A TABLE FOR COMPUTING TRIVARIATE NORMAL PROBABILITIES
By GEOrRGE P. STECK

Sandia Corporation

1. Introduction. For convenience in the following discussion let X, ¥, and Z
be random variables with a trivariate normal distribution such that EX = EY =
EZ =0, EX?=EY’*=EZ" =1, EXY = pn, EXZ = pi3, EYZ = py, let
C(h, k, m; p12 , ;3 , pes) denote the probability that X = b, ¥ = k, Z < m, and
let D(h, k, m; p12 , p13 , p23) denote the probability that X = h, Y = k, Z = m.
Several tables have been prepared from which certain particular values of the
trivariate normal integral can be obtained. A tabulation of the area of hyper-
spherical simplices is given by H. Ruben [1]. The function Ruben has tabulated
as i, (z) is, for the case n = 3, equal to C(0, 0,0; 1/, 1/z, 1/x) and the tabula-
tion is for z = 2(1)11. This probability can be computed directly, however, as a
special case of the well-known formula (for example, see [2]).

C(O; O, O? P12 5 P13 st) = D(O, 0, 0; P12 5 P13 pzs)

(1.1) 1
= — (27 — arccos p1; — arccos pi3 — arccos pa)

4
Short tabulations of C(h, h, h;1/2,1/2,1/2) have been published by D. Teich-
roew [3] for kA/2 = 0(.01)6.09 and by P. N. Somerville [11] for A = 0(.1)2(.5)3.
In addition to these published tables, there are some unpublished tables [4]
giving C(h, k, h;p, p, p) for p = 1/(1 +4/3) and %, h = 0(.1)3(.5)8 and for
p = 0(.1)0.9, h = 0(.2)1.

Methods for computing D(h, k, m; p1z, p13 , pes) have been given by M. G.
Kendall [5], R. L. Plackett [6], and S. C. Das [7]. The method of Kendall is to
express the trivariate normal density as the inverse of its characteristic function
obtaining D(k, k, m; p12 , p13 , p2s) as a six-dimensional integral. The part of the
integral involving the p;; is expanded in a power series and the result integrated
term by term. The resulting series coverges slowly, however, when the p;; are
large. Plackett’s method, on the other hand, is to consider D(h, k, m; P25 P13 5 p23)
as a function of the p;; and write it as a line integral from (p:2 , p1s , pz) to (p1z,
p13 , pes) Where pss is chosen to give a degenerate trivariate normal density so that
D(h, k, m; p1z , p1s , p2s) becomes a bivariate normal integral. The result of this
procedure is that D(h, k, m; pi2, p13 , p2s) can be expressed as a sum of lower
dimensional normal integrals and an integral which must be evaluated by numeri-
cal integration.

The method of Das reduces the trivariate integral to a single integral which is
then evaluated numerically provided the correlations are such that their product
is positive and each is numerically greater than the product of the other two.

In this paper C(h, k, m; piz, pis , pes) is expressed in terms of the univariate
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TRIVARIATE NORMAL PROBABILITIES 781

normal integral, the T-function, which is tabulated by D. B. Owen [8, 9], and the
function S(h, a, b) which is tabulated here. Although the reduction of C(h, k, m;
P12, P13, pes) is given in terms of the T-function, it is also possible to give it in
terms of the V-function tabulated by C. Nicholson [12] and by.the National
Bureau of Standards [13], or the L-function tabulated by Karl Pearson [14]
and by the National Bureau of Standards [13]. The V and L-functions are related
to the T-function by the expressions

12)  V(hah) = ar";in“ — T(h, a),

Lk, k; ) ='2—T(1—1;7);f: [

(1.3) exp [-— 3 @@+ ¢ — 20my)/(1 — p”)]dx dy

k — ph
=1-3[G0H) +G&) +ou]l—T (h, h_\/i—‘{——p?)

r (5222
- ) k 1 _ p2 ’
where (this is the same & defined equivalently by (2.3))

S = if A < 0 or £ < 0 but not both,
® =\ otherwise.

For h-> 0,a > 0,b > 0, S(k, a, b) — (1/4m)arctan (b/(1 + o’ + a’b")'") is
the probability that three independent, standardized, normal variables-will lie in
the region between the planes z = 0, x — bz = 0, y = 0, and y = h and beyond
(in the sense that z = ay) the plane z — ay = 0, i.e., will lie in the truncated in-
finite wedge shown in Figure 1.

2. Summary of formulas. The fundamental formulas for C(h, k, m; p1s, p13, p2s)
are:

Case (): =0, k=20, m=0 o k=0, k<0, ms0,
C(h, by m; pra s pis s p2s) = 3[(1 = 8aye,)G(R) + (1 — Baye,)G(K)
+ (1 = 84,e,)G(m)] — 3[T(h, @) + T(h, 1) + T(k, @) + T(k, c2)
+ T(m, as) + T(m, c5)] — [S(h, a1, b1) + Sk, ¢1, dv)
+ Sk, az, bs) + Sk, ¢z, d2) + S(m, as, bs) + S(m, ¢z, ds)],
Case (il): h = 0, k=0, m <0 or h=0, k=0, m > 0,
C(h, k, m; prz, p1s, pzs) = 3[G(h) + G(k) — o] — T(h, ar) — T(k, c2)
— C(h, k, — m;pz, — p1z, — Pz,

2.1)

(2.2)
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Fig. 1. Volume over which S(k, a, b) — (1/4x)arctan(b / \/ 1 4+ a? + a?b?) gives the
integral of the trivariate normal distribution.

where
1 R 1 [ e—"—zu+ J)
_ —z2/2 _ 1 7
6@ = G [ e Tha) = 5 fo s,
G = ’G—‘hplz — m—kpza_ G = h—mpla-
T T N T (e AL
o m — hpys h — kpi ¢ = k — mpa

T RO = 2T kA = e’ = m( = s’

by = (1 — pi2)(m — hp1s) — (pzz — p1z p1a) (K — hpr2)

(k — hpm)Allz ’
_ a- Pfs) (k — hpio) — (pza — p12 p13) (m — hpry)

(23) dl - (m — hp13)Al/2 ’
by = (1 — p3)(h — kpra) — (p1z — pr2 p2s) (M — kipzs)

(m — kpz)Al?

do = (1 — pi2)(m — kpzs) — (o1 — pr2 p2s) (B — kpr2)
? (b — kpi)Al? ’
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by = (1 — pig)(k — mpz) — (pr12 — p13 p2a) (h — Mp1a)
(h — mpyz)AL? ’

= (1 — Pga)(h _ mpla) - (Plz — P13 st)(k - mpzs)
(k — mpy)AL? ’

ds

2 2 2
A=1-=p1—pizs— ps+ 2p12 p13 p23

5 = { 0if (sgnz)(sgny) =1
” +1 otherwise ’
and
12=20
e {—lx <0

The S-function is tabulated for 0 < b < 1, but it is possible to obtain values
for 1 < b-< « by use of one of the following formulas, @ > 0, b > 0:

S(h, a, b) = [G(h) — 3] T(ah, b) — [G(hadb) — 3] T(ak, 1/a)
+ S(hab, 1/b, 1/a),
S(h, a, b) = 3)G(h) + [G(hadb) — 3] T(h, a) — S(hab, 1/ab, a)
— 8(h, ab, 1/b).

ifa > 1,b > 1 then (2.4) should be used, and if 0 < @ £ 1, b > 1 then (2.5)
should be used. Values for negative k, a, or b may be obtained by using

2.4)

(2.5)

(2.6) S(—h, a,b) = S(=, a,b) — S(h, a,b),
(2~7) S(h7 —a, b) = S("‘; a, b)’
(2.8) S(h, a, —b) = —8(h, a, b).

Note that (2.4) and (2.5) require both a and b to be positive and hence when a or
b is negative (2.7) or (2.8) should be applied before (2.4) or (2.5).
Other useful formulas are:

50,a,b) = 3 S(w,a,b), S O0,b) = -217r G(h) arctan b,

1 b.
(29) S(h,_ay 0) = 07 S(w, a, b) = %arcmn [(1 + a2 + a2b2)1/2] ,
S(h; @, b) =0,
LBGM) + Tk, |al)) — Xt0lal 5
S o) = [1m6) + 705, 10y - 22020 >

Equations (2.1) and (2.2) can be easily rewritten in terms of the V-function
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by use of (1.2); however, in order to reduce the computation it should be noted
that

arctan a; + arctan ¢; = arctan (\/1 — p%,/pu).

Similar expressions hold for the pairs (a2, ¢;) and (a3, ¢1)-
Rewriting equations (2.1) and (2.2) in terms of the L-function gives

Case(i): h=0, k=0, m=0 o h=0, k=0, m=0,
Clh, k, m; p2, pus, p1s) = (1 — 380,6,)G(R) + (1 — 38a,0,)G(K)
4+ (1 — 30a56,)G(m) + 3 (One + am + Okm)
+ 3{L(h, k; pr2) + L(h, m; p1s) + L(k, m; pzs) — 3]
2.1y — [S(h, a1, by) + S(h, ¢1, dv) + S(k, az, b2) + S(k, ¢z, d2)
+ S(m, a5, bs) + S(m, ¢z , ds)],
Case (ii): h=0, k=0, m<0 o k=0, k=0, m>0,
@2y C(h, k, m; pr2, p1s , p2s) = L(h, k; pr2) + G(h) + G(k) — 1
— Chy b, — m; pra, — p1a, — pa)-

3. Derivation of the relationship between the trivariate normal integral and
the tabulated function. The density function for the standardized trivariate
normal distribution is

1V 1
f(Z; Y, 2; p12 P13, pz) = (2_1r) Al exp [—‘%(Au 7 + Ax Z/2

3.1)
+ Az 2 + 242y + 241322 + 245 yz)],
where
1 — o 1 — pi 1 — pt
Ay = ~ =P8 fp=2T"P2 gy =T P2
A A
(3.2)
_ P13 P — pr2 _ Prp3 — p13 _ P12 p13 — p

Alz ————A ] A13 —A— ’ A23 '——A ’

and

2 2 2
A =1 — p1a — pis — p23 - 2p12p13p23 -

The definition of C(h, k, m; p12, p13, p2s) given earlier is equivalent to

h k m
(3.3) C(h, kym; p1z, p13, p2s) = f f f J(x, y, 2; pr2 5 p13 5 p23) dz dy dz.
Let G(z), T(h, a) be as defined in (2.3). It will be convenient to have an alterna-
tive form of T'(h, a). This is given in [8] and is

arctan a
27

(3.4) T(h,a) = +1GMHh) -t — fo ' Glazx)G'(x) dz.
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Also, from [9],
38.5) T(h, a) = G(h) + G(ah)] — G(h)G(ah) — T(ah, 1/a), a > O.
Finally, let

(3.6) S(h, a, b) = f " Tlas, )G (s) ds.

It will also be convenient to have an alternative form of (3.6). If the 7-function
is replaced by its integral representation as given by (2.3) and the order of
integrations reversed, the result is

_ b f‘ G + o + o’y
3.7 S(h, a, b) = 5 b TF 0 T @ F o) dy.
Integration of (3.6) by parts gives (2.4), and substituting (3.5) into (3.6) and
integrating gives (2.5).

The relation between C(h, k, m; p12 , p13 , p23) and the S-function can be shown
as follows. If &, k, and m are all nonnegative (or nonpositive) and if 0/0 is taken
as one, then it can be shown that
k
h

+P Xg.’fy,ygk,zgﬂy>+P(X§ﬁz,Y Eyz<m).
k k m m

P(Xgh,ng,zgm)=P(X§h,Y§ X,zg%x)

(3.8)

IIA
IIA

Since these three probabilities are all similar in form, it is sufficient to consider
only the last. Let the conditional probability, given Z = s, that X =< hs/m
and Y £ ks/m be denoted by A(s); then

_ h — mpy3 kE — mps P12 — P13 P23 )
69 40 = B(o = s S )

where
1 h k
310) BWH0) =5 [.1].
-exp |—3(* — 2p2y + ¥)/(1 — o)) dz dy.

Therefore,

h k m ,
(3.11) P(X =-2,Y=-27% m> = [ A(s)G'(s) ds.

m m 0

However, it is shown in [9] that
k — ph
Blb ks o) = 360 + 6] - 7 (T E)

(3.12) L "
—p
=7 (b ) — e

where 6, has already been defined by (2.3); therefore, expressing (3.9) in the
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form of (3.12), substituting in (3.11), and noting (3.4) it follows that
h k
P(X S _ZYS Z7% m) = 11— 8uyey)G(m)

(3.13) = (T, @) + Tom, 0] — [ G'(6)Tass, b) ds
_ [m G'(s)T(css, ds) ds,

where a3, bs, d;, and 8a,c, have already been defined by (2.3). The integrals on
the right side of (3.13) are, noting (3.6), S(m, as, bs) and S(m, ¢;, d;). Thus
h k :

P(xstzvstazsm) =10 - som

— 3[T(m, as) + T(m, c;)] — [S(m, as, bs) + S(m, c5, ds)].
The other two probabilities on the right side of (3.8) can be obtained from (3.14)
by replacing m, a; , b3, ¢3 ,dsby h, a1 ,b1,¢1,diand k, as , b2, ¢z, ds , Tespectively.
Summing the expressions for these three probabilities gives (2.1). Equation (2.2)
follows by noting that if 4, k, and m are nonnegative or nonpositive, then

(3.14)

C(h, ky m; pra 5 p1s , p2a)
h k m
- -[ f [w (@, y, 25 012, P13, p2s) dz dy dz

h k 0
= [ f f f(x, y, 2; pr2 ,—p1s ,— p2s) dz dy dz

b k © —m
=f [ <,[ _[ )f(x»?/:z;l’lz,—pla,—pza) dz dy dz

= B(h, k; p)) — C(h, ky, —m; p12, —p13, —pas).
The reader can verify that the familiar expression
1
4
holds when A = k£ = m = 0 is substituted in (2.1).
If the G-function in the integrand of (3.7) is expanded in a Taylor series to

three terms with remainder about the point h(1 + @® + a’(b/2)")"?, then the
following limited expansion can be shown to hold for S(h, a, b).

C(0,0,0; ;12 , p13, p2s) = -—— (2r — arccos piz — arccos pi3 — arccos pss)

SCh, a, b) = % G(1 + o + a*(b/2))") arctan (b/(1 + o® + a®)"?)

+ % G + & + ab/2H")-Ax(a, b)

(3.15)

2
+ X e+ @+ @20/2)) - Aua, b)
2! 27

3

+0h

sup @"'(h(1 + a® + a’6)"")-As(a, 1),
3121 o0<e=1
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where | 6| < 1, and
Ay(a,b) = arctanb — {1+ @ + a*(b/2)"}"* arctan(b/(1 + @* + vy,
As(a, b) = {2 + a® + a’(b/2)"}arctan(b/(1 + o’ + a’b")")
— 2{1 + a® + a*(b/2)*}*"* arctan b
+ aflog(ab + (1 + a* + a’b")"*) — 3 log(1 + a)},
As(a, b) = a’b + {4 + 3a” + 3a’(b/2)"}arctan b
—{1 + @ + @*(b/2)"}*arctan(b/(1 + o* + a’d")'"”)
— 3{1 + o’ + d’(b/2)"}"*{arctan(b/(1 + o + o))
+ aflog(ab + (1 + a® + )" — 3 log(1 + a)]}.

If the first term of the series is used, the maximum error is one in the fourth
decimal place for h < 2 and one in the fifth decimal place for h > 2, and if
the first three terms of this series are used, the maximum error encountered will
be less than six in the sixth decimal place (note from (2.9) that the arc-tangent
terms in the series can be read from the h = « entries in the table).

4. Description of the table. The values of S(k, a,b) given in the table were
computed using a seven-point Gaussian quadrature formula on (3.7). The G-
function in the integrand of (3.7) was approximated by a formula of C. Hastings
(see [10], p. 187). A check of the computations was made for selected parameter
values first by using an eight-point Gaussian quadrature formula with an im-
proved method for evaluating G(z) and second by using a sixteen-point Gaussian
quadrature formula with the same improved method for evaluating G(z). These
two checks agreed with each other to nine decimal places and differed from the
initially computed values by at most one in the eighth decimal place. These checks
indicate that the tabulated values may occasionally be off by as much as 0.6 in
the seventh decimal place because of rounding errors. Any number in the table
whose last nonzero digit is a five is followed by a plus or minus sign to indicate
that the number should be rounded up or down, respectively, when dropping
the five.

The range of parameter values for which the S-function is tabulated was
chosen so that outside the table S(k, a, b) may be approximated by the first term
of (3.15) with an error not exceeding five in the fifth decimal place.

The accuracy of linear interpolation in the table was checked empirically in
the following way. Let Ah, Aa, Ab denote the intervals of tabulation on 4, a, b,
respectively. The check was performed by computing S(k + 3Ah, a + 3Aa,
b + 1Ab) for a systematic selection of h, a, and b. Even though the errors found
in this way are not necessarily the maximum errors in the various incremental
cubes, it is felt that they are a reasonable approximation to these maximum
errors. The errors found varied from about one to thirty in the fifth decimal place,
which indicates that linear interpolation anywhere in the table should give an
error of less than four or five in the fourth decimal place.
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5. A numerical example. In [6] Plackett applies his reduction method to the
computation of
D(-12, —1.0, 0.5; 0.7, 0.2, —0.4) = C(1.2, 1.0, —0.5; 0.7, 0.2, —0.4)
= B(1.2,1.0;0.7) — C(1.2,1.0,0.5; 0.7, — 0.2, 0.4).
The numerical values of the constants defined by (2.3) are:
a = 01867040 b, = 4.0873367 h=12
= 0.1091089 b, 10.5175180 k=10
a; = 2.6536139  b; = —0.4252646 m = 0.5
= 0.6293828 ¢, 0.7001401 c; = 1.7457432
di = — 0.7470863  d, 1.3079477 d; = 1.3146897,
and, therefore, by (2.1)
C(1.2,1.0,0.5;0.7, —0.2, 0.4) = 3[G(1.2) + G(1) + G(0.5)]
— 3[T1(1.2, 0.1867040) + T»(1.2, 0.6293828)
+ T'3(1, 0.1091089) + T4(1, 0.7001401)
+ T5(0.5, 2.6536139) + Ts(0.5, 1.7457432)]
— [51(1.2, 0.1867040, 4.0873367) + S2(1.2, 0.6293828, —0.7470863)
=+ 85(1, 0.1091089, 10.5175180) + S4(1, 0.7001401, 1.3079477)
+ 85(0.5, 2.6536139, —0.4252646) + Se(0.5, 1.7457432, 1.3146897))].

Tables of the G-function give 3[G(1.2) + G(1) + G(0.5)] = 1.2088688, and the
tables in [9] or [10] give

—1> T.= —0.2025741, B(1.2,1.0;0.7) = 0.7940171.

Applying (2.5) to compute Sy, S., and S; and (2.4) to compute Ss, one finds
S; = 0.1808805, S; = —0.0783075, Sz = 0.1927877,
Ss = 0.1016940, S5 = —0.0204185, Ss = 0.0562510,

and ) S; = —0.4328872, giving C(1.2, 1.0, 0.5; 0.7, —0.2, 0.4) = 0.5734075,
and D(—1.2, —1.0, 0.5; 0.7, 0.2, —0.4) = 0.2206096.

If the bivariate probability P(X > —1.0, Y > 0.5; p = —0.559714), incor-
rectly computed by Plackett as 0.587191, is given its correct value of 0.204267,
then Plackett’s answer is

D(-1.2, —1.0,0.5;0.7,0.2, —0.4) = 0.220610,

and the answers agree to six decimal places.

6. Extension of method to higher dimensions. Equation (3.8) can be gen-
eralized to any number of dimensions giving
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P(Xl = U-l,Xz S ug, v an éun)

=P(Xl éul’Xzé/lf—zXl’”' ;Xn él—llﬁXl)
U Uy

<4 Un
(6.1) +P( 1=u2X2,X2§u2, ,X,.§u2X2>

_l.. ceee
+P(X1§?(an,X2§ngn,"°;Xn—§un)-

Un
provided all the u;’s are nonnegative (or nonpositive) and 0/0 is taken as one.
Each term on the right side of (6.1) is expressible as an integral of a lower dimen-
sional probability, for example,

])(Xl é ?_l"l‘-Xn’X2§ _1_1'_2_X”,...,Xn éun)
Un Un

62) .

=f P(Xléllf}_s’...,X"_léun_ls

Un Un

X, = s)G’(s) ds.

Since the three-dimensional normal distribution can be tabulated as a function
of three variables, it follows by mathematical induction, using (6.1) and (6.2),
that the n-dimensional normal distribution can be tabulated as a function of n

variables.
As an example, consider the casen = 4. If EX; = 0, EX: = 1, and EX.X, =
pi; then the probability in the integrand of (6.2) can be expressed as

X4=S>

* - *
= C(lxu S, aug S, (a3 S5 P12y P13, P23),

U U

P(X1 = Qﬂs,Xz < 25X 25
(6.3) Us Usg Usg

where
_ Ui — Ug pig
2
ua(l — phy)'?

Therefore, (6.2) can be written as

Pij — Pi4 Pj4
(1 =Pt — pi)IV2

-
Q4g Pij =

P(Xlé%Xﬂ)X2§%Xn)”'7X"§u”)

‘n
u" - * - ’
= Claq s, aus 8, cus S; p12 5 P13, p23)G'(5) ds.
}— 00

If the integrand of (6.4) is expressed by (2.10) and the result integrated, it is
apparent that the left side of (6.1) can be expressed in terms of the G-, T-, and
S-functions and integrals of the form

h
R(h,a,b,c) = f S(as, b, ¢)6"(s) ds.
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