, 6)| < C(a, p)(s;i?xp(s’ 1)>I(a, 9)(1 — exp(—|0]|“t))

6]
This gives the regularity for X, by Lemma 8 and the definition of I(a, 6). This
completes the proof. O

PROOF OF THEOREM 4. From (2.9), (3.8) and (3.9) we have

t
Go pnXp(1) = Go X (0) + [ Ao X, (5) s

t
+ [ G pnaXp(s)ds Gy M, (1),

Integrating this and using the variation of constants we have

t t
o) [ G pnXp()ds = [ Sl = )G, u[X,(0) + M,(s)]ds

t S
+/ Sa(t—s)/ G, p w1 X,(u) duds.

Noting G, = G, , and setting n = 0 in (3.11) yields (2.15).
Applymg (3 11) to the last integral in (2.15), we obtain

e,(t) _/ S. (¢ — $)[X,(0) + M, (s)] ds
+/0 /0 So(t — u)Gy p 1[X,(0) + M, ()] du ds

t S u
+/0f0sa(t—u)f0 G, ,.2X,(v)dvdu ds.
Thus,

(1 — exp(—|6]*?))
0]

+C[I(a, 0)X,,(0, 1)+sup |G, ;Mp(s, 0)|+ I*(c, 0) supX,, (s, 1)ti|
s<t

(eXP(|9|“t) —1-16[%)
|6|2a

€5t 0)] = CIX, (0. 1) + sup [ML, (s, 0)]

x exp(—|6]“t)

By Lemma 8, (a) and (b) hold.
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The previous estimate shows that almost surely sup,_r |ﬁAp(t, 0)| is inte-
grable with respect to df if d =1 and 1 < a < 2. Then (c) follows by applying
the inverse Fourier transform. Finally (d) follows from (b). O

LEMMA 9.  Assume that EX(0) has a bounded density with respect to
Lebesgue measure. Then:

(a) For each g € Hy, M(., g) is a.s. continuous and

E[su%)M(t, g)2] < c(T)||g||(2);
t<

(b) sup,-r E[Y(2, 8)*] = (1) g2, )2-
(c) For each g e H_, 5,

E[( | Y, 9)l ds>2] < c(®)]18]1% 2

and [, Y (s, g)ds is a.s. continuous.
(d) For each g € H, 5, a.s.

Y(. )= [ Y(s.A,8)ds +M(-, g)

and is continuous. Also,

E[sugY(t, g)Z] < (D)) 2]
t<

Proor. IfEX(0) has a bounded density f(x), then, for ¢ > 0, E[X(¢#)] has a
density (¢, x) = [ga Po(t, x—¥)f(y) dy where p,(t, -) is the transition density
of the symmetric stable process of index «. Thus sup, f(¢, x) < sup, f(x).

For a Schwarz function g, note that

t
E[M(. 8] = | EX(s, g*)ds < ct| g},

Since M(-, g) is continuous, Doob’s inequality and a standard approximation
argument prove (a).
Consider

E[Y(t, g)%] = /Ot EX(s, (S,(¢ — 5)g)7) ds

< tS ¢ — 2d
_CO|| «(t—9)glods

-t ()

This proves (b).
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If g e H_, 9, then using (b) and Cauchy—Schwarz,

B[ ([ ¥ dsﬂ <E[t [ V(s 0) ds] = c)lel, o

Thus a.s. |Y(s, g)| is locally integrable with respect to ds, which proves (c).
Now (d) holds for a Schwarz function g so that the result holds as stated
by taking limits and using (a), (b) and (c). O
LEMMA 10.

(@) If f € Cl, then
IB.(f5 &)llo < (/) Ag/28llo-

(b) |, Ba(g. &)(x) dx = cl Ay gl
(c) If f € C2, then
B.a(F, )l = e(F)Augll-

(@ fi Bea(g: )(x) dx = clA,gl}.

PROOF. For a = 2 the proof is straightforward, so we assume « < 2. The
proofs of (¢) and (d) are more difficult and make clear how to prove (a) and (b).
So we only complete the proofs of (c) and (d).

Note that for fixed x, B,(f, g)(x) and B, o(f, g£)(x) define nonnegative bi-
linear forms, and for f, g real, Cauchy—Schwarz implies

B.(f, &)(@)I* < Bu(f, f)(x)Bu(g, &)(x);
Bo,o(f, 8)(0)* < By o(f, F)(2)By, 2(8, 8)(x).

Thus it suffices to show sup, B,(f, f)(x) < oo, sup, B, o(f, f)(x) < oo,
JriBa(g, 8)(x)dx = c|A, g|l§, and Jg. B, 5(8, &)(x)dx = c|A, gl
Let u(dz) = |z|7“*9dz and consider

B,.o(f. F)(x)= [

o [P y+2) = Fat+9) = (F+2)= F(x) Pudy)u(da).

If f € C?, the integrand is dominated by cmin(1, |y|?, |z|2, | y|?|z|?). Thus

B,.o(f, N)(x) = c [ |2PlyPu(d2)u(dy) + ¢ [ u(d2)(dy)

z]<1, |y|<1 |z[=1, [y[=1

+c y2u(dy)u(dz
. //15|z|<oo,|y\<1' 12 w(dy)n(dz)



REGULARITY OF SUPERPROCESS 129

Applying Fubini’s theorem and the Fourier transform show
[ Buslg @)X@ydx=[ [ lez)~1Plen(y) ~ 1P12(O) d0 (d) u(dy)
R4 RIxR? JRI

— 20| 5 2
=4 07120 do
= 42m)"*| A&l
Note that
|, leo(2) = 1Pu(dz) = By(ey. ¢)(0) = 2/6]°

by using the Leibnitz formula. O

PROOF OF THEOREM 5. Let g € N, H,. Then (I-A,) 'genH, and A, (I-

YUTY?

A,)'g e n,H , and applying the Leibnitz formula (2.10) to A,(f(I—-A,) 'g)

YTy

with Lemma 10 shows f(I-A,) 'g € H,. By Lemma 9 (d),

Yt fA-A) 'g) = fOtY(s, A(fA-A) 'g)ds+M(t, fFA-A,) 'g).

Expanding A (f(I — A,)"'g) by the Leibnitz formula (2.10), then adding
to both sides of the previous equation the term fot Y(s, f(I—-A,) 'g)ds and
using basic algebra prove (2.17) with g € N, H,. Note that the algebraic ma-
nipulations involve functions in H;, and are well defined.

Again using Lemma 10, the Leibnitz formula (2.16) applied to A ,B,(f, (I—
A,)'g), and Lemma 9(d), one obtains

Y(6Bo(f, (- A)79) = [ V(s AB.(f. (- A,) ) ds

+M(t, B, (f, (I-A,) " g)).

Now applying the Leibnitz formula (2.16) and basic algebra gives (2.18)
with g € N, H,. The proof is now complete using Lemma 9 and Lemma 10 and
by the denseness of N.H, in H_,. O

ProOF OF THEOREM 6. Consider X(¢) = S,(¢)X(0) + Y(¢) with X(0) € H,,.
Letting V() = S,(¢)X(0), note that

¢
IV(#)llo = IX(0)llp and V(¢ g)=X(0, g)+f0 V(s,A.8)ds
for g € H,. A simpler version of the argument given for Y shows, for g € N, H,,

/ 'V(s, f2) ds = F, (V. 0, f, - A,)  g)(t)

and

[ V(s BuF. 8)) ds = F.o(V. 0, £, (T~ A,) *)(0)
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Now

t 2
supk| ([ Vs f) ds) | = (. plel?,
t<T 0

holds by using Lemma 10 and the bound on ||V (¢)]y. Since X(¢) = V(¢) +Y(¢),
the theorem easily follows by applying Theorem 5 to Y. O

ProoF oF THEOREM 7. Since S,(£)(1) =1, one has

/0 "X(s, fh)ds = £X(0, fh) + /0 "Y(s, fh)ds

for h € C*. If g € H_, with compact support, we can choose 4, € C with
lg — h,ll_o — 0. Since f is locally in H,, (a) then follows from

X(0, fhy) = [ F(@)h,(x)dx — (g, f),
R
together with Theorem 5 applied to Y. Note that (b) is a special case of (a). O

PROOF OF THEOREM 8. Part (a) follows from Lemma 9(d) and the invari-
ance of the Lebesgue measure.

To prove (b), we need to show X(s, g;g;) is a.s. locally integrable with re-
spect to ds. The result then follows by the It6 formula, (a) and Lemma 10.
By Fubini’s theorem, it suffices to show E[X(¢, f)] = X(0, f) for f € L'(R%)
and f > 0. Let f,(x) = (f(x)An) ,(x). Then f,(x) * f(x) for all x and
f» € LARY). Using Lemma 9, E[X(¢, f,,)] = X(0, £,) +E[Y(, f,)] = X(0, f,,),
and the proof is completed by the monotone convergence theorem. O
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