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LARGE DEVIATIONS UPPER BOUNDS FOR THE
LAWS OF MATRIX-VALUED PROCESSES AND
NON-COMMUNICATIVE ENTROPIES
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Université Paris 5 and Ecole Normale Supérieure de Lyon

Using It6’s calculus, we study the large deviations properties of the law
of the spectral measure of the Hermitian Brownian motion. We extend this
strategy to the symmetric, unitary and Wishart processes. This dynamical
approach is generalized to the study of the large deviations of the non-
commutative laws of several independent Hermitian Brownian motions.
As a consequence, we can bound from above entropies defined in the spirit
of the microstates entropy introduced by Voiculescu.

1. Introduction. In this paper, we study the large deviations properties
of non-commutative laws of large random matrices and related non-commu-
tative entropies. In [2], the authors have studied the large deviations of the
spectral measure of Wigner’s matrices for the weak topology. They proved that
the related rate function can be written as the sum of the non-commutative en-
tropy defined by D. Voiculescu [27] and a Gaussian term. Similar results have
also been proved for Wishart matrices in [20] and for the circular law in [3]
and [21]. Since the spectral measure of a matrix describes its non-commutative
law, it is natural to wish to generalize this result and seek for large deviation
properties for the non-commutative law of several independent Wigner’s ma-
trices and to relate their rate functions with the free entropies defined by D.
Voiculescu in [28] and [29]. In this direction, we shall precise what we mean
by the large deviations for a non-commutative law and, in particular, what
topology is involved. We shall describe these large deviations as large devi-
ations of order II to underline the fact that they will imply large deviations
statements (for the standard weak topology) for the spectral measure of any
reasonable matrix-valued function of several independent Wigner’s matrices.

Our approach is different from that of [2], [3] and [20] since it will not
rely on the explicit knowledge of the law of the spectral measure. Indeed, this
strategy is meaningless when we will consider the empirical law of m matrices,
m > 2, where there is no spectral measure, except possibly for marginals. Our
approach will be based on the study of matrix-valued processes with Brownian
motion entries which we shall analyze via It6’s calculus and shall prove to be
Markov processes with well-defined generators. Consequently, we can use the
techniques developed in the field of hydrodynamics (see [23] for instance) to
obtain large deviations bounds for the empirical processes. We will apply this
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1206 T. CABANAL DUVILLARD AND A. GUIONNET

strategy to study the Hermitian Brownian motion, the symmetric Brownian
motion, the Wishart process, the Unitary Brownian motion and several inde-
pendent Hermitian Brownian motions. It is then standard by the contraction
principle to deduce large deviation estimates for the time marginals of these
processes. In particular, since a Wigner’s matrix can be seen as a Hermitian
Brownian motion at time 1, we shall obtain large deviations estimates for the
non-commutative law of several independent Wigner’s matrices. We will com-
pare the rate function governing these large deviations with the free entropy
defined by D. Voiculescu via Free Fisher’s information in [29]; it appears to be
smaller or equal.

The ideas developed in hydrodynamics are very powerful to prove large
deviations upper bounds, but more sophisticated to apply to obtain the cor-
responding large deviations lower bounds. This is why, except in the case of
the Hermitian Brownian motion, we will only provide large deviations upper
bounds. In the case of the Hermitian Brownian motion, we will prove a large
deviation lower bound with a rate possibly greater than the rate we get for
the upper bound; hence our result may not be sharp. However, it is proved
in [8] that the rate function we get by contraction for the large deviation up-
per bound of one time marginal of the Hermitian Brownian motion is optimal
since it agrees with the one found in [2] where a full large deviation principle
was proven.

Let us describe more precisely in this introduction the general strategy we
shall follow to obtain large deviation results for the Hermitian Brownian mo-
tion, and therefore for the Gaussian Wigner matrix. We shall then briefly state
their generalization to several independent Hermitian Brownian motions.

The Hermitian Brownian motion is described on the space -# of Hermitian
matrices of dimension N as the Markov process (H y(t)),cp+ With values in
#y and complex Brownian motions entries so that

tAS
N

E[HY () HY (s)] = 8!8},

More precisely, we can construct the entries {Hé\’,j(t), t>0,(, j)e{l,...,N}}

.. . . 1<kh<il<N 7. .
via independent real valued Brownian motions (B; ;, 8}, ;)1 -y living on a

probability space (Q, P) by

1 . .
HY = —m(ﬁkJ—i—LBkJ) ifk <1,
1 . .
= m(ﬁl,k - "Bl,k) if k> l’
1

Observe that, at any given time ¢, H 5 (¢) is a Wigner’s matrix of the Gaussian
Unitary Ensemble (GUE). Hence, it is enough to study H  on compact time
intervals, say [0, 1], to study the GUE.
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The idea to consider the process H y to study its time marginals may sound
at first bizarre, not to say stupid. However, the process may be studied thanks
to Itd’s differential calculus which will appear to be a very powerful tool here.

Indeed, let ()\EN)(zf))lsiS y be the (real-valued) eigenvalues of H () and
define the spectral empirical process by

a™ :10,1] — 2(R)

. 1
t — ,LLgN) = — (N)

@

F'Mz

where Z(R) is the set of probability measures on the real line. Then, it turns
out that, due to the independence between the eigenvectors and the eigenval-
ues of the GUE, () satisfies a stochastic differential equation with generator
and martingale bracket which only depend on ™). More precisely, let us de-
fine, for s < ¢ € [0,1], f € €' (R x [0, 1]), and v € £([0, 1], Z(R)),

S¥ (v, f) = /f(x, £)dv,(x) — /f(x, s)dv,(x)
_/t/’?uf(% u)dv,(x)du
2/ //& Sacs u) i f(y, u)dvu(x)dvu(y)du.

Then, we shall prove (see Lemma 2.3) that:
LEMMA 1.1. Forany f € sz’l(le[O, 1)), the process Q;N) given fort € [0, 1]
by
N N
Q&)= 8"(a™, )

is a martingale with bracket
(M) Lot
(@) = 3 [ AV (@f P 9)ds

Hence, we can use the techniques developed in hydrodynamics (see [23])
which, at least for the upper bound, rely on classical bounds on exponential
martingales, to prove large deviations results for the process 4. In fact, if
we let

S = sup (82000 = b [ [0uf )P (x)du),

fec? (Rx[0,1])

we shall prove that, if 4(Y) is viewed as an element of the space £([0, 1], Z(R))
of continuous measure-valued processes furnished with the topology generated
by the weak topology on #2(R) and the uniform topology on [0, 1], then:
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THEOREM 1.1. The law of o) satisfies a large deviation upper bound in
the scale N? with good rate function S such that

_ 00, lf Yo 7é 607
S@) = { SOL(v), otherwise.

In other words, for every closed subset F € €([0, 1], 2(R)),
lim sup — In P (pr) c F) < —inf S(»).
N—oo N2 - veF
Further, the law of p™) satisfies a large deviation lower bound in the scale N2

which states as follows: for any open subset O € £([0, 1], 2(R)),

1
liminf — InP (4™ € 0) > — inf S
e NE T (’u < )— Veongml(%,l],y(w)) @)

where €*([0, 1], Z(R)) is the subset of €([0, 1], Z(R)) of weak solutions v such
that vy = 8, of the differential equation

S0, )= [ [ sehu@if (@, ()

for any f € € (R x [0, 1]), with h € 4 F, C €, (R x [0, 1]) so that

AT, = {h e 6,71 (R x [0, 1]) N £([0, 1], LA(R));

3C, & € (0, 00); sup |, (A)| < Ce M
te[0,1]

where ilt stands for the Fourier transform of h,.

Note here that the lower bound may not be sharp. However, very recent
investigations of O. Zeitouni and one of the authors were able to improve into
a full large deviation lower bound (see [17]).

As a consequence of Theorem 1.1, we get by the contraction principle:

COROLLARY 1.1. The law of ,&(IN) € Z(R) satisfies the following large devi-
ation bounds:

(i) For every closed subset F € Z#(R),
1
lim sup v In P ([JIN ) e F) < —inf{S(»), 7, € F}.

(ii) For any open subset O € #(R),

liminf %mp (,131‘” c 0) > —inf{S();v € ¢*([0, 1], Z(R)), v, € O}.

N—oo
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It is proved in [8] (see also [9]) that I(n) = inf{S(v),v; = u} is the rate
function obtained in [2] for the full large deviation principle of the spectral
measure of the GUE; the above upper bound is therefore sharp.

Consequently to the large deviation upper bound result of Theorem 1.1, we
also obtain the exponentially fast convergence of i("Y) toward the semi-circular
process.

COROLLARY 1.2.  The process ') converges almost surely to the unique
minimum of S which is described by the differential equation with initial data
0'0 = 50,

(1.1) (rt(ft)—o-o(fo)zfot Us(ﬂsfs)ds+%/ot . ® 0. (ﬁxfs(x)—axfs(y))ds

x—=Yy

for every function f € ébz’l(R x [0, 1]). Equivalently, o; is, for any t € [0, 1], the
semi-circular law

1 J—
(12) a't(dx) = %\/4t — x21[_2ﬁ’2ﬁ]dx.

PROOF. Clearly, the law of 4("Y) concentrates on the minimizers of the rate
function S%!. Let v € ¢([0, 1], Z(R)) be a continuous Z(R)-valued process

with initial data 8,. If we denote for (f, g) € 7 (R x[0,1]),0 <s<¢<1,

t
< f.g>ii= f / . f(x, w)d,g(x, w)dv,(x)du,

S%l(y) =  sup (so’l(y, f)— % <f.f >>3’1>

fect (Rx[0,1])
1
(1.3) = sup sup <SO’1(V, Af)— = KA Af >>8’1)
fecr (Rx[0,1]) AR 2

1(S%'(v, 1))
9 0,1°
rec ' @xion) 2 K frf >0

In particular, $%1(v) is null iff S%1(v, f) is null for every f € ¢ (R x [0, 1]).
In other words, the minimizers of S®! are characterized by (1.1). It is not
difficult to check that the semi-circular process defined by (1.2) satisfies this
equation. Hence, the only point is to show that equation (1.1) admits a unique
solution (existence is already a consequence of the convergence of i) toward
such solutions). This problem was solved by T. Chan for solutions with all
their moments and in [7] when an extra diffusive term is added (i.e., when
one considers Burger’s equation). In fact, this equation is completely solvable
as proved in [25]. An alternative proof of the uniqueness result is presented
in Lemma 2.6. O
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Turning to the study of large deviations for several Hermitian Brownian
motions, we shall here illustrate our main theorem by describing two of its
applications which hopefully will motivate the reader. More precise definitions
and statements are given in section 4. For N € N, we shall denote .#y the
space of N x N complex matrices and try the normalized trace in .#y given
for any A € .#y by try(A) = (1/N)XY, A;;. Let m € N and (H)1_40
be independent copies of Hp. To define functions of m Hermitian matrices
(X1)1<k<m € H#3', N € N, recall that to every complex valued function f
on R, we can associate a function F; from #jy into .#y, N € N, so that, if
A € Hy is decomposed as A = U*DU for a diagonal matrix D and a unitary
matrix U, F¢(A) = U*f(D)U where f(D) stands for the diagonal matrix
with entries (£(Dy;), ..., f(Dyy)). In particular, if f(z) = (z — x)71, for any
(ar)1<k<m € R™ and z € C\R, we can define a function ®, , mapping #};" into
Ay for any N € N, so that for any N e N, (X})1-4<,, € #y,

m -1 m
(DZ’Q(X)Z (Z—Zaka) ZFf (Zaka>.
k=1 k=1
We denote by [] the non-commutative product. Let £¢,,(C) be the complex
vector space generated by the functions mapping, for any N € N, " into
Ay, given by

-1

1<i<n k=1
z; e([l\[R{,ozfe eR,n e N}

and ¢¢,;(R) be its restriction to the functions F mapping -#5 into #j for any
N e N. We let .#; be the subset of the topological dual of ¢¢,,(C) with real
valued restriction to €¢,,(R) satisfying some natural assumptions of bounded-
ness, positiveness and total mass described in section 4.3. €([0, 1], .#; ) will
be the space of continuous 7? valued processes. We shall describe a good rate
function S on the space of continuous non-commutative laws-valued processes
£([0, 1], .#7 ), furnished with the ¢¢ ,(R)-topology on the .#; variable and
the uniform topology on the time variable, so that:

COROLLARY 1.3.  For any integer number n, any times (t;)_; € [0, 1]", any
n

family (F;)i_y € €€4(R), for any real constants (a;, b;,a; <b;)]_4,

limsup%lnlp (rn]{trN (Fj(va(tj), 1<k< m)) €laj, bj]}>

N—oo j=1

< —inf{g(y) v, (Fi(Xpl<k<m))ela;bj]Vje {1,...,n}}.
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The ¢¢ ,(R)-topology will be seen to be compatible with the standard weak
topology so that the contraction principle will give:

PROPERTY 1.1. For any function F € €¢4(R), the law of the spectral mea-
sure of (F(H’j‘v(t), 1 <k <m))po1y € €([0, 1], Z(R)) satisfies a large devia-
tion upper bound in the scale N? in the weak topology with good rate function

Sp(v) =inf{S(#),v =90 F71}

where 7o F~1 is the measure valued-process so that, for any function g € ¢,(R),
for any time ¢t € [0, 1],

v, o Fﬁl(g) = 1,(8(F)).

In this sense, our result can be seen as large deviation of order II. The full
statement of our theorem is given in Theorem 4.1. The comparison of our
free entropy and Voiculescu’s follows it. Also, our large deviations theorem
will entail the convergence of the non-commutative law of (H%,1 < & < m)
toward the law of m free Brownian motions.

Our paper is organized as follows. In Section 2, we provide a detailed study
of the large deviations results for the Hermitian Brownian motion, and also
as a key step toward it, we describe its generator. In Section 3, we generalize
our approach to other matrices ensembles: the symmetric Brownian motion,
the Wishart process and the Unitary Brownian motion. In Section 4, we intro-
duce a topology on the non-commutative law of several independent Hermitian
Brownian motions and prove the corresponding large deviation result.

In this paper, whenever we state a large deviation result for a spectral mea-
sure valued-process, the topology under study is in the space € ([0, 1], Z(3)) of
continuous processes on [0, 1] endowed with the uniform topology with values
in the Polish space of probability measures Z(2) on a Polish alphabet space
3. Let d denote the Wasserstein distance on #(3) given for any (u, v) € 2(3)?
by

(1.4) d(p, v) = sup |/fd,L — /fdv

where the supremum is taken over all the Lipschitz functions on 3, equipped
with the distance [, with Lipschitz constant

_ If(x) — ()l
Il = ilglﬂglf(x)l +;;1§2 @y

bounded by one. The above topology on €¢([0, 1], #(X)) is compatible with the
distance given, for any (u, v) € €([0, 1], #(X)), by

(1.5) G, v) = sup d(ps, ;).
te[0,1]

We shall denote €;(R) [resp. €,(R)] the set of continuous functions on R going
to zero at infinity (resp. compactly supported), and, for p € N, gbp’l(R x [0, 1])
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the set of continuously differentiable functions of the time, with values in
¢ (R), the set of p-times bounded continuously differentiable functions on R
with bounded space-continuous time derivatives. The non-commutative law
of several matrices will be seen as a subset 7? of the topological dual .#
of the vector space ¢¢,(R). The large deviations for the non-commutative
laws-valued processes will be in the space €([0, 1], .#;) of continuous ./#; -
valued processes. An extra tightness criterium will be added to strengthen the
¢ ¢, (R)-topology.

2. Large deviations results and entropy for the Hermitian Brown-
ian motion. To study the Markov process (H y(%));cj0,1] We shall first de-
scribe its generator, key step toward large deviations estimates for the
measure-valued process i("Y). This can be done thanks to Ité’s formula (see
Lemma 1.1).

2.1. Stochastic calculus. To state It6’s formula, we need to introduce a few
extra notations due to the absence of commutativity. In particular, we shall
introduce the notion of bi-process. Namely, if we denote 9§(N> the natural
filtration of (H y(s), s < t), a bi-process is a random process, Z(N)-adapted,

with value in .#y ® .#. For instance, if we consider two #j-valued Z(N)-

adapted processes (P(s))s=o and (Q(s))s=0, (Y(s) = P(s) ® Q(S))s=0 is a bi-
process. The integral of Y against H y is defined as the matrix

¢ ¢ N ot
| Y(s)rdHy(s)= [ P(s)dHN<s>Q(s>=< > pi,k<s)ql,,-<s)dH?v’l<s>)

0 0 k,i=1 0 1<i,j<N
This definition extends naturally to more general bi-process as follows:

t
Y [ Yinn (dH (5)

1<k,l=N >1<i Jj<N

/0 'Y (s)edH y(5) = (

Multi-dimensional It6’s calculus yield, for any adapted processes A, B,C
and D,

[[(4,® BysdH(s) [ (C, @ D,)edHy(s)
= [[(a.0[B. [ oo Dsatryw) ) sttt
(2.1) t s
+ /0 ([ /0 (A, ® Bu)ﬁdHN(u)Cs} ® Ds) 2dH y(s)
+ [ Abry(B.COD,ds.

To write It6’s formula, we need to introduce two linear maps on the set of
smooth test functions, here reduced to the set of polynomial functions, which
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are the analogue of classical derivation and Laplacian:
D, : C[X] — C[X]|®(C[X]

n—1
X"— Y XX
i=0

L, : C[X ]—>C[X]®C[X]

X" +— Zle lg xn-1-
=1

REMARKS. (1) Ly = (d, ®1d)o D, where J, denotes the classical derivation.
(i) If a polynomial function f is considered as a complex function, our
formulae read

Dof(x, ) = =1,
Lyf(x, y)— ! (07 f(x)— %ﬁ}(y» :/Olazf(ux—i-(l—u)y)udu.
Note that

lim Dof(x. y) = 2,f(x) and  lim Lof(x. y) = §2/(x).

Denote ¢,([0, 1], C[X]) the set of polynomial functions with bounded con-
tinuously differentiable coefficients. We have:

LEMMA 2.1. It6’s formula for H y: for every f € 6,)1([0, 1], C[ X)),
FCH(2),0) = F(H(0), 0) [ Dof (H(s), Ha(s);s)edH y(s)
+ [ 0 (Hyls), )ds
0

+ [y @) o (Lo YH(s), Hy(s)ss)ds

where Id xy @try is the linear operator on .4y ® .# so that for any A, B € /Yy,
Idy @try(A ® B) =try(B)A.

PROOF. Even though this point is a direct consequence of multidimensional
Itd’s formula, let us detail the computation for f(x) = x* with an integer
number & € N. Then, for any (i, j) € {1, ..., N}, Itd’s calculus gives

d(HN(t) )l] Z Z (HN(t) )lpd(HN(t))pn(HN(t)k = 1)n]

[=0 p,n=1
1 N
N Z Z (HN(t) )Lp(HN(t)m)nn(HN(t)k bmm= 2)p]dt

l+m=0 p,n=1
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=Y (H0 dH 0 H () op
1=0 i

k-2
+ 2 (k=1 = Dtry (Hy (1) )(Hy(0)*2),dt
=0

This also proves the first formula of Lemma 2.1 for more general polynomial
functions by linearity. Let us finally compute the martingale bracket of the
normalized trace of the above martingale. We have

k-1
< [ ¥ trw (HN<s>ldHN<s)HN<s>k-l-1)>
0150

t

— 3P DX ([ (Ha o D),

ij mn

[REREESIE MO

t

= P 5 ([ Hy o)y,

ij mn=ji

JREREESE MO

t
1 ! 2(k—1)
= 3z Htry /0 (H p(5)2*D)ds ) .
Similar computations give the bracket of more general polynomial functions. O

We shall generalize this formula to smooth bounded functions. To this end,
let us recall that, for any real-valued function f, for any N € N, we can define
[ on H#y by

F(A)=U*f(D)U

if A = U*DU with a diagonal matrix D and a unitary matrix U and f(D) is
the diagonal matrix with entries (f(Dy1),..., f(Dy n)). For f € cL(R), we
let, for any N e N and any A, B € #y, A =UDU*, B = UDU*,

1 3 5 5
Dof(A,B)= [ U Uf (@D e (1-a)D)U* ®Uda,
0
with for any (i, j, k, 1) € {1,..., N}*,
f'(@D® (1= a)D); j 41 =8;—;8sif (aD;; + (1 — @)Dy )

and

Ue® U)i,j,k,l = Ui,jUk,l-
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Similarly, for any N € N and any A, B € #y, A =UDU*, B = UDU*,
Lof(A, B) = /01 U@ Uf"(aD ® (1 — a)D)U* @ U*da.
With these natural extensions of D and L, we have:

LEMMA 2.2. Any f € éf’l(R x [0, 1]) satisfies the conclusions of Lemma
2.1.

PROOF. To prove Lemma 2.2, we shall first consider functions f,(x) = e'**
for a real number x [or equivalently, cos(Ax) or sin(Ax)]. We shall approximate
f, by the polynomial functions

" (iAx)k
fix)=3_ :
=0

Set

My, ()= FA(H(2),0) = fr(Hx(0),0) = [ 0.f,(H(s), 5)ds

— [y @ tr) o (Lof Y(H(s), Ha(s)s5)ds.

M ¢n converges point-wise toward M, since f7} (and its derivatives) converges
point-wise toward f,(and its derivatives). Let

W7, (0 = [ Dof s(Ha(s), Ha(s)ss)edH y(s)

To prove that the matrix valued martingale M ¢ converges almost surely to-

ward the matrix valued martingale M f,» 1t is enough to prove that for any
t>0,

(2.2) ’}Llrolo||Mf§(t)—MfA(t)||2 =0
where || ||, is the natural norm defined for any random matrix A in #j by
A3 = E[try(AA)].
Then, since for every n e N, M o= M s We deduce M, = M £
But
||Mf§(t) - Mf @)l
1 2
~ X E [( [ DoFs = FHN ), Hao)s):aH () }

1<i,j<N iLJ

N
@3 _ [ try ® try(Do(f — fﬁ))%HN(s),s)ds]

1 2
05 [(f ot -
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where the second line was obtained by use of (2.1). Moreover, observe that
Taylor’s formula reads

i\ n+l .1
(£~ 1) = 0 o (e
so that with (2.3) we conclude
IM g (t) — My ()13

A2 [ ot X 1 2
E%[E /OMgN)(X)MgN) (/0 |ux+(1—u)y|ndu>

2(n+1)
_ (A
- n!2

o] [ ()]

2

(2.4) -,
E| [ tra((Ha(s)*)ds|

where the convexity of x — x" and of x — x* was used to get the second line.
To control the above bound, let us invoke the result of [19] which says that
for any integer number N there exists a polynomial function By so that for
any y € C,

E {i Xty (HY, (t))} = e (27) Bx0.

n=0
Hence, for any s € [0, 1], any A € R,

(2)\)2"
E[era (G (H (s
goes to zero as n goes to infinity. It is also uniformly bounded [for instance,
by exp(%) Sup;c0,1] B ~(A%1)]. Hence, dominated convergence theorem results
with (2.2), giving the almost sure convergence of M . Since M pn = M fn con-
verges everywhere toward M , we conclude that M, = M f

Now, if f is continuously differentiable, with bounded derivative and so
that:

1. For every ¢ € [0, 1], f(x,t) = [ e"**u,(dA) with a complex measure u, with
finite mass.

2. For every t € [0, 1], d,f(x,t) = [pe e/ (d)) with a complex measure u,
with finite mass.

3. SuPoyet i A2li,|(dA) < 00 and supg,-y | I(R) < oo,

Then we can apply Fubini’s theorem to conclude that Lemma 2.2 holds for
such functions.

Finally, if f € ¢," (R, [0, 1]), set f,(x,¢) = {29 Then f,(., t) satisfies the

hypotheses above with u?(dA) = f,(A, t)dA and (u%)(dA) = (9,f)(A, t)dA.
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In fact, it belongs to L%(R) and its Fourier transform belong to L!(R) for any
t € [0, 1] so that the inversion theorem results with

Falt) = [ ™o (2, H)dA
i
where £, is the Fourier transform of f,. Since

/R)\2|f;(,\, £)|dA < (/M IA2F, (A, t)|2d)\>2 (/|A|>1 ﬁd)\)z

1

V2 <f[171] £, t)|2d)\>2

with Plancherel’s theorem resulting with

(2.5)

[ W 0 oPda= [ 10 OPAA < [ 172 (x, O dx
[A|>1 [A]>1 R
we get

[ X170 Dldn < V2{IIE  olla + I Falla)

Hence, [ A%[u2](dA) = [ A2|f4(A, t)|dA is uniformly bounded for @ > 0 and
fe ébz’l(R x [0, 1]). Similarly, one can prove that

/ (9:fa)(A, 1)
R

dA
2

is uniformly bounded.
Now, as in the first part of the proof, the martingale valued process M
converges point-wise to M, as « | 0. Hence, to conclude, we need to prove that

the martingale valued process fot Df (Hn(s), Hp(s); s)tdH n(s) converges
toward f(f Dof(Hp(s), Hy(s);s)idH y(s) as a goes to zero, that is ||Mfa(t) -
M r(t)|lz goes to zero as « goes to zero. As above, this point boils down to
proving that

E[try((9:(foa — F)*(Hy(2), )]
goes to zero as N goes to infinity. But we find a finite constant ¢ so that
E[trn((0:(fo — P*(Hy(@), 1)] < calllfllse + 10xflloo)*Eltrn (H n (£)*)]

which goes to zero as «a decreases to zero. Hence, the formula is verified for
every f € 5172 ’l(R x [0, 1]) and the proof of the lemma is complete. O

As a consequence of Lemma 2.2, the spectral process ,&gN) satisfies:
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LEMMA 2.3. Forany f € gbz’l([R x [0, 1]), the process Q;N) defined by
t
Q1) =" (F(x. 1) = " (f (. 0)) = [ 4" (0, (. 5))ds

[ @ ™o (L)

is a martingale with bracket
Wy _ L otaan )
<Qf >t ~ N2 f() Ms ((axf) (x, 3)) ds

This result is a direct consequence of Lemma 2.2 once one takes the normalized
trace try and realizes that for any adapted processes A and B,

. . t
<trN ( /0 ASdH§V> ATy ( /0 BsdH§V>> - % /0 try(A,B,)ds.
t

Lemma 2.3 is reminiscent of mean field interacting particles systems; the
law of 4"Y) is described via a generator depending (non linearly) on a(™).
However, a crucial difference lies in the fact that the non linear dependence
on 4N) is contained in the diffusive part rather than in the drift part. We
can still follow the ideas developed in hydrodynamics (see [23]) to prove large
deviation results.

The proof of Theorem 1.1 follows the usual scheme: first, we prove that S is
a good rate function, then we show that 4" is exponentially tight and that a
weak large deviation upper bound holds. Finally, we study the large deviation
lower bound.

2.2. S is a good rate function.

LEMMA 2.4. S is a good rate function, that is that S is a non-negative
function such that for any M € R*, {v € €(]0, 1], Z(R)); S(v) < M} is compact.

Proor. S%! is non-negative according to (1.4). As a supremum of continu-
ous functions on €([0, 1], #Z(R)), S is lower semi-continuous. Hence, the only
point is to show that the level sets of S are included into relatively compact
sets. Following Lemma 5.4 of [13] and Lemma 1.3 of [16], the relatively com-
pact subsets of £([0, 1], (R)) are included into compact sets of the form

(2.6) ;z/:.;z{ﬂ](ﬂ %)

neN
with
2.7) X, =1{v e 6([0,1], Z(R)), v, € Ky ¥t € [0, 1]}
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and
(2.8) Ty = {V € 5([0, 1]’ (@(R)), (t - Vt(fn)) € Kn}

where K, and K, are compact subsets of 2(R) and ([0, 1], R) and (f,),.en
a family of bounded continuous functions dense in €,(R). Indeed, the elements
of N,en %4, can easily be seen to be tight by a standard diagonalization pro-
cedure with limit points in £([0, 1], €.(R)") if €.(R) denotes the algebraic
dual of €,(R). If they also belong to .%,, their limits can be seen to be in
£([0, 1], #(R)). We shall assume further that the f,’s belong to ¢Z(R). Ac-
cording to Prohorov’s theorem, we may take K, as

(D)= () {we 2@ :ulsl= L) < -]

meN

with a positive real valued sequence L = (L,,),,en-

Moreover, since for every integer number n, ¢ — v,(f,) is uniformly
bounded on £([0, 1], Z(R)) - because [, is bounded -, we deduce from Arzéla-
Ascoli’s theorem that we can take K, of the form

meN t—s[<é,,

K@) =) {ge £([0,1], R),| sup |g(¢) — g(s)| < %}

for a positive sequence 6 = (5,,),en-

Following the above description of relatively compact subsets of ¢([0, 1],
Z(R)), to achieve our proof, we need to show that, for any M > 0:

(i) For any m € N*, there is a positive real number LY so that for any
ve{S <M}

1
sup vy(|x| = L)) < —.
0<s<1 m

(i) For any m e N* and f € gbz([R), there exists a positive real number §
so that for any v € {S < M},

1
sup [ () = v(F)l = -

|t—s|<8

m

To show these two points, let us first remark that, as in [13], we may write

S%l(v) = sup S¥(v)

O<s<t<l
with
t
S0 = s (S0 = b [ [@uf )P (x)du
feet (Rx[0,1]) s

To prove (i), we take for § > 0, f(x) = f5(x) = x2(1 + 8x2)~! € €21(R x [0, 1])
in the following inequality:

(2.9) S, f) = 3 < f. f 0= 8%(v) < 8*1()
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for ¢ € [0, 1]. We then get

x2

(=848 [ v gz ) 4o+ %100 <8648 [ n(F3)ds S0,
With f5 uniformly bounded, Gronwall’s lemma results with
(2.10) sup v,(fs(x)) < (8 + S%1(v))ed.
t€[0,1]
}‘N/Ie can now let 8 | 0 to get by monotone convergence theorem that, if S(v) <

sup v,(x%) < (8 + M)e®
te[0,1]

and hence conclude by Chebyshev’s inequality.
To establish (ii), note that (1.4) implies

1S54, £)] < {/2801() < f, f >3
and hence, if S®(v) < M, that

() = vo(H)l < V2M||07xf”oo\/|t = s+ 315 llolt = sl

which is enough to conclude. O
2.3. Exponential tightness. Here, we shall prove that:

THEOREM 2.1. For any integer number L, there exists a finite integer num-
ber Ny € N and a compact set %7, in €([0, 1], Z(R)) so that VN > N,

P(a™ e #f) < exp{—LN?}

In view of the previous description of the relatively compact subsets of €([0, 1],
Z2(R)), we need to show that:

LEMMA 2.5. (a) For every positive real numbers L and m, thereisan Ny € N
and a positive real number My, ,, so that VN > N,,

1
P(sup A (xl = My,,) = —) < exp(—LN?).
’ m

0<t<1

(b) For any f € sz(R), for any positive real numbers L and m, there exist
an N, € N and a positive real number &y, ,, r such that VN > N,

|tis|§3L.m,f

P( sup  |aV(f) = ()l = %) < exp(—LN?).
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Indeed, if %7, is a compact set of type (2.6), (a) allows us to choose %, of
the form (2.7) such that

(2.11) P(a™) e (#y(L))°) < exp(—2LN?)

whereas (b) shows that for any n € N we can choose 6, = §,(L) so that, with
the notations of (2.8),

P(aN) e (#,)°) < exp(—2LN’n)
and thus

(2.12) P (mN) c (m JY) ) <y nm(mN) c (,;yn)ff) < exp(—2LN?).

neN

Inequalities (2.11) and (2.12) give Theorem 2.1.

PROOF OF LEMMA 2.5. To prove (a), it is enough to find two real positive
numbers n and m so that

(2.13) E [exp(nz\r2 sup x2d/&§N)(x)):| < exp(mN?)

0<t<l1

Indeed, (2.13) and Chebyshev’s inequality yields

M
P (sup ,u( )(|x| \/ML m) > —) < [P’(sup /xzdﬁ,gN)(x) > #)

0<t<1l 0<t<1
< exp(—LN?)
with L = ”fl — m. To show (2.13), notice that
2 N) i,J 2 1 il i,J 2
sup [ xdif (@) = sup ZIH (O = X sup [Hy (1)
0<t<1 0<t<1 i j=105t§1

By Désiré-André reflection principle, we get, for n < (1/2),
Elexp(nN? sup [ x*diu™(x))] = 2V (1 - 2m)~ .
0<t<1

We turn to the proof of (b). It is a consequence of Lemma 2.2. Indeed, for any
f € ¢2(R) and N large enough,

~(N ~(N
sup |[ F(0)di™ (x) - [ f()dpl™ ()|
(2.14) = (N) <N> 1] 42
= sw (@70 - @ @]+ ;A1 ]~
t—s|<
Noticing that
sup |@() - @V (s)| =2 max QM) - @V,
t—s|<8 ieN,i<[1/8] te[& 5(l+2)]
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it is not hard to deduce (b) from (2.14) by Chebyshev’s inequality if we can

show that for any L € R", any s € [0, 1], N large enough and § € (0,1 — s)
small enough,

(2.15) E [exp (LN2 sup Q™ (¢) - Q;N)(s)|)} <V

te[s,s+6]

Since e* + e* > el*l, it is enough to bound E[sup,. ss+5]{exp(LN2(Q(N)(t) —

(N)(s)))}] up to change f into —f. To this end, we use Doob’s inequality to
ﬁnd a finite constant ¢ so that

[E[ sup_fexp (LN2(Q;"(t) - @7 (s)))}}

[s,s+86]

S[E[ sup {exp (LN? (@;(1) - Q4"(s))

M

e (o),

x[E[exp (L2N4((Q§f”)s+8 Q™) )

@
< ok [{exp (LN? (@)(s + ) - @) (5))

(), -(o)f ]

1
2

<E[exp(Z2N'(@F), — (@) ]

But the Cauchy-Schwarz inequality and super-martingales inequality yield

: “exp (282 (@ s+ - @Vw) - 32 (@), - (@), )) ﬂ
<o (0w (0, ~(07)))]

so that
- |:t€[§1;1-1k)25] {eXp (LN2 (Q(N)(t) B Q;N)(S)» ]]

< cE |:exp <6L2N4 ((Q(fN)) <Q<N)>S>>]é .

(2.16)
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Since
(N) M\ 9 4 ~(N) 1
(@f >s+5 (@f )s Nz/ /(ﬁ f(x)) diu " du < 6||ov flIZ,
taking 2L28||d, % < 1in (2.16) gives (2.15) and thus completes the proof. O

2.4. Weak large deviation upper bound. To achieve the proof of the up-
per bound in Theorem 1.1, and thanks to the exponential tightness result
of the previous section, it is enough (see [14], Theorem 4.1.11) to prove a
weak large deviation upper bound, that is that for every compact subset K of
([0, 11, Z(R)),

lim sup —

NZ InP(a™ e K) < - inf S(»).
N—oo

This last result can easily be seen to be equivalent to

THEOREM 2.2. For every process v in €([0, 1], 2(R)), if Bs(v) denotes the
open ball with center v and radius 8 for the distance 2, then

lim sup lim sup Fln P(a™) € Bs(v)) < —S(v).
5,0 N—oo

The end of this section is therefore dedicated to the proof of Theorem 2.2.

(N)

ProOF. Note first that P(a; ~ = ;) = 1 so that

lim sup lim sup —ln P(a™) € Bs(v)) = —
810 N—o0

if vy # 8,. Hence, we shall assume hereafter that v, = 6,. We shall follow
the ideas developed in [23]. To this end, we define a family of positives super-

martingales {g“(N) fe Kf’l(R x [0,1])}, equal to 1 at ¢t = 0, thanks to Lemma
2.3:

(N)(t) — exp (N2Q(N)(t) 24 <Q(fN)>t>
= exp (N2(S0 ™, f)y— = << fif >>M(N))>

Let v € ([0, 1], 2(R)) and f € Kb’ (R x [0, 1]); then
(N)
g (1)
(V) — r
P (,LL (S B(V, 6)) =[F |:1ﬁ.<N)€B(V,3) g(N)(l)}

< sup exp( N2<SOI(V f)— —<<f f>> ))

v'eB(v,8)

= exp <—N2 inf <s°»1(y', f)— % <f.f >>3:1>) .

v'eB(v,6)



1224 T. CABANAL DUVILLARD AND A. GUIONNET

Notice that if f belongs to sz’l(lR x [0, 1]), the function v — S%1(v/, f) - 1 «
. >>f,),’1 is continuous. Thus, for any function f € ng ’I(R x [0, 1]),

1 1
limsuplimsup — InP ([L(N) € B(v, 8)) <— (8%, - < f, >
810 N—oo N2 2

We conclude by taking the supremum over f that

1
li li — InP (2™ ¢ B(v, 6
imeuplimsup 5z InP (4 € B(r.9)

<—  sup (S‘“(v, n-terr >>8’1) 0

fec? (Rx[0,1]) 2

2.5. Large deviation lower bound. In this section, we provide a large devi-
ation lower bound for the Hermitian Brownian motion which is unfortunately
not sharp since its rate function is shown to be equal to S only at nice pro-
cesses u, even though we believe it is equal to S everywhere. In fact, large
deviation lower bounds are related to a uniqueness statement for the weak
solutions of

t
@17) S, )= [ [ ()0 f(@)dv,()du =< b, f >3
for f € %f’l(R x [0,1]), 0 < s <t <1 and for a large class of magnetic fields
h. Unfortunately, we have only been able to prove such a uniqueness property
for very smooth fields A.

Let us first recall the second part of Theorem 1.1, that is, if £°°([0, 1], Z(R))
denotes the subset of £([0, 1], Z(R)) of weak solutions v € £([0, 1], Z(R))
satisfying

1
SUUw, ) = [ [ 0chu()d,f u(x)dv, (x)du
0
for any f € 67" (R x [0, 1]), with & € £F, C 6,7 (R x [0, 1]) so that

M Ty = {h € 61;”’1([& x [0,1]) N £([0, 1], L%(R));
3(C, &) € (0, 00); sup |h,(A)| < Ce‘”'}
te[0,1]

where £, stands for the Fourier transform of 4,

PROPERTY 2.1.  The law of iN) satisfies a large deviation lower bound in
the scale N? so that for any open subset O of €([0, 1], Z(R)),

1
liminfmln[lj’(&(lv) € O) > —

—>00

S®v).

inf
reONe=([0,1],2(R))
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To prove Property 2.1, we shall first recall the general strategy to demonstrate
such a result and then study the uniqueness property of the solutions of (2.17)
to conclude.

One first begin with the observation that for any open subset O of ([0, 1],
2(R)), for any v € O,

1 1
. . - )\(N) . . . . - /\(N)
(2.18) liminf ~ InP (,L = 0) = lim inf lim inf — In P (,L e B(v, 5))
where B(v, 6) stands for an open ball in the metric space ([0, 1], #Z(R)) with
radius 8. Hence, the only point is to bound from below P(4i"Y) € B(v, 8)) for
sufficiently small &’s and v € €([0, 1], Z(R)) with finite entropy S. Since by
(1.4) any v € ¢([0, 1], #(R)) with finite entropy S satisfies v, = §, and

SN w, £)? < 28" (w) < f, >0,

f — 8%(v, f) is a bounded linear form in H?!, the closure of ¢;"'(R x [0, 1])
by the norm induced by the scalar product < ., . >%1. Hence, there exists a
function A € H%! such that v is solution of (2.17) by Riesz’s theorem. In the
following, we shall restrict ourselves to magnetic fields 2 € .#.7,, that is to
measure-valued processes v € €°°([0, 1], Z(R)).

The strategy to prove the lower bound is then to center our probability
measure P around » via Girsanov’s theorem, namely, consider

N ~
&y (1) = exp (N2 (8™, h) = § < b >03))
and P, (AN € ) = P(lﬂ,(N)e.g;lN)(l)) We have the following bound:

P (@FM e B(v, 5))
©19) = Pi(Lives.a exp{-NA(S"1 (@™, ) - L < b >00)])

> exp[~N? sup (8%, h)— § < h30H|PLAM € B, ).
neB(v,8)

Since h € .# 7., h belongs to €%1(R x [0, 1]) which results with

(2.20) im sup (S%(u,h)— 1< h h>0Y) =8 @w, h) L < h b0t
510 neB(v,8)

Further, under P;, it is not hard to check that, according to Girsanov’s formula,
for (i, j) € {1, ., N}2, the canonical entries X%/ satisfy

i 1 ij
dXt’J = \/_NdBt’J + (ﬁxht(X))lvj dt.

Following the lines of the two previous subsections, one can see that the law
of @) under P, is exponentially tight (by exponential tightness under P and
a uniform bound on the Girsanov density) and that its limit points (again by
1t6’s calculus) satisfy the weak equation (2.17). Thus, if we can prove that this
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equation admits a unique solution, therefore equal to v, we will have proved
that 4N converges under P, toward v and in particular that for any & > 0,

(2.21) lim P,(a™) € B(v, 8)) = 1.

Equations (2.19)—(2.21) result, once one let N going to infinity and then &
decreasing to zero, with

1 1
.. .. ~(N) _ 0,1 _ = 0,1
222y HIpTlpInt 0P (1) € B0.9)) = (80— g <chun>)
=-8%(v)

where the last equality follows from the definition of S%! and (2.17). Since
(2.22) is proved below only for v € ¢°°([0, 1], #(R)), taking the supremum
on v € £°°([0, 1], Z(R)) N O provides the desired estimate of Property 2.1. To
complete our proof, we shall show the following:

LEMMA 2.6. For any h € .# 7., (2.17) admits a unique weak solution.

PROOF. Note first that the existence is already clear since it can be con-
structed as the limit point of 4Y) under P,. Hence, we shall concentrate
on the uniqueness statement. To this end, we take f(x) = e!** and denote
Z/(\) = [e**dv,(x) the Fourier transform of v,. Note that by the inversion
theorem and the continuity of 4,,

Ry(x) = / ey (A)dA = / e, (—A)dA
everywhere and, according to the tail of %, for h € .47,
g h(x) =i f e MR, (—A)d A

Define m,(A) = i)\ilt(—)\) and note that it decreases exponentially fast to in-
finity, |m,(1)| < Ce 22l for a positive ¢ and a positive finite constant C and
for any time ¢ € [0, 1] when A € .#.7,,. We then have

22 ol
4N =1-5 [ [ A@) A - @)))dads
(2.23) 2 JoJo
+iA [0 / LA+ NYmy(N)dN ds.

Multiplying both sides of this equality by e~?/| gives, with £*(A) = e~?Al_£()),

22 ol
AN =W = T [ [0 £2(ad)£7((1 - @)A)dads
(2.24) , 2000
Hid [ [ A5+ NN ()N ds.
0

Note by the way here that ./’ is the Fourier transform of P, x v, where P, is
a Cauchy’s law and that the stability of the first term of our equation by the
multiplication by e#/*l reflects the fact that our non-commutative derivation
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is stable by convolution by these laws; this is a non-trivial fact since the non-
commutative derivation involves a quadratic term. The convolution by Cauchy
laws is the only classical convolution for which such a property is satisfied.
Assume we have two solutions .#* and _/* to equation (2.24) with exponen-
tially decreasing tails and denote A%(A) = |£°(A) — £%(A)|. Then, we obtain

t 1 )
AZ(A) < )\2/ sup A%(2) [ (|£(aN)| + | 2%(ar))dads
(225) 0 |Zt|§M| 0
+|)\|/ /Ag()\ ) (V)| =N gy s,
0

Since by definition |Z*(aA)| and |Z?(a))| are bounded by e~%/*,

1 ) 2
(2.26) / (|£2(an)| + | L2 (ad))de < —.
0 g[A|

Further, for any R € R™,

[R5+ X m (VeI g

(2.27) /
< (sup A(2) 4 2e°F / |mg(X)|eeMHAT=elRlg )\
lz|<R

where the last term in the right hand side of (2.27) is bounded, according to
our assumption, by

(2.28) /|mt(A/)|es|A+/\"_s\A|dA/ < C/ea|A+A/‘—s|A|—2£\A/\dA/ < E
&

Inequalities (2.25)—(2.28) result with, if we denote A%(R) = sup|,<g A5(2),
< 2R t_
A(R) < =(1+ C)/ A*(R)ds + 2tRe R
€ 0
so that Gronwall’s lemma yields, for ¢ < 1,

A%(R) < 2Re R (140},

As a consequence, for t < 7 = (£2/2(1+ C)), we can let R going to infinity and
conclude

A?(00) = 0.

Thus, .7 is uniquely defined until time 7. Starting now at time (37/4) with two
solutions with same initial data at time (37/4), we can proceed as before to
see that _# is uniquely defined until time (7/4)7. Proceeding by induction, we
finally get that .7 is uniquely defined on the interval [0, 1]. Since the measure
valued-process v is uniquely described by its Fourier transform, the proof of
the lemma is complete. O
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3. Generalizations to other matrices ensembles. In this section, we
follow the ideas of the previous part to develop large deviations upper bounds
for different matrices ensembles; first, we consider the symmetric Brownian
motion, then Wishart matrices and finally the unitary Brownian motion.

3.1. The symmetric Brownian motion. We consider the process defined on
the space ./ of symmetric real matrices and with Brownian entries. More

precisely, we can construct the entries {S;’,j(t), t>0,(,j)e{l,..., N}} via
independent real valued Brownian motions (B; ;)i<;< <, by

1+6,_
kL k=l
SN = \/TBkAl,kvl-

We let (XEN)(t), 1 < i < N) be the eigenvalues of Sy(¢) and iN) be their
empirical process. We shall prove the following result:

THEOREM 3.1. a™) satisfies a large deviation upper bound in the scale N?
with good rate function S; = %S with S as defined in Theorem 1.1. In other
words, for every closed subset F € ¢([0, 1], 2(R)),

1

lim sup E InP(a™ e F) < —in£ S.(v).
ve

N—oo

Further, the following large deviations lower bounds holds; for any open subset
O of £([0, 1], Z(R)),

S, (v).

1
liminf — InP(a®™ € 0) > — inf
a N2 (& )z VeOngwl([o,l],y(R))

As a consequence, the law of i) converges exponentially fast toward a Dirac
measure at the semi-circular process defined by (1.2). The strategy of the proof

of Theorem 3.1 follows that of the previous section; the main point is to prove
that It6’s calculus can be developed for 4™, In fact, we can see that:

LEMMA 3.1. It6’s formula for Sy: for every f € €}([0, 1], C[X]),
F(Sn(),2)

= F(Sy(0),0)+ [ Dof(Sy(s), Hy(s):s)dSn(9)+ [ 9,/ (Sy(s),s)ds

+ [ ®tey)o(Lof)(Sy (). Sy(sxs)ds+ o [ 2F(Sy(s),5)ds

Furthermore, the martingale bracket for trN(f(;f Dyf(Sn(s), Sy(s); s)tdSn(s))
is given by

(trx ([ Dof (S, S(sr012dS () )) =z [ [0 x 0t o).
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The proof is a direct consequence of multi-dimensional It6’s formula and fol-
lows the proof of Lemma 2.1. The generalization to f € sz’l(R, [0, 1]) is a copy
of the proof of Lemma 2.2. We leave it to the reader. The proof of Theorem 3.1
now follows exactly the scheme described in the proof of Theorem 1.1.

3.2. The Wishart process. We will here present the matrix-valued Wishart
process. The first results concerning the convergence of its marginals appeared
in the 1970’s ([31] and [24]). Large deviations for time marginals of this process
were obtained in [20]. It is defined by:

DEFINITION 3.1. We will call Wishart process the matrix-valued process
(Pn,m(8))ier+, wWith value in #y, and defined by Py y = Gy y Gy p where
(Gn. m(t))ier+ is the .#y,p-valued process with independent complex
Brownian entries which satisfy

L ’ iJ ~F, tAS
E |Gy (OGN u(s)| =0 and  B[GY (DG y(9)] = 7 -ofe.

Stochastic calculus can be developed as well for this process. To state it, let
us introduce a new operator given by, for any smooth complex function f,

Lf=a(X®1+1® X)Lof,

that is,
Luf e =22 (0,70 - HOZLD) —a [Pua 0 s+ 1w
Then:

LEMMA 3.2.

1. dPy y(¢) = (Gy mdGy y +dG N u Gy p)(E) + 1d ydt.
2. For every matrix A, B, C and D of M y(C),

(AdPy y(t)B,CdPy y(t) D)
_ %(ADtrN(BCPN,M(t)) + APy (1) Dtry (BC) )dt.

3. For every function f € €;([0, 1], C[X]),
f(Py.u(t),t)
= f (Py,u(0),0)

+/Ot Dof(Py (), Py w(s); MGy md Gy yr + dGy Gy 10)(S)
+_/Ot (073]0 (PN,M(S)a 3) + &xf (PN,M(S)s S)) ds

+/0 Idy ®try [L%f (Py,m(8)s P u(s); 8)] ds.
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4. For every matrix A and B of M 5(C),

1
—try(AB)dt.

(tryAdG y y(2), try BdGly y(2)) = N

5. For every function f, g,
dtryf (Py.u(?) . tryg (Py.u(2)))

2
= NMtrN (Pn.dxf (Pn.ar) 3.8 (Py.ur)) ()dt.

6. Let [:LEM N e the spectral measure of Py y(t); for every function f €
&1([0, 1], C[ X)), The process Qf M) defined by

QY6 = ™V (f e, ) = iV (e 00) = [ A0, f (x5

- [} A s = [ @ ALy P, s

is a martingale with bracket

(@) = 1 (w0, f (x, 5))2)ds.

¢ NM/

The proof of this lemma for polynomial functions follows the ideas of Lemma
2.1. The generalization to smooth functions follows the proof of Lemma 2.2.
We can now state our large deviation result for g(-N):

AN YL (R
. (M,N)
b= Wy

considered as a measure-valued process of ([0, 1], Z(R*)) when the ratio
(N/M) converges toward a constant « € R™™. Set, for any « € R™, any

s,t € [0,1], any functions f and g of gf’l(R x [0,1]) and every process
v € ¢([0, 1], Z(R")),
§*(v. fra) = [ f(x, O)dvi(x) = [ f(x, )dvy(x)
_ /: [ @G, w) + 0, (2, w) dv () du

- /: //(x —; 3’) <axf(x’ u,z : fj/xf(y, u)) dv,(x)dv,(y)du,

t
< fog»yh =20 [x0.f(x,u).g(x, u)dv,()du,

Ss,t(v; a) — sup {Ss’t(V, f, 0[) - % < fﬂ f >>z,,€/}
fed (Rx[0,1])
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where KNbQ’I(RJr x [0, 1]) is the subset of JI,Z’I([RJr x [0, 1]) of functions so that

sup sup |xd>f(x,t)| < oo and sup |x(d,f(x, t))?| < oo.
te[0,1] xeR+ xeR*

Then:

THEOREM 3.2. If N/M converges toward a € R™ when N goes to infinity,
then the law @™-N), as a probability measure on €([0, 1], Z(R%)), satisfies a
large deviation upper bound in the scale N2, with good rate function S(.;a)
given by

. 00, if v # o,
S a) = { SOY(v; @),  otherwise.
The proof of this theorem follows the same steps as the proof of Theorem 1.1
once one notices that L, f(x, y) and x(d, f(x, t))? are bounded continuous for
fe Zbg’l([RRJr x [0, 1]). The only point which should be noticed concerns the proof
of the exponential tightness; even though we can not control the exponential
moments of [ xzd,&gM’N)(x) (which involves exponential moments of fourth
moments of Brownian motions), we can still control exponential moments of
I xdﬁiM’N)(x) (which relies on the exponential moments of square Brownian
motion) which is enough because our eigenvalues are non-negative. In the
same lines, one can check that the level sets of S(v; ) are relatively compact

by controlling sup,co 1) / *(1 + nx)~"tdv,(x) on the level sets of S(v;a) (note

that f,(x) = x(1+nx)"'e sz’l([l% x [0, 1])) uniformly on the level sets of the
rate function and conclude by monotone convergence theorem.
We deduce the following corollary from Theorem 3.2.

COROLLARY 3.1.  a™-N) converges almost surely toward the solution ,(t)
of the differential equation

m(OF) = 7ONF) = [ 7 OuF +0)ds + [ 7 (5) ® m(5) (Lo s

for every test function f. m,(t) is more explicitly given by the Pastur-Marchenko
law given if a < 1 by

Vdat? — (x — (1 + @))? dx
2matx

7, (£)(dx) = m(¢)(dx) = 1y a1z, 0 /a1y
and m,(t)(dx) = wL(t)(dx) + (1 — a)dy(dx) if @ > 1.
PROOF. Again, the only difficult point is to prove uniqueness for the above

differential equation. We generalize the strategy followed in [25] to prove this
point. Taking f(x) = (1/z — x) for z with non-zero imaginary part and letting

Gi(2) = [ 2 dm ()
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for a solution 7, of this equation, we find

0,6 (2) = —0,G(2) + a(0,G(2) - 22G(2)0,G3(2) — G(2)P).
The associated characteristic function satisfies
(3.1) 9,28 = 2a2iGY(28) + (1 — ).

If the imaginary part y, of zj is large enough, and say its real part x,
belongs to [0, 1], there is a unique solution z* to (3.1) and it stays away
from the real axis. Indeed, since G“ is bounded Lipschitz away from the real
axis, uniqueness of such a solution is clear by a standard Gronwall’s argu-
ment. Hence, the only point is to prove existence of such a solution. Assume
¥o > 0 to simplify the notations. Considering the sequence constructed by
9,21 = 2027 G (2} +(1—a), 2p ™ = 28, 20 = 2§, one finds that, if 27 = 27 +iy?
and p} = (x7/y}), since |R(G)(2)| = [23(2)| " and [J(G(2))| = [3(2)| 7,

1—a—alpf| < dx;™ <alpf|+1+a,
—2alp!| — @ < 9,57 < 2a|p]| +a.
Letting p} = sup,o1)lp;|, we see that for p, small enough (i.e., y, large
enough),

1—a+x0—ap:f< 1+x9—a—apl

n+1 <
Yo + 2ap} + a B

*

Yo — 20p} —a

so that p” remains in the interval [0, p*] with

1
0= ga (30 30— Ba 30 Ball+ et ).
4o

As a consequence, y? is bounded from below by y* = y, — 2ap* — o > 0.
Since G* is bounded Lipschitz in this region, Gronwall’s lemma gives the
convergence of the sequence toward a solution of our characteristic function
living in {z € C;Im(z) > y*}. Now, u, = G{(z}) satisfies

dyu, = —au? with uy = (1/z2),
that is,
1
U, = .
ZO =+ at

Plugging this result in (3.1) gives

(02

o)
. (43
(3.2) 2y = 2a S p +(1-a)

and therefore

(3.3) o = (1 + i)(zo +at).
20
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Hence, z; is a root of the above second degree polynomial function such that
(z9/Im(2¢)) converges to one as Im(z¢) goes to infinity. We find

20=fu(z) =14 (—(1+a>t+ 2y (~(L+ a)t + 252 4at2) :

so that G¢(2¢) = (1/f(2¢)+at) is uniquely determined on the values taken by
z¢ when z; has a sufficiently large imaginary part. This set obviously contains
limit points. Since G* is analytic on Im(z) > 0 (see Theorem 10.7 in [26]), it
is uniquely determined in Im(z) > O (see Theorem 10.18 in [26]). Similarly,
one can see that G¢ is uniquely determined in Im(z) < 0. Finally, Stieljes
inversion formula shows that the uniqueness of G¢ gives the uniqueness of
m,(t). O

3.3. The unitary Brownian motion. As we have seen in the previous sec-
tions, our techniques extend to every case where we can obtain an It6 formula
for the spectral measure of the matrix-valued process under study. Here is a
last case where such formulae will be proven; the case of the Unitary Brownian
motion. It is defined by

DEFINITION 3.2. We will call Unitary Brownian motion the matrix-valued
process (U y(%));cp+, with value in the set of N x N unitary matrices %, and
defined by the stochastic differential formula

dU n(t) = idH y(t)U 5(2) — U N(2)dt

and U, = I (see [5]).

Stochastic calculus can be developed as in Lemma 2.1 for this process and
one finds that:

LEMMA 3.3. (i) For every adapted matrix-valued processes A, B, C and D,
we have

(/| A@aUN©BG). [ C@aUyDE)

t
= —/O try(Un(8)B(£)C(2))A(s)U n(s)D(s)ds.
(i) For every polynomial function f, we have

df(Un(2)) = i(Dof (Un(8), Un(2)) x Idy @ U y(t)) 2dH y(2)
—(ldy @ try) (Lof(Un(2), Un(8)) x Un(8) @ Un(2))dt
—3Un(®)d.f(Un(t))dt
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(iii) For every polynomial functions (f, g), we have, if g(z) = g(2) = g(1/2)
for |2 =1,

d{tryf(Un(.),try8(Un(.))ds); = _%trN(U?v(t)&zf(UN(t))é)zg(UN(t)))dt

1 _
= mtrN (0.f(Un(2))d,8(U (1)) dt.

REMARK 3.1. Since U ;\,1 = U?%,, the conclusions of Lemma 3.3 remains
valid for any polynomial functions f and g of (X!, X), that is any functions
(f, g) of the form ) a,x” for a finite integer number n and real numbers

(ap)pe{—n,n}‘

n
p=—n

Note that in fact, it is enough to consider real-valued test functions f on
§ ={z = x +iy,x*> + y> = 1} since any complex-valued function can be
decomposed into the sum of two real-valued such functions. In the following,
we shall denote Kf ’1(§ x [0, 1], R) the set of bounded twice space-continuously
differentiable and time-continuously differentiable real-valued functions on s.
Note that for any f € ¢7°'(5 x [0, 1], R), f(Un(2)) € Hy.

We can extend the conclusions of Lemma 3.3 as follows:

LEMMA 3.4. For any functions (f, g) € gf’l(E x [0, 1], R), the conclusions
of Lemma 3.3 are valid.

The proof of this result is even easier than that of Lemma 2.2 (since the
random variables are uniformly bounded) and is left to the reader.

We can now define the rate function governing our large deviation upper
bound; for f € ¢7'(5 x [0, 1], R) and » € £([0, 1], 2(5)), we set

U(f,v) = [ F(w, ydv () — [ f(u, 0)dv(u) - /Ot [ 0uf (u, $)dv,(w)ds
+%/Ot/ <uuazf(”’ 5) = 9/ (v, S)) dv,(u)dv,(v)ds

u-—uv

1 t
+5 /0 / ud, f(u, s)dv,(w)ds,
and set, if |9,f|2 = d,fd,f,

Uy = sup  fU(f,v) = L fy [10.F (. 9)Pdv(w)dul.
Fee1(5x[0,1])

Then, we can prove as in the previous sections that:
THEOREM 3.3.  The law of the empirical process #'™) with values in €([0, 1],

PA(3)) satisfies a large deviation upper bound with good rate function which is
infinite if vy # 8, and otherwise equal to U%(v).
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As a consequence:

COROLLARY 3.2.  The empirical process #™) converges almost surely to the
unique solution in €([0, 1], 2(3)) of

/f(u,t)dvt(u) - /f(u,O)dvo(u)+/()t/&Sf(u,s)dvs(u)ds
(3.4) - %f;/ <uuazf(”’ 8) = 9:1(s, ”)> dv(w)dv,(v)dt

u-—uv

1
-5 / / ud, f(u, s)dv,(w)ds,
0
for every test function [ € sz’l(E x [0, 1], R) and with vy = 6;.

PROOF. Again, the point is to show uniqueness of the solutions of this
equation. We here proceed as in Lemma 2.6; take f(u) = u™ with n € N. We
find, if m,(n) = [ u"dv,(u) with a solution v of (3.5), that it must satisfy

L n-1 4 1 t
(38.5) my(n)y=1-3n l; /0 my(D)my(n —1)ds — §n/0 mg(n)ds.

Letting m,(n) = [u"dp,(u) for another solution of (3.5) and denoting, for
nelN,

Ay(n) = i‘ig |m,(m) —m,(m)|,

we find, since m,(n) and m,(n) are uniformly bounded by 1, that
t
A(n) = (n?+n) [ A(n)ds
0

so that Gronwall’s lemma shows that A,(n) is identically null. Since the mo-
ments (m,(n));c0,1) characterize the compactly supported measure v, we con-
clude to the uniqueness of the solutions of (3.5). This unique solution v was
already identified as the law of the free unitary Brownian motion in [5]. O

4. Large deviations for several matrices and Voiculescu’s non com-
mutative entropies. In this last part, our dynamical strategy will be the
key to understand large deviations and related entropies for non-commutative
random variables.

In the former part, we always consider only one matrix at a time, enabling
ourselves to diagonalize this matrix and therefore to overlook most of the
non-commutative framework of our matrices valued random variables.

Here, we shall consider several independent Hermitian Brownian motions
and establish a large deviation upper bound for the process of the law (in a
non-commutative sense) of the time marginals of these processes. One should
remark that, since the spectral measure of one matrix defines its non com-
mutative law, the previous large deviation results of Section 2 for the spectral
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measure can be seen as large deviations statements for the law (in the non-
commutative sense) of the time marginals of a single Hermitian Brownian
motion.

By the contraction principle, we get a large deviations upper bound for the
law of several independent Wigner’s matrices. The rate function for this large
deviation result defines a natural entropy for the non-commutative law of
several variables. We can compare this entropy with one of the two entropies
defined by D. Voiculescu in [28] and [29]. To be able to define such an entropy
and derive related large deviations results was the major object of our present
research.

It is important to notice that in such a framework, there is no way to use
any explicit formula for the law of the eigenvalues of each of the Hermitian
Brownian motions since they can not be diagonalized simultaneously. In par-
ticular, the strategy followed in [2] (see also [3] and [20]) to prove a large
deviation principle for the spectral measure of Wigner’s matrices is useless
when considering more than one matrix.

To motivate our readers, we shall first state our results somehow heuristi-
cally since they necessitate, to be properly set, the definition of a nice topol-
ogy (and related test functions) on the space of the laws of several non-
commutative variables. In fact, such a definition lacking in the actual non-
commutative field, we shall detail it in Subsections 4.2 and 4.3. We will finally
prove our results in Subsection 4.4.

4.1. Statement of a large deviation result for the process of the joint law
of the times marginals of several Hermitian Brownian motions and related
results. In the non-commutative formalism, the law w4 of an operator A is
usually defined by its moments, that is by (7(A”)),.y where 7 is the trace
state of the underlying algebra. In other words, 4 is the positive linear form
on C[X] such that w,(x") = 7(A") for every n € N. From this point of view,
the law of the time marginals of the Hermitian Brownian motion H p is de-
scribed by the family (try H3(¢)) peN,tef0,1]- But the associated topology is not
the weak topology. To obtain results for the spectral measure in the weak
topology, we were driven in the previous part to consider instead the family
(try F(Hn(2))) fec,(w),ef0,1)> that is to consider ,&gN), t € [0,1], as a positive
linear form on ¢,(R) rather than on C[X].

Almost-surely,the non-commutative law of the time marginals of (H f\,, 1<
k < m) of m independent Hermitian Brownian motions is described by the
family

try P(HE (1), 1 < k < )
(rN (Hy(0), 1<k =<m) Ped(X 4, 1<k<m),te[0,1]

where #2(X;,,1 < k < m) denotes the set of non-commutative polynomial
functions of m variables. Again, this is not the right topology for our purpose.
It is more appropriate to consider instead the topology generated by the non-
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commutative cylinder functions

(4.1) F(X,,1<k<m)= ﬁ ﬂ-(%ank)

1<i<n k=1

where (f;)"_, belong to €,(R) and (a®,1 < &k < m)™, to (R™)". [ | denotes the
non-commutative product. More precisely, we shall consider the non-commu-
tative functions belonging to the complex vector space ¢¢,,(C) generated by
the set ST(C) of non-commutative Stieljes transforms
4.2) F(Xpl<k<=m)= [] 1
. nl<k<m)= -
1=izn Zi — Lkl O‘fX

where (z;);-;, belong to C\R and (e%,1 < k < m)™, to (R™)". €€,,(C), the
closure of ¢¢,,(C) with respect to the uniform operator norm (see (4.15)), is a
separable Banach space for this norm.

The non-commutative law of m non-commutative variables (X, 1 < k& < m)
will be defined as elements of the algebraic dual €¢,,(C) of ¢<¢,,(C), with
real-valued restriction to ¢¢,,(R), the real vector space of Hermitian valued
functions of ¢€¢,,(C) (henceforth isomorphic to £€¢,,(R)), satisfying properties
of positiveness, boundedness and total mass 1 which will be described in the

next sections. We will denote Zi this set.

The topology under study (called £¢¢,,(R)-topology) is such that a family
(7,)nen converges toward 7 iff for every f € £€¢,,(R),

1im 7,(f) = 7(f).

.#1, equipped with this topology, is a compact metric space, hence a Polish
space. This topology generalizes the usual topology inherited from compactly
supported functions. To recover the usual weak topology, we shall add a tight-
ness criterium under which our topology will be equivalent to that inherited
from the test functions of (4.1). For this strengthened topology, the relatively
compact subsets of .#; will then be included in

H(A)={n € 4, max p(X}) < A}

for some A > 0. We let #7(00) = Uaen #7 (A).

We denote €€, (R x [0, 1]) the space of continuously differentiable €€, (R)-
valued non-commutative functions and ([0, 1], .#; ) the set of continuous
Zf-valued processes. The topology on the time variable remains the uniform
topology.

To describe the rate function of our large deviation principle, let us first
introduce the definitions of a few differential operators. For [ € {1,..., m}, we
define the following extension Dy, from ¢¢,(C) into €¢,(C) ® €€,,(C) of the
differential operator D, defined in the previous section so that for any n € N,
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any (2;)1<i<, € (C\R)", any (af‘e, 1<k<m)i -, € (R,

- 1
Dy | [] ————
l (1<j<n zj— XL aLin)

LA e 1 = 1
N i;ai (151:[51‘ z;— 20k ai'Xi) ® (ifl;lsn z;— 2t aé‘Xi>
Further, if m* denotes the map from ¢¢,,(C) ® €¢€,,(C) into €¢,,(C) so that

for any (F, G) € (66,4(C))?, any (X;, 1<k <m)e#, N eN,
m(F(X,,1<k<m)®G(X,,1<k<m))
=G(X,,1<k<m)F(X,,1<k<m),

we set, for [ € {1, .., m}, Zx, to be the cyclic derivative w.r.t X,

9x,=m"oDx,.

If .* denotes the natural extension of the involution on (.#y, N € N) to .# =
Unen «#n, for any non-commutative Stieljes function F € ST(C), we let

*

Ty (F(Xp1<k<m)) = (QXI(F(Xk, 1<k< m)))

We are now in position to define > our rate function. For 0 < s < ¢t < 1,
F,Gee¢c, (Rx[0,1]), v e €([0,1],.#7), let

—s t
S (v, F) = vi(F)) = v(F,) — [ v,(3,F,)du
t m
_%/ v, ®v, | Y Dx, 0 9% F, | du,
§ =1

WF PN = Y [ 025, Fu 5, Gu)du.
1=1"%

—s,t —s,t s
S"wy = sup (S, F) - L(F, F)Y).
Fec¢,,(Rx[0,1])

Let 63" be the non-commutative law such that 65" (F(X,,1 < B < m)) =
tr; F(0,...,0) for every F € €¢,,(R). We set

_ +00, if vy # 8§™or v € €([0, 1], A7),
Sw)=1{-01

S (v), otherwise.
Then, we shall prove:
THEOREM 4.1. Let oN) be the continuous Zf-valued process so that for

any F € ¢€,(R), we have i\ (F) = try(F(HY (¢), 1 < k < m)); the law o™
satisfies a large deviation upper bound in the scale N? with good rate function
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. More precisely:

. The level sets of S are compact in €([0, 1], .Z7).
. For any M € R", there exists A € R* so that the level set Ey = {p €
(10,11, 47), S(n) = M} satisfies

Ey c 6([0,1], #7(A)) = {n € €([0, 1], #7), p, € X7 (A), ¥t €[0,1]}.

Hence,

N =

{wee([0,1], 47),S(n) < oo} C | €([0, 1], #7(A)).
AeN

3. For any closed subset F of €(]0, 1], V%T),
1 _
. = A(N) s
lim sup —— In P (M c F) < —infS(»)

N—oo

If ﬁst(R) is the set of non-commutative functions F' mapping #y x #y
into # for any N € N and so that there exists a family (F,), .y € €€ (R),
so that

1 m
IF—FnI(Xk,lsksm)s;(ZX%Jrl)
k=1

where |F| = v FF*, < is to be understood in the sense of quadratic forms,
then, Theorem 4.1 can be strengthened to the ¢¢ ,,(R)-topology as follows:

COROLLARY 4.1. (i) For any integer number n, any times (¢;)_; € [0, 1]",

any family (F;)}_; € ﬁst(ﬂ%) , for any real constants (a;,b;,a; < b;)]_y,

lim sup %mp ((Wﬁ {try (Fj(va(tj), 1<k< n)) ela;, bj]}>

N—oo j=1

< —inf{§(v) v, (Fi(Xpl<k<m))ela;,bj]Vje {1,...,n}}

(ii) For any function F € ﬁst(R), the law ﬁ,(FN) of the spectral measure of
(F(H%(t), 1<k < m))sepo.1) € € ([0, 1], Z(R)) satisfies a large deviation upper
bound in the scale N? with good rate function

Sp(v) = inf {E(ﬁ), v="po F*l}

where 7o F~1 is the measure valued-process so that, for any function g € ¢;(R),
for any time t € [0, 1],

70 F(g) = ,(8(F)).

PrRoOOF. Corollary 4.1 is a consequence of the contraction principle; indeed,
by Property 4.2, Theorem 4.1 and Theorem 4.2.1 of [14], the spectral measure
,&%N) of (F(H%(t),1 <k < m))seqo,1] satisfies a large deviations upper bound
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with good rate function ./ for any F' € €¢,,(R). Further, by Lemma 4.2, the
laws of (p,F )neN are exponentially good approximations of the law of g A(N)

since for any 8 > 0, if Z is given by (1.5),

P (235, i) > o) <P(sup try( 3 (Hy (t))2+1>>n6>

te[0,1] 1<k<m

so that (2.10) and Chebishev’s inequality result with

lim sup lim su

for all 6 > 0. Thus, Theorem 4.1 (2) and Theorem 4.2.23 of [14] show that the
law of ,&%N) satisfies a large deviations upper bound with rate function ./ for
the weak topology. This completes the proof of the second point. For the first
point, we can proceed similarly by noticing first that if the functions F ; belong
to ¢¢,,(R), the contraction principle immediately implies the result and that

the extension can be obtained by exponential approximations. O

1ogu3>(9( 2" A<N))>a) o

Properties 1.3 and 1.1 are direct consequences of Corollary 4.1.

Here, we considered Hermitian Brownian motions. However, it is not hard
to generalize the results to symmetric Brownian motions, Wishart processes or
Unitary Brownian motions following Section 3. Also, viewing unitary matrices
as functions of Wigner’s matrices we can deduce a large deviation upper bound
for the non-commutative law of independent unitary matrices following Haar
measure on the unitary ensemble. More precisely, let (U, ..., UN)be m N x
N i.i.d matrices uniformly distributed on U(N). (UY, ..., UY) has the same
law as

F ((HN(l))1<l<2m)
(|H21 (D) +iHY )T (Hé\zf (1) +iH; (1)))
with (HN(¢),1 <1 <2m,t € [0, 1]) i.i.d Hermitian Brownian motions and
|HY (1) + iHY(1)]
= (HY_y (1) + i HY (D)) HY_, (1) + iHY (1))

= (HY (1 + HY()? + i(HY()HY (1) - HY ()HY(1))*.

(4.3)

1<l<m

As a consequence, if we consider the joint law @) of (Uiv ..., UNY as an
element of the topological dual #(U,;,1 <1 < m)* of the set Z2(U;,1 <1 <m)
of non-commutative polynomial functions of m variables,

g M(P) =try P(UY,...,UY), Pe2(U,,1<l<m),
furnished with the weak topology compatible with the distance

Hv( [1 U(r(i)) _V< I1 U(r(i)) >
1<i<k 1<i<k

A 1
Gur)= Y o sup
keN a{l,...k}={1,...,m}*
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Theorem 4.1 results with:

COROLLARY 4.2.  There exists a good rate function % on 2(U;,1 <1 < m)*
so that for any closed subset F of 2(U;,1 <l < m)*,

1 _
limsupmlogﬂj’@,(m € F) < —i%f@.

N—oo

If, for n e N, we let

DO

. 1\~ :
F,(X;,1<l<2m)= ((|X21_1 +iXy?+ ﬁ) (Xg-1 + lez)) ,

1<l<m
% is given by
%(w) = liminf inf {E(V), yoFl = ,L} .

Here, vo F';1 denotes the image by F,, of the non commutative measure v given,
for any polynomial function P of m non-commutative variables, by voF,}(P) =
v(P(F,)). The proof of this corollary is provided in Subsection 4.5.

Another corollary of Theorem 4.1 gives the convergence of the non-commu-
tative law of (H%,1 <k <m)

PROPERTY 4.1.  The non-commutative law of (H%,1 < k < m) converges

almost surely toward the law of m free Brownian motions, unique solution in
([0, 1], #7 (00)) of the differential equation

t t m
v(F) =v(F)+ [ v (0, F)du+} [ v, 80, (Z Dy, oﬂx,Fu> du
s s =1
forany F € €¢64(R x[0,1]), any 0 <s <t <1, with initial data 6y".

This property is proven in Section 4.6.
Another application of the contraction principle and of Theorem 4.1 is to ob-
tain large deviations estimates for the time marginals of our process. Namely:

COROLLARY 4.3. For any time t € [0, 1], the law, in the non-commutative
sense, of (H?v(t), 1 < k < m) satisfies a large deviation upper bound in the
scale N? with good rate function given, for any v € .#7 by

S,(v) = inf{S(%), #, = v}.
We shall define:

DEFINITION 4.1.  We shall call non-commutative entropy of order II the
function on .# given by

I = inf S(v), v, = ul.
(1) Veg([o,ll,%:(oo)){ (v), v1 = pu}
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This entropy can in fact be compared with the second entropy defined by
Voiculescu (see [29]) up to a proper interpretation of our entropy in his formal-
ism. Let’s be given a non-commutative probability space (.7, 7), that is a von
Neumann algebra &/ endowed with a trace state 7, and a family (A4,..., 4,,)
of self-adjoint elements in .27. The associated law w is then defined as the
element of .#;~ such that

VF € ¢€,(R), u(F)=1(F(Ay,...,A,)).

The definition of the free information of u given by Voiculescu is based on the
adjoints (/1 <1 < m)in L*(n) of Dx, I € {1,..., m}, satisfying, if they
exist, for any non-commutative polynomial function F,

n@uDx, F)=wFry), l=l=m.

The free information is then infinite if (# ;l, 1 <1 < m) are not well-defined
and otherwise given by

(A, ..., Ay) = 2wl L, P) = ().
=1

Replacing the polynomial functions with non-commutative functionals of
¢ ¢, (R), we have

m 1 m

®*(n) =2 sup {M ® M(Z DXZFZ> - 5#(2 F%)}
Frec 6y (R) =1 =1

and equality if we further assume that the (# ;’}l, 1 <! < m) can be approxi-

mated by functions of ¢€¢,(R). To define Voiculescu’s free entropy x*, we need

to introduce first the following map on .2 ; for F € ¢¢€,,(R), t € [0, 1], we set

Wb(F) =~ <F(tAl +Ji-ns, 1< < m)>

where (S;,1 <[ < m) are free semicircular variables, free with (4;,1 <1 <
m). (/“L?)te[o,l] is the law of a m-dimensional free Brownian bridge between 67"
and u (that is a non commutative process with initial law 65" and law u at
time one). Then, we let

X'(w) = %/01 (? 0% (ud)) de + % In(2me).

The reader can check that this corresponds to the more common definition
given by Voiculescu in [29]:

“( )—1/m<l_¢*(x + V1S, X,y + VIS ))dt+ﬂln(2we)
=91 \1+¢ ! Lo S m 2 '
by changing the time variable ¢ = (1 + s)~! and recalling that for any A € R,
D (AA1, ..., A,) = A 20*(Aq, ..., A,).

In comparison, if we consider our entropy I, then, we first perform an infi-
mum over the processes with marginals 85" at time 0 and u at time 1. Because
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it is natural that such an infimum should be taken at the free Brownian bridge,
we bound I by

(4.4) I(w) < S(ub).

One can check that u® verifies the differential equation

WP — W(F) = [ b0, F.)du

(4.5) ——f nb @ ub ((ZDXl 09X>F )du

=1
+/ uu( ZQXIF )du

for every test functions F € €€ 4(R x [0, 1]) and uy = 85", n; = n. With (4.4),
we find

(4.6) I(w) < / ' Mdu

where 1% is the image of u® by the homothety of ratio (1/,/z) and

J(w)= sup {uw(fDX,oa@XlF) ~u( X F)-} iﬂ«(@xlaFP)}-

Feccy(R) 1=1 1=1 =1

J stands for our definition of the free Wigner’s information. It is straightfor-
ward, by the translation F(X;,1 <l <m)— F(X;,1<1<m)—(1/2) Y], X?
[which is possible even though )" ; X? are not bounded because (3], X?) =
(X7, A?) is finite] that

Jw= sup {Mw(iDXZo@X, )—%ﬁ (L@XIFF)}

Feccy(R) =1
dla m
4.7 +3u (Z X%) -5
I=1

m
< L@ () = m) + 1 Y (u(XP) - 1),
=1
where the second term naturally shows up since we are considering the Gaus-
sian ensemble. Because, in view of [29], page 214, ®*(al) = t®*(u?), we con-
clude that, up to a Gaussian term, our entropy is dominated by Voiculescu’s.
More precisely,

I(w) < —x"(w) + 5 Z(M(XZ 1) + 5 log(2me).
l 1

Let us finally remark that we believe (4.6) to be an equality but that we have
not make our mind whether (4.7) should be an equality or not in general, which
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amounts to wonder if (# §l, 1 <l < m) can be approximated by functions of
the cyclic gradient space {(Zx,F,1 <l <m), F € ¢€,(R)}. Two very recent
works suggest a positive answer; D. Voiculescu [30] has shown that the non-
commutative Hilbert transform (7 )’él, 1 <[ < m)isin the cyclic gradient space
as soon as it is polynomial and we could show [9] that any law w with finite
x* entropy can be approximated by laws u” with non-commutative Hilbert
transform in the cyclic gradient space. A more detailed study of the relations
between y* and I is actually the subject of the work in progress [9].

4.2. Definitions and It6’s formulee. In this section, we introduce our sets of
Stieljes test functions and precise the definitions of the differential operators
introduced in the previous part. We then provide an Ité’s formula.

Let us first give a few definitions. We shall consider the following spaces

A=\ Ay A= Hy Hm = U 2
NeN NeN NeN
A is furnished with the involution *, extension of the usual involution on each
Ay, N € N. The set of non-commutative functions &(C) is the subset of the
functions F : %, ,, — .# such that for any N € N, for any (A4;,1 <l <m) €
Hn, F(A;, 1 <1 <m)belongs to the algebra generated by (A4;,1 <l <m). In
particular, F(#}') C Ay.

REMARK 4.1. In fact, in view of the following, we could consider more
generally &(C) as functions on von Neumann algebras so that for any von
Neumann algebra M, any (A;,1 <l <m)e M™, F(A;,1 <1 < m) belongs
to the algebra generated by (A;,1 < ! < m), and thus in particular to M.
Furnishing von Neumann algebras with an involution * and an operator
norm || ||, we can extend the rest of this article to this set up. This approach
is more common in free probability. However, we found that it might confuse
the reader unnecessarily in this paper.

We shall denote &(R) the subset of &(C) of Hermitian matrices-valued
functions. (X;,1 <[ < m) will denote the canonical coordinates in /%, and
(A;,1 <l <m) some element of 7,

REMARKS 4.1.
1. If f is a real function, we can define the functions
F,(A,1<l<m)=f(4), 1<l<m.

It is straightforward that F;, 1 <[ < m, belong to £(R).

2. It is not hard to verify that &(C) is a non-commutative algebra, but that
&(R) is not an algebra.

3. There exists a partial order on £(R). If (F,G) € &(R), F < G iff VN € N,
V(Al)lflfm € Jf]\rrn,

G(A,1<l<m)—F(A;,1<1<m)is anon negative matrix of #y.
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4. Remark that any function F' € &(C) can be decomposed into the sum F'; +
i Fy of two functions (Fy, Fy) € &(R) with F, = 2(F+F*)and F; = %(—iF+
iF*). Here, F* is defined by F*(A;,1 <l <m) = (F(A;,1<1<m))" for
any (A;,1<l<m)eHy, NeN.

For any integer number n € N, any real numbers a = (a,);<,<, € (R™)",
and any complex numbers z = (z;)1<,<, With non zero imaginary part, we
introduce the non commutative Stieljes function

- 1
Lepen Zp ~ i1 o, X
and let
ST(C) ={®,,;(a, 2) € (R x (C\R))", n e N} C £(C)

be the non-commutative Stieljes basis. We let £¢,,(C) be the complex vector
space generated by ST(C);

p
ggst((ﬁ)z thFj;(tj)lfjfpeCp>(Fj)1§j§pGST(C)p>p€N .
i=1

¢ ¢, (C) contains the identity.

To extend the definitions of the differential operators encountered in the
previous section to €¢,,(C), we first describe the notion of non-commutative
Stieljes bi-functions. Note first that for any (F,G) € &£(C), F ® G is well-
defined as the function on /%, so that for any N € N, any (A;,1 <l <m) €
AN

FRGA,1<l<m)=F(A,1<l<m)®G(A,1<l<m)
where F(A;,1 <1l <m)® G(A;,1 <1 < m) stands for the standard tensor
product in .#y ® .#p. We can therefore set

ST & ST(C) = {cb ® By 5: (e, 2) € (R x (C\R))",

(@2 @ x ©R)Y, () e N,

We denote €¢,, ® €¢,,(C) the complex vector space generated by ST ® ST(C).
We can now describe the following extensions of the derivations appearing in
the previous section; we set Dy, [ € {1,..., m} to be the linear operator on
¢¢,(C) satisfying for every F,G € ST(C) and f(x) = (1/z — x), z € C\R,
(ap,1<k<m)eR™ any (A, 1<k <m)eH#, by

Dy,(FG) = Dx,(F)1®G+F®1Dy,(G),

(4.8) m - 3
Dy, (f(Zaka>)(Ak,1§k§m) = al(DOf)<ZakAk’ ZakAk)
k=1

k=1 k=1
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where D, was defined in Section 2. More explicitly,

Dy, (f(iakxk»mk,lsksm)

k=1
1

a; m ® m .
z=Y 1Ay T 2= 0 A,

(4.9

From (4.8) and (4.9), it is straightforward that for any n €N, any (e, 2) € (R™ x
(C\R))",

Dqu)g,g(Alw 15 kfm)
(4.10) =y aljd)if,gj(Ak, L<k<m)®, . (A;,1<k<m)

®<I>aj,zj(Ak, 1<k<m)®,; ,i(Ap,1<k<m)

with (a;,z;)=(a,2;)s<; (resp. (gj,gj)z(ak,zk)k>j). In particular, for any
le{l,...,m}, Dx (€€,4(C))C €€, ®€¢,(C). Further, if m* denotes the linear

map from ¢¢,,(C)®¢¢,,(C) into €¢€,,(C) so that for any (F,G)e(ST(C))?,
any (A,,1<k<m)eH,,,,

m*(FRG)(Ap,1<k<m)=G(A,,1<k<m)F(A,,1<k<m),

we let the cyclic derivative 9, l€{1,...,m}, be the linear operator from
¢¢,(C) into €¢,,(C) given by

(411) @Xlzm*oDXl.
More precisely, for any neN, (a,z) e (R™,(C\R))", (4.11) yields
(4.12) Dx Po (A 1<k<m)=Y Dy ;) (A, B)
j=1
with (a(), 2(j)) € (R™,(C\R))**! given by
(Q(J)7§(]))p = (aj+p—17zj+p—1) pe [1,7’L—]+1]
= (apfnJrjfl’prnJrjfl) pe[n—j+2,n+1].

In the sequel, we shall denote (g(j),g(j))lz(g,g)gj(l) for a map o; from
{1,...,n} into {1,...,n+1}, neN, defined by the above formulae. Note that
(4.12) implies the stability property Zx, (€¢,(C))C€€,(C), 1<l<m. We
finally define, for /e€{1,...,m}, the linear second order operator Ly from
¢¢,(C) into ¢¢,,8¢¢,,(C) by

(4.13) Lx =3Dyx 0%,
Lx, can also be defined as

LXI:%m*((].@DXl—i-DXZ@l)ODXl)
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if m* is the linear map from ¢¢,,(C)®? into ¢¢,,(C)®? so that for any (F,G, H)
€ 6u(C)?,
m*(FoG®H)=Go(HF).

We also have the more explicit formula for any integer number neN, any
(a,2) e (R™,(C\R))", any (A,,1<k<m)e ¥,

LXI g,5(1413,15135777,)

xXm»>

n n+l

(4.14) =3 X 00,0 P, 1z, Py .20y (A 1SR ZM)
j=1l=1

P

arrj(l)72rrj(l)

We can define the adjoint of Zy, so that for any F e€¢¢,(C) and any (A;,1<
k<m)eHm,

Pq, .z, (Ap 1<k <m).

Dy F(Ap1<k=<m)=(Zx F(Ap,1<k=<m))"
We shall note, for any Fe£¢,,(C), le{1,...,m},
|Z%,F|”=9x,F 9% F.
Note for further purpose that |Zx, (6 ¢,(C))[> C£¢,,(C).

If ¢¢,,(Rx[0,1]) denotes the space of continuously differentiable functions
from [0,1] into €€,,(R)=¢¢,,(C)N&(R), we can state the following:

THEOREM 4.2. It6’s formula: let Fe6¢,(Rx[0,1]); then the process on
[0,1] given by

QW(t) = try F(HE (£), 1<k <m;t)— 85" (F(.;0))
—/0 tryd, F(H% (s),1<k<m;s)ds

_/OttrN Rtry ((éLxl>(F)(H§V(s), l<k< m;8)>ds

is a real-valued local martingale for the canonical filtration of (H k1<k< m)
with martingale bracket

™) H| _ 1 . 20 gk :
(@F".Q%") = Nz/trN<l§|9XlF| (HN(s),lskfm,s)>ds.

PrROOF. The proof of the formula is analogue to that of Lemma 2.1 and

can be seen to be a consequence of Ito’s formula. Q(FN)(t) can be seen to be
real-valued since, as F e ¢€,,(Rx[0,1]), for any time #€][0,1],

try F(H% (1), 1<k<m;t) = try F*(H%(t), 1< k<m;t)
_trNF(H (t),1<k<m;t)

and hence Q(N)(t) Q(N)(t) Q(N)(t) o
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So far, we have exhibited a vector space €¢,,(R) generated by a family
ST(C) of test functions which is stable under the diverse differential operators
showing up when we perform It6’s calculus. In the next section, we shall endow
this set with a uniform topology and study the associated topology inherited
on the space of non-commutative probability measures by duality.

4.3. Topology. We can endow the space of non-commutative functions &(C)
with the following norm |||, . For any F'€&(C), any N €N, set

I Fllo, v =sup{[| F(Ap, 1<k <m)|:(Ap, 1<sk<m)e#y'}
with |||, the operator norm given, for any A €.#y, any N €N,

|Alloo= sup (u,A"Au)y

[lufly=1

if <u,v>y=Y"",u;0;, and || ||y the associated norm. Note that if A is Her-
mitian, ||Al|,, is the spectral radius of A but that it is greater in general.
Then, we define, for any F €& (C),

N=>1

REMARK 4.2. This norm generalizes the usual supremum norm on R since,
if F(Ap,1<k=m)=f(A)) for f€¢,(R), we have | F|y = fllw-

Let €¢,(C) (resp. €€,(R)) be the closure of £¢€,,(C) (resp. €€,,(R)) for the

norm || ||y - €€(C) and €€, (R) are separable Banach spaces. Note that:

LEMMA 4.1. () For any F e €€ 4(C), ||F||x o <00.
(b) For any F e ¢¢,(R), any f€€,(R), foFe€€,(R).

PrOOF. The first point boils down to show that any F e ST(R) has finite
norm. Note that for any NeN, any A, Be .Zy x4y, ||AB||o <|IA|lcol| Bllsos SO
that for any F,G e ST(C),

IEFG 0,00 < [1F|]oc,00/ | Glloc,00-

Hence, it is enough to bound the norm of (z—Y_7*; @; X;)~! for ze C\R and a;, €
R to conclude, or equivalently that for any ze C\R, any Ae#, (z—A)"}(2—
A)~! has a spectral radius bounded independently of A. Diagonalizing the
matrix A, it amounts to notice that for any x €R, |z—x|~! is bounded by the
inverse of the absolute value of the imaginary part J(z) of z.

For the second point, recall first that for any (A,,1<k<m)e#y', any
NeN, if U is a N x N unitary matrix such that F(A,,1<k<m)=U*DU for
a diagonal matrix De#y, f(F)(A,,1<k<m)=U*f(D)U. Further, one can
use Runge’s Theorem 13.7 in [26] to approximate f uniformly by polynomial
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functions £, on [—||F||x. s || Flls.00]- Since the elements of D are uniformly
bounded by ||F||,, -, We conclude that
F(F)(Ap1<k<m)-U"f,(D)U|| < sup [f=Fal(x)=¢,
xe[_HFHco,oo’HF”oc,oo]
and hence, taking the supremum over (A,,1<k<m)e#y and NeN, ||f(F)—
Frn(F)lso.00 < &, Since for any F e €, (R), any neN, (F)" e €€ 4(R), f,(F)e
¢¢ 4(R) for any neN and the claim follows. O

REMARK 4.3. As a consequence of Stone-Weierstrass theorem, if one con-
siders the cylinder functions going to zero at infinity

M — . m . .
550(C)=:Z H fiJ(Zaij(k)X}e);MeNs(kj)lgjsMeNM7fijegO(R)a

j:llgigkj k=1
(of(),1<l<m)eR™1<j<M,1<i<k,{,

the closure of £¢,(C) by || |[e.00 18 €€ (C).

We can now define the set of non-commutative probability measures; let
€€ 4, (C) be the algebraic dual of €¢,(C), that is the set of linear function-
als on ¢¢,(C). .# is the subset of €€ ,(C) of linear maps with real-valued
restriction to the real vector space ¢ ¢ ,(R). Any pe .# can be decomposed as
p=v+iv, ve£¢€ 4(R) since for any F e£¢,(C),

(T ()

with 271(F+F*),(2i) Y (F-F*)e¢¢ ,,(R). Hence .# is isomorphic to €€ ,(R)'.
We furnish .# with the weak topology induced by ¢¢ 4 (R), denoted €¢ ,(R)-
topology. It is the analogue of the topology on the space of measures on R
inherited from the set of test functions going to zero at infinity according to
the last remark.

We shall now introduce the analogue of the set of probability measures (i.e.,
the notions of boundedness, positiveness and mass 1).

For any positive real number a, we denote by .#, the subset of .# of linear
forms p such that

(416) VFE{gst(C)’ |/J’(F)|§a”F”oo,oo

Remark that, for any @ >0, .Z, can be seen as a subset of the algebraic dual of
¢¢,(C) and that the €¢ ,,(R)-topology is equivalent to the ¢¢ ., (R)-topology
on .#,. Hereafter, we shall always consider .#, as such.

We shall say that a linear form we.#,, a >0, is positive iff

VFeZé,(R), F>0=u(F)>0

where the first inequality was defined in remark 4.1.
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n will be said to be tracial if
VF,Gec¢,(C), wW(GF)=u(FG).

REMARK 4.4. If a linear form p is tracial and positive:

0.YF,Ge¢¢y(C),

FG*+GF*\1?
u(F57) | <urrmeen)
1.VFe¢é6,(R), Gec€y(R), F>0,
w(GF) <[|G o, com(F).
2.VFe¢€,(R),
p(F) =< u(|F1).
3.VFe¢¢,(R), fec (R), >0, any F,Gec¢,(R), F<G,
w(f(F))=u(f(G)).

4. For any F,G e ¢¢,,(R), any Lipschitz function f on R,

[W(F(F)=uw(f(G))|<Ifl, w(F-GI)
with

x,y€R | — |

Point 0 can be easily demonstrated as a standard Cauchy-Schwarz formula.
For point 1, notice that writing F=FzF2 [with Fze ¢ (R) according to
Lemma 4.1] and noticing that F%(G— ||G||oo,ool)F% <0, one sees that

B(GF) — |G ot (F) =11 (F3(G— |Gl s 1) FH) <O0.

For the second point, we simply know that |F|> F so that positiveness of u
gives the estimate. For point 3, note that

1
(4.17) M(f(F))—,U«(f(G))=M<[F—G] A f’(aF+(1—a)G)da)
and hence, if F <G we can proceed as for point (1) to see that, if />0,

w(f(F))—u(f(G))=0.

For the last point, first assume that f is continuously differentiable and note
that by (4.17) and point 2,

(4.18)  |u(f(F)=p(f(G)) =n([F - G]fo1 f'(aF +(1-a)G)dal).
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Now,
1 2
F-GX( [ f@F+(1-a)G)da) [F-Gl<|f |A[F-GP

and applying (3) with g(x)=./x, we deduce

|(F (F) = F(GDI =N F || F = GI).

Since F and G € ¢¢,,(R) are uniformly bounded and ¢, (R) is dense in the set
of Lipschitz functions for | | , on compact sets, the result follows for Lipschitz
functions.

Let 7: be the subset of .#, of positive tracial linear forms. We can define
the notion of total mass for any linear form u of 7+ by

m,=sup{u(F), FE€Cy(R), |Fllp.0o<1}=inf{AeR", ne.Z, }

The analogue of the commutative set of probability measures will be the subset

A of 7; of linear form with total mass m, exactly equal to one. Note that
m,=pu(1) since, as u is positive, for any F e €€ ,(R),

P(F)=p(F.1) <||F||0,00m(1)
so that

m,, <u(1)
and moreover that 1€ ¢¢;,(R) implies u(1)<m, and the desired equality.
By a standard diagonalization procedure, it 1s not hard to check as in the
commutatlve setting that ./Z; _.# is compact for the £¢ €64 (R)- topology since
¢¢4(R) is separable. The ¢<,,(R)- topology is compatible on .#; with the
dlstance

- 1
d(p.v)=lln—vlll= X2 55 Iw(F ) —v(F )l
peN
where (F p) pen 18 @ basis of uniformly bounded functions of ST'(C) (or ST(R))
such as {®, ,;(a,z)e(Q™ x(i+Q))*,neN}. Hence, .#; is a compact metric
space, thus Polish. -

Notice here that it is not clear whether the elements of .#| satisfy a count-
ably additive property (and how it should be stated), characterizing standard
measures. However, the marginals of 7? are standard probability measures,
namely:

PROPERTY 4.2. Let Fe€¢¢,,(R). Then, the linear functional up on ¢,(R)
given by

pp(f)=wm(foF)

is a compactly supported probability measure on R. Further, the map p— pup
from #, furnished with the ¢¢€,,(R)-topology, into #(R), furnished with the
weak topology, is continuous.
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PrROOF. First recall that, according to Lemma 4.1, fo F e €¢,,(R) so that
wr is well-defined as a linear map on C,(R). Further, uz is bounded since by
(4.16), for any f €6, (R),

pr(F) <1 o Flloo,co <I1Floc

Moreover, F' being uniformly bounded, pr can be seen as a linear map on
¢.(R). Finally, up is positive. Thus, by Riesz’s representation Theorem 2.14 in
[26], there exists a unique positive measure (hence countably additive), also
denoted .z, so that for every f €<, (R),

ur(F)= [ F(x)dup().

Moreover, up is compactly supported [since F € €€, (R) is uniformly bounded]
so that it has finite mass. This mass is necessarily smaller than 1 since p€ .#,
and can be seen to be exactly equal to one by taking the constant function

equal to the unity. Hence, u is a probability measure on [—||F|| oo» || F|| 0. 00]-
Further, if we take a sequence " GZT converging toward u for the €¢,,(R)-
topology, for any f € ¢,(R), u»(f) converges toward ur(f) as n goes to infinity

since foF € €€, (R). Therefore, u — up is continuous. O

It can be useful to consider as well the marginal law of unbounded functions,
to begin with the laws of the canonical coordinates. This requires an extra
tightness property, which will be expressed as a second moment condition.
Let .7 be the set of Stieljes functions {(z—x)~!,ze C\R}.

Let us consider the marginals ux,, [€{1,...,m}, of MGZT defined by

VieT  ux(H=m(f(X)), 1<l=m.

Since the complex vector space generated by 7 is dense in €,(R) by Runge’s
theorem, we can follow the arguments of the proof of Property 4.2, to see ux,,
le{1,...,m}, as positive linear maps on €,(R) and therefore defined classi-
cally as probability measures on R. In particular, they are countably additive
and the monotone convergence theorem holds ((1.26), [26]). Hence, we can set
w(Xr, X = Y7y, (x?). Let, for AeRT, #;=(A) be the closed subset of A1,

HFT(A)= {M e A7,  ax MX,(x2)§A}

{L,...m}

and

()= U ()= e a7, max

o (%) <.
AeN L FELee }

Further, consider

TC4(R) = [Fe&(R);a(Fn)neNeg_@(RW,

1 m
|F—Fn|(Xk,1§k§m)§;(ZX?—H)}.

=1
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¢¢ ,(R) contains the bounded continuous functions and the linear combina-
tion Y ;",a;X; of the canonical coordinates [approximate > ;';a;X; by
ST X (14+(1/n) X%) e €€, (R) for some z€ C/R as close as needed of onel].
We can then extend, for any AeR", #;7(A) as a set isomorphic to a subset

of ﬁst(R)/ as follows:

LEMMA 4.2. Let F eﬁst(R) and pe x#-(A) for some A eR". Then, we can
define

(4.19) up(F)=lm up () VfebyR), |f], <00
and, more precisely, if d is the Wasserstein’s distance (1.4),

(4.20) lim sup d(up,up )< sup sup |up(f)—pp (f)|=0.
=00 e (A) ez (A)f| =1

Wr is a probability measure on R. Moreover, the map w— up is continuous

from %#=(A) into 2(R) for any AeR*. Finally, u— w(F) is continuous from
F=(A) into R for any AcR™.

PrOOF. We first check that up is well-defined, that is that (4.19) indeed
converges. Indeed, for any (n, p)eN, n < p, any Lipschitz function f, Remark
4.4 implies that

1
g, (F) = wr, (DI Lo Fp = Fo) < £ (2A+1).
Thus,

d(up ip)= sup  sup lup(f)—pp, ()<~ (2A+1)
nex (A)|fl, =1 h
so that (up ),en is Cauchy in the complete metric space #(R). Hence it con-
verges as p goes to infinity and its limit uy € 22(R) satisfies (4.20).

Further, if u” is a sequence in % (A) converging to u, ue %, (A) as
#7(A) is closed for the €¢,,(R)-topology. It is then not hard to verify that
d(u'p, ur) goes to zero as n goes to infinity in view of the uniform approxi-
mation on #;"(A) obtained in (4.20) and Lemma 4.2. Hence, n— up is con-
tinuous. Finally, taking f(x)=x in the right hand side of (4.20) shows that
pn— w(F) is also continuous, which achieves the proof of the lemma. O

REMARK. Note by the way that for any AcR™, the €€, (R)-topology is
equivalent on %;~(A) to the topology inherited from the set of test functions
given by

M — L/ m . .
Mb(@)={2 l_[ ff (Zaf(l)X1>§M€N,(kjhgngGNM,fij e ¢p(R),
=1

J=11<i<k;

(aij(l),1§l§m)€Rm,1§j§M,1§i§kj}-
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Indeed, the functions of €¢;(C) can be approximated, if for every n >0, we set

A (x)= 11(;22 €¢,(R), by replacing the bounded continuous functions f7 by

(). We then obtain elements of €¢€,(C)=¢¢,,(C). Any ue.%;"(A) can be
extended to €¢;(C) by controlling uniformly the difference of these functions
and their approximations as in the last proof. Hence, €€} (C) (or its restriction
to £(R)) generates the same topology that £¢,(R) on %" (A).

REMARK. The choice of the function X? is only suitable for our purpose;
we could in fact have taken any positive function going to infinity as X goes
to infinity.

In the sequel, we shall restrict ourselves to %7~ (oc0)-valued non-commuta-

tive measures and furnish #7"(co0) with the ﬁst(ﬂ%)-topology Hence, since
4 is compact for the €¢,,(R)-topology, a subset % of #;=(o0) is relatively

compact if it is included in some .#;~(A) for some finite A>0. The €€ ,(R)-
topology will enable ourselves to get tightness for marginals of possibly un-
bounded functionals.

Let us finally introduce the topology on .#;~(c0)-valued processes; it is gen-

erated by the uniform topology on the time variable and the previous ﬁst(R)-
topology on the marginals. It is compatible on £([0,1],%;"(A)), A >0, with
the distance

D(p,v)= sup d(;,v,).
te[0,1]

4.4. Proof of the large deviations upper bound. 'To obtain the large devi-
ation upper bound of Theorem 4.1 is easy once we have defined the right
topology and notice that for every N eN,

Py € £([0,1], 7 (c0))) =1
so that we can consider 4™ as a .#;=(00)-valued process.

The proof of the large deviation upper bound for the process of the time
marginals of the non-commutative law of m Hermitian Brownian motions fol-
lows now the usual scheme; first we shall check that S is a good rate function,
then that the law of our #;~(c0)- valued processes are exponentially tight and
then use It6’s calculus to get a weak large deviation upper bound.

4.4.1. S is a good rate function. It is straightforward to see that S is non
negative as in (1.4) [note that for F e £¢,([0,1],R), S®!(F,u) and ((F, F))%*
are real valued]. Further, for any F e ¢¢ ., (R), S®!(., F) is continuous for the
¢ ¢, (R)-topology since we noticed that, for any /e {1,...,m}, Lx (F)ecc,(C)
and |9XZF|2€55315(C)- Hence, S%!, as a supremum of continuous functions,

is lower semi-continuous for the €¢,,(R)-topology. To prove that the level sets
E,; are in fact compact in ([0, 1], %7 (00)), note that the relatively compact
subsets of £([0,1],.%#; (c0)) can be included, following [13], Lemma 5.4, in
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subsets of the form

f«:}sfm(m.}f,;)

neN
with
Ky = {ve€([0,1], %7 (00))/v, € Ky Vue[0,1]},
%, ={ve£([0,1],#; (c0))/ the function (v —v,(F,)) belongs to K}

with K}, a compact subset of %~ (c0), (K},),cn @ sequence of compact subsets
of €([0,1],R) and (F,),cy a basis of €€,,(R) (recall that on K, the €¢,,(R)-
topology is equivalent to the weak topology). In view of the description we
gave of the relatively compact subsets of .#;~(c0) and Arzéla-Ascoli theorem,
we can follow the proof given in Subsection 2.2 to see that we need to show

that:
1. There exists L™ >0 so that

YveEy sup vu<ZXlz)§LM.

ue[0,1] =1

2. For every Fe¢¢ ,(R), and every m >0, there exists Y (F) so that

1
YveEy sup |y (F)—vy(F)|<—.
[t—s|<8M (F) m

PROOF. For the first point, note that for any M €N, there exists a finite
integer number A so that

Ey={S<M}cveé([0,1],#7(c0)), max sup v,(X?),<A,
(4.21) lilﬁmte[o’l]
C {ve £(10,1], 4 (00)), v, € 4 (A), VEe[0, 1]}
In fact, this is clear since, if vy=465", taking

X2 X X
1 rx L ! l €€, (R
s(X,1<k<m)=fs(X)) 1+82X12 i+8Xl—i+5Xl€ st(R)

for some &’s as small as we wish, we find as in (2.10) that SuptE[O,l]Vt(Fé(Xk5 1
<k<m))<(8+M)e® and hence by monotone convergence theorem

max sup v,(X?)<(8+M)e®
1=l=miel0,1]

so that the proof of the first point is complete.
For the second point, we follow the same strategy as the one developed in
Lemma 2.4. Since by definition we have VF € £¢ ,(R), Yve Ey,

G, F)? <28 ) (F, F))5 <2M(F, F))3*
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we deduce

v (F)=vy(F)| < 3

t m
/ Vu®Vu (ZDXIOQXZF>du
§ =1

+ ‘2M/tv <i|_@ F|2)du
\J s u = X,

By definition of £¢,(R), all the functions appearing in the above right hand
side are uniformly bounded for || ||, - so that we conclude that there exists
a finite constant AM(F) so that

v(F) v, ()| <AM(F),|t—s]. -
4.4.2. Exponential tightness. We have the following lemma.

LEMMA 4.3.  There exist relatively compact subsets (%7 )y of €([0,1],
H"(00)) so that

1
limsupmlnlp(,&(m ex;)<-L.

N—o0

We shall not go into the details of the proof since, in view of the previous
description of the relatively compact subsets of ¢([0,1],.#;"(cc)) and by our
1t6’s formula of Theorem 4.2, we can proceed exactly as in Subsection 2.3.

4.4.3. Weak large deviation upper bound. We here state the following
bound:

THEOREM 4.3. For every process v in €([0,1], %7 (0)), if B5(v) denotes the
open ball with center v and radius 8 for the distance 9, then

1 _
linslsuplimsup w2 InP (™) e By(v)) <-S(v)
10 N—o0

PROOF. Thanks to Theorem 4.2, we can proceed exactly as in subsection
4.4. The only two points to notice is first that ¢¢(R,[0,1]) was chosen so
that for any Fe ¢ ,(R,[0,1]), F(HY(¢),1<k<m,t) is an Hermitian matri-
ces, and therefore has real valued eigenvalues and second that all the functions
appearing in It6’s formula belong to €¢,,(R). Hence, the analogue exponential
super-martingales of {;N) are real valued with continuous exponents for the

¢ ¢, (R)-topology so that we can apply our strategy. O
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4.5. Proof of Corollary 4.2. To prove Corollary 4.2, note first that the func-

tions F, belong to (€¢,(R)+i€¢,(R))™ for any neN. Indeed, it can first be
approximated by

FZ(Xz,lslszm)an< ,1§l§2m>

l
1~|-8X12
up to an error

1max |Fo(X,;,1<1<2m),—F, (X;,1<l<2m),| <«/ns max X2,
Then, by Runge’s theorem, for any ¢>0, for any ke{l,...,m}, F¢(X,,1<l<
2m); can be approximated uniformly by polynomial functions of

Xor1 Xor
l—i—sXZk 1 l—i—ngk
and therefore belongs to ¢ ¢¢,(C). Hence, we can proceed as in the proof of 4.1

to see that ue .#; — poF; e 2(U;,1<l<m)* is continuous on #;~(A), A>0

and that Theorem 4.1 implies that p,(N) = ﬁ,gN) o F, ! satisfies a large deviation

upper bound with good rate function

@n(u)zinf{S(v),vloF;Ll:M}.
To get Corollary 4.2, we need to verify that /:ngN) is an exponentially good
approximation of the non-commutative law i) of (U ., U%) according

to Theorem 4.2.23 of [14]. According to (4.3), @™ and /.L(N)OF_I have the

same law. Hence, constructing /.L(N)—/.L( )oF 1 and gV = A(N)oF 1 on the

space generated by the same 2m 1ndependent Hermltlan Brownlan motions
(H%,1<k<2m) with non-commutative law (,&EN),te [0,1]), we find

() i n!
9 <2 max tr
(o )= 1zh=m H%#-11)2+ H%(1)2+n!
(4.22) on -1
< 2 max tr
1Sy TN (H31(1)+ H3(1))2+2n1
so that /:LSLN) is an exponentially good approximation of 4") as soon as we can

prove that for any >0,

2 -1
limsuplimsupP | max tr >
(423)  OIUPTIRP <1<k<m N((H%1(1)+H§V’e(1))2+2nl)— )
=—00.

m being finite, we need only to prove this result for m =1, up to replace £ by
(¢/m). Since HY,(1)+ H%,(1) is a standard Wigner’s matrix, and for any n e N,
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At ={pe 2(R); [ 22— x2+2n tdu(x)> e} is a closed set for the weak topology, we can
use the full large deviation principle obtained in [2] to get for any neN,

2n1
li p(t
(4.24) i ( o ((H v(D+H ?v(l))“r?nl) 28)

<—inf{Iy(n),ne Ay}

with
Iy(p)=1 [*du(x)~ [log|x— yldu(x)du(y) - 3 +Llog(2).

It was noticed in [2] that g(x,y)=(1/8)(x?+ y?)—log|x— y| is bounded from
below so that there exists a constant C > —oo so that for any 6<[0,1],

Iy(w) = - [ log|x— yldu(x)du(y)+C
(4.25) |x|<8,|y|<8
>10g(268) *u(|x] <8)*+C.
Writing

-1
[ (o= sl < vy
gives with (4.25)

2n~1

2n ! : L(w)—C \? 1
/x2+2rr1d'u(x) Sfo (y+2n 1) (log(Zﬂ)1> dy+2n

e () e

for a finite constant C’ > 0. Thus, for n large, we have found two finite constants
c¢>0 and ¢’ so that for pe AZ,

(4.26) Io(n)>c((logn)e®+c).

Since I, is a good rate function and A? is closed, I, achieves its minimum
value on AZ and (4.26) results with

(4.27) inf{I,(n),ne A} >c((logn)s®+c).

Inequalities (4.24) and (4.27) give (4.23). As a conclusion, i) satisfies a large
deviation upper bound with the rate function

%(u)=liminf %, () = liminfinf {§(u),yloF;1 :M}.

REMARK. In view of Theorem 4.2.23 of [14],
%(w)=inf {E(v),yloF;} =M}
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if we can prove that for any M €N,

lim sup Q(MloF_l,,uloF;l) =0.

n—>ooM€{§SM}
Following the above strategy, we see that it is enough to prove, if ¢(X;,1<I<
2m):X1_X2, that

-1

P ran Tt ($)=0

n—oo
which by the above computation is verified if we can show that inf{S(v),»;o
¢~ t=u}>I,(u). We believe it to be true, and refer the reader to [8] for similar
computations. However, such identification will be the subject of a separate

paper.

4.6. Study of the minimizers of S. The minimizers of S are elements of
£([0,1], %7 (00)) with initial data 63" so that

(4.28) St (u, F)=0
for any 0<s<t<1 and any Fe£¢ 4 (Rx[0,1]). We shall prove:

LEMMA 4.4. There exists a unique ue¢([0,1],. %7 (c0)) with initial data
oy satisfying (4.28).

ProOOF. Existence of the solutions of (4.28) is trivial since it is obtained as
the limit of the non-commutative law of (H%(¢),1<k< m);r0,1]- Let u be any
solution. First notice that, by linearity, (4.28) can be extended to functions F
with values in ¢¢(C). Second, note that we can show that the marginals
(kx,,1<l<m) are the semicircular processes defined in Section 2 (see the
proof in [25] of the uniqueness of the solutions of (1.2)) and, since they are
compactly supported, deduce that there exists a finite constant C so that for
any neN,

(4.29) max sup p,(X?")<C?.

1<l=miefo,1]
As a consequence, we can approximate the non-commutative polynomial func-
tions

P,(X;,1<l<m)= [] X/, n;,MeN,l;e{1,...,m}
B 1sisM
by functions of ¢¢,,(C) and see that (4.28) is still valid when F' is such a
polynomial function. Note then that Ly , [€{1,...,m}, map C,(X;,1<l<m),
the set of non-commutative monomial functions P, of degree Y M. n; less or
equal to £ into C;,_;(X;,1<l<m)®C,(X;,1<l<m). In particular, if x and v
are two solutions of (4.28) and if we denote

Ay(t)= sup e (Py) —vi(Py)l,
P,eCi(X;,1=l<m)
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then we find a finite constant ¢, for any £eN so that

Ak(t)fck[;Ak(s)ds.

Gronwall’s lemma then implies that A,(¢)=0 for all 2eN. With (4.29), this
is enough to characterize uniquely ue¢'([0,1],. % (c0)). Indeed w(®, ) is
uniquely determined for any (a, z) € U, n(R™ x C\R)" so that for alli eN, |z;| >
(X7, |a¥|)C (just expend the ratio). Since z— w(®, ,) is analytic in (C\R)",
this is enough to characterize u(®, ,) in (R™ x C\R)" for all neN. O
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