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A REMARK ON NONATOMIC MEASURES
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In this paper the following result is proved:

THEOREM. If 1 is a measure on a product g-algebra % X A and 2 and
2z are the corresponding marginals on ) and S respectively, then 2 is non-
atomic iff at least one of 1 and 2; is nonatomic.

By a measure we always mean a nonzero finite measure defined on a g-algebra
of subsets of a space. A g-algebra 9 of subsets of X is said to be atomic if X
is the union of all atoms of 9. A measure y on an atomic g-algebra 9 is said
to be continuous if y(A4) = 0 for every atom 4 of . A g-algebra is said to be
separable if it has a countable generator. An element 4 e is said to be a
p-atom if y(A4) > 0 and Be?, B C A implies u(B) = 0 or p(B) = p(A4). pon
9 is said to be nonatomic if there are no g-atoms in 2. p on A is said to be
0-1 valued if it takes only two values 0 and 1. If &7 is any collection of subsets
of X, (<) denotes the g-algebra generated by & on X.

The following well-known results will be used without mention in the sequel.
Every separable g-algebra isatomic. There is no 0-1 valued continuous measure
on a separable g-algebra. From this it follows that a measure x on a separable
o-algebra is nonatomic iff it is continuous. For any nonatomic measure ¢ on
A, AeU, n(A) > 0,0 < a < pu(A) implies there is a Be A, B C A4 such that
#(B) = a (see [1] page 174).

LEMMA. Let p be a nonatomic measure on a g-algebra 0 and A ¢ N. Then there
exists a separable sub o-algebra & of U containing A such that . is nonatomic on 2.

ProOF. Case (i). u(A) > 0 and p(4°) > 0.

Let 4, = A and 4, = A°. We can define for every finite sequence iy, iy, - - -, i,
of 0’s and 1’s sets 4; ;, from A by induction on k satisfying

1rigsees
(a) Ay gty © Ayt

(b) A gy Y iy i = iy
(c) Ail.iz,---,ik_l,o n Ail.iz.---,ik_l,l =@,

(d) lu(Ail,iz,---,ik) = %F(Ail.iz,---,ik_l) .

Let & = {4, ...;}. Then Ae % and p is continuous on . Hence y is
nonatomic on .
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Case (ii). p(4) =1. Let Be 9 besuchthat B 4, u(B) >0and u(4 — B) >
0. Take 4, = B, A, = A — B in the construction of Case (i).

THEOREM. Let W and <% be o-algebras on X and Y respectively, A x <& the
product g-algebra of A and 7 on Xx Y, A any measure on U x &, and A, and
2, the marginals of 2 on A and <% respectively. Then 2 is nonatomic iff at least
one of 2, and 2, is nonatomic.

Proor. ‘if’ part: Assume that 2, is nonatomic. Let C e x <% be such
that 2(C) > 0. Then Ceo{d4;x B;; i = 1} for some A4,’s in Y and B,’s in Z.
Using the Lemma we can find a separable sub ¢-algebla <7 of 9 such that
A;e &I for all i = 1 and 4, is nonatomic on <7. Let & be the product
g-algebra <7 x ¢{B;}. Observe that'C ¢ ' and ¢ c Ax <. Since &’ is
separable and 4, is continuous on <7, 1 is continuous on %’ and hence 1 is
nonatomic on ‘%.

‘only if” part: It is sufficient to prove that if 1, and 4, are 0-1 valued so is
2. Look at &7 = {CeWUx <2 : (C) =0o0r 1}. <7 containsA x ¥ and X x .<7.
Hence &/ = A x <7

COROLLARY. Let 4, and A, be measures on 9 and <%’ respectively. Let A, x 2,
be the product measure on U x <Z. Then 2, x 2, is nonatomic iff at least one of
A, and A, is nonatomic.

RemARKS. (1) The previous corollary can be easily extended to countable
product spaces.

(2) We shall give a proof of the following result using the Lemma which
can be proved with the help of the Radon-Nikodym theorem also.

If ¢ and 2 are two measures on a g-algebra 2, 1 nonatomic on 2 and 1 is
absolutely continuous w.r.t. g, then 2 is nonatomic on .

Proor. For 4 e 9 such that 2(4) > 0, by the Lemma we can find a separable
sub g-algebra <7’ 2 such that 4 ¢ <7 and y is nonatomic on <Z. Then p is
continuous on 2% and hence 2 is continuous on <7, from which it follows that
2 is nonatomic on £7.
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