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A THEOREM ON SATURATED PLANS AND THEIR
COMPLEMENTS'

B. L. RAKTOE?> AND W. T. FEDERER

University of Guelph and Cornell University

Consider a saturated main effect plan for the parametric vector f,, then this
paper shows that when this plan is optimum (in the sense of maximum
determinant of the design matrix) then the complementary plan is also
optimum for the complementary vector f,. Some additional corollaries are
derived for special cases.

1. Summary and introduction. Consider a full replicate of any factorial with the
factors having quantitative levels, then we know that the expectation of the Nx 1
observation vector Y is:

(1.1) E[Y]=Xp
where X is an Nx N orthogonal matrix in the sense that X'X = Diagonal
(dy, dy, - -+, dy) and B is the N x 1 vector of single degree of freedom parameters.

Suppose now that our interest lies in estimating k effect parameters with k
observations. Such a plan is termed in the literature as a saturated plan. Denote
the k parameters of interest by the k x 1 vector §; and the remainder (or comple-
ment of B,) of the parameters by the (N—k) x 1 vector §,. Also denote the corres-
ponding partitioning of the observation vector by Y, and Y, respectively, then
equation (1.1) can be written as:

(1.2) E[Y]=E [.1.(‘.] = [."f'.‘.‘.g.).(}.%] [ﬁl]
Y2 XZI . X22 2

where X,, is a kxk, X;, is a kx(N—k), X,, is an (N—k)xk and X,, is an
(N—=k) x (N—k) matrix.

To make the ensuing discussion simpler we follow Banerjee and Federer
(1966) and transform the design matrix and the parametric vector f as Xf =
(XD~ %)-(D*B) = Wy, where W= XD"* and y = D*B, D* is an Nx N diagonal
matrix with elements d}, (i = 1, 2, - -+, N), where d; is the ith diagonal element of
D. This transformation changes equations (1.1) and (1.2) into (1.3) and (1.4)
respectively: '

(1.3) E[Y] = Wy,
where now W'W = Iy = WW' and
Y; Wi W, Y
(1.4) E[Y]=E [‘] = [...‘.1.:...1.2.] [ .‘.]
Y, Way i Wa, Y2
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where as before Wy, is kxk, W, is kx(N—k), W,, is (N—k)xk and W,, is
(N=k)x(N—k).

Now assume that the vector 7y, is estimable from the Y, observations, i.e. rank
of X, is equal to k, then a commonly used criterion to call the saturated plan Y,
optimum is when the determinant of X, X;, is maximum. But since X, is a
square matrix of full rank we see that Y, is optimum when the absolute value of
the determinant of X,, is maximum. Henceforth we will utilize the notation
|det 4| to mean the absolute value of the determinant of the matrix 4.

Suppose that Y, is an optimum plan for y,, then does this imply that Y, is an
optimum plan for y, ? This question and some related ones are settled in the next
section.

2. Optimality theorem of saturated plans. Before going into the question raised at
the end of the previous section, we quote without proof the following result, which
can be found in Muir (1933, page 567).

LEMMA. Every minor M of an orthogonal matrix A is equal to its algebraic comple-
ment multiplied by the determinant of A.

This lemma implies that in our (1.4)-setting: |det Wy,| = |det W,,||det W| =
|det W,,| since |det W| ='1. Hence when |det Wy, | is maximum ‘then |det I¥5,| is
maximum. This means that when the saturated plan Y, is optimum for y, then
automatically Y, is optimum for y,. This result is stated formally in the following.

THEOREM. If Y, is an optimum saturated plan for the parametric vector y, then Y,
is the complementary optimum saturated plan for the complementary parametric
vector y,.

The following corollaries relate to the original setting (1.1) and (1.2) or to
special cases. The proofs follow immediately from this theorem or from other
known results.

COROLLARY 1. If Y, is optimum for y, (and hence Y, is optimum for y,) then Y, is
optimum for B, (and hence Y, is optimum for B,).

COROLLARY 2. If Y, is a singular plan for B, then Y, is also a singular plan for B,.

COROLLARY 3. In the case of the 2"-factorial |det X,,| =2"?"""~®|det X, ,|. (This
follows directly from Muir (1933, page 589).)

COROLLARY 4. The value of |det X,,| for any k-run saturated plan Y, for B, in
the case of the 2"-factorial is at most k*'%. (The proof follows from Hadamard’s
(1893) theorem mentioned in Muir (1933, page 761).)
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