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A COMPARISON TEST FOR MARTINGALE INEQUALITIES

By Buraess Davis

Rutgers—The State University

1. Introduction. If f = (f1, f2, ---) is a sequence of real valued functions on
a probability space we define its difference sequence d = (dy ,ds, --+) by di = f1,
d; = fi — fiz, 4 > 1, and use the following notation: f,* = max (|fi], - -+ , Ifal),
F* = supafa*, 8a(f) = [Zi=ddl, S(f) = Su(f) = sup,Su(f), and [f], =
Sup, ||falls , where ||f4||» is the L” norm of f . ||f||» will be called the L” norm of the
sequence f and f will be said to be L” bounded if it has finite L” norm.

In [2] Burkholder derives a number of martingale inequalities from Theorem 6
of that paper, which states: There is a real number M such that if f and ¢ are
martingales relative to the same sequence of o-fields and S,(g) = S.(f),n = 1,
then AP(¢* > \) < M ||f|.,» > 0.

The proof of this result is based on a widely applicable method, which yields,
however, no information about the size of /. In [6] Gundy gives proofs capable of
providing numerical bounds for M for several of the inequalities established in [2].
However, only a special case of Theorem 6 is obtained, that in which g is a trans-
form of f under a uniformly bounded multiplier sequence. Here a proof providing
numerical bounds for M is given for a strengthened version of Theorem 6
and an additional inequality is obtained for ¢* if the f of Theorem 6 is uni-
formly integrable.

In the final section several existing results about the convergence of L' bounded
martingales f are shown to follow easily from information concerning S(f).

2. A comparison test for martingale inequalities. If f = (fi, fo, ---) is a
martingale with difference sequence d then

B(f) = B(2iad)") = B(2Ziad?) = E((8.()").

Since E(f,*") < 4E(f.}) by an inequality due to Doob ([4], page 317) we have
upon taking limits the basic relation:

(1) E(8(f)") £ E(f*) = 4B(S(f)").
We will make use of the result proved in [2] and [4], if f is a martingale
(2) AP(S(f) > N) = 22/fllx, N> 0,

(Burkholder proves there is a real number M for which A\P(S(f) > \) = M ||f]1,
and Gundy’s method gives numerical bounds for M ). In particular (1) will be
used to translate the information (2) gives us about S(f) into information about
f*. No effort is made to minimize the constants involved.
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TuroreM 1. If f and g are martingales relative to the same sequence of o-fields and
S(g) < 8(f), then \P(g* > \) < 5000 [|f]: , X > 0.

Proor. Assume without loss of generality that f is L' bounded. Then corre-
sponding to any \ > 0 the martingale g can be decomposed into three martingales,
g = a + b+ h, satisfying

(i) P(a* > 0) = 136 |f]l/>,
(i) B(X . |8:) < 180||fll:, where 8 = (B1, Bz, ---) is the difference se-
quence of b.

(iii) A3 < 544 ||flla M

The hypotheses of Theorem 1 imply Sa(¢) < 44f." + 44f," 4 Sa(f') + Sa( ),
with " and f” the martingales of the Krickeberg decomposition of f, proved with
the aid of (2) just preceding the statement of Theorem 1in [3]. Let ¢ be the first
time one of the terms f.., fu", Su(f), Sa(f") exceeds A and let e = (e, e5,- -+ ) be
the difference sequence of g. Define p, = Iji=m[—(€x — 4Nt 4 (e, + 4N)7]. Let
7 be the first time n that > E(|pi IS’H) exceeds \.

The martingales a, b, and % are defined as follows:

an = Z?=1 a;, where o = exd (t<k or 1<k}
b, = Z?=-1 B:, where B (E(pr | Fr1) — Pe)lirzm
ho = 2ot-10;, where 6 = (eliezm + Px — E(pr| 1)) irzm -

On {t = n, e, > 4\} we have (e, — T AN =e, = Sa(g) £ 44f," + 44f,”
F 8u(f) 4 Sulf") < 441, + 447" + O\ 4 |d]) + (A + |da"]) < 45f, 4 457,
+ 4\, Thus (e, — 4\)* < 457, + 45f.” on {t = n}. Similarly (e, + 4\)” =
457, + 457" on {t = n}. Thus B(X & lpid) < E((45f) + 457" ) <) =
90 [Ifl]: -

Now P(¢*>0) £ P(t< @) 4+ P(r < ©) = P(f* > \) + P(G"™* > \)
+ P(S(f) > W) + PSF") >N) + Plr < ) = [[fl/A + [Ifl/A & 22 [1fl:/>
-+ 22 “f”l/k + E(Z'i=l E('I’zl |5i—1))/)\ = 46 ”f”l/)‘ + E(Zi=1 |Pz[)/)‘
< 46 |[flly/A 4 90 [Ifll/N = 136 ||f]l/\, verifying (i). .

And B( 224 18) < E(X 2 |E(pi] §ia) — pi]) < 2B(22% [pd) = 180 ]|,
verifying (ii).

Finally

IRl = 2% B(6)
= 2 E(((ediizn + pi — E(pi| §10))ir2)”)
> 2y 2B ((ei i<y + p)") + E((E(p:] Fea)lrz)")]
2B(X % (el i<y + po)?) + 2B(Xia E(pi|5:a)”).

Now B(X i B(pdFi)) < BE((Xia [E(piS)])") £ ME(2 i E(|pd[F:1)
< 90|lf[i). If z > O, PA(Z?=1 (ediisy + pi)° > @) = P(8(9)" > o) =
P(8()! > z) = 22|lflh/" by (2). )
Also Z?=1 (ediizcyy + pi)2 = Z?=1 eiliicy + Z:‘Ll (ei + pz)zI{z’=t} <N+ (4N
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= 17>\2, S0 E(Z?ﬂ (eJugn + pi)2) = f(l)m P(Z?;l (eiI(igt) + pi)z > ) dx
= [o™ 22 |flh/a* de < 182fi\. Thus [[A]3 < 2090 filin + 182 fli\] =
544 [|f[[1 N

Since ¢* < a* + b* + &%, P(g* > 20) < P(A* > \) + P(b* > ) +
P(a* > 0) = EGW™)/N + BB/ + 136[f/n = 4|43
+ 180lfll/N + 136[[f[h/N = 2176 [If|: AN 4 180 [|fll/N + 136 [fll/Ax =
2492 [|f|l./N = 5000 ||f]|1/2), completing the proof of Theorem 1.

Theorem 1 is of interest only when the martingale f is L' bounded. If f is also
uniformly integrable we can get an additional inequality concerning g.

Lemma 1. Let f = (f1, fo, - -+ ) be a uniformly integrable martingale. Let t be the
first time f, exceeds N. Then limy .o Efil (1> = O.

Proor. Let fo = liMuswfn Then E(|filica|) . = Do E(filu—n]) =
28 E(E(fu|5) i) < 2 E(E(|fu| Iimn| 52)) = E(|ful (1<) Which,
since f., is integrable and P (¢ < o« ) approaches 0 as A — o, goes to 0 as A — .,

In particular this shows limy. AP(f* > A\) = 0 if f is a uniformly integrable
martingale.

Lemma 2. If f is a uniformly integrable martingale limy., AP (S(f) > \) = 0.

Proor. Let e > 0. Pick n so large that E(|f, — lim fx|) < ¢/22. Then (f, — fa,
fas1 = fu, fave — fu, -+ +) is a martingale of L' norm not exceeding ¢/22. Thus
NP ((2oimn (fen — f)5)F > A) = eby (2). Sincelimy,o AP(S,(f) > A) = 0 and
S(f) = 8a(f) + (X (fir — )}, we have im supro \P(S(f) > \) = e
completing the proof.

ReEMARK. Theorem 8 of [2] states in part: There is a constant M such that if f
is a martingale then AP (f* > \) < ME(S(f)). Using this, a proof very similar
to the above can be given to show E(S(f)) < « implies limy. AP(f* > ) = 0.

TurorREM 2. If f and g are martingales relative to the same sequence of o-fields, f
uniformly integrable, and S(f) < S(g), then limy,o AP(g* > \) = 0.

Proor. Again let f = f + f” be the Krickeberg decomposition of f, and let ¢,
a, b and every other symbol similarly stand for the same things they did in the
proof of Theorem 1. ' and f” are both uniformly integrable since f is, for if
fo = lim,f, then f," = E(f."|5,) and f,” = E(f | Fa).

E(2 % pd) = E((451) + 45f )icar) = 45E(|fl Tis),

the inequality holding in the same way it did in the proof of Theorem 1 and the
equality by an argument similar to the proof of Lemma 1. Thus

(3) E(X %lpd) =0 as A— w.

The proof of Theorem 2 can be completed with the substitution of (3) and
Lemmas 1 and 2 in the appropriate places in the proof of Theorem 1. Using (3)
we get B(D i |Bi) —0ash— w and P(r < «) = o(1/\) asA— . Lemmas 1
and 2 give P(t < ®) = o(1/\) as X\ — o, 50 P(a* > 0) = o(1/\) as A — .
And (3), together with Lemma 2 and the fact that f o o(l/x%) dr = o(\) as
A — o give ||4]3 = o(\) as A — . Theorem 2 follows from the decomposition

g=a-+ b+ A
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3. A remark on martingale convergence. The finiteness of S(f) if f is an L'
bounded martingale, due to Austin ([1]) and a consequence of (2) implies the
convergence of L' bounded martingales, For suppose fis an L' bounded martingale
and e > 0. Let 7o = 1, and if 2 > 1 let 7; be the first time after 7,; for which
|fo — fiul = e Suppose P(r; < o for all 4) > 0. Then there exists integers
ng < m; < --- such that P(r; < o, 7; > n;) < P(r: < « for all ) /2% Define
v; = min (75, n;). Then (f,,, fo,, - - +) is an L' bounded martingale (Doob [4],
page 302) and i Fo: = forn )’ =k on {10 < Mo, -+, 7 < m} D {all
7: = m}, a set with probability at least iP(7; < o for all 7). Thus
>t (fo; — fo,_)" = = on this set, contradicting its assumed positive proba-
bility. Thus P(7; < o for all z) = 0. Since e was arbitrary the convergence of f
is verified. i

The inequality (1) sharpens this by giving in a sense bounds for the rate of con-
vergence of L' bounded martingales. If ¢ > 0 we will say the sequence
(a1, @, ---) makes n e-excursions if we can choose integers 4 < 72 < + -+ < Tpp1
such that |ai, — ai,_,| > ¢, k > 1. If a sequence has a limit the number of e-ex-
cursions it makes is finite, and this number provides a measure of how much the
sequence jumps around before converging. In particular if there no e-excursions
|a; — lim, . a,| < e for all 4.

Turorem 3. If f s a martingale and €, r are positive numbers the probability that
f makes at least r e-excursions is no larger than 44 ||f||;/e.

Proor. Let 7o = 1, and let 7, be the first time after 7,_; that ‘ fo — f:[._.ll = €/2.
Then P(r, < =) is at least as large as the probability that f makes r e-ex-
cursions. Define »; = min (r;, n'). Then Y iy (fo, — fo;,)’ = ré/4 on
fro = 0% -+, r, < n} = A,. Thus P(4,) < 22sup, Elf.,|/(ré/4)} <
22 Hf”l/(rez/‘l)%. Since lim,.e P(A4,) = P(7, < ), Theorem 3 is proved.

Different but essentially sharper bounds for the rate of convergence of L'
bounded martingales are given in [5].
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