NOTES

SUMS OF SMALL POWERS OF INDEPENDENT RANDOM VARIABLES

By J. M. SHAPIRO

Ohio State University

1. Introduction and summary. Let (z..), k = 1,2, -+ k, ;n = 1,2, --- bea
double sequence of infinitesimal random variables which are rowwise independent
(i-e. limu.e maxick<k, P(| Zac | > €) = 0 for every ¢ > 0, and for each
Ny Tuty *** , Tnk, are independent). Let S, = x, + -+ + Tm, — A, where the
A, are constants and let F,(x) be the distribution function of S, .

In a previous paper [3] the system of infinitesimal, rowwise independent
random variables (| .. |[") was studied for » = 1. Specifically, let

8o = l@al + - + [T, [" — Ba(r),

where the B,(r) are suitably chosen constants. Let F7(z) be the distribution
function of S7 . Necessary and sufficient conditions for F,(z) to converge
(n — ) to a distribution function F"(z) and for F'(z) to converge (r — )
to a distribution function H(x) were given, together with the form that H(x)
must take.

In Section 2 of this paper we consider the system (| z.|") for 0 < r < 1.
Results similar to the above are found, replacing (r — «) by (r — 0%). How-
ever different assumptions must be made at certain points. Various remarks are
made in this paper to show where the results here differ from [3]. In particular
it is shown that, if F'(z) converges (r — 07) to a distribution function H(z),
then H(z) will be the distribution function of the sum of two independent
random variables, one Poisson and the other Gaussian. Furthermore, while the
Gaussian summand may or may not be degenerate, the Poisson summand will be
nondegenerate in all but one special case.

2. Small powers of random variables.! In the remainder of the paper we use
the notation of [3].

THEOREM 1. Let lim,., Fr(x) = F'(z) for 0 < r < 1 and lim..o+ F'(z) =
H(x). Then H(x) s the distribution function of the sum of two independent random
variables, one Gaussian and the other Potsson.

We require the following lemma.

LemMma 1. If we add to the hypothesis of Theorem 1 the condition that
limye Fo(x) = F(x), the conclusion of Theorem 1 holds.

The proof of this lemma follows the same lines as Lemma 1 of [3] except that

* _JN(+w) = M(—w) =0, z <1
N*z) = {N(O‘“) ~ Mo, 0<z<l,
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1 The proofs in this section are similar to those given in [3], and hence they are con-

densed or omitted.
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which implies that N (0*) and M (07) are finite. Thus N*(z) is either identically
0 or takes one jump-at x = 1. In fact N*(z) is identically O if and only if
N(0F) = M(07) = 0;i.e. if and only if F(x) is Gaussian.

Proof of Theorem 1. Take 0 < s < 1 and let yu = | |'. Then

| 2o | = | e ™",

and, for r/s < 1, under the conditions of Theorem 1, the. conditions of Lemma, 1
are satisfied with the system (z.:) replaced by (yuz).

Remark. As can be seen from the above, if F,(z) — F(z) then, under the con-
ditions of Theorem 1, H(z) is Gaussian if and only if F(x) is Gaussian. That is,
the (nondegenerate) Poisson summand will be present except when F(z) is
Gaussian.

LemMA 2. If limase Fa(z) = F(2) and if M (x) and N(z) are bounded’, then,
for sustably chosen constants B,(r), Fn(x) converges to a distribution function
F'(z) if and only if

lim lim SUP %}{ fo 2 dlFa(z) — Fa(—3—)]

>0 n->0w inf k=1

(2.1) e 2
- (fo z" d[Fu(z) — Fnk(_'x—)]) } =< w

The proof of this lemma, is similar to Lemma 2 of [3] and will be omitted.

THEOREM 2. If lim,_ ., Fa(x) = F(x) then a necessary and sufficient condition
for limu .o Frn(x) = F'(x) and for lim.o+ F'(2) = H(z) for suitably chosen
constants B,(r) is that

M(z) and N(x) are bounded, (2.1) holds, and

(2.2) . 2 2 .

lim,.o+ o7 = (%)%, a finite constant.
Furthermore, H(z) s Gaussian if and only if F(x) is Gaussian; H(x — m) s
nondegenerate Poisson if and only if F(z) is not Gaussian and o* = 0 where
m s a constant; otherwise H(x) s the sum of two independent random variables,
one Gaussian and the other Poisson.

Proor. Necessity. It follows from the proof of Lemma 1 that M (z) and N (z)
are bounded and by Lemma 2 that (2.1) holds. We also see (Theorem 2 page 88
of [1]) that if ¢* is the non-negative constant associated with the infinitely
divisible distribution H(z) that

0 €
(23) lim lim Si‘:lp { f_ e W dM (u) + of + fo u? dN*(u)} = (%)%

>0 r>0t f

2 This could be replaced by a weaker condition; however, this condition appears in the
proof of Lemma 1 and will appear as a necessary and sufficient condition in Theorem 2.
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Now since M"(u) = 0 and N'(u) = N(u'"") — M(—u'"") we see that

0 € €
[ + [ wav) = é [ aveny — M=),
—e 0 0
and, since M (u) and N (u) are bounded, we see that (2.2) holds.

Sufficiency. By Lemma 2 we have lim,.., F,(z) = F'(z). Also, analogously
to [3], limeo+ M (z)= 0 = M*(x) and

. , 0, >1
fimreor V() = WH(@) = {N(O+) _ M), 0<<l

Furthermore [, &’ dM*(z) + [§ a2’ dN*(z) < » and since

0 €
lim lim S:“p{ f o dM (z) + f o dN' (w) } =0
e>0 r>0* inf —e 0

(as in the necessity proof) we see that (2.3) holds. Now if we replace r — «
by r — 0T, the remainder of the proof is the same as that of Theorem 2 of [3].

Remark. In [3] the conditions imposed on M (x) and N(z), (and hence on
F(z)) required F(z) to have moments of all orders (c.f. [2] and [1] page 83).
In the present paper our conditions on M(z) and N(z) are different and in
particular do not require (z) to have any moments.

TaroreMm 3. If lim,.., Frn(z) = F(x), M(z) and N(z) are bounded, and if
for some ¢ > 0

kn

(24) )y f [z [" dF(x)
k=1 J|z|<e¢

is bounded in »n for any fixed s > 0, then, for suitably chosen constants B,(r),
F(z) converges (n — =) to a distribution function F'(z) and F'(x) converges
(r — 0™) to the Poisson distribution.

Proor: We first show that (2.4) implies (2.1) with o, = 0. This follows since
for any ¢ > 0, r fixed and s < 2r we have

k

S ([ ) — Fut=o-) 5 & 5 [ (ol dRute).

k=1 k=1

Now using Theorem 2, since ¢* = 0, we see that (by proper choice of B,(r)) H(x)
is a Poisson distribution (possibly degenerate).
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