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STOCHASTIC INTERACTING PARTICLE SYSTEMS
AND NONLINEAR KINETIC EQUATIONS

BY ANDREAS EIBECK AND WOLFGANG WAGNER
Weierstrass Institute for Applied Analysis and Stochastics

We present the stochastic approach to nonlinear kinetic equations
(without gradient terms) in a unifying general framework, which covers many
interactions important in applications, such as coagulation, fragmentation,
inelastic collisions, as well as source and efflux terms. We provide conditions
for the existence of corresponding stochastic particle systems in the sense
of regularity (nonexplosion) of a jump process with unbounded intensity.
Using an appropriate space of measure-valued functions, we prove relative
compactness of the sequence of processes and characterize the weak limits
in terms of solutions to the nonlinear equation. As a particular application,
we derive existence theorems for Smoluchowski’s coagulation equation with
fragmentation, efflux and source terms, and for the Boltzmann equation
with inelastic collisions.

1. Introduction. Studies of the connection between stochastic interacting
particle systems and nonlinear kinetic equations have a long history. The earliest
references seem to be the papers by Kac [20] and Leontovich [22], where the
Boltzmann equation (cf. [6] and [7]) from rarefied gas dynamics was considered.
In the simplest (spatially homogeneous) case, this equation describes the time
evolution of the velocity distribution of gas molecules that change their velocities
during collisions. The stochastic approach to the Boltzmann equation has been
further developed in [25] and [32]. The practically relevant (unbounded) hard
sphere collision kernel was treated in [31]. We refer to [35] for more comments and
references concerning this field. Algorithms based on the corresponding stochastic
interacting particle systems are presently the most widely used numerical tools in
kinetic theory [5].

Stochastic particle systems related to Smoluchowski’s coagulation equation
(cf. [8] and [34]) were used in [14], [23] and [24] in the context of various
applications. In the spatially homogeneous case, this equation describes the time
evolution of the size distribution of particles moving in a physical medium and
merging during collisions. The stochastic approach to Smoluchowski’s coagulation
equation has been reviewed in [1]. We refer to [10] and [12] for comments and
references concerning applications of the particle systems in numerics. Note that
the coagulation process can be considered as a chemical system with infinitely
many species (characterized by size) and simple reactions (merging of two
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partners). The study of the relationship between stochastic and deterministic
models for chemical systems with a finite number of species and reactions goes
back to [21] (cf. [15] concerning numerical applications).

Developing the stochastic approach to the Boltzmann equation, systems with
a general binary interaction between particles and a general (Markovian) single-
particle evolution (including spatial motion) were considered in [17] and [26].
Results concerning the approximation of the solution to the corresponding non-
linear kinetic equation by the particle system were obtained in the case of
bounded intensities and a constant (in time) number of particles. The weak
law of large numbers for stochastic particle systems related to Smoluchowski’s
coagulation equation with general kernels has attracted attention only recently
(cf. [1], Problem 10(a)). Meanwhile, rigorous results of this type are contained,
for example, in [11] (continuous coagulation—fragmentation equation), [18] (dis-
crete coagulation—fragmentation equation with bounded kernels), [19] (discrete
coagulation—fragmentation equation) and [28] (continuous coagulation equation).
Most of the practically relevant coagulation kernels are unbounded. Moreover, if
the kernel grows sufficiently fast, solutions to the limiting equation show the so-
called gelation effect (loss of mass in finite time). In the stochastic system, this
effect corresponds to the fast formation of a very big particle (with size compa-
rable to the size of the whole system). Gelation can also be related to explosion
phenomena in specific stochastic models. It has been observed that the stochas-
tic approach provides new existence results for the deterministic limiting equation
(cf. the discussion in [11]), besides the approximation results that were the original
motivation.

The purpose of this paper is to present the stochastic approach to nonlinear
kinetic equations (without gradient terms) in a unifying general framework, which
covers the cases mentioned above and allows one to include other effects important
in applications. Examples are multiple fragmentation (splitting of particles in more
than two pieces), structured clusters (e.g., consisting of several chemical species),
inelastic collisions (leading to dissipation of energy), internal degrees of freedom
(e.g., rotating gas molecules), sources and efflux (creation and annihilation of
particles) and so on (see also [29] and [36], Sections 3.3 and 3.7). To this end, we
use an arbitrary locally compact separable metric space as the type space of a single
particle and consider rather general multiple interactions with unbounded rates.
The state space of the particle system consists of appropriately normalized discrete
measures on the type space. The limiting equation is considered in a weak form so
that solutions are functions of time taking values in some space of measures on the
type space.

The paper is organized as follows. The main results are given in Section 2.
The first theorem provides conditions for the existence of the particle system in
the sense of regularity (nonexplosion) of a jump process. The second theorem
studies the property of relative compactness of the sequence (with respect to the
normalization parameter) of processes. The third theorem characterizes the weak
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limits of the sequence in terms of solutions to a deterministic nonlinear equation.
An existence theorem for the limiting equation is given in the form of a special
corollary. In Section 3, the general results are applied to some specific models.
First, the coagulation—fragmentation equation with source and efflux is considered.
In this case, new existence results are obtained. Second, a generalized Boltzmann
equation with inelastic collisions is considered. Such equations have attracted
considerable interest in recent years in connection with the study of granular
materials (cf., e.g., [4] and [16]). An existence result is obtained that covers the
known results in the classical Boltzmann case. The rest of the paper is concerned
with the proofs of the main results. In Section 4, we consider the so-called minimal
jump process, with a compactly bounded kernel on some locally compact separable
metric space, and prove a theorem concerning its regularity (nonexplosion). In
Section 5, we give proofs of our main theorems, using the results from the previous
section and applying techniques from [13]. Some auxiliary results are collected in
the Appendix in order to make the paper self-contained.

In conclusion, we note that convergence of the particle system to the solution
of the limiting deterministic equation (weak law of large numbers) is obtained
under the assumption of uniqueness of that solution. So far, no general uniqueness
results have been obtained (cf. [28] concerning the coagulation case). However,
the general framework proposed in this paper provides a basis for the derivation
and justification of stochastic algorithms in many fields of application. The
results cover both unbounded kernels (thus avoiding any truncation leading
to unnecessary numerical errors) and a variable number of particles (possibly
unbounded in time). As to concrete applications, we worked out only two specific
models in order to keep the length of the paper reasonable. However, any
combinations of these interaction models, and many others, can be considered.

2. Main results. Let £ and E’ be metric and separable spaces. Let M (E),
B(E), C(E), Cp(E) and C.(E) denote the sets of functions on E that are
measurable, bounded measurable, continuous, bounded continuous and continuous
with compact support, respectively. For E locally compact, let Co(E) denote
the set of continuous functions on E vanishing at infinity as the closure of
C.(E) with respect to the sup-norm ||-||. Furthermore, the sets of Borel measures,
bounded Borel measures and probability measures on the Borel-o -algebra B(E)
are denoted by M(E), Mp(E) and P (E), respectively. The Dirac measure on & €
E is denoted by 8¢ . Vague and weak convergence of Borel measures are denoted by
Un—>yu and pu,— 1, respectively, whereas the = sign is used for convergence in
distribution. Let C ([0, 00), E) be the space of continuous paths and D ([0, o0), E)
the Skorohod space of cadlag paths. For ¢ € M(E) and pu € M(E), we use the
notation (¢, 1) = [ ¢ du. Finally, let 14 denote the indicator function of a set A.
A kernel from E to E' (on E if E = E’) is a function A : E x B(E") — [0, 00)
such that

A, B) e M(E) VBeB(E') and A&, ) € My(E) VéeE.
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A kernel A is called compactly bounded if

supA(&, E) <00 for any compact C C E.
teC
We consider particles with types from a locally compact separable metric
space Z and weights 1/N. Define the state space of the particle system as

1 n
@1 EN= NZ(Sxi:nZO,xieZ,izl,...,n}, N=1.2,....
i=1

Any event in the system consists of the interaction of at most R particles and
produces as a result at most K particles. This includes, for example, the generation
of new particles from a source, the extinction or transformation of single particles
and the collision of two particles. The admissible subsequent states of i € EV are
denoted by

1

N
i 1
(22) N, i,8) = o+ 5[5 =8y,
. . 1
Jr(//valla---alrag)::u“_{—ﬁ[g_8)6,'1 _"'_8)6[,]’ r:2a---aRa
where i1, ..., i, are pairwise distinct indices from {1, ...,n} and £ € Ek, with
n
(2.3) Eg = ZSxi:OSnSK,xieZ,izl,...,n},
i=1

for some given natural numbers R and K. Both spaces EV and Ex are equipped
with the weak topology.

The rates for the different events are determined by a measure go and kernels
q1, - -.,qg such that

qo € Mp(Eg) and
qr:Z" x B(Eg) — [0, 00), r=1,...,R,

are compactly bounded. Thus, transitions (jumps) in the system are governed by
the kernel

2.4)

B =N [ 1009 + Y [ 1a(1(w.i.6)a1 (. d8)
i=1""K

R : .
+¥2W Z / ]lB(Jr(M,ll,u-Jr’S))

1<iq,...i,<n®“K

(2.5)

X qr(Xip, ..., X, d§), B e B(EY),
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where ;v € EN and i denotes summation over pairwise distinct indices.
We first provide conditions for the regularity (nonexplosion) of the system.

THEOREM 2.1 (Regularity). Consider a locally compact separable metric
space Z and a function

1
(2.6) HeCZ) such that H > 0 and T € Co(2).
Suppose vév € P(EN) satisfies

@7 [ v ) < o

for some co > 0. Suppose qo, q1,...,qr satisfy (2.4) and are such that the
kernel (2.5) satisfies

[ . ) = (13 G dn)

<c[(H.p)+¢]] VYueEY

(2.8)

for some ¢y, ¢} = 0.

Then there exists a random process X N with sample paths in D([0, 00), E Ny
that is indistinguishable from the minimal jump process, corresponding to the
kernel AN and the initial distribution v(])V .

Note that, in applications, the function H is often related to conserved quantities
of the particle system, such as mass in the coagulation—fragmentation case or
energy in the Boltzmann case.

Next, we study the asymptotic properties of the sequence X. To this end, we
construct an appropriate common state space. Consider two functions

(2.9) hHeC(Z):0<h(x)<cH(x) Vx € Z for some ¢ > 0,

the set

(2.10) M(Z,H)={pn e M(Z):(H, pn) < oo}

and the metric

(2.11)  dp(p,v) =do(p, v) + min{l, [(h, ) — (h, V)I}, w,v € M(Z, H),

where dj is a metric generating the vague topology. Introduce the space

(2.12) M(Z,H,h) = (M(Z, H),dp).
Note that M (Z,0) = M(Z), M(Z, 1) = My(Z) and
(2.13) M(Z, H) C Mp(Z) if in£H(x) > 0.

According to [2], Theorem 45.7, the metric d; generates the weak topology
on My(2).
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THEOREM 2.2 (Relative compactness). Consider a locally compact separable
metric space Z and functions H satisfying (2.6) and

h
(2.14) heC(Z) such that h > 0 and T € Co(2).

Suppose v(l)v e P(EM) satisfy (2.7) uniformly in N. Suppose qo,q1,...,qr are
such that (2.8) is satisfied uniformly in N and
2.15) qo(Ex) <c2 and gq,(x,Eg) <cyH(x1)---H(x,)

' Vx=(x1,....,x,)€Z"

forr=1,..., R and some cy > 0.
Then the processes XN form a relatively compact sequence of D([0, 00),
M(Z, H, h))-valued random variables.

THEOREM 2.3 (Characterization of weak limits). Consider a locally compact
separable metric space Z and functions H, h satisfying (2.6) and (2.14). Suppose
vév e P(EVN) satisfy (2.7) uniformly in N and are such that

(2.16) XN) = po  for some po € M(Z, H).
Suppose qo, q1, - .., qr are such that (2.8) is satisfied uniformly in N,
qo(Ek) <c2 and gqr(x,Eg) <cah(x1)---h(x;)

2.17)
Vx=(x1,....,x,)€Z"

forr=1,..., R and some c, > 0, and
@18 4G E0ec@). [ (poat.dHec@). r=l..R
K
forany ¢ € Co(Z).
Then the processes XN form a relatively compact sequence of D([0, o0),

M(Z, H, h))-valued random variables and every weak limit X satisfies, almost
surely,

t
2.19) (9. X(1)) = (9 o) + fo G(p. X(5)ds  V120,¢€Ce(2),

where, for i € M(Z, H),

6(p. 11) = /E (©. £)q0(dE)

R
(2.20) n ZI/Z.../Z/EK[<¢,g>_¢(x1)—---—go(xr)]

X qr(X1, ..y Xp, dE)u(dxy) - - - u(dxy).
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COROLLARY 2.4 (Continuity). Under the assumptions of Theorem 2.2, every
weak limit X satisfies

(2.21) P(X € C([0, 00), M(Z, H, h))) = 1.

COROLLARY 2.5 (Moments). Under the assumptions of Theorem 2.2, every
weak limit X satisfies

(2.22) E(H, X (1)) < (co + ¢}) exp(cit) Vt=>0.

COROLLARY 2.6 (Existence). Consider a locally compact separable metric
space Z and functions H,h satisfying (2.6) and (2.14). Let pg € M(Z, H).
Suppose qo,q1,...,qr are such that (2.8) is satisfied uniformly in N, and
assumptions (2.17) and (2.18) are fulfilled.

Then there exists some u € C([0,00), M(Z, H, h)) solving the macroscopic
equation

t
223) (9. 1 (D) = (@, o) + fo Glp. n()ds  Vi20,¢eCe(2).

COROLLARY 2.7 (Convergence). Let the assumptions of Theorem 2.3 be ful-
filled. If there is a unique n € C([0, 00), M(Z, H, h)) satisfying equation (2.23),
then the stochastic processes XV converge in distribution to .

COROLLARY 2.8. For nonnegative g € C(Z) and y > 0, consider the set
(2.24) My (Z,8) ={neM(Z):(g, u) <y}

Suppose qo, q1, - .., qr are such that, forall N =1,2, ...,
225 AW, ENnMy(Z,9)=2"(n, EN)  YueEVNNM,(Z,9).

Then Theorems 2.1-2.3 hold when the spaces EN and M(Z, H, h) are replaced
by ENN My (Z, g) and (M(Z, H) N M, (Z, g),dy), respectively.

COROLLARY 2.9. Consider a locally compact separable metric space Z
and functions H,h satisfying (2.6) and (2.14). Let po € M(Z, H) be such
that (g, o) < oo for some nonnegative g € C(Z) and consider y =
(g, mo) + 1. Suppose qo,q1,...,qr are such that assumptions (2.17), (2.18)
and (2.25) are fulfilled and (2.8) is satisfied uniformly in N, with EN replaced
by EN N M, (Z, g).

Then there exists some p € C([0,00),(M(Z,H) N M, (Z,g),dy))
solving (2.23).

We finish this section by providing some basic properties of the objects under
consideration, which will be used throughout the paper.
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REMARK 2.10. Let px = N7'Y7, 8. k=1, and p = N=LY 6,
Then di(ug, u) — 0 if and only if there are an [/ > 1 and permutations
on{l,...,n}, k>1, such that

i=1,...,n.

ng=n, k>1 and lim xﬁk(i)=x,~,

k—o00, k>1
Note that the kernel (2.5) satisfies

/ WWAY (u, dv)
EN

=N f (Jo(ut, ) qo(ds>+2 f (J1 s 6, ) (xi, dE)
(2.26)

) fw(J,(u,il,...,ir,é‘))

r=2 1<iy,..,ir<n” =K

X qr(Xiy, ..., Xi,,d&)

for u € EN and appropriate test functions, for example, ¥ € C(E"). In particular,
one obtains

AN (u, EN)
(2.27) R
<N|aE)+ X [ [ arta o Eop@n) ) |
r=1
REMARK 2.11. If ¢ € C(Z), then the function
(2.28) O EN SR, o) =g, u),

is continuous, according to Remark 2.10.
Using (2.26) and (2.2), one obtains

/ [, v) — (@, TN (. dv)

1 n
— N1k { [, 106/ aiae) + 2> [, te.6) — g ag)

(2.29) R 4 _ )
oo 2 [ w8 et - - )]

r=2 1<iy,...,ir<n Ex

X qr(xil,...,xir,dé):|
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forue EN, k=1,2and ¢ € C(2Z). Introduce the notation

Qo) = /E (0. £)q0(dE).

(2.30) Qr(p,x) = /E [, 8) —o(x1) = —o(xp)]gr(x, d§),

r=1,...,R,

for x = (x1,...,x,) € Z" and ¢ € C(Z). Using (2.29) with ¢ = H and k =1,
condition (2.8) takes the form

R 1 ~

oayy QD | Q1(H,X)M(dX)+r§ﬁ1§il;iranr(H,xm...,xz'r)
<ci[(H, u)+ ]

It follows from the definition (2.3) that

(2.32) e, &) < llel K V& e Ek

and

/E (. £)[Fqo(dE)
< KXol qo(Ex),

(2.33)
/E (0. 6) — @(x1) — - — () [Fgr (x, dE)

< (K +r)lel*q (x, Ex)
fork=1,2, x =(x1,...,x,) €Z",r=1,..., R and ¢ € Cp(Z). Using (2.33)
with k = 1, one obtains [cf. (2.30)]
[Qo(@)| = Kll¢llgo(Ek),

(2.34) .
10r(p, O = (K +n)lollgr(x, Ex)  YxeZ',r=1,....R.

3. Applications. In this section, we apply the general results, in particular
Corollaries 2.6 and 2.9, to several special cases. We consider R = 2. One has to
check conditions (2.8), (2.17), (2.18) and (2.25) (in the case of Corollary 2.9) for
appropriate functions H, & satisfying (2.6) and (2.14).

According to (2.31), condition (2.8) is satisfied for all u© € E N if

G Qo(H)= /E (H.£) qo(d£) <1,

(3.2) Q1(H,X)=/E[(H,S)—H(X)]m(x,d%‘)§C1H(X) VxeZz
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and
02(H. x.y) = / [(H.&) — Hx) — HO)lga(x, v, dE)
3.3) Eg
<0 Vx,yeZ.

Using (2.26) with W = 1pnny (7,4 and (2.2), one observes that condi-
tion (2.25) is satisfied provided that
90 =0, (8.6)=g(¥),  q1(x,d§) ae,
(8, 6) <gx)+ g, q2(x,y,dE)ae Vx,ye€Z.
In this case, condition (2.8) is satisfied for all x € EN N M, (Z, g) if (3.2) holds

and
(3.5)  Q2(H,x,y) <ci[H(x)g(y) +gx)H(y) +g(x)g(y)] Vx,y€Z.
Indeed, (3.5) implies

1
el Y Oa(H. xixj) ci)(H. u) +11 Ve My (Z.g).

I<i#j=n

34

3.1. Source and efflux. Any source term qo € My(Eg) [cf. condition (2.17)]
satisfying (3.1) is covered by the results. In particular, we consider

0(B)= [ 1:605@n. B eB(E).
where S € Myp(Z). Condition (3.1) takes the form

(3.6) /ZH(x)S(dx) < 00.
Note that [cf. (2.30)]
(3.7) Qo(p) = (¢, S).

The corresponding jump [cf. (2.2) and (2.5)] consists of adding (1/N)3; to the
system, where x is distributed according to the normalized measure S.
Next, we consider the efflux term

q1(x, B) =1p(0)E(x), x €Z,B € B(Ek),
where 0 denotes the zero measure and E € C(Z) is such that
(3.8) 0< E(x) <cyh(x) VxeZ.
Conditions (2.17) and (2.18) are satisfied, and condition (3.2) is fulfilled
with ¢; = 0, since the left-hand side is nonpositive. Note that [cf. (2.30)]
(3.9) Q1(p,x) =—p()E(x).

The corresponding jump [cf. (2.2) and (2.5)] consists of removing (1/N)§, from
the system, where E determines the intensity of this event.
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3.2. Coagulation and fragmentation. Let Z =N or Z = (0, c0). Consider the
coagulation term

q2(x,y, B) =1p(0x+y) K (x, ), X,y €Z,BeB(Eg),
where K € C(Z x Z) is nonnegative, and note that [cf. 2.30]
(3.10) Q2(p, x,y) =[p(x +y) —o(x) —p(»)]K(x, y).
Consider the fragmentation term

g1(x, B) = /Z 15@ey +8,)F(r.dy),  x€Z. BeB(Eg),

where F is a kernel on Z satisfying

3.11) F(x,[x,00) =0 VxeZ,
and note that [cf. (2.30)]
(3.12) 01(¢.x) = fz [0(x — ¥) +9(3) — p()]F (x, dy).

With the terms (3.7), (3.9), (3.10) and (3.12), (2.23) takes the form

/ o (O, dx)
ya
- / () 1o (dx)
yA

(3.13) +/ot[/z(p(x)5(dﬂ—/Zw(x)E(x)M(s,dx)

+ / / [0(x + ) — () — e(MIK (. V(s dx)pas, dy)
zZJZ

[ Lot = 3+ 000 = oCIFx.dyyiats. d) | ds

Vt>0,¢peC.(Z).

THEOREM 3.1. Let Z =N or Z = (0, 00). Consider functions H satisfy-
ing (2.6) and

H(x) _ H()

x oy
and h satisfying (2.14). Let g, S € M(Z, H) and E € C(Z) such that (3.8) holds.
Consider a function K € C(Z x Z) such that

(3.15) 0<K(x,y) <c2h(x)h(y) Vx,yeZ,
and a kernel F satisfying (3.11),

(3.14) VO<x <y<oo,

(3.16) F(xy,) > F(x,) ifx,—>x€Z,
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(3.17) /Z[H(x—y)+H(y)—H(x)]F(x,dy) <c1H(x) VxeZ,

and
(3.18) 0<F(x,2) <cthkx) VxeZ.
Then there exists some u € C([0, 00), M(Z, H, h)) satisfying (3.13).

REMARK 3.2. Inthe case Z = (0, o) and F = 0, any continuous coagulation
kernel satisfying (3.15) is covered, provided that H satisfies (3.14). Note there is
no restriction on K at 0.

COROLLARY 3.3. Let Z = (0, 00),

H(x)=x"%+x, ae(0,1),
and
h(x)=x""T" +x17¢, g€ (0,al.

Let no,S € M(Z,H) and E € C(Z) such that (3.8) holds. Consider a func-
tion K € C(Z x Z) satisfying (3.15). Assume F has the form

(3.19) F(x,dy) =1,x)(y) f(x,y)dy,
where f is continuous with respect to the first argument and satisfies
Rx)y™F 1—s
OSf(x,y)SW, Bel0,1—a),R(x)=c(l+x ).

Then there exists some u € C([0, 00), M(Z, H, h)) satisfying (3.13).

To our knowledge, the most general existence result in the continuous case,
including source and efflux terms, is contained in [9], Theorem 2.2. There it
is assumed that both K and f have compact support and that both the source
term and the initial distribution have a finite moment of some order » > 1. Thus,
Corollary 3.3 provides a new existence result for unbounded K and f.

COROLLARY 3.4. Let Z =N and H(x) = x,h(x) = o(x). Consider g,
S e M(Z,H) and E such that (3.8) holds. Suppose K satisfies (3.15) and
F satisfies (3.11) and (3.18). Then there exists some u € C([0, 00), M(Z, H, h))
satisfying (3.13).

To our knowledge, the most general existence result in the discrete case,
including source and efflux terms, is contained in [30]. The corresponding
assumptions there are K (x, y) = o(x)o(y), E(x) = O(x), >3, xS(x) < oo and
boundedness of F'(x, Z) in x. Thus, Corollary 3.4 provides a new existence result
for an unbounded total fragmentation rate.
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THEOREM 3.5. Let Z =N or Z = (0,00). Consider functions H and h
satisfying (2.6) and (2.14). Let uo € M(Z, H) such that

(3.20) /zxuo(dx) < 00,

S =0and E € C(Z) such that (3.8) holds. Consider a function K € C(Z x Z)
satisfying (3.15) and

(321) [H(x+y)—Hx)—HWIK(x,y) <cilHx)y+xH(y) +xy],
and a kernel F satisfying (3.11) and (3.16)—(3.18). Then there exists some [ €
C([0, 00), M(Z, H, h)) satisfying (3.13).
COROLLARY 3.6. Let Z = (0, 00),
H(x)=x"%+x2, a € (0,1),

and
h(x)=x"%T¢ 4 x27¢, e €(0,al.

Let wo € M(Z,H),S =0 and E € C(Z) such that (3.8) holds. Consider
a function K € C(Z x Z) satisfying

(3.22) K(x,y) <ci(1+x+y).

Suppose F has the form (3.19), where f is continuous with respect to the first
argument and satisfies

R —B
0= flry) = B0
X

Then there exists some u € C([0, 00), M(Z, H, h)) satisfying (3.13).

Bel0,1—a), R(x)=c(l+x>7%).

COROLLARY 3.7. Consider Z = N and the functions H(x) = x", h(x) =
x"7¢ with somer =2,3,...and e € (0, 1]. Let yug € M(Z, H), S =0 and E such
that (3.8) holds. Suppose K satisfies

(3.23) K(x,y) <ci(x +y),
and F satisfies (3.11) and (3.18). Then there exists some u € C([0,00),
M(Z, H, h)) satisfying (3.13).
REMARK 3.8. Consider Z = (0, 00). Suppose F has the form (3.19) and
w(t,dx)=c(t,x)dx, S(dx)=Sx)dx.

Then, using the identity
o0 o0 o0 X
|7 [ v mdyas= [ [Twee— v dyasx,
o Jo 0o Jo
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equation (3.13) takes the form
[e.e]
/ ox)c(t,x)dx
0

- fo o(x)co(x) dx

+/Ooodx<p(x)/0tds

X [S(x) — E(x)c(s, x)
#2 [ty et xtndy = [ fexes o dy
0 0
# [ K=y etx = et ) dy
0
- [T1K ) + KO0kt et. v dy |
Removing the test functions, one obtains
%c(r, x)=8Skx)— E(x)c(t, x)
+ 2/00 fx+y, e, x+y)dy —ct,x)F(x,2Z)
(3.24) 0

+/ K —y,y)et, x —y)e(t,y)dy
0

o0
— [ 1K @) + K 0le e ) dy.
In the discrete case Z = N, analogous transformations of (3.13) lead to the

form (3.24), with integrals replaced by sums. In this case, both forms are
equivalent, without any additional assumptions.

LEMMA 3.9. If condition (3.16) holds, then condition (2.18) is satisfied. If
F has the form (3.19), for some nonnegative function f, which is continuous with
respect to the first argument, then condition (3.16) is fulfilled.

PROOF. Condition (2.18) reduces to

(3.25)  F(,2)eC(2), /z[(p(. =+ oeWIF(,dy) € C(2).
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Note that

Lot =+ o017 an = [ fotn - +<p<y>]F<xn,dy>]

< ‘/ [w(x—y)+<ﬂ(y)]F(x,dy)—/[tp(x—y)-l-(p(y)]F(xn,dy)’
Z Z
+‘/Z[w(x—y)+<p(y)]F(xn,dy)—/z[<ﬂ(xn—y)+<p(y)]F(xn,dy)‘

< ‘/ [w(x—y)+<ﬂ(y)]F(x,dy)—/[tp(x—y)-l-(p(y)]F(xn,dy)‘
Z Z

+ F(xu, Z) sup [p(x — y) — @(xp — y)|
veZ

and
lim suplp(x —y) —p(x, —y)|=0 Ve C(2)
n—)ooyez

if x,, — x. Thus, (3.25) follows from (3.16).
If F has the form (3.19), then condition (3.16) takes the form

(3.26) fz Lo (e f(x.y)dy € C(Z) Vo e Ch(@).

Note that

R(x,) -8B
—= Y
x 7P

n

10,x) M) f(xn y) < Lo,5 (W@l sup X =supx,,
n n

and
Jim L0,x,) (V@) f (Xn, ) = Lo (N f(x,y) Yy Fx

if lim,,—, o0 X, = x. Thus, (3.26) follows from the dominated convergence theorem,
since f(x, y) is continuous in x. [J

LEMMA 3.10. If condition (3.14) holds, then H(x) + H(y) > H(x + y). If
H(x) _H(y)

<
x y

then H(x) + H(y) < H(x + ).

VO<x <y <oo,

PROOF. Since

He)+Hy) = 20, O
x y
Herty) = H(x+y)x+ Hx+y) ’

xX+y x+y
the assertions follow. [
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LEMMA 3.11. Let Z=(0,00), Hi(x)=x"%, a € (0,1), and

y_ﬂ
(3.27) filx,y)= oy Bel0,1—a).
X
Then
X o B y L )
(3.28) /0 [Hi(x —y)+ Hi(y) — Hi()]fi(x, y)dy

<c(a, B)H1(x) Vx>0.
PROOF. Using

/0 (x—y) @y Pay

x/2 by
:/ (x—y) %y Pdy +/ (x —y) %y Pdy
0 x/2

X/2 X - X X -8

* —B R

=[7G) e [ (5) e
5)G) 66
=(Z = +(= =

2 2 1-8 ' \2 2 l—«a
x\'"e P N 1
_<§> |:1—,3 1—0{]

and (3.27), one obtains

fox[Hl (=) + Hi(y) — Hi(0)1f1 (x, y) dy

1 X
= xl—_/3/0 [(x—y) @ +y ™ —x"*ly Pdy

3 _a{ 1 [ Lo, ]+ 1 1 }
=Y \2eBl1-g 1-al 1-a-p 1-8
so that (3.28) follows. [

LEMMA 3.12. Let Z = (0, 00),
H(x)=x"%+x7, ac(0,1),y>1,

and
h(x)=x"%T¢ 4 x7 ¢, e€(0,a].
Assume F has the form (3.19), where f satisfies
R(x)y~F

329 0<f(x,y)< T Bel0,1—a), R(x)=c(l4+xV"%).

Then conditions (3.17) and (3.18) are fulfilled.
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PROOF. Using Lemma 3.10, (3.29) and Lemma 3.11, one obtains

/Z[H(x —y)+H(y)— Hx)]|F(x,dy)
< /Ox[Hl (x — )+ Hi(y) — Hi 001 (x. ) dy

< R(x) /OX[HI (x — y) + Hi () — Hi ()11 (xs y) dy

<c(a, BYR(x)H; (x),
and condition (3.17) follows. Moreover, (3.29) implies

R x R
F(x,Z) < % A yPdy= % <cih(x)

so that condition (3.18) is satisfied. [

PROOF OF THEOREM 3.1. The statement is a consequence of Corollary 2.6.
Indeed, condition (2.17) follows from (3.8), (3.15) and (3.18), and condition (2.18)
is satisfied due to the continuity assumptions and Lemma 3.9. Furthermore,
condition (3.1) follows from S € M(Z, H) [cf. (3.6)], condition (3.2) follows
from (3.17) and condition (3.3) is fulfilled, according to Lemma 3.10 and (3.14).

O

PROOF OF COROLLARY 3.3. The statement is a consequence of Theorem 3.1.
Note that (2.6), (2.14) and condition (3.14) are satisfied. Moreover, condition
(3.16) is fulfilled, according to Lemma 3.9, and conditions (3.17) and (3.18) follow
from Lemma 3.12, with y =1. [

PROOF OF COROLLARY 3.4. The statement follows immediately from
Theorem 3.1. [J

PROOF OF THEOREM 3.5. The statement is a consequence of Corollary 2.9,
with g(x) = x. Note that condition (3.4) is satisfied. Moreover, condition (2.17)
follows from (3.8), (3.15) and (3.18), and condition (2.18) is satisfied due to
the continuity assumptions and Lemma 3.9. Furthermore, condition (3.2) follows
from (3.17), and condition (3.5) is fulfilled, according to (3.21). U

PROOF OF COROLLARY 3.6. The statement is a consequence of Theorem 3.5.
Note that (2.6), (2.14) and (3.20) are satisfied, and (3.15) follows from (3.22).
Using Lemma 3.10 and (3.22), one obtains

[H(x+y)— H(x) — H(y)IK(x,y)
<[x+y)? —x* =y 1K (x, y)
=2xyK(x,y) <2ci[xy+ xzy + xyz]
<2cilxy+ H(x)y+xH(y)]
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so that (3.21) is fulfilled. Moreover, condition (3.16) is fulfilled, according to
Lemma 3.9, and conditions (3.17) and (3.18) are consequences of Lemma 3.12,
with y =2. O

PROOF OF COROLLARY 3.7. The statement is a consequence of Theorem 3.5.
Note that (2.6), (2.14) and (3.20) are satisfied, and (3.15) follows from (3.23).
Since

kol = x (e fy) AT < pythel

ifx =<y,
one obtains

(3.30) Ayl <y kL v vy >0, k0> 1.
Using (3.23) and (3.30), one obtains

[(x+y) —x" =Y ]|K(x,y)

r—1
=Y Cix'y K (x, y)
=1

r—1 r—1
S Cl |:Z Cll‘xl+1yr—l + Z Clrxlyr—l+1:|

=1 =1

r—1
< 2c1<2 Cz’)[xy’ + yx"],

=1

and condition (3.21) follows. Finally, condition (3.17) is a consequence of
Lemma 3.10. O

3.3. Inelastic collisions. Here we consider the case Z =R, d > 1. Denote

3.31) (v, w, e, 0) = HT"J + e, w,@)w
and

, v+ w v — wle
(3.32) w (v,w,e,@):T —e(v,w,G)f,

where v, w € RY, ¢ € S?~! (unit sphere), § € © for some measurable space O,
and ¢ is some measurable function. Note that

1—e(v, w,0)?

(333) I+ w1 = o+ - ——— v — wil*;
that is, energy is dissipated if €2 < 1, conserved if 2 = 1 and created if €2 > 1.
Transformation (3.31), (3.32) generalizes the one-dimensional model proposed

in [33], with

’

1
9 70 = T > 96 0, N 0.
e(v,w,0) R Tr— [0, 20),a >
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In the special case ¢ = 1, we use the notation

v*w’w,e):v;w IIv—ZwIIe’
(3.34)
" v+w |lv—wle
w (v, w,e) = — .
2 2
THEOREM 3.13. Consider the functions
(3.35) H®)=|v|?+1, veR?,

and h satisfying (2.14). Let By, B> : R? x R x B(S?1) — [0, 00) be compactly
bounded kernels satisfying

(3.36) Bi(v,w, SN < ch(wHw) Vv, welR?,
(3.37) Br(v, w, SN < ch(v)h(w) Vo, weRY,
(3.38) Bi(vn, w, ) = Bv,w,") VweR?
and
(3.39) Ba(Vn, Wy, ) = B(v, w, -),
when v, — v and w, — w in R, Consider Ho € MR, H), 7 € P(O) and
(3.40) MeP®RY  suchthat /d lwl* M(dw) < oco.
R

Suppose
3.41) / e(v,w, G)Zn(de) <1 Yo, we R

®
and
(3.42) e(,,0)eCRYxRY)  VheO.

Then there exists some u € C([0, 00), MR, H, h)) satisfying the equation
(@, (@)

=t + [ [, [ o0 e) =)

X B1(v, w,de)M(dw)u(s, dv)

(3.43) +/Rd /Rdf(afgdﬂ[sa(v’(v, w, e,0))

+o(w' (v, w, e, 0))
— o) —p(w)]
x B2 (v, w,de)n(d&)u(s,dv)u(s,dw)]ds,
t >0,
for any ¢ € Co(R?).
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REMARK 3.14. The probability measure w € J(®) introduces some random-
ness into the collision events. The probability measure M € & (R?) represents the
influence of some background gas. Condition (3.40) is fulfilled, for example, when
M is a Maxwellian.

REMARK 3.15. Consider the special case
e=l,  pivw.de)=|lv—wlde,  fa(v,w.de)=zlv—w]|de

and suppose u(t, dv) = f(t,v)dv, M(dv) = M (v) dv. Then (3.43) takes the form

| e vdy

= [ v sy

+A{{d dvgo(v)/olds

x [/Rd /Sd_l v —wll[Mw*) f(s,v") = M(w) f(s,v)]dedw

+/Rd /Sd_l ||v—w||[f(s,w*)f(s,v*)—f(s,w)f(s,v)]dedw].

Removing the test functions, one obtains
Crew=[ [ =l e - M £ o) ded
+ ./]Rd '/S[H lv—wll[f(t, w") f@t,v*) — f(t, w) f(t,v)]dedw.
PROOF OF THEOREM 3.13. Introducing the background collision term

0@ B) = [ [ 1n(6r)Bi (v, w de M dw)

veRY, B e B(Ek),
one obtains [cf. (2.30)]

G4 Q0= [ [ 00" v w.0) = pw)]Bi (v, w.de)M(dw)
With (3.35), condition (3.2) takes the form
Gas) [ [ 0 @ w P = 0IP18 0. w.de)M@w) < e [Jol? + 1]

Note that (3.33) (with ¢ = 1) implies

2 2 2
v (v, w, )" = Iv]l* < [wll*,
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so that assumptions (3.36) and (3.40) are sufficient for condition (3.45).
Introducing the binary collision term

g (v, w, B) = / /d— v(vwe@)+8w (vwe@))lBZ(U w,de)m(do),

where v, w e R? and B € B(Ek), one obtains [cf. (2.30)]
Q2(p, v, w)
(3.46) = /@ '/S[H [p(V' (v, w,e,0)) 4+ @(w'(v,w, e,0)) —p) — p(w)]
X Ba(v, w, de)m (d6).
In view of (3.35) and (3.33), condition (3.3) takes the form

2
M[/ (vw@)n(d@)—l]ﬂz(vwsd <0

and follows from (3.41).
Condition (2.17) takes the form (3.37) and

fRiﬂl(v,w»Sd_l)M(dw) <ch(v) VveR?

and follows from (3.36) and (3.40).
Condition (2.18) reduces to Ba(-, -, SY~1) e C(R?, RY),

//Sdl V(e 0) + o', e 0))]

x Ba(-, -, de) (df) € C(RY, RY),

(3.47)

/Zﬁl(-,w,Sd_l)M(dw) and
(3.48) R
R /gd_l 90w, )1, w, de)M (dw) € C(RY).

Note that [cf. (3.31)]

||U/(v7 w, e, 9) - U/(vl'l’ w}’l, e, 9)”

< [v = vall + llw — wyll (. w.8) — £(vy. wy. 0)] [v—wl
2 2
8<vﬂ’ w}’lae)
————|llv—wl = [[v, — wall|

2
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implies

sup [V (v, w,e,0) — V' (vy, wy, e, )| >0 if (vy, wy) = (v, w),
eeSd-1

according to assumption (3.42). Since ¢ € C, (R%), it follows that

sup |p(v' (v, w,e,0)) — @ (vy, wy, e,0))] - 0
(3.49) et
if (v, wy) = (v, w).

One obtains

‘/;dl ¢(v'(v,w,e,0)) fa(v, w, de)

B ,/Sdfl (p(v/(vn’ Wy, €, 9)) ﬁZ(Un, Wy, de)

(3.50) <

'/S[H (V' (v, w, e, 0))Ba(v, w,de)

- v/éd71 (p(v/(v, w,e, 9))/32(1)}17 Wy, de)

+ sup |p(v'(v, w, e,0)) — @V (Vn, Wy, €, 0))| BV, Wy, ST,

ecSd—1

and the continuity of

/;) /éd—l 90(1)’(., - e,0)Ba(-, -, de)m(dO)

follows from (3.50) and (3.49), assumption (3.39) and the dominated convergence
theorem. The other terms in (3.47) and (3.48) are treated in an analogous
way, using also assumption (3.38). Finally, the assertion is a consequence of
Corollary 2.6, since, with the terms (3.44) and (3.46), (2.23) takes the form (3.43).

O

4. The minimal jump process. Let . be a compactly bounded kernel on
a locally compact separable metric space E. The minimal jump process X*,
corresponding to A and some initial distribution vy € $ (E), is constructed on the
one-point compactification E2 in the following way (cf. [13], page 263 and [27],
page 69). Let Yy, Y1, ... be a Markov chain in E with initial distribution vy and
transition function p : E x B(E) — [0, 1] defined by

A&, B)

p&.B)=1 A& E)
15(8), if A&, E)=0.

if A&, E) >0,
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Let Tp, T1, . .. be independent and exponentially distributed random variables with
mean 1 that are also independent of (Y%), all defined on some probability space
(2, F, P). Introduce the jump and explosion times

-1 T, e Ty
4.1 :0’ = 7,121,2,..., = N v
@b "= B =L B
where 7} /0 := oo, and define
Ay | Y if st <Tg,
4.2) X (t)_{A, i1 T, t>0.

Note that X is an E®-valued stochastic process and, for every A € B(E), the
random variable

4.3) of =inf{r > 0:X2(r) ¢ A}

is an {FX A}—stopping time. By construction (4.1), (4.2), X is right-constant, but
left limits may not exist at T. In particular, one obtains

@44 X (M EEVt>0 & 1o=00 <= X"eD(0,00),E)
and

(4.5) X2t eAVi<al, X205 ¢A.

The following theorem provides a sufficient condition for nonexplosion of the
minimal jump process, which, then, is equivalent to a cadlag process taking values
in E.

THEOREM 4.1. Let A be a compactly bounded kernel on a locally compact
separable metric space E, and vy € P (E). Suppose there exists a nonnegative
continuous function n such that

4.6) — e Co(E),
@.7) / n(E)vo(dE) < co
E
and
4.8) fE D — n@EWE de) <ci[n@E) +¢)]  VEEE

for some cq, c1, ¢} > 0.
Then there exists a D([0, 00), E)-valued random variable X such that

4.9) P(X(t)=X2(1) Vt=0)=1
and

4.10) En(X (1)) < (co+ ¢}) exp(cit) V> 0.
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COROLLARY 4.2. Let X be given by Theorem 4.1. Then

(4.11) oc, =inf{t > 0: X (1) ¢ Cp},

with

4.12) Cn=1{§ € E:n(§) <m},

and

(4.13) MW, 1) =W (X(1) — ¥(X(0) — /0, AW (X (5))ds,
with

(4.14) AW(E) =/E[‘I'(é‘1) —W(&)IrE, déy), §€E,
satisfy

(4.15) P(oc, <t) <m~(co+c})exp(cit)

and

12
(4.16) Esup\M(w,sAacm)rsz(t sup | [W(so—w(sn%(s,dsl))

s<t £eCp

forallm=>1,t>0and ¥V € Cy(E).

LEMMA 4.3. If

4.17) supA(&, E) < oo,
EeA

then there exists a process X g with sample paths in D([0, 00), E) such that
(4.18) P(Xa(t)=X2(t An0f) VE>0)=1.
Moreover, for W € Cp(E) and t > 0, it satisfies
t
(4.19) EW(X4() = E¥V(X4(0)) +E/0 AV (X A(s))ds

and
12
@20)  EsuplMa(V.5)] 52(t sup /E [w@l)—w(s)]%(s,dsl)) ,

where

421)  AAVE) = /E [W(E) — WEIE dE),  E€E,
with

(4.22) AaE, B)=14(E)AE B), EcE, BeB(E),
and

(4.23)  Ma(V, 1) = W(X4(1) — ¥(X4(0) —/0 AAV(X4(s))ds.
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PROOF. We first check that
(4.24) P(Q)=1  where Q@ ={X2(tAr0{)eE Vt>0}.

If there is a k > 0 such that T;(w) > 0 and Y;(w) ¢ A, then O'AA (w) < 1 (w); that
is, there are at most k jumps for this trajectory, and w € €'. Thus, for w ¢ Q' one
obtains Y;(w) € A whenever Ty (w) > 0, and therefore

Ty (w) - 1

Too(@) =I§) AYi(@), E) = supgeq M€, E)

> Ti(w).

k=0

Moreover, @ ¢ ' implies Too (@) < 00 [cf. (4.4)] so that
o0
P(Q\Q) < PiZTk < oo} =0.
k=0

Therefore, (4.24) is fulfilled, and a process X4 satisfying (4.18) is obtained by
redefining the process X At ro f) on the set 2\ Q' by elements of D([0, c0), E).

It follows from the explicit construction procedure that the process X4 is
equivalent to the minimal jump process corresponding to vy and the kernel (4.22)
and therefore is a Markov process with the bounded generator (4.21) (cf., e.g.,
[13], page 163). Thus, for ¥ € Cy(E), the processes (4.23) and

Ma(W, t)z—/ot[AA\IJZ—ZWAA\D](XA(S))ds

are {fFlXA }-martingales (cf., e.g., [13], page 93 and Proposition 4.1.7). In particular,
one obtains (4.19) and

t
(4.25) EM (¥, 1)* = IE/ [AsW? —2W s W] (X A(s))ds.
0
Using the identity

(4.26)  [AaW? —2WALV](E) = /E[‘I’(&) —W(E)PraE. dEy), §E€E,
and Doob’s inequality (cf. [13], Corollary 2.2.17)
(4.27) Esup |Ma(¥,s)|* <4EM4(¥,1)%,

s<t

one obtains (4.20) from (4.27), (4.25), (4.26) and (4.22). O

LEMMA 4.4. Let the assumptions of Theorem 4.1 be fulfilled. Then
[¢f. (4.3) and (4.12)]

(4.28) P(of <t)<m™'(co+c)explcit) V=0,
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PROOF. Note that
Cn C O i={E €E:n(§) <m+1)} C Cpsr.
According to Lemma A.2, we choose e; € C.(E), k > 1, such that
Note that ex(§) =1,k > m, & € Cy,. Thus, the functions W = ex[n + ¢}] € Cc(E)
satisfy [cf. (4.22)]

/E[‘I/k(él) — Wi ()i, (¢, dEr)
4.29)

< / (0D — 1E) e, (E.dE) Yk >m.
E

It follows from assumption (4.6) and Lemma A.1 that the sets (4.12) are compact.
Thus, since A is compactly bounded, assumption (4.17) is fulfilled so that
Lemma 4.3 is applicable. Using (4.19) and (4.29) and assumptions (4.7) and (4.8),
one obtains

Ewi (Xc,, (1))

t
—EW(X(0) + E fo fE (W (&) — Wi (Xe, (9)]hc, (X, (). d&1) ds
<EWL(X(0)) + E /0 /E [0 — n(Xe, ) ]Ac, (Xc, (5), dr) ds
t
< EU(X(0)) + c1E /0 1e, (Xe, ) [1(Xc, (5)) + ] ds

t
§c0+c’1+c1/ E[n(Xc, (s)) +cilds  Vi>0,k>m,

0
where X, is a D([0, 00), E)-valued random variable such that
(4.30) P(Xc,®) =Xt Aol ) Vt=0)=1.
The monotone convergence theorem (with k — oo) implies

t

(4.31)  En(Xc, () +c) <co+cj+ci /0 E[n(Xc, (s)) + ¢} ]ds.

Using (4.30), (4.5) and assumption (4.8), one obtains
En(XCm (t)) = ]E?’] (Xcm (t))l]'{oén >t} + ]E?’] (Xcm (l‘)):ﬂ‘{o‘A }

<
Cm =t

<m+ sup | nArE§,dé&)
£eCp'E

<m —I—Ssucp (c1[n®) + ]+ n@EAE, E))

<m+ (cl [m+ci1+m sup A(&, E)).
§eCp
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An application of Gronwall’s inequality to (4.31) yields
(4.32) En(Xc,, (1)) < (co+ c}) exp(ci 1) Vt>0.
Using (4.5) and (4.30), one obtains
P(of, <t) = P(Xc, () ¢ Cw) = P(n(Xc, () > m) <m™'En(Xc, ()
for all m > 1 and ¢ > 0, so that (4.28) follows from (4.32). [0

PROOF OF THEOREM 4.1. Since Gén < GCAmH’ for all m > 1, Lemma 4.4
implies

(hm ac <t>—0 Vt>0,

m— 00

so that

(4.33) ( lim o8 = oo) =1.

m—0o0

Since 0 < O’C < T = O’E, (4.33) implies P (15 = 00) = 1. Thus, according
to (4.4), a process X with sample paths in D([0, c0), E), satisfying (4.9), is
obtained by appropriately redefining X* on the set {5, < 00}, for example, by
constant paths. This process is a D([0, 00), E)-valued random variable according
to [13], page 128, since E is separable.
Using (4.33) and continuity of 5, one obtains
P fim n(X(t Aoc,) =n(X@)) =

Thus, Fatou’s lemma and (4.32) imply (4.10). U

PROOF OF COROLLARY 4.2. Note that [cf. (4.11) and (4.3)]
(4.34) P(oc, =08 ) =1,

according to (4.9). Thus, (4.15) is a consequence of Lemma 4.4.
Moreover, (4.9) and (4.34) imply

P(X2(trnol)=X(t Noc,) VE=0)=1
and [cf. (4.18)]
(4.35) P(Xc,(t)=X(tNog,) Vi>0)=1.
Note that [cf. (4.13)]

M(V,t Nog,) =Y (X(t Aoc,)) — Y (X(0)

(4.36) tAGC
- /0 AW(X (s))ds
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and [cf. (4.23), (4.21), (4.22) and (4.14)]

Mc, (Y, 1) = \IJ(Xcm (t)) — \IJ(Xcm (O))

(4.37) t
_ /0 Le, (Xe, () AW (Xc, (5)) ds.

Since Xc,, (s) ¢ Cy, a.e., for s > oc,, , one obtains, using (4.35)—(4.37),
P(M(V,t Noc,,) =M, (V,1) Vi>0)=1,
so that (4.16) follows from (4.20), with A = C,,. U

5. Proofs of the main results.
5.1. Regularity.

LEMMA 5.1. Let Z be a locally compact separable metric space. Then the
space (EVN,d)) [cf. (2.1) and (2.11)] is separable and locally compact. If, in
addition, assumption (2.4) holds, then the kernel AN [cf. (2.5)] on (EN,d)) is
compactly bounded.

PROOF. Let Z’ be a countable dense set in Z. Then the set
1 n
Nz&ciznzo,xi GZ’,izl,...,n}
i=1

is countable and dense in (EV, d), according to Remark 2.10. Choose compact
and open sets ['),;,, 2,,,, m > 1, according to Lemma A.3. Then the sets

1 n
(5.1) G = NZ(Sxi:Ognfm,xieFm,izl,...,n}
i=1

and

1 & .
O = ﬁizzlsxi:()snsm,x,-eszm,z=1,---,n}

are, respectively, compact and open (this is easily established using Remark 2.10).
They satisty

(5.2) G C Oy CGpyy and EN =[G,
m

In particular, every 4 € EVN has a compact neighborhood, which proves local
compactness of the space EV. Any compact set C C EV is covered by a finite
number of sets O,,, according to (5.2). Thus, it is contained in some G,,, and
(2.27) implies

R r

m

53 supaV(u EY) = N[qo(EK) +3 sup g Ex0) () }
neC r=1X€l'y N
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The right-hand side of (5.3) is finite by assumption (2.4), so that the kernel is
compactly bounded. [

REMARK 5.2. Forany u = (1/N) Y, 8y, € EV, one obtains

n (H, ) .
4 = =pu(EN) <2 H(x;) < N(H, Vi=1,...,n.
(5.4) N w(E™) < —H and H(x;) <N(H, p) i n

LEMMA 5.3. If assumption (2.6) holds, then the function ® defined in (2.28),
with ¢ = H, satisfies

1
P41

(5.5) e Co(EN).

PROOF. It follows from assumption (2.6) that the set I' = {x € Z:
H(x) <mN} is compact, according to Lemma A.1, and that inf,cz H(x) > 0.
As a consequence of Remark 5.2, the set

(5.6) {MEEN:¢(M)§m}, m > 0,

is contained in the set

1 & mN
— 5y :0<n< ,xjelg,
N; ARy AR

which is compact [cf. (5.1)]. Since the function & is continuous, according to
assumption (2.6) and Remark 2.11, the set (5.6) is closed and therefore compact.
Finally, property (5.5) follows from Lemma A.1 and the first part of Lemma 5.1.

O

PROOF OF THEOREM 2.1. According to assumption (2.4) and Lemma 5.1,
the kernel A" is compactly bounded on the separable and locally compact
space (E N d)). Condition (4.6), with n = &, follows from assumption (2.6) and
Lemma 5.3. Assumptions (2.7) and (2.8) take the form (4.7) and (4.8). Thus,
Theorem 2.1 follows from Theorem 4.1. [

We finish this section by providing further consequences of the assumptions of
Theorem 2.1, which will be used later.

REMARK 5.4. The process xN provided by Theorem 4.1 is a D([0, 00), EN)-
valued random variable. Note that EN ¢ M(Z, H) and the embedding (E N
dy) = M(Z, H, h) is continuous (cf. Remark 2.10). Thus, in view of Lemma A .4,
the process XV can be considered as a D([0, 00), M(Z, H, h))-valued random
variable.
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Using (4.10), one obtains
(5.7) E(H, X" (1)) < (co+c})exp(cit)  Vi>0.
Moreover, Corollary 4.2 implies
(5.8) P >T)=1-mYco+c)exp(ciT) VT =0,m=>1,
and

Esup| MY (W, 1 A o))
t<T

(5.9 1/2
<27 swp [ 1)~ WPV . dv))
MEC,I,Y EN
forallm>1,T >0and ¥ € C,(E"), where

(5.10) o =inf{t >0: XV (1) ¢ CN1,

(5.11) CN.=|pneEN:(H, u)<m}, m >0,

MY, 1) =W (XN () — w(xV(0)

(5.12)
—/t,A,N\II(XN(s))ds, 10,
0

and

5.13)  AVw( = /EN W) — WGl (. dv),  pe EV.

LEMMA 5.5. Suppose the assumptions of Theorem 2.1 are satisfied. Let ¢ €
Cv(Z) and © be defined in (2.28). Then [cf. (5.10), (5.11)]

Esup|MY (®,t A o))
t<T
(5.14) 12
< 2<T sup [ Tl v) — (g i) PN (. dv))
nechN EN

forany T >0 andm > 1.
PROOF. The function (2.28) is continuous but, in general, unbounded.

However, the stopped process reaches only a set, on which the function is
bounded. Indeed, introduce the sets CN of all v € EN such that v = Jo(u, &)

orv=J(u,iy,..., i, &), for some u € C , pairwise distinct indices i1, ..., i,
from{l,...,n},r_l .,Rand & € Eg. Usmg
(H, 1)

V/,LEEN

® < EN) <
1P ()| < lelln(EY) < el 7
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and (2.32), one obtains [cf. (2.2)]

(5.15) [P ()| < ||< " +K) vvecNucy
' =W infg T N m = Cm-

Note that

PxNtroMyecNucCl vi=0)=1.
Consequently, (5.15) implies
(5.16) P(o(XN(na)))=on(XV @ na))) Viz0)=1,

where

infH N
is a bounded function. Moreover, (2.26) and (5.15) imply, for u € C

[ @) = @601 (. av)

m K N
B (11) = B (1) A ||¢||<— 4 —), peEV,

N

m>°

5.17)
= [ [@n0) = @Gt AN vy, k=12

It follows from (5.16) and (5.17), with k =1, that
(5.18) PMYN (@, t Aoy =MN (D, t A0)) VE>0)=1.
Finally, (5.14) follows from (5.9), (5.18) and (5.17), with k =2. [J

5.2. Relative compactness.

LEMMA 5.6. Suppose assumption (2.15) is satisfied. Then [cf. (5.11)]

[ Lteev) = (o AN e, av)

sup
uecy

R
<N K+ R |l Y m"
r=0
forany ¢ € Cp(Z),k=1,2and m > 1.

PROOF. Using (2.29) and (2.33) and assumption (2.15), one obtains

[t 0) =t )

< N'"7* (K + R)!||g|k
R
E oo g @rs e xe Ex)pdxy) - - u(dox,
X[CIO( K>+r§fz fzqm xr, Ex)(dxy) u(x)}

< N'"HK + R @ I*[1 + (H, ) + -+ (H, ) F],
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and the assertion follows from the definition (5.11). 0

COROLLARY 5.7. Suppose the assumptions (2.6)—(2.8) and (2.15) are satis-
fied. Let ¢ € Cy(Z) and ® be defined in (2.28). Then [cf. (5.10)]

t<T

1/2
T R
(5.19)  Esup|MY(®,t Aa))| <2lell(K + R)(% Zmr>
r=0
forany T >0 andm > 1.
PROOF. Property (5.19) follows from Lemmas 5.5 and 5.6, with k =2. [J

LEMMA 5.8. Suppose the assumptions (2.6) and (2.15) are satisfied, and the
assumptions (2.7) and (2.8) hold uniformly in N. Consider

(5.20) peC(2) such that % e Co(2).
Then, for any T > 0 and ¢ > 0,

(5.21) 3Ar, Ng>0: sup P( sup (@, XN () — (@, XN (1)) za) <e.
N>Ny |s—t|<At,t<T

PROOF. Consider T > 0 and ¢ > 0 fixed. According to Lemma A.1, the set

(5.22) F:{er: o) zi}
H(x) — 8m

is compact, for any m > 1. Choosing ¥ according to Lemma A.2, we find ¢ =
@ ¥ € Cc(Z) such that

(5.23)  @x)=gp(x), xel' and |p(x)| <|p(x)l, x€Z.
Consider [cf. (5.10) and (5.11)]
(5.24) O<s<t<ol

m

so that XV (s) € C,I,\l' and (H, XN (s)) <m. Using (5.23) and (5.22), we obtain

o, XN () — (0, XV (1))
<l — @, XN )]+ (g — ¢, XN )| + (@, XV (5)) — (¢, XN (1))

- 2|p(2)] 2|p(2)]
G2 = THE H(2)

+ (@, XV () — (@, XV (1))

< g + (@, XV () — (@ XV ).

H@) XY (5. d2) + /F ( H@) XY, d2)
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Furthermore, setting CB(,u) = (@, ), we obtain [cf. (5.24), (5.12) and (5.13)]
(0. X" () — (@, X" ()]
(5.26) < \MN(CB,S)—MN(&),t)]+/:MN&>(XN(r))\dr

<|MN(®,5) — MN(D, 1) +c(t —5),

where ¢ = c(m, ¢, K, R), according to Lemma 5.6, with k = 1. Choose m
according to (5.8) such that

(5.27) i]r\llfP(an]:’>T—|—1)zl—§,

and let 0 < At < ¢/4c A 1. Using (5.25), (5.26) [which hold under condi-
tion (5.24)], (5.27) and the Chebyshev inequality, we obtain

P( sup g XV () — (0, XV ()| = e)

ls—t|<At,t<T

<p( s e XYoo XY@ ze o) > T 1)+

ls—t|<At,t<T

&
2
3 - 8
P<—8+ sup  |MN(®@,5) - MN(®,1)| > 6,00 > T+1)+

£
=< hd
4 |s—t|<At,t<T 2
<P| sup |M (CID,I)|2—,o*m>T+1 + -
t<T+1 8 2

8 < &
<-E sup [MN(®,t AaM)|+ =,
€ 1<T+1 2

By Corollary 5.7, the mean value of the right-hand side becomes smaller
than &2 /16 for sufficiently large N and thus (5.21) is satisfied. [

LEMMA 5.9. Let Z be a locally compact separable metric space. Consider

(5.28) He(C(Z) such that H > 0,
and h satisfying (2.14). Then the sets
(5.29) Ce={neMZ):(H, pn)<e}, e >0,

are compact subsets of the space M(Z, H, h).

PROOF. By [3], Corollary 31.3, the set C= {veM(Z):v(Z) < e} is vaguely
compact. Consider the mapping [cf. (2.11)]

T(C.do) — (C..dp). T(v)(B):/B%dv, Be B2,
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which is invertible and continuous. Indeed, according to assumption (2.14) and [3],
Theorem 30.6, one obtains

<h,T<vk>>=<%,vk> — <%,v>=<h,m>>,

if v, v e C are such that do(vi, v) — 0. Hence, C, = T(C‘) is compact w.r.t. the
topology generated by d;. [

REMARK 5.10. Since Z is locally compact and separable, there is a countable
subset {y}72, of Cc(Z) which is dense in Cc(Z) w.rt. uniform convergence
(cf. [3], Lemma 31.4). According to Lemmas A.3 and A.2, choose compact and
open sets satisfying (A.1), and localizing functions e,, € C.(Z), m > 1, such that

(5.30) en(x)=1,z€ly, en(2) =0,z ¢ Qpy, O<en(z)<l,z€Z.
Reorder the elements of the countable set
(5.31) {Yk:k>1YU Y -epik,m>1}U{ey:m > 1}

and denote them by {gi};2,. According to [3], Proof of Theorem 31.5, we
introduce the metric
o0

1
(5.32)  do(p,v) =) o min{1, [{gk, 1) — (@, V)I}, W, v € M(2Z),
k=1

generating the vague topology.

PROOF OF THEOREM 2.2. Note that assumption (2.15) implies (2.4) so that
Theorem 2.1 is applicable. To prove relative compactness of the sequence (XV),
we apply [13], Theorem 3.7.6, with E = M(Z, H, h) (cf. Remark 5.4).

The first condition to be checked is the compact containment condition

(5.33) VT,e>0, 3 compact C C E :i}rslfP(XN(t) €C,0<r<T)>1-—c¢.
Choose m according to (5.8) such that infy P(G,fy > T) > 1 — e. Note that

the set C,, [cf. (5.29)] is compact, according to Lemma 5.9. One obtains [cf.
(5.11) and (5.10)]

i%fP(XN(t) €Cp,0<t<T)= ing(on];’ >T)>1—c¢;
that is, (5.33) is satisfied.
The second condition to be checked is

(5.34) VT,e >0, EI(3>O:supP(w(XN,8,T)28)58,
N

where the modulus of continuity

(5.35) w(p,8,T) = i{nfmax sup  dp(u(s), u(@))

u} i sreltoyn)
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is defined for §, T > 0 and p € D([0, 00), E). Here {#;} ranges over all partitions
ofthe form 0= <t <--- <t,—1 < T <t, with minj<;<,(# — #;,—1) > § and
n > 1. Recall the definition (2.11) of the metric dj, and Remark 5.10. Let T, ¢ > 0
and choose L > 0 such that > 2, 1 /2K < £/2. With the notation ¢y = h
[cf. (5.32)], we obtain

P< sup dh(XN(s),XN(t))zs>

|[s—t|<At,t<T

L
(5.36) SP( sup Z\(wk,XN(s»—((pk,XN(t))\z%)

[s—t|<ALt<T
L &
<> Pl sup o XV () — (o, XN )| = —— ).
,Z(:) (ls—tlfAl,lfT‘ ‘ 2(L+1)

Taking into account that (5.20) is fulfilled for ¢ = h, according to assump-
tion (2.14), we apply Lemma 5.8 to the right-hand side of (5.36). Thus, there
are At, No > 0 such that

(5.37) sup P( sup dh(XN(s), XN(t)) > 8) <e.
N>Ny |s—t|<At,t<T

Since [cf. (5.35)]
w,8, 7)< sup  dy(u(s), n(), 8 <AL,

|s—t|<At,s<T
we obtain from (5.37) that

(5.38) sup P(w(XV,8,T)>¢e)<e,  §<Ar
N>Ny

For any N, there exists 6y > 0O such that P(w(XN,8y,T) > ¢) <, according
to [13], Lemma 3.6.2(a). Thus, for 0 < § < min{At, 1, ...,dn,—1}, (5.38) implies

sup P(w(XN,8,T)>¢) <e;
N
that is, condition (5.34) is satisfied. [
5.3. Characterization of weak limits.

LEMMA 5.11. Consider i, pu,, € M(Z, H) such that
(5.39) Jim dp (pn, 1) = 0.

Let ug,k), u(k), KO k=1,2,..., denote the k-fold products of un, 1, h, respec-
tively. Then

(5.40) Jim {y, 10) = (v, 1 ©)
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for any ¥ € C(Z¥) such that
(5.41) [P (x)] < ch(k)(x) Vxe Zkfor some ¢ > 0.

PROOF. Define the measures v,, v € Mp(Z) by
w(B) = [ KO u ),
B

v(B):/Bh(k)(x),u(k)(dx), B e B(Zh.

Since ph® e C.(ZF) for every ¢ € Cc(Z¥) and since ,uﬁ,k) converges vaguely

to 1 ®, one obtains
(0, va) = (ph™, 1) > (ph©, W O) = (g, v);
that is, v, converges vaguely to v. Using (5.39), one obtains
(25 = (O, 1 O) =1, 1)l — (B0 1O = vz,

so that v, converges weakly to v. Note that Z* is a locally compact separable
metric space and therefore complete according to [2], Theorem 44.1. Using
Lemma A.6, we find, for any & > 0, a compact I' C Z* satisfying

& &
v,(T)<—,n>1, and v(I')<_—.
3c 3c

Choose f € Cc(Z¥) according to Lemma A.2 and consider ¥ € C(Z) satisfy-
ing (5.41). Then, for sufficiently large n, one obtains

(. 127) = . @)

< =P = = . w )  fn) = )
= C/l:‘ch(k)()c)//,’(lk)(dx) + C/Fv h(k)(x),u,(k)(dx) + ’(wf’ M;k)) . (Wf» M(k)”
<e

’

which proves (5.40.) O

LEMMA 5.12.  Suppose assumptions (2.17) and (2.18) are satisfied. Then the
mapping
M, : D([0, 00), M(Z, H, h)) — D([0, 00), R)

defined by [cf. (2.20)]

t
(542)  My(u)(1) = (9. () — (g, 1 (0)) — /0 6(p. () ds. 120,

is continuous, for any ¢ € C.(Z).
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PROOF. According to Lemma A.5, the mapping
Fi:D([0, 00), M(Z, H, h)) = D([0, o0), R), Fi(pn)(@) = (e, n(0)),
is continuous. In view of Lemma A.4 and since (cf. [13], page 153, (11.10)) the
mapping
t
F>:D([0, 00), R) = D([0, 00), R), F(&)(t) =/0 E(s)ds,

is continuous, it remains to show that the mappings f1(v) = (¢, v) and f>(v) =
G9(p,v) from M(Z,H,h) into R are continuous. For fj, this is obvious,
since convergence in M (Z, H, h) implies vague convergence. Using (2.34), the
continuity of f> follows from assumptions (2.17) and (2.18) and Lemma 5.11. [J]

LEMMA 5.13.  Suppose assumption (2.17) is satisfied. Let Yy, ¥ € C.(Z) be
such that limy,_, || — ¥, || =0 and

(5.43) (xeZ:|Y,(x)|>0}CT, n>1,
for some compact I C Z. Then [cf. (5.42)]

Tim My, (0)(1) = My (u)(1) V120,
forany u € D([0, 00), M(Z, H, h)).

PROOF. Note that
(5.44) sgpllvfn||<oo and (Y, &) — (¥, §) V& € Ek.

The dominated convergence theorem implies, using (2.32) and (5.44),

QO(’(//}’E)_) QO(¢)7 Qr(wﬂ’x)_) Qr(’(/fwx) Vxezr7r:1”"’R’
and, using (2.34) and assumption (2.17),

(5.45) Tim G ) =G ) Vi€ M(Z H).
Using (5.43), one obtains
(5.46) Jim (1) = (Y, n) Ve M(Z, H).

Moreover, it follows from (2.34) and assumption (2.17) that [cf. (2.20)]
supsup|§ (¥, u(s))|
n s<t

(5.47) R
<c2(K + R)sup ||l sgrl){l + > (h, M(ﬂ)’} <00

r=1

for any u € D([0, 00), M(Z, H, h)). Using (5.45)—(5.47), a further application of
the dominated convergence theorem completes the proof. [
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LEMMA 5.14. Suppose assumptions (2.14) and (2.17) are satisfied. Let ¢ €
Cv(Z) and © be defined in (2.28). Then [cf. (5.13) and (2.20)]

(5.48) lim sup |[AY® () —G(p, )| =0  Vm=>1.

— 00
neCy

PROOF. Using (5.13), (2.29), (2.30) and (2.20), one obtains

R 1 N
(549)  AVOW =G, 1) =Y o Do Q@i i),
r=2

1<i{,...,ir<n

where ;1 € EV and i denotes summation over those indices, at least two of which
are equal. According to (2.34) and assumption (2.17), (5.49) implies

AN D (1) — G(p, )|

S

R
< Z M Z h(xi,)---h(xi,)

r=2 N* 1<iy,...,i,<n
R
(K +r)llellr(r—1) _
<3 (h?, ) (h, ) 2
2N
r=2
and
sup | A" @ (1) — (@, )|
nechN
(5.50) | erlol
<= sup (B2, )2 ‘p Z(K+ P — D(em) =2,
nech r=2

According to assumption (2.14) and Lemma A.1, the set

H(();)) B }

I'e)= {x €Z:
is compact, for any ¢ > 0. Using (5.4), one obtains

=/ hz(x)u(dx)—l-/ h*(x) p(dx)
F(S) L‘

h?(x 2
<m sup H<(x;)
(551) xel(e) H(x) Z l
R oo
<m sup +e"m°N

xel'(e) H(x)
for any u € C,Z,Y. Finally, (5.50) and (5.51) imply (5.48). U
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PROOF OF THEOREM 2.3. Using (5.42) and (5.12), one obtains
t

(5.52)  M,(XV)(t) =M (@,1) +/ [AN D (XY (5)) — G(p, XV (5))]ds.

0
For ¢ > 0 and t > 0, choose m > 1 according to (5.8) such that

. &

(5.53) %fP(a,ﬁlv >0=1-2.

By (5.53), (5.52), Lemma 5.14 and the Chebyshev inequality, one obtains

P (supl b, (X1 5) = ¢

s<t

< P<sup|M¢(XN)(s)| >e 0l > t) + ¢

S<t 2
(5.54) < P(f +sup| MV (@,5)| > e.0) > 1)+ 5
2 s<t 2

< P(sup\MN(CD,s/\anly)] > i) —I—%

s<t 2

2 £
< —Esup\MN(CD,s /\a,flv)\ + 3

& szt
for sufficiently large N. By Corollary 5.7, the right-hand side of (5.54) becomes
smaller than ¢ for sufficiently large N, that is,

limsupP<sup\M¢(XN)(s)]28) <eg Ve>0,1>0.
N s<t

This implies
sup| M, (XV)(s)| = 0 Vt>0,

s<t

and, recalling the definition of the Skorohod metric d ([13], page 117),
(5.55) d(My(XN),0) = 0.

Suppose XM = X for some subsequence N;. According to Lemma 5.12, the
mapping M,, is continuous so that My,(X™M) = M,(X) and d(My(X™M),0) =
d(My(X),0). Thus, (5.55) implies

My(X)=0 a.e. for any fixed ¢.

Using Remark 5.10, Lemma 5.13 and right-continuity of the trajectories, one
obtains

(5.56) My(X)=0 Vo eC(Z) ae.
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Moreover, it follows from Lemma A.5 that XM (0) = X (0) so that assump-
tion (2.16) implies

(5.57) X(0) = o a.e.

According to (5.56) and (5.57), X satisfies (2.19) almost everywhere. Note
that, by Theorem 2.2, the sequence of D([0, o0), M(Z, H, h))-valued random
variables XV is relatively compact. [J

5.4. Corollaries.

PROOF OF COROLLARY 2.4. Note that
supdp (XN (), XN @t—) < sup  dp(XV(s), XN(@)  VAr>0.

t<T |s—t|<At, t<T
Thus, (5.37) implies
sup P(supdh(XN(t), XN(t—)) > 8) <e,
N>Ny \i<T
so that
supdy (XN (1), XN (t—)) =0, T >0,

t<T
as N — oo. An application of [13], Theorem 3.10.2(a), gives (2.21), for every
weak limit X of the sequence (XV). [
PROOF OF COROLLARY 2.5. Suppose X = X for some subsequence N;.
Then Corollary 2.4 and [13], Proposition 3.5.2, imply
(5.58) xNM@y=X@1t)  Ve=0.

For any ¢ € C.(Z), the mapping V() = (¥, u) from M(Z, H,h) into R is
continuous, and

(5.59) U(XM(@) = w(X@) V=0,

as a consequence of (5.58).
Consider a sequence of localizing functions e; € C.(Z) satistying (5.30).
Then (5.59), with ¢ = Hey, implies

(5.60) (Hep, XN(1)) = (Her, X)) ¥t=0,k=1,2,....
Since, according to (5.7),

E(Her, XV (1)) <E(H, X" (1)) < (co+c})exp(cit) VN,
Fatou’s lemma and (5.60) imply

E(Hek,X(t))§(c0+c/1)exp(c1t) Vi>0,k=1,2,....
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Thus, (2.22) follows from the monotone convergence theorem. [

PROOF OF COROLLARY 2.6. Consider ug € M(Z, H) and note that
1o(Z) < oo, according to assumption (2.6) and (2.13). Let yq, y2, ... be i.i.d. ran-
dom variables with distribution (1/uo(Z))uo(dx), and

. ny
(5.61) ngnooﬁ = uo(2).
Then
1o
(5.62) YN = ~ > 8y, €EN

and, by (5.61) and the law of large numbers,

(@. YY) = Zso(yl
(5.63)

~ po(Z) / 00— —podx) = (p. o) ae.

(Z)

for all nonnegative ¢ € M(Z) such that (¢, ug) < oco. Thus, limy_ 0o dp (YN,
o) =0a.e., and YN = o. Moreover,

[ H v ) =B YY)

_nN

=5 H(x) (z)
where v(])v e P(EV) denotes the distribution of YV . Thus, vév satisfies assump-
tions (2.7) and (2.16). By Theorem 2.3 and Corollary 2.4, there is at least one u €
C([0, 00), M(Z, H, h)) satisfying (2.23). [

(5.64)

o(dx),

PROOF OF COROLLARY 2.7. By Theorem 2.3, any weak limit is concentrated
on the set of solutions, which now consists only of one element. Thus, all weak
limits are the same, and the assertion follows. [

PROOF OF COROLLARY 2.8. Assumption (2.25) assures that the processes
remain in the restricted space, once they have started there. According to
Remark 2.10, the mapping (g, i) is continuous so that the subset EV N M v(Z,8)
is closed in EN According to Lemma A.7, the subset M(Z, H) N M (Z g) is
closed in M(Z, H, h). Thus, all statements about compact sets remain true for the
restricted spaces. [

PROOF OF COROLLARY 2.9. Define [cf. (5.62)]

0, otherwise,
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and let f){)\’ denote the distribution of Y. By definition, one obtains (g, YV) <
(g, o) + 1 and E(H, YN) <E(H, Y"). This implies 1 € P(EN N M, (Z, g)),
with y = (g, no) + 1, and (2.7), according to (5.64). Moreover, it follows
from (5.63) that (g, YNy — (g, o) a.e., so that (5.63) holds for YN. Conse-
quently, YN = o, thatis, (2.16) is fulfilled, and the assertion follows from Corol-
laries 2.8 and 2.4. [

APPENDIX
LEMMA A.1 (cf. [3], Theorem 27.6). Let E be a locally compact space.
Then ¥ € Co(E) iff
VeC(E) and &€ E: |V ()| > ¢e}iscompactforeverye > 0.

LEMMA A.2 (cf. [3], Corollary 27.3). Let E be a locally compact space and

C and O be compact and open subsets such that C C O. Then there is a
VU e C.(E) such that

vE) =1£8¢€C, V() =0,§¢0, 0=<W(@E)<1,§€E.

LEMMA A.3. Let Z be a locally compact separable metric space. Then there
are compact and open subsets Iy, and 2,,, such that

&)
(A.1) Z=|JTw and Ty CQuCTpy1, m=1
m=1

PROOF. Since Z is o-compact, the statement is given by [3], Lemma 29.8.
O

LEMMA A.4 (cf. [13], page 151). Let E, E| be metric spaces. If f: E — E
is continuous, then the mapping
F:D([0,00), E) = D([0, 00), Ey), F&)@) = f(EQ®), t >0,
is continuous.

LEMMA A.5. Let E be a metric space. If lim,_, oo 1, = 1 in D([0, 00), E),
then lim;,_, 5o 14,,(0) = 1 (0) in E.

PROOF. The assertion follows from [13], Chapter 3, Proposition 5.2, since
0 is a continuity point for any u € D([0, 00), E). O

LEMMA A.6. Let E be a complete separable metric space, and |, i, €
My (E) such that ju,—ib. Then, for each € > 0, there exists a compact K, such
that

un(E\ Kg) <€ Vn, R(E\ K,) <e.
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PROOF. Introduce the measures

1
_ B), if E) >0,
0, otherwise,

1
——u(B), if w(E) >0,
b(B) = M(E)M( ) n(E)
0, otherwise.

Note that, if u(E) =0, then u,(E) < ¢ for all n except a finite number. For those,
one finds the corresponding compact. If w(E) > 0, then v, — v weakly, and the
statement follows from Prohorov’s theorem and the boundedness of u,(E). [

LEMMA A.7. Let Z be a locally compact space, and |, b, € M(Z) such
that (i, — . Then

(H, n) < I}ln_l)i(%f(H, Un) for any nonnegative H € C(Z).

PROOF. Note that v,—,v, where
v (B) = / H@Oun(dx),  v(B) = / Houdx),  BeB3(2).
B B

Thus, the assertion follows from [3], Lemma 30.3. [
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