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1. Summary. Approximate expressions of more or less simple analytical form
are derived for the conditional mean and variance over small intervals of a
distribution having a probability density of somewhat restricted nature. An
alternative formula for the mean is derived. This result is applied to an extremal
problem in stratified sampling.

2. Derivation of results. Consider a positive function f(¢), defined on some
finite interval containing points 2 and y, and having continuous derivatives to
the fourth order. Let us define functions

(1) L) = [ -0 a, fi=0,1,2

laéx,yé b.

These functions exist and may be partially integrated, whereby, using the mean
value theorem for integrals and writing (z — y) = k for ease of notation, the
following identities are obtained:
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(2) Ly2) = 51+ 58 + 50+ 51+ 5l
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where all 1 but f are taken at the point y, f ® being taken at points 6; within
(2, y). Let us now define three new functions by
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s (£ (f’)3 1
+k <60f+ o7 mfz) + O(* )}

where we have imposed yet another condition on f(¢), namely f(y) # 0. Further-
more we have the Taylor expansion

log f(z) — log f(y) = k- L + 2r<ff f2(f’)>

,.
k3 f/// 2()0/)3 _ 3f/f” .
+3'<f+ 73 f2)+0(k)-

(5)

(6)

Using (6), we have from (3) and (5)

2 g4
@ [meo L+ b oD < 28 R + 0w,

Si0) )
- [ o) =55+ (o =) ] = - o
A R + OB,
where
T e ety )

_[r@ _ f’(t)f”(t)]
m = [l =T ]
From the definition of H;(y, x) and Hi(y, =), by (1) and (3)-(5), we see that
the functions [H(y, ) — (k/2)] and H3(y, x) are symmetrical in z and y, so
that the same may be said for the left hand members of (7) and (8). This
implies that z and ¥ may be interchanged in the right hand members of these
identities without changing the order of magnitude of the terms.

Now we see from (1) and (3)—(5), if u(y, «) and ¢°(y, =) denote the conditional
mean and conditional variance respectively over (y, x) of the function f(¢) con-
sidered as a probability density, that we have

Hi(y,z) = — u(y,x), Hy(y,z)=0(y 2),

5o that we are led from (7) and (8) to the following approximations:

(10)  w(y,2) ~ &Y

+ oy ) + T R(y),

(x —y)° 2 (x -t "
Py, z) ~ —5 - — e, D)) + g e

(z —9)°
+ —‘ﬁr * Rz(y)’

(11)
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where

(z —y) f(z)
12 )’

and where R;(t), R.(t) are given by (9); « and y may be interchanged in (10)
and (11). We note that by taking only values of f(¢) at the end points (z, y)
into consideration, that is, by neglecting all but the first two terms in (10) and
(11), we may approximate u and ¢” correctly to O(z — y)*. We call attention to
the fact that the logarithms are to the base e, and that the conditions imposed
on f(t) are the following: 0 < f(x), f(y) < <, and the first four derivatives of
f exist and are continuous; these conditions may be weakened and were imposed
for ease of derivation. Finally, it may be remarked that approximations con-
taining Io(y, ) explicitly may be derived in the case f(zx) or f(y) = 0.

(12) c(y,z) = - log

3. Further results. We shall derive another approximation to u(y, x), assuming
the existence and continuity of f/ and f” and with f(z), f(y) # 0. By cubing
both sides of (3) we find

_ 3 _ ka[ _k 7 2 :I
(13) [x u(y, 37)] =5 3" 7 + 0(k") |.
On the other hand, using the Taylor expansion
f@) =f+k-f + 00k
together with (2), we obtain from (13)
¥ Io(y,x)_ka[ _k_f 2]_ _ s 5
(14) g'—f(—x)————s— 1 §7+0(k) = [z — u(y, )] + OK°).

Assuming & > y for definitiveness and writing Io(y, ) = P(y, ) = the area
under f(¢) in (y, ), we have from (14)

-) . — )23
(15) su,) = 2 - {FBDE L= oge,
from which, by permuting x and y, we obtain also
2) %
(16) wy,z) =y + {P(y’ x)sj',(;;c - y)} + O(%%).

These approximations, (15) and (16), are less accurate than (10), even when
the last term of the latter is neglected, but may be used to obtain an approximate
solution to the following problem arising in the theory of stratified sampling with
proportionate allocation, see [1]. Given a density f(z) over a range (zo, x.),
(n — 1) variable points ;, 2 = 1, --+ , (n — 1), ;1 < z;, and denoting by
Py, ws and o the area, conditional mean and conditional variance in the interval
(%1, 1), We are to minimize

(17) ,.Z Phoh .
=1
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In [1] it is shown that the points minimizing (17) satisfy
(18) Th — Mh = Mht1 — Tn, h=1,---,(n—l),

and it is seen that the determination of such points may give rise to some com-
putational difficulties. Let us now assume (x, — o) finite, 0 < f(z) < «, and
that f’(x) and f”(z) exist and are continuous over the whole range. Taking
y =g and x = x; in (15) and y = x, and & = 2p41 in (16), we see that if
we neglect terms of order O(k’), the equations

(xh - xh-l)zph = (xh-i-l - xh)ZPh+1 ) h = L., (n - ]-)’
that is, ‘
(19) (.”C/L — mh-—l)2Ph =K, , h = 1, s, m,

where K, is a constant dependent on f(x) and n, may be substituted for (18).
This result may be compared with the approximate solution (x, — x4_1) Py = C»
given in [2] to the similar problem of minimizing Y1 Phox ; we see by (11) that
(19), and (11) of [2], may be replaced by Pos = K, and Puo, = Cr , respec-
tively, without affecting the degree of approximation, whereby a certain analogy
between the two results is discerned. Proceeding as in [2] we come to the same
results as to the respective degree of approximation to the true minimizing values
of the points satisfying (19) and the thereof resulting sum (17). We see that
when f(29) = 0oray = —  and/or f(z,) = 0 orz, = + « we may substitute

(20) 8f(z1)-(z1 — m)® = K, and/or = 8 f(xn) (ktn — Tn1)®

for those equations of (19) with A = 1 and/or h = =, also that K, varies with
n about as n~°, and that an iterative method of finding K, may be employed.
Finally we note that the methods of the last section of [2] may be used even in
the present case, if we put (@ — w) = A and (a1 — @1) = Bita, which
results in

1+ dB _ _ 04, ___f(xh—1> - (pn — )
6.’1/'}._1 6.’1/'}._.1 Ph ’
| _0Aw _ 3By _ f@) - (& — w)
dxn O P, ’
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