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MEAN VALUE THEOREMS FOR STOCHASTIC INTEGRALS!

By N. V. KryLovV

University of Minnesota

The distributions of stochastic integrals are approximated by the dis-
tributions of stochastic integrals of piece-wise constant processes. The rate
of approximation in some negative Sobolev spaces is estimated. General-
izations are given for problems arising in control theory.

1. Introduction. This article deals with approximating It6’s stochastic
integrals of more or less arbitrary integrands with the integrals of piece-wise
constant ones, more precisely being constant on each of the intervals [0, 1/n),
[1/n,2/n), and so on, where n € {1,2,...} is a number fixed throughout the
article. This is the sense in which we understand mean value theorems for
stochastic integrals. The goal is to design the approximations and estimate the
error of approximation in terms revealing the dependence on n so as to show
that the approximations become better as n — oco. Regarding the terminology
related to It6’s stochastic integrals we refer the reader to [6] or [17].

Very often, if we are given an It6’s stochastic integral

&= /Olatdwt

of a random process o, against a one-dimensional Wiener process w,, we want
to replace it with a finite sum

n—1
(1.1 ni= Y (Wittyn — Wipn)On,;
i=0
If we can write
1
(1.2) / o, dw, = (wy — wo)b,
0

where b is in some sense a value of the process o,, then we have a mean value
theorem for our stochastic integral. Of course, one can always define b by (1.2)
(a.s.) and then (1.2) holds by definition. However, usually this b will depend
on w, for ¢t € [0, 1], and this is not what is usually wanted from expressions
like the right-hand side of (1.2). Also, generally, we want o, ; in (1.1) to be
independent of w, — w;,, t > i/n. Therefore, one cannot hope to have the
equality ¢ = i but rather some kind of approximation.
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If 0, and o, ; are nonrandom, then

1 2
(1.3) E|¢— |2 = / o, —a™| dt,
0
where a't(") =o0,, forteli/n,(i+1)/n),i =0,1,...,n — 1. One can easily
check that if o, = sin(2nt), then the right-hand side of (1.3) is equal to
n=1 (i+1)/n
> |sin(2nmt) — o, ;|* dt
i=0 "U"
n—=1 (i+1)/n 9
- / [sin®(2nmt) + o2,] dt
i—0 Ji/n
n=1  (i+1)/n 1
> / sinX(2nmt) dt = / sin%(2mt) dt,
i=0 i/n 0

and the last expression is independent of n. This shows that we cannot achieve
our goal in the mean-square sense even if we only consider all deterministic
o satisfying |o| < 1.

Therefore, if we want the approximations of ¢ by n to become better and
better as n — oo, we have either to restrict the set of processes o, under
consideration by imposing some kind of control on their continuity, or to relax
the sense in which we want to approximate ¢£. We choose the latter idea,
because we have in mind applications to control theory where o, can play the
role of control and any restrictions on its smoothness are inadmissible.

ExXaMPLE 1.1 (cf. Exercise 5.3.20 of [8]). One of our results, Theorem 2.9,
is applicable to the following situation. Consider the problem of maximizing
Ex? over the set of all solutions of dx, = o(x, + a;) dw,, xo = 0, where w, is
again a one-dimensional Wiener process, «, is an arbitrary [—1, 1]-valued It6
integrable process, and o(y) = (—1) v y A 1. Since ¢ < 1 and

1
Ex? = /0 Eo?(x, +a,)dt,

it is natural to take a;, so that o?(x,+«;) = 1, which is achieved if |x, + ;| > 1,

say a, = sign x, (sign 0 := 1). In this way naturally we come to the equation

(1.4) dx} = o(x] + signx?) dw;,, x5 =0.

If x7 solves this equation, then af = sign x? is an optimal process since its
response defined by dx; = o(x, + &})dw,, xy = 0, coincides with x; due to
uniqueness and satisfies

o(x; + af) = o(x] + sign x7) = sign x7.

Notice that |sign x?| = 1, so that by Lévy’s theorem x7 is a Wiener process and
af = sign x{ has no regularity in time indeed. It is also worth noticing that
equation (1.4) may not have solutions at all if the probability space is not rich
enough. This is the famous Tanaka’s example.
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Let us discuss the possibility of approximating the distribution of ¢ by dis-
tributions of 7. If again o, is nonrandom, then ¢ is normal with mean 0 and

variance fol a? dt. By taking a nonrandom b such that
1
b2 = [ o2 dt,
0

we get that ¢ and bw; have just the same distribution. This is again a kind
of mean value theorem, since on many occasions b can be taken as a value of
o, at some ¢ € [0, 1].

The situation becomes much more complicated if we consider random pro-
cesses o;. It turns out (see [4] or [16]) that one can find a process o;, satisfying
1 < 0, <2 for all w and ¢, for which ¢ is well defined and the distribution of
¢ is singular with respect to Lebesgue measure. In the same time, obviously,
the distribution of 5 is absolutely continuous.

Therefore, it is natural to try to approximate the distribution of ¢ not in
variation norm but in some weaker sense. One of our results (see Remark 2.6)
says that if A is a bounded subset of R and o, is an A-valued process, then,
for any integer n > 1, there exists an A-valued process crt(n) which is constant
on each interval [i/n, (i + 1)/n) and such that, for any function g,

(1.5) |Eg(¢) — Eg(n)| < Nn 4 sup |g(x) — g8(¥)I
x#y lx — ¥l

>

where 1) := fol crt(") dw, and the constant N depends only on A. Results of such

. . n
kind can be considered as mean value theorems because the values of crt( ) are

taken from the same set as those of o,.
One can reformulate (1.5) by introducing a norm in the set of all finite
(signed) measures u on R, satisfying u(R) = 0, by the formula

Il = sup { [ (o) o) : L)~ () = [ =] Vs

Then (1.5) means that
(1.6) lpe — pyll < Nn~Y4,

where p, and p, are the distributions of ¢ and 7, respectively.

One can also rewrite (1.5) in terms of negative Sobolev spaces losing only a
little bit of information. The point is that any function from H), (the space of
Bessel potentials; see [19]) is Lipschitz continuous, provided p € (1, c0) and
(y—1)p > 1. Hence,

lill = sup { [ oy u(d) s gl < N |

where N is certain constant depending only on y and p. This and (1.6) imply
that

lpe — pyllg, < Nn7V4,

ify>1,9ge(1,00)and (y—1)q/(q —1) > 1.
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For the author, the main motivation for proving results like (1.5) is the prob-
lem of numerical approximations in control theory. There we need to design a
numerical method of finding sup E g(¢), where ¢ is defined as before and sup
is taken over the set of all nonanticipating A-valued processes ;. Knowing
how much we cannot lose restricting ourselves to the piece-wise constant pro-
cesses like O't(n), we make the problem considerably easier. In [11] and [12] the
author presents results of such approach to estimating the rate of convergence
of numerical approximations in finding value functions in control problems or
solutions of fully nonlinear elliptic and parabolic equations.

In this connection, it is worth mentioning that many authors have been
dealing with approximations of value functions or of viscosity or probabilistic
solutions for fully nonlinear elliptic and parabolic equations for about twenty
five years. There are many books and articles on this subject. We will only
mention few of them in which the reader can find further information: [2], [5],
[13], [14] and [15]. In almost all papers and books on the subject, the fact of
convergence is obtained on the basis of uniqueness of solution to Bellman’s
equations or on the basis of weak convergence results for stochastic processes.
Along these lines, it seems impossible to get any estimate of the rate of conver-
gence, which is of some importance in real applications. The only exceptions,
known to the author, are articles [9] and [10] where the rate of convergence is
estimated in the case of Bellman’s equations with “constant” coefficients. The
results of the present article are aimed at Bellman’s equations with variable
coefficients, whereas the results like (1.5) come out as byproducts of, perhaps,
wider interest. Speaking about [9], it is also worth saying that, in contrast
with the situation there, we do not know anything about sharpness of the
results in this article.

The article is organized as follows. In Section 2 we present main results.
Theorems 2.4 and 2.8 are generalizations of (1.5) for multidimensional case.
Their proofs, based on Theorem 2.7 and the minimax theorem, are given in
the same Section 2. Theorem 2.7 is the central result of the paper. Its proof,
presented in Section 3, is based on some quite elementary ideas from con-
trol theory and is close to some arguments from [9]. Although, Theorem 2.7
relates to processes with “constant” coefficients it easily allows one to prove
Theorem 2.9 in Section 4 by using a penalization method (in the spirit of [7]).

2. Main results. Let (Q, .7, P) be a complete probability space, {Z;t >
0} be an increasing filtration of o-algebras &, C . which are complete with
respect to %, P. Assume that on (), 7, P) a d;-dimensional Wiener process
w, is defined for ¢ > 0. We suppose that w, is a Wiener process with respect
to {Z}, or in other terms, that {w,, 7} is a Wiener process.

Let A be a separable metric space (the set of all admissible controls in
control theory) with metric p satisfying p <1 and let T € (0, ), K € [1, 0c0),
and 8, 6 € (0, 1] be some constants satisfying 6, < 6.

DEFINITION 2.1. An A-valued process a; = a,(w) defined for all ¢ > 0 and
w € ) is called Z-admissible if it is .7 ® #([0, oc0))-measurable with respect
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to (w, t) and Z;-measurable with respect to w for each ¢ > 0. The set of all
Z;-admissible processes is denoted by 2 = (7). Let 2, be the subset of 2 con-
sisting of all processes «, which are constant on intervals [0, 1/n), [1/n,2/n),
and so on.

Fix an integer d > 1 and suppose that on A x [0, T] x R? we are given a
d x dy matrix-valued function o(«, ¢, x) and an R¢-valued function b(a, ¢, x).
We assume that these functions are Borel measurable. For any matrix ¢ =
(%) denote

lloll* =X 1oV,
i

ASSUMPTION 2.2. (i) The functions o(a, t, x) and b(a, t, x) are continuous
with respect to a and for any a € A, t € [0, T] and x, y € R?,

o1 loa, £, )]+ [b(a £, )] < K.
' ||0'(0(, t’ x) - U(a> t7 y)” + |b(a> t> x) - b(a> t7 y)l = K|x - y|

(ii) On (Q, 7, P) there exists a [0, 1]-valued uniformly distributed random
variable ¢(w) independent of {F}.

DEFINITION 2.3. Denote &, = %, v o(¢) and let 2, (#) be the subset of
A(£) consisting of all processes «, which are constant on intervals [0, 1/n),
[1/n,2/n) and so on.

By It6’s theorem, for any o € () there exists a unique solution x; = x7,
t € [0, T'], of the following equation

t t
X, =/0 o(ag, s, x;) dwg —1—/0 b(ay, s, x,) ds.

For Borel functions f(a, t, x) defined on A x[0, T'|xR¢, which are continuous
with respect to («, x) for any ¢, we define

|[flo = sup sup sup|f(a,t,x)|,
acA te[0,T] xeRd

|f(a, t, x) — f(a, t, y)|

[f]s :=sup sup sup

acA te[0,T] x,yeRd lx — y]°
xF£Yy
T
[Iflly)2 = sup|s| 2 [ sup sup|f(a,s+r,x) = f(a,r, x)|dr,
|s|<2 acA xeRd

where in the last expression we put f(a,r,x) = f(e,T,x) if r = T and
fla,r,x) = f(a,0,x)if r < 0. We also write f € C? if

[Fls = 1[flo+[fls < o0
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and we write f € C%29% if

[fls/2,6 := (L +T)|f|s +[If]]s2 < 0.

Notice that we measure the continuity in time by using integral norms in
order to be able to treat the case of data which are just piecewise constant in
time.

One of our main results is the following theorem, in which and everywhere
in the article by N, N; we denote various constants depending only on K and
d unless explicitly stated otherwise.

THEOREM 2.4. Let o(a, s, x) and b(a, s, x) be independent of (s, x). Then
for any a € U, n > 1 and constant K, € [0, 00) there exists a(n) € A, (L)
(also depending on K, T,...) such that with a constant N = N(K, d) the
inequality

‘E [/OT flay t, x7)dt + g(x‘%)}

(2.2) _E |:/0T f (at(n), a x?(n)) di+ g (x;(n)):H
S NQA+T)n " (f 52,5 +[&]5)

holds for any functions f = f(a, t, x) and g = g(x) of class C%?%? satisfying

sup Supif(aa t, x) - f(B’ Z, .’XJ)i
(2.9) te(0,T) xeRd

< Kyp(a, B)(f 52,6 + [8]5) Va, B € A.

REMARK 2.5. Condition (2.3) is automatically satisfied in two cases: if f
is independent of «; or if the set A is finite. In the first case this is obvious.
In the second case notice that p(«, B) is either zero or bounded away from
zero by a constant, say « > 0. Then (2.3) is satisfied with K; = 2k~! since

|f (e, t, x) = f(B, 2, x)| < 2[fo.

REMARK 2.6. We obtain (1.5) from (2.2) if we take 6 = 1, o(a) = o, b =
f=0.

We derive this theorem from the following result which looks much weaker at
first sight.

THEOREM 2.7. Let o(a, s, x) and b(a, s, x) be independent of (s, x). Then
for any f € C¥?% g = g(x) € C°, n > 1, and a € U there exists a(n) € U,
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such that

E [/OT f(ay, t, x8) dt + g(x%)}

-E [ [ Featn, £y dt + g(x%“‘))}

+N,(1+ T)n78/4([|f|]5/2 + (L4 DFs +n 22l + [gls),
where the constant N depends only on K and d.

This theorem is proved in Section 3.

PROOF OF THEOREM 2.4. Taken > 1, K; € [0, ), and « € . From Lemma
3.2.6 of [8] we know that there exists a sequence of functions B(m) € 2, each
taking only finitely many values in A, such that

m—0oQ0

T

lim E | p(ay, B(m))dt =0.
0

As in the proof of Lemma 3.2.7 of [8] we have

lim Esup|xf —x
m—00 t<T

Obviously,
| T T . . |
B[] e tatrder g | < B| [ F (Bim). . 57) dev g (57 |

5
Xy — xf(m)’

=@+ T)[fs + [g]a)EStng

T
TE [ If (@ t.x5) — F(B(m). 1. x)] d.
where owing to (2.3), the last term is less than

T
K1(If 1520 + [8]5) E /0 p(ay, B,(m))dt.

For any N, T, n one can find m such that

(1+ T)E sup

a __ ,.B(m) 2 T —5/4
Xy — Xy + K \E A p(ay, B,(m))dt < N(1+ T)n"°".
t<T

By fixing an appropriate m we see that we only need to find a(n) € %, (¥£)
such that (2.2) holds with B(m) in place of «. Since B,(m) takes only finitely
many values in A, we may and will assume in the remaining part of the proof
that the set A is finite. By the way, by Remark 2.5 in this case there always
exists a constant K, such that (2.3) holds for all f.

To make further simplifications, observe that one has estimates of moments
of sup,_p |x£3 | uniform with respect to B € 2(#). It follows easily that we need
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to prove (2.2) only for f and g vanishing for large x. Fix R € (0, c0) and only
consider (f, g) such that f(B,¢,x) = g(x) = 0 for |[x| > R. The set of such
couples (f, g) satisfying the additional condition

T_1|f|5/2,3 +[gls =1

will be denoted by F. By Arzeld’s theorem (see [3]), F' is a compact convex
closed set in the Banach space

X = L3([0, T], C(Bg)) x C(Bg),
with norm of (f, g) € X defined by

1/2
17+ )llx = (Z [ sup i, x)|2dt) + sup [g(x)],

BeA xeBp xeBp

where |A| is the number of elements in A and By = {|x| < R}. Observe that
the space X* dual to X is naturally identified with

Y = L([0, T, M(Bg)) x M(Bg),

where M(Bp) is the space of all measures on By, (see, e.g., Chapter 6, Section
2, exercise 21 of [1]). By Alaoglu’s theorem (see [3]) and due to separability of
X, the unit ball in Y with X-topology is a compact metrizable space.

Next, for 8 € A(£) and Borel sets I' ¢ A x [0, T'] x R? and IT ¢ R? denote

B 1 T B B B
pA(T) = B [ Tn(By.t.xf)dt, vP(IT) = Ely(xp),

G:={uf xvP:Be,}

Obviously,
B Lo " B
/f(% t, x) u”(dydtdx) = TE/o f(By, ¢, x/)dt,

[ 8(x)v*(dx) = Eg(x}).

It follows that each element of G defines a bounded linear functional on X,
so that G C Y. Moreover, the set G is bounded in Y. Denote by Conv (G) the
least convex set containing G and by H the closure of Conv (G) in X-topology
of Y. By the above, H is a compact metric space. Observe also that for any
v € H there exist p** > 0,i=1,..., k such that 3, p* = 1 and «a; € %, such
that

k
(24) Z pkiﬂaki X p¥hi v
i=1

as kB — oo in X-topology of Y. To finish with auxiliary observations notice
that each element y € Y acts on couples (f, g) € X as a couple of measures
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(v,(f,8) = [fdy1 + [gdy,. For y € H, both y; and y, are probability
measures due to (2.4), so that we can write

(7. (&) = [(f + ) v(dBdtdxdx).

Now, due to the convexity and compactness of the sets F' and H, by the
minimax theorem (see Theorem 1 on page 220 of [18]),

min max [ / £(B,t,x)u(dBdtdx)+ / g(x) v (dx)— / (f+g)y(dBdtdxdx)]

veH (f,g)eF

=(}?§§Fﬂ%[ [ £(B.t,x)n(dBdtdx)+ [ g(x)v(dx)

—/(f+g)y(dﬁdtdxdx)].

By (2.4), the last minimum equals

inf [ / £(B, t, x) p(dBdtdx) + f g(x) v¥(dx)

a(n)e,
— [ £(B.t. %) ™ (dBdtdx) — [ g(x)v"(dx)].

which is less than N;(1 + T)n~%* by Theorem 2.7.
Hence, there exists y € H such that, for any (f, g) € F,

| £(B.t, %) p(dBdtdx) + [ g(x)v*(dx)
< [(f + &) v(dBdtdxdzx) + Ny(1+ T)n "%,

Again by (2.4) and compactness of F, there is £ > 1, pi>0,i=1,...,ksuch
that )", p* = 1, and «; € ¥,, such that

[ £(B. t. x) u*(dBdtdz) + [ g(x)v"(dx)
k .
<Y p [ / £(B, t, x) u% (dBdtdx) + / g(x)v”‘i(dx)] + 2N, (1 + T)n =0/
i=1

for any (f, g) € F. On the basis of p’ and «; we now define a process a(n) €
A, (£) by the formula

a(n,0) = ay(w) if Y pl < éw) < Y p’ (2 = o) .

Jj<i J<i %]
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Since ¢ and «;’s are independent, it is easy to see that

p'[[ (B, t, ) p(dpdtdx) + [ g(x)v™(dx)]

1

k
i=

k : T a; a;
=3B 17 [ flot ) de + ()
—E [T—l /O ' f(a,(n), t, xi™) dt + g(x‘;«("))} .

Thus,
T
BT [ flatx)di+ e
T a(n) a(n)
B[ 77 [ flatn. i) dr + oy | + 2814 Tin

for any (f, g) € F. This yields (2.2) by homogeneity and by replacing f and g
with —f and —g. The theorem is proved. O

The following is a version of Theorem 2.4 when no kind of continuity of
f with respect to ¢ is required but instead we assume that f is independent
of a.

THEOREM 2.8. In Theorem 2.4 replace C%/%?% with C°. Then its assertion
will remain to hold if we consider only the functions f independent of o and
in (2.2) replace the right-hand side with

N1+ T*)(n™"®|f]5 +n""*gls).

ProOF. Take a nonnegative function { € C3°(R,) = C7°((0, o0)) vanishing
for ¢ > 1 and with unit integral. For & € (0, 1) define {,(¢) = e~ 1{(#/¢) and let
F@(t, x) = £.(t)* f(¢, x), where the convolution is taken with respect to ¢ and
we define f (¢, x) = f(0,x) for ¢ <0 and f(¢,x) = f(T,x) for t > T.

Define x¢ = 0 for ¢ < 0 and notice that

T T
() a _ _ a
[ O adi= [ —)f(s x5 dsdt
T
= ~[fls | [ 26— 9)lxf - w51 dsds

+/0T/§a(t —s)f(s, x2)dsdt,
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where by Fubini’s theorem the last integral equals

/; (s, x%) (/T L(t—s) dt) ds
:/f £(0,0) </T§E(t—s)dt> ds

T T T
+/0 f(s, xs)ds—/O (1-/8 §8(t—s)dt> f(s, x%) ds
=1, + 1+ I3,
where
T T
Ll =\floe Tl <1l [, (1 [ (= 9)dt) ds = Ifloe
T—¢ s
Also, by using the fact that {,(¢ —s) =0if |¢ — s| > ¢, we get
r )
E/O /g’g(t—s)|x‘f — x°)° dsdt
T
=/ /{s(t—s)E|x§‘—x§‘|3dsdt
0
T
< N/ fgg(t — 8)|t — s[2dsdt < NT 2.
0
Hence,

T T
E /O f(s,x%)ds < E /0 £, x8) dt + N(T[f156%% + | flo#)-

Below we also use that obviously one can interchange the expectations in the
last inequality.

By Theorem 2.4 the above result implies that there is a(n) € A(#) such
that

B[ " f(s, 4%y ds+ )

T
<E| [ fOs i) ds+ a7
0

+N(T[f1s”* + |floe) + N(L+ T)n (| Pls/2,5 + [8]5)

e a(n) a(n) /2
< B[ [ £ ds+ oy | + N 4 1 floo)

+N(1+ T)n_5/4(|f(€)|3/2’8 +[gl5)-
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Upon replacing f, g with —f, —g we see that
| T |
|E|: f(s, x& ds—i—gx“]—E T £(s, 22y ds + g(x2™) ]|

s |ELL FexDds+ et | = E[f] £ 6 ds+ ()]

< N(T[f1s8”* + |flog) + N1+ T)n (| f 55,5 + [£]5)-

Finally, if |¢ — s| < ¢, then

£ (s, x) = (¢, x)| < |t — s|sup | D, [

< Nt —sle'flo < Nt = s|”2e~°|f o,
whereas if |t — s| > ¢, then
|FO(s, 2) = £, 2)| < 2Iflo < 2Ifolt — 526>,

This implies that

752 < NT|flog™2,  1fPls2.0 < N(L+T)|floe™%,
which implies in turn that the right-hand side of (2.5) is less than

N+ T)|fls”? + N1+ T~ *(|f 567" + [g]s)-

Now we get the assertion of the theorem after taking ¢ = n~1/4 in the last

expression. The theorem is proved. O

The following theorem is a generalization of Theorem 2.7 for functions o
and b depending on s, x. For @ € % and some functions c(a, s, x), f(a, s, x)
and g(x) to be specified later define

t
Py = /o c(ay, s, x3) ds,

T
o =0 () = E| [ Flag s a)expl-et} ds + g expl-e) .
Remember that &, §, are some constants satisfying 0 < §, <6 < 1.

THEOREM 2.9. Assume that for any |s| < 2,

T
| supsup (llo(a, s + 7, 2) = o(a, r, 2)l| + [bla, s + 7, x) = b, 7, x))]) dr
0

acA xeR?
< K(1+T)|s|™?,

where, as usual, we define o(a, r, x) = o(a, 0, x) and b(a, r, x) = b(a, 0, x) for
r<0and o(a,r,x) = 0(a, T, x) and b(a, r,x) = b(a, T, x) for r > T. Then
forany c, f € C¥%% g = g(x) € C°, n > 1 and a € U there exists a(n) € %,
such that

(2.6) v < pe) + NeNT(|f|5/2,5 + |g|5)n7803/8,

where the constant N depends only on K, d and (1+ T) t|c|s/2.5.
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We prove Theorem 2.9 in Section 4.

REMARK 2.10. If f = ¢ = 0, then Corollary 4.3 says that (2.6) is valid
for 6 < §, as well (remember we assume 8, < ). This result is obtained by
interpolation, which can also be used to derive other results like Theorem 2.9
when f € C7/27 with y < §,,.

REMARK 2.11. By replacing f, g with —f, —g in Theorem 2.9 we see that
there exists B(n) € A, such that

v > pP) — NeNT(|f|5/2,5 + | gls)n %07,
It follows that there exists p € [0, 1] such that
0% = [pvP™) + (1 = p)o*™]| < NeM (|f 5,5 + &l5)n """

Naturally, pv#™ + (1 — p)v*™ can be interpreted as a result of using B(n)
with probability p and a(n) with probability 1 — p.

Further development of the idea of “randomizing” from Remark 2.11 leads
to the following result, which is derived from Theorem 2.9 in the same way as
Theorem 2.4 is derived from Theorem 2.7.

THEOREM 2.12.  Let the assumption of Theorem 2.9 be satisfied and let
c € C%2% Then for any a € U, n > 1, and constant K, € [0, c0) there exists
a(n) € U, (£) such that, with a constant N depending only on K, d and
(14 T)7Ycls/a.5, the inequality

0 (f, &) — v*"(f, g)| < NeN'(|f 52,5 + |8ls)n 20"

holds for any functions f(a, t, x) and g(x) of class C%?? satisfying (2.3).
COROLLARY 2.13.  Let the assumption of Theorem 2.9 be satisfied and let
¢, f,g e C%%% Then for any a € U, n > 1 there exists a(n) € A,(£) such that,

with a constant N depending only on K, d, (1+T) cls/2.5, (1 + T) 7 fls/2.5,
and |g|s, the inequality

| | T | P
B[] Flas s, exp{-gi}ds + g(x) exp{—ei}

_zlff « RN a(n) CONE
A f(as(n), s, xg)exp{—@s }ds+ g(xp ')exp{—¢@p }

< NP exp{NT(1+ p)}n %8
holds for all p > 6.

We prove this corollary in Section 4.
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REMARK 2.14. One can also prove a natural version of Theorem 2.9 in the
spirit of Theorem 2.8. Theorem 2.12 can also be formulated for functions f
independent of «. In Corollary 2.13 we can take functions other than powers
and consider many f,c, g at once. All these generalizations and extensions
are done in the same way as above and are left to the reader.

3. Proof of Theorem 2.7. For s < 0 define f(a, s, x) = f(a, 0, x) and for
s<T, xcR? and a € 2 denote

T-s
v (s, x)=E|:/O f(at,s+t,x+x?)dt+g(x+x%_s)],

v(s, x) = sup v(s, x), v,(s, x) = sup v*(s, x).
ae ael,

Obviously to prove Theorem 2.7, it suffices to prove
v%(0,0) < v,(0,0)+ N(1+ T)n %4
X([[£11s/2 + (1 4+ T)[f1s + 24| flo + [g]5)-

First, we notice some simple properties of the functions v,,.

(3.1

LEMMA 3.1. (i) Forany ae?,s<T,and x,y € R%,

0% (s, %) = v*(s, )| < |x = ¥I°(T[f1s +[8]5),

0,5, 2) = v (s, Y)| < |2 = ¥I°(T[f15 + [£]5)-

(ii) For any a € A, s < t < T with |t —s| < 1 and x € R?,

0*(t, ) = v(s, )| < [t = 5] [Flo + NIt = sI”2([|fl]s/2 + [8]5),

va(t, %) = va(s, 2)| < [t = 8] flo + NIt = sI”2([| 152 + [8]5)-
(iii) For any s < T and x € R?,
Un(s’ x) = Gs,s+1/nGs+1/n,s+2/n Tt Gs+i/n,Tg(x)a
where 1 is the integral part of n(T — s) and

G, u(x) == sup G& ,u(x),
BeA

thu(x) =FE [/Ots f(B,s+r,x+xP)dr+u(x+ xf_s)]

with xf defined as x¢ for a, = B.
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PROOF. Assertion (i) is a straightforward consequence of our assumptions.
To prove (ii) it suffices to observe that

|[v*(t, x) — v*(s, x)|

T-t T-s
E/ f(ar,t+r,x+x;f)dr—E/ fap, s+r,x+x%)dr
0 0

=<

+E|g(x + x7_,) — 8(x + x7_)|

Tt
SE/ Flap, b+, %+ 5%) — f(an, s+, %+ x%)| dr
0

T-s
FE [ Uf(anstroxtap)]dr +[glaElxg - o[

Assertion (iii) is a particular case of Exercise 3.2.1 of [8], a solution to which
can be easily obtained from Lemma 3.2.14 and the proof of Lemma 3.3.1 of
[8]. The lemma is proved. O

To proceed further with the proof of Theorem 2.7, take nonnegative func-
tions n € C3(R,) and ¢ € C°(R?) with unit integrals. Assume that n(¢) = 0
for ¢ lying outside (0, 1) and for ¢ € (0, 1] define

me(t) = e7n(t/6%), €)= é(x/e),  L(t %) = na(D)é(x),
u® =ux(,.
Observe that, by virtue of Lemma 3.1 for s < T' — 1/n, we have
(3.2) Un(s’ y) = Gs,s+1/nvn(s + 1/n’ )(y)

We multiply this equality by {,.(¢—s, x—y) and integrate with respect to (s, ¥).
Also we use the fact that the integral with respect to s can be restricted to
t—e? < s <t,sothatfor ¢t < T —1/n we are integrating well-defined functions.
Obviously, for any 8 € A, the integral of the right-hand side of (3.2) is greater
than

1/n
/Rd+1 {(t—s,x—y)E |:f0 f(B,s+r,y+xP)ydr+uv,(s+1/n,y+ xf/n)] dsdy.

We estimate the last expression from below. We have

f(Bis+r,y+al)= f(B,SJrr,x)—N[f]a[Sup Ixf|‘3+|x—yl5},

r<l/n
with

E sup |xP]° < Nn~%2 /d X L(t—s,x—y)|x — y|°dyds = N&°.
Rd+

r<l/n
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Hence

1/n
[ et=s.x=E [ f(Bs+r,y+xf)drdsdy
Rd+1 0

1/n
= / e (t — 8)/ f(B,s+r,x)drds — N[f]sn (n%% + &%)
s<t 0
=17 o (By 1, %) = N[flon (702 4 &%),
In this way we get from (3.2) that for t <T —1/n and any B € A,
Uﬁf)(t, x)=n (Bt x)+ EvSf)(t +1/n, x+ x/f/n)
—N[flsn N (n72% + &).

(3.3)

Observe that vgf) is an infinitely differentiable function. Therefore, we can
apply Ito’s formula on the right of (3.3). Define

Leu(t, x) = a¥(@)uii(t, x) + b (a)u,i (¢, x),

where (a”(@)) = ;o(a)o*(a). From (3.3) we obtain
1/n (8)
n/ E[D, + LF I (t + 7, x + xB)dr + £,.(B, t, x)
0

< N[f]s(n™% + &°).

We replace the first term on the left with [D, + L? ]vff)(t, x) by using again
1t6’s formula. We get

[D, + LPIo\(¢, x)
(3.4) +n /01/n for E[D, + Lﬁ]zvgf)(t + p,x+xb)dpdr + f,.(B, t, x)
< N[f15(n™"? + &°).
To proceed further notice that
vgf)(t, x) = /R N2t — s)vi(s, x)ds,
where
vi(t.x) = [ £(x =)ot y)dy

and denote

Ko =[Iflsp + @+ DIf1s+ & °Iflo + 8-
Use Lemma 3.1 to find that for s < T,

D20 (s, )| = &7 | [ 0" (e 2r)(vis = 7, %) = (s, %)) dr
R

< NK,&e™® / In"(72r)| |72 dr = NK,e~*.
R
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Similarly (here comes the only place where the constants N depend on d) for
derivatives D‘ *) with respect to x of order i we have

ID'vi(s, )| < sup|D'vé(s, x)|
s<T

sup e~ | [ (D) Wloa(s, % = ) = w5, W) dy
< NK &%,
|DtDiv§f)(s, x)| =&t UR 7' (e 2r)Divi(s —r,x)dr
< NK,&% 2.
Now (3.4) implies that, for ¢t < T — 1/n, and any 8, x
(3.5) [D,+LPIY(t,x)+F,.(B,t,x) < NKon 1ed4+ N[f]s(n 2% +&).

At this point We choose ¢. A little bit later we show that the difference |v,,— o |
is less than N&°. To equate the order of this difference and that of NK,n 1?4
weput e =n ~1/4_ Then from (3.5) we get

[D, + LP1oY) (¢, %) + fos(B, 1, x) < NKon ™/,

Hence, by It6’s formula for any « € U,

vi(0,0) = f D, + L« e, x)dt + oy (T = 1/n, 454 ,,)

>E/

By combining this with the inequalities

T-1/n
Fslas, ¢, 28) dt + Evi(T — 1/n, x%_y,,) — NTKqn ™/

T
IE /T—l/n fns(at7 t7 x?) dt

[0, (T = 1/n, x) — g(¥)| = [0,(T — 1/n, x) — v, (T, y)|
<n7HFlo+ Nn=2([|f 152 + [£]5)
+x — y°(T[f1s + [8]5)
< NKon™* + |x — y°(T[f15 + [&]5),
Ev,(T —1/n,x%_,,,) = Eg(x}) — NK,n™*
—(T[f1s +[8l)ElxT_1/n — x|°
> Eg(x§) — NKon ™%,

0t %) = va (8 < [ L, ot = rx = 3) = vyt )] drdy

Rd+1

<Iflon™" <|Ifloe t< Kon ™,
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= N/Rm L(rs M Flor + ([ f 12 + [£15)

+Hy*(T[f1s + [g]s)} drdy
< Nlfloe® + N([Iflls)2 + T[f1s + [8]5)¢°

< NK,n~ %4,
we get
v,(0,0) + NK,n=4 > v{(0, 0)

T

(3:6) > E [ fulant,x7)dt + Eg(x)
0

—N(1+ T)Kyn=%4,
Finally,

T
E [ \f el £, x§) = f e, £, x| dt

T
5/ sup sup | £, (o, t, x) — f(a, ¢, x)| dt
0

acA xeRd
T 1/n
5/ / nsz(s)n/ sup sup |f(a, t — s+ r, x) — f(a, t, x)| drdsdt
0 J—g2<5<0 0 acA xeRd
1/n
<Uflls [, ma(n [ (sl +r**) drds

< [|f|]3/2(86 +n7%) < Kon ™4,

which along with (3.6) easily yields (3.1) and brings the proof of Theorem 2.7
to an end. O

4. Proof of Theorem 2.9. The most important step in proving Theo-
rem 2.9 is done in the following lemma, which concentrates on the case [ =
¢ = 0 and prepares everything needed in the general case. The reader will see
that the general case follows from Lemma 4.1 quite easily. It is important to
draw the reader’s attention to the fact that assumptions (2.1) are not used in
Lemma 4.1.

LEMMA 4.1. Take some constants K € [0, ), 61, 89, 65 € (0, 1] with 63 >
8, and a function g = g(x) € C% and assume the following.
(i) The inequalities
T
| supsup{lio(a, s+ r,x) = o(a, r, )| + |b(a, 5 + 7, ) = bla, 7, x)[} dr

acA xeRd

< Ki(1+T)ls|™2,

lo(a, , )| + |b(a, £, x)| < K7,
llo(a, t, x) — o(a, t, y)I| + |b(a, t, x) = b(a, t, y)| < Kq|x — y[>
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hold for any x,y € R, t € [0, T] and |s| < 2, where we extend o(a, r, x) and
b(a, r, x) outside [0, T'] as usual as their values at the end points.

(i) If x, and y, are d-dimensional processes satisfying for t € [0, T] the
equation

t
Xy =Y = / {U(aw r, xr) - (T(ara r, yr)}dwr
(4.1) °

t t t
+ [ {b(ay.r.x) ~ blay. .y} dr 4 [ o, dw, + [ b.dr,

where o € A and o, and b, are appropriately measurable processes of appro-
priate dimensions, then

T 82/2
42 |Be(er) - Bgon) < lels, Koe®T (B [l +1bPyar)

We assert that under these assumptions for any n > 1 and a € 2 there exists
a(n) € A, such that

(4.3) Eg(x}) < Eg(xy") + NeVn=>%%gls,,
where N is a constant depending only on K, and d.

Proor. Recall that o(a,r, x) = o(e, 0, x) and b(e, r, x) = b(a, 0, x) for
r<0,o0(a,r,x)=0(a,T,x) and b(e, r, x) = b(e, T, x) for r > T, and define
At,x)={(o(a, t,x),b(a,t,x)):ac A},  A=|JA(t x).

t,x

Every element & of the set A is a couple (o, b), which we denote (o(@), b(&)).
For &, B € A and ¢ € R, we define

dist (@, B) = ||o(@) — o(B)|| + b(a) — b(B)I,
y(&, t, x) = dist (&, A(t, x)).
We also define
(s, t) = sup sup(||o(a, s, x) — o(a, t, x)|| + |b(a, s, x) — b(a, t, x)]|).

acA xeR?

Observe that, for any ¢, s € [0, T'] and x, y € R%, we have

(@ ¢, x) = v(a s, ¥)| < SHE{IIU(% t,x) —o(a,s, y)l| +|b(a, t, x) — b(a, s, )|}
ae

< Kqlx — > + 7(s, t).
Hence,
I'y(&7 Z, x) - ’}’(d, t, y)I = Kllx - y|81’
(4.4) T
/ sup sup |y(&, s +r,x) — y(& r, x)|dr <K (1+ T)|s|>/2,

&eA xeRd



404 N. V. KRYLOV

where |s| < 2.

Next, let 9 be the set of all A-valued .7-adapted measurable processes. By
9, we denote its subset consisting of processes which are constant on each
interval [i/n, (i + 1)/n).

For & € 9 we denote

- t t
xg:/ﬂ U(&,)dwr+/0 b(&,)dr,

- T -
o= sup Eg(af). o= supE|g(h) - [ @ e, 5)dt]

acdl ael

_ T _
o0 = sup Be(xf). 0, = sup B[ e(eh) - [ (@) de].

aell, aell,,
Our plan is as follows. As in Section 3 it suffices to prove that
(4.5) v<v,+ Ne1‘7T|g|t~;3n_5152/8

where, and below in the proof by N, we denote various constants depending
only on K; and d. Observe that obviously, v < 0. We claim that, because of
that, to prove (4.5) it suffices to prove that

0<0, + N1+ T)n (1 +T +[gl;)),

2/(2—385)
3

(4.6)
O, < v, + NeVT (g5

+gla,n 0.

Indeed, then we have (remember 85 > §;)

0 < v, + NV (n =0/ 4 000 gy 4|20 1 gy, n 00,
Upon taking here cg in place of g, where c is any positive constant, we also
conclude

_ _ _ 2/(2—5 _ _
v < vn—l—NeNT (n /41 4 p 51/4|g|53+|g|5§( 2) (82/(2 ’52)+|g|53n 5132/4),

81(2-8,)/8

which for ¢! = |g|5,n yields

v < v, + NeNT|gls, (n™21%/8 4 n=01/% 4 p=21%/%) |

and (4.5) follows.

Thus, to prove the lemma, it only remains to prove (4.6). Observe that the
first inequality in (4.6) follows directly from Theorem 2.7 and from (4.4).

To prove the second inequality in (4.6), fix £ > 0 and take an a € 9, such
that

T - -
4.7) E/ y(@, t, ¥ dt < Eg(#) — 0, + &= J + &.
0
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Notice that by (4.4), for «,(t) :== n"![nt],

2/n

n /OT 7(s + k,(t), t)dtds = n/o

T, (t)—t+2/n
/ 7(s+t,t)dsdt
1/n

Kk,(t)—t+1/n
2/n 2T
< +t,t)did
< n/o /0 (s ) S
< N1+ T)n"%/2
Therefore, we can find and fix an s € [0, 2/n] so that

T
(4.8) /(; m(s+ k,(t), t)dt < N(1+ T)n_al/z_

Now notice that, for any ¢ > 0, t,r € R, x € R? and o € (), one can find
a € A such that

llo(@,) = o(a, r, 2)|[ +[6(&;) = b(a, 7, x)| < &+ v(@, T, x).

Moreover, since &, is piece-wise constant, the appropriate a can be chosen the
same on each interval of time [i/n, (i + 1)/n). By remembering that A is a
separable metric space, it is easy to understand that there exists an a € %,
such that

T B .
I:= E/O [l )cr(ozt) — ooy, s+ Kk, (%), xKn(t))H
. 2
(4.9) + ib(dt) —bay, s + K, (1), fi‘nm)i] dt
T -
< 2+ 2E/ Y2y, s+ K, (1), 2 ) dt.
0 n
To estimate the right-hand side of (4.9), use (4.4), (4.7) and (4.8). Then
T, . T .
E/O Y@y s+ Ky (), £ ) dt < NE/O Y@y s+ 1, (8), £ ) dt
T -
< NE [ A&, s+ ,(8), ) dt
0
T a @|8
N[ E|& , -z dt
+ /0 |xkn(t) x|
T _
< NE f y(Gy, t, £ dt + N(1 + T)n=2/2
0
< NJ +Ne+ N1+ T)n /2

Hence,

I <NJ+ Ne+ N(1+T)n /2
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This, (4.4) and (4.8) yield

T - -
E [ [llo(@) - o(a . Z)IP + [6(@&) — bl 1, £ dt

<21+ N(1+T)n"3/2 < NJ + Ne+ N(1+ T)n=%/2,

(4.10)

Now we can estimate & — x¢ by observing that x, := ¢ and y, := x¢ satisfy
(4.1) with

o, = o(a,) — o(a,,r, &), b, :=b(a,)—ba,,r, ).
It follows from (4.10) and (4.2) that
(4.11) Eg(#%) — Eg(x3) < NeM|gl;, (J + & +n /%)

One can stop here if one is satisfied with a result which is a little bit weaker
than (4.3). By this we mean that obviously [cf. (4.7)] 7, < Eg(x%)+¢, Eg(x}) <
v,, and J < 2|g|y, so that (4.11) implies that

O, < v, + NeNT(|gl5 /% + | gls,n~21%/4).

This combined with the first inequality in (4.6) leads to (4.3) but with 6,6,/(8+
485) in place of 6;6,/8.

A better result follows after enhancing the estimate of J. Observe that
Eg(x%) <v, <70,, so that by definition (4.7) of J, equation (4.11) implies that

J < NeM|gls, (J + & +n27%)",
Here if ¢ + n=%/2 < J, then

J < NeNT|g|53J52/2, J < NeNTlglgg(Q_SZ)-
In the remaining case and generally,

J < NeNT|g|§§(2_52) + &+ n"%/2

Plugging this result into (4.11) and remembering (4.7), we get
- & « 2/(2-8 _
6, = Eg(#5) + & = Eg(x§) + Ne™™ (1215, "™ +1gls, 6™/ + | gls,n %) + &

This proves the second inequality in (4.6) since a € 2, and ¢ > 0 is arbitrary.
The lemma is proved. O

REMARK 4.2. Under the assumptions of Theorem 2.9 [including, of course,
assumption (2.1)], the assumptions of Lemma 4.1 are satisfied with §; = §,
and &, = 63 = 6.

Indeed,

|Eg(xr) — Eg(yr)| < [)s Elxr — yrl® < []s(Elxr — yr[?)°?,
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and as well known (apply, e.g., Corollary 2.5.10 of [8] to the process x; — y,)
due to (2.1),

T
(4.12) Esup|x, - y,* < NeVTE [ {l|ov][® + .} dt,
t<T 0

where N depends only on K.
COROLLARY 4.3. Theorem 2.9 holds for any 6,8, € (0,1]if f =c=0.
Proor. If §, < 8, our assertion follows from Remark 4.2. For §, > 8, we
interpolate. Take a nonnegative function ¢ € CS"(Rd) with unit integral and

for £ > 0 define g(®)(x) = e~ 9¢(x/&) * g(x). Then as easy to see

8(x) — g9(x)] = [lg(x) - g(x — ey)li(y)dy < Nlglse’,

g2(x)] = &1 [(8(y) - g(0)Eul(y — x)/2) dy = Niglse™,
so that
18€)(x) — g“9(¥)] < N[gls° '|x — ¥ < N[gls6° % |x — y|™
if |x — y| < &. Furthermore, if |x — y| > &,
189(x) — g < [glslx — yI° < [gl5e> > |x — y].

Hence, |g(?)|;, < N|g|;2°~% and by the result for § > §, and by the inequal-
ities

Eg(x}) < Eg“)(x§) + Nlglse’,  Eg®(x7") = Eg(x7™) + Nlgls’,
the last term on the right in (2.6) can be replaced with

_ _ 82
Ne™T (|g)], n/% + |glpe”) = NeVT (|glse®Pon =28 + |gl;e°) .

It follows that setting ¢ = n—%/8

the desired result. O

right in the beginning of the proof leads to

Proor oF THEOREM 2.9. Notice that replacing f(a, ¢, x), g(x), c(e, t, x)
with f(a, t, x)eMt, g(x)eMT, c(a, t, x) + M, respectively, does not modify v®.
Therefore, without loss of generality, we assume that ¢ > 0.

First, assume that in addition,

(4.13) |flo26 =1+T,
and add two more coordinates y and z which move according to
t t
¥i= = [ elanroxdr, 2= [ fla.r i dr,
where ¢ € C*(R), é(y) =e? for y < 0,0 < ¢ <2, and |¢'| < 2. Also define
8(x,y,2)=(—M) Vv [&(y)g(x)+z]A M,
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where M = |g|, + T + 1. Then, owing to (4.13) and ¢ > 0, we have

T
2 ¥, 28) = M)V | [ Fla b, expl-e bt + g expl-e) | 1 M

T
= [ flaw. t.x) exp{—o}} dt + g(xf) exp{—ei}.

(4.14) v = Eg(x7, ¥7, 27)-

Now it is natural to apply Lemma 4.1 to the process (x¢, y¢, 2).
Assumption (i) of Lemma 4.1 is obviously satisfied with a constant K; de-
pending only on K and (1 + T)‘1|c|3/2’5. To check assumption (ii), take o € A
and two processes (x;, ¥, 2;) and («}, ¥}, z;) and assume that
t
x =%, = [ {o(ay,r,x,) = olay, 7, )} dw,
0
! : L e
+f {b(a,, 7, x,) — bla,, 7, 2.)} dr +/ o dw, +/ b dr,
0 0 0
: ! : e L@
Yo — ¥y = —/O {c(a,,r,x,)—c(e,, 7, x.)}dr —|—f0 oy dw, —1—/0 by’ dr,
t
20— 2= [ {F(e. 1.2 = (e r. 26} dr
LG e
+/ ot dwr+f b dr.
0 0
Denote

9 .
+ )bﬁ‘)

T 3 .
@)
=g 2“)@

We get from (4.12) that

2
J ar.

T 2
Esup|x, — )2 < NeNTE/ {) a't(l)H n |b§1’|2} dt < NeNTT.
t<T 0

Furthermore,

2

2 21 .12 25 Il @2 T @
Esup|y,—y,| < NT?[c]sEsup|x, —x}] +NE/ ‘ oy H dt+NTE/ b,’| dt
t<T t<T 0 0

< NeNT(I°+1),
E|zp—2p[* < NT? ([f]ﬁEsuglxt—x;|25+Ifl?)ESUTQIyt—y;Iz)
t< t<

T 2 T 2
+NE/0 HUPH dt+NTEfO ‘b§3)) dt

< NeNT(I°+1).
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By using Hoélder’s inequality, we obtain
|Eg(xr, yr,27) — E&(xp, ¥7p, 27)|
< E{2|g(xr) — g(xp)| + 2[8lolyr — y7| + |21 — 27}
< N1+ |gls)E{lxp — x7|° +|yr — y7| + |2r — 27 [}
< NeMT(1+|gls)(I°2 + 12).

(4.15)

Since g(x, —00,1) = 1 and g(«x,0,0) = g(x), we have 1+ |g|s; < 2|g|s, and
(4.15) implies

(4.16)  |Eg(xq, yp, 21) — EG(x'p, yp, 2p)| < NeMT|g5(1°% + IV2).

Obviously, we can drop I'/2 in (4.16) if I < 1 (remember § € (0, 1]). On the
other hand, if I > 1, then from

|Eg(xp, yr, 27) — Eg(xp, ¥, 2p)| < 2|85 < 2|8151°%,

it follows that again we can drop /2 in (4.16). This proves that (4.2) is satisfied
and by Lemma 4.1 and (4.14), for any «a € 2 there is a(n) € 2, such that

(4.17) vi(f, 8) < v*(F, g) + NeNTn=2%8 5.

Furthermore, as in (4.15), it is easy to see that |g|s; < N(|gls+ T +1) =
N(Ifls/2.5 +18ls)- Therefore, (4.17) implies

v(f, 8) < v (f, )+ NeNTn73°5/8(|f|5/2,5 +18ls)-

It only remains to notice that the multiplication by a constant > 0 always
reduces any [ # 0 to the one satisfying (4.13), whereas if f = 0, one can take
a small constant # 0 instead of f and pass to the limit. This completes the
proof of Theorem 2.9. O

PROOF OF COROLLARY 2.13. As in the above proof, consider the process
(x¢, ¥, 2¢) this time without assuming (4.13). We have seen above that the
process (x¢, y¥, 2¢) satisfies the assumptions of Lemma 4.1 for §; = §, and
8y = 83 = 8. Hence, for any @ € %, n > 1, and g(x, y, z) € C? there is an
a(n) € ¥, such that

Eg(x;, y;,20) = Eg (", y{", 21") + NN~ g,

On the basis of this, similarly to the derivation of Theorem 2.4 from Theo-
rem 2.7, one proves that for any o € 2 and n > 1 there is an a(n) € % ,(¥)
such that

|Eg(x2, v, 2%) — Eg(x;™, yi™, 28| < NeNTn—209/8| g 5.

for any g(x, y, z) € C°. It only remains to take g = |z|P A MP, where M =
(T1flo + 18lo) exp(lc|oT). O
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