The Annals of Applied Probability
1997, Vol. 7, No. 1, 170-182
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Consider a system into which units having random magnitude enter
at arbitrary times and remain “active” (present in the system) for random
periods. Suppose units of high magnitude have stochastically greater
lifetimes (tend to stay active for longer periods) than units of low magni-
tude. Of interest is the process {u(¢): ¢ > 0}, where u(¢) denotes the
average magnitude of all units active at time ¢. We give conditions which
guarantee the convergence of w(¢) and we determine the form of the limit.
Some related processes are also studied.

1. Introduction. Consider a system into which units of varying magni-
tude enter at fixed points in time. Suppose each is endowed with a lifetime,
during which the unit is “active” (alive, in service, etc.), and that unit lifetime
and magnitude are positively associated. Then, at any specific point in time,
the collection of active units comprises only a portion of those that have
entered the system. Moreover, since large units tend to remain active for
longer durations than small units, one cannot regard the magnitudes of the
active units as a random sample from some underlying distribution of magni-
tudes. For example, it is reasonable to assume that marriages ending ulti-
mately in divorce possess stochastically shorter lifetimes than those that do
not. Thus, the expected fraction of active marriages that will end in divorce is
smaller than the probability that a new marriage will end so. Similarly, in
business, the time required to complete a task (lifetime) is often positively
associated with its complexity (magnitude). An inspector observing the sys-
tem at a specific point in time may be interested in the distribution (or the
mean) complexity of tasks currently not completed, rather than the underly-
ing distribution (or expected value) of task complexity.

Let (X, L),(X;, L),(X,, L,),... be an independent and identically dis-
tributed sequence of random vectors with P{L > 0} = 1 and P{X < x} = G(x).
Suppose {¢,,n > 1} is a strictly increasing sequence of nonnegative real
numbers with ¢, — «. For £ > 1, let ¢, be the time of arrival of some kth
unit into a system, let X, be the magnitude of that unit and let L, be the
time it remains in the system (its lifetime) prior to deletion.
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We call such a unit active at time ¢ if I, , = I{t, <t <¢, + L,} = 1. We
also define for ¢ > 0,

A=X1,,, TI,=23% P, <t<t +L},
k>1 k>1
A, if A, >1,
S,= Y X,I,, and u(t)= t/t o
if A, =

k>1

Here, A, represents the number of units active at time ¢, I, represents the
expected number of such units and wu(¢) represents their average magnitude.
Our goal is to determine conditions under which the continuous time process
of averages { u(¢):¢ > 0} is almost surely convergent, and in these cases to
identify the limit.

In Rothmann and Russo (1994) we assumed additionally that X and L are
independent. When X possesses a moment generating function in an open
interval about the origin, we prove (Theorem 2) that w(¢) -» EX almost
surely if T, 4 log n > ». When E | X|" is finite for some r in [1, 2), we require
the stronger condition liminf(n~!/ "I, ) > 0. When r > 2, we require also
that I, be nondecreasing (Theorems 3 ‘and 3a). Furthermore, all results are
shown to be ¢ ‘sharp.”

Here we consider the more interesting case where unit life is influenced by
the corresponding magnitude. For example, “large” units may have stochasti-
cally greater lifetimes than “small” units. In this case, the effect of large units
on the process tends to be longer lasting than that of small units, and one
expects the process limit (when it exists) to exceed EX. In Section 2 we
present our main results, in Section 3 some applications and in Section 4
we comment on the case where the interarrivals are independent random
variables.

2. The main results. Let S denote the support of X. We assume in this
section that {R(-): x € S} is a collection of functions for which

P{L>t|X}(w) =R, (t) if X(w) =z,

where o is any point in the basic space, and there exists a distribution
function 1 — R* with R*(0) > 0 and

(2.1a) R.(t) <R*(t) forxe Sandt=>0.

One can think of R* as the survival function of a “uniformly dominant”
lifetime variable L*. For k > 2 define the increment a, = ¢, — t,_;, and for
t > 0 define

= Y R¥(t—t,)I(t, <t) and T,(x)= )Y R.(t—t,)I(t, <t),
k>1 k>1

where I} [resp. I',(x)] represents the expected number of units active at time
t were all units endowed with lifetime L* (resp., with the lifetime of a unit
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having magnitude x). We assume further that for all x in S,

Ftn(x)/rtt= Z Rx(tn_tk) Z R*(tn_tk)

1<k<n 1<k<n
(2.1b) = Y P{L>t,—t,|X=x}] Y P{L*>t,—¢t)
1<k<n 1<k<n
- ¢(x)
for some measurable function ¢ having E¢(x) > 0, and
(2.1c) I /log n — <.

Conditions (2.1b) and (2.1¢) insure that active units accumulate quickly
enough for convergence to occur. Since R*(0) > 0, (2.1¢) holds if a, logn — 0
[see the proof of Corollary 2.1 in Rothmann and Russo (1994)]. Later in this
section, we remark on the “reasonableness” of condition (2.1b).

THEOREM 2.1. Suppose (2.1) holds and E exp{tX} < «© for all t in an open
interval containing the origin. Then u(¢,) - EXH(X)/EP(X) almost surely.
If, in addition, liminf(I}* /7)) > 1, then w(t) - EX$(X)/EP(X) almost
surely.

REMARKS. The conclusion of the theorem holds if we simultaneously
weaken the condition on X and strengthen condition (2.1¢), so that (1)
E|X|" < « for some r in [1,2) and liminf(n’l/’l“;;) > 0or(2) E|X|" <« for
some r > 2, I is nondecreasing and liminf nt "I, > 0. This is evident
from our proof of Theorem 2.1 [see Theorems 3 and 3a of Rothmann and
Russo (1994)]. When a, is a nonincreasing sequence, I is a nondecreasing
sequence and lim inf (F* /) = LI R(8) s nondecreasing in x for each
real ¢, then EX is a lower bound to the almost sure limit [by Proposition 7.1.5
of Ross (1983), since ¢ is nondecreasing]. We illustrate this last point with
two examples:

ExamPLE 1 (Random detection). Suppose X is U(0,1), a,logn |0 and
R(#)=0Q-8)x for 0<t<1and 0<x<1 Let R, =R, for x <0 and
R, =R, for x > 1. Then, if X, = x, L, is zero with probability 1 — x (the kth
unit is “undetected”), but is otherwise uniform on (0,1). We set R* = R, so
that ¢(x) =x for 0 <x <1 and I} /logn — «. Since a, is nonincreasing,
w(t) = 2/3 almost surely.

ExAMPLE 2 (The limiting proportion of types). Suppose a, = 6 > 0, P{X =
0)=p=1-P(X=1}, R(t)/Ry(t) > @, some 0 < a < 1, and tR(¢) > = as
t — . [For a concrete example, take R,(¢) = a(¢ + 1)7'/% and R,(¢) = (¢ +
1712 for ¢t > 0.] If X, =i we will say that the kth entering unit is “type i,”
i = 0,1. In the limit, p is the proportion of entering units which are type 0.
However, if 0 < a < 1, such units tend to have shorter lifetimes than type 1
units, and are thus expected to comprise a smaller (than p) proportion of the
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active population. At time ¢, we call this proportion 7, and observe that
7, =1— wu(). Set R* = R,. From a routine calculation we have ¢(0) = «
and ¢(1) = 1. We have also

g = ¥ R(t, —t,)/logn
1<k<n
= Y (1/n—Fk)(n—k)R,((n—k)d)/logn — .
1<k<n

Since a, is nonincreasing, w(t) = (1 —p)/(ap + (1 — p)) almost surely.
Thus, 7, > 1 - (1 — p)/(ap + (1 — p)) = ap/(ap + 1 — p) almost surely.

In Rothmann and Russo (1997) we prove the following results which show
that condition (2.1b) is not nearly as restrictive as it looks.

1. If na, — 0, then ¢(x) = R _(0)/R*(0), in which case EXH(X)/EH(X) =
E(X|L > 0.

2. If na, »c<(0,°), then ¢(x) =1 —E(e /¢ | X =2x))/(1 — E(e L"),
in which case

EX({I)(X)/E({[)(X) = E(X(l —E(e—L/c |X)))/(1 _ E(e_L/C)).

3. If na, 1, a,|0 and EL* < «, then ¢(x) = E(L | X = x)/EL*, in which
case EX¢(X)/E¢(X) = E(XE(L | X))/EL.

4. If na, 1>, a,|y=>=0 and EL = », then ¢(x) = lim,_,,, R (¢)/R*(¢), pro-
vided this limit exists.

It can be shown that in case 1, (log A,)/t — «© a.s. (faster than exponential
growth of the active population); in case 2, (log A,)/t — 1/c a.s. (exponen-
tial growth); and in cases 3 and 4, (log A4,)/t — 0 a.s. (slower than exponen-
tial growth). Case 2 gives applicable results for a population that grows
exponentially; for example, a population of biological units or a population of
carriers of a contagious disease.

In cases 1-4, if the conditional life distributions are Laplace transform
ordered in x [see Shaked and Shantikumar (1994)], then

E(X$(X))/E(X) = E(X).
Note that Laplace transform ordering is a weaker condition than stochastic
ordering. For 0 < ¢ < «, let m(c) denote the almost sure limit of u(¢) as given
in cases 1-4. If the hazard rate functions of the conditional life distributions
are nonincreasing in x, then m(c) is nonincreasing in ¢ [see Rothmann and
Russo (1997)]. Larger ¢’s correspond to slower rates of entry (slower growth of
the active population) and a larger limiting mean.

The following result is applicable to “short” interarrivals and requires
neither that X possess a moment generating function nor that a uniformly
dominant life exists.

THEOREM 2.2. Suppose E |X| <. If T,(x)/n - ¢(x) for some measur-
able function ¢ with EH(X) > 0, then w(t) » E(XH(X))/EPH(X) almost
surely.
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Suppose R,(0) > 0 for x in S. If limsup na, <, then §, <T,(x)/n <1
for some §, > 0. If na, —» ¢ €[0,%), then [, (x)/n - ¢(x) = R,(0) or 1 —
E(e 1/¢| X = x) according as ¢ = 0 or ¢ > 0. The resulting limits of wu(¢) are
as in cases 1 and 2 above.

ExXaMPLE 3. Suppose X has d.f. G(x) =1 — 1/x? for x > 1, na, | 1 and
the conditional life distribution of L, given X = x, is exponential with mean
x. Then ¢(x) =1—-E(eL|X=x)=x/1+x and thus u(z) > E(X?%/1 +
X)/E(X/1 +X) =1log2/(1 — log?2) a.s.

The proof of Theorem 2.1 will require three lemmas. Define ¢,, = ¢, — ¢,
and let &£ denote an arbitrary constant in (0,1). If Z is a random variable,
r(Z) denotes the ratio Z/EZ. All statements involving random denominators
are asserted to hold on the set where those denominators are nonzero.

LEMMA 1. Forn > 1, let T, denote the row sum of a rowwise independent,
triangular array of indicator variables. If ET, /log n — o, then r(T,) — 1
almost surely.

Proor. We have var(T,) < ET, by independence. By Bernstein’s inequal-
ity [see either Serfling (1980) or Uspensky (1937)], for 0 < § < 1 and all large
n we have P{|T, — ET,| > SET,} < 2exp{—8%(ET,)?/(2ET, + SET,)} <n™2.

O

LEMMA 2. Suppose % is a Borel set for which E(¢(X)I(X € #)) > 0. If
(2.1) holds, then

rl Y I(X,€%,L,> tnk)) — 1 almost surely.

1<k<n

Proor. We have

P{X, €%, L, > t,) = [ P{L>1t,,1X = x} dG(x)
&

so that for large n, by the dominated convergence theorem,

Y. P{X,e@,L,>t,)/logn

1<k<n

=/ Y P{L>t,,|X=x}dG(x)/logn

% 1<k<n
= (T /log n)fg(f‘tn(x)/I‘;i) dG(x)
> (I /log n)E(¢p(X)I(X € 2)) /2.

The result now follows by (2.1¢) and Lemma 1. O
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The following lemma is a consequence of Theorem 1 of Rothmann and
Russo (1997):

LEmMMA 3. Suppose P{X=1}=p=1-PX=0} If [,(D)/T, -y,
[, /log n = < and liminf(I, /T, ) > 1, then u(t) — py almost surely.

Proor oF THEOREM 2.1. We prove Theorem 2.1 in the continuous time
case only. The proof in discrete time is essentially the same. We first consider
the case where X is bounded. The result is trivial if X is degenerate, so we
assume that —o < essinf X < esssup X < ». By Lemma 2,

(2.2) r(A,)—>1 as.

By the dominated convergence theorem (DCT), upon integration of (2.1b) we
have

(2.3) I, /Tf - E¢(X).
We observe that the following inequalities hold for ¢, <t <¢,,;:

A, —1<A <A, L., —1<L, <[,

thi1

2.4
(242) T, (x) -1<T,(x)<T,(x) and T} —1<T}<T}.

For ¢, <t <t,., we have also

12 L/L, =L/, )L, /0 )0 /T (/)
(24b) 12 A/A, = (A, ), /T )T/,

(L, /T(A/A,, ) /(AL

so that by (2.2), (2.3), (2.4) and our lim inf condition,
(25) A,/A, -1 as. and I/, -1 uniformlyin¢, <t <¢,,;.
Now, by (2.2) and (2.5),
(2.6) r(A;,) > 1 as.

The following inequalities hold for ¢, < ¢ < ¢,,; and follow from (2.4a):
(T, () = 1)/T (T /T) < L) /< (T, () /) (T2 /(T = 1)),

(T, = /T (T, /1) < T/TF < (T, /00)(T /(T = 1))-

These inequalities, when combined with (2.1b), (2.1¢), (2.3) and our lim inf
condition, yield

(2.7) L,(2) /T > ¢(x) and [/TF > E¢(X).
Fix xy <x; < -+ <x,, so that

x, < essinf X < esssup X < x,,

and
i1 —x;<e for0<j<m—1.
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Define
h;=[x; 4, x;), p;=P{Xeh;}

and
A())= X I(X,€h;,L,>t,—t,).

{k:t,<t}

Note that P(L > t|X € h}} = (1/p)) [,, R.(¢) dG(x) if p; > 0. Thus, by (2.7)
and the DCT,

Y, P{L>t-t,IXeh}/T,

{k:t,<t}

= (/p)A/T) [ X R.(t-4)dG(x)
J kit <t}

(2.8)
= (1/p)(T/T) || T(x) /T dG(x)

- (1/ij¢(X))/h_¢(x) dG(x).

By Lemma 3, (2.1c¢), (2.3) and (2.8) we have

(2.9) A())/A > (1/ES(X)) [ ¢(x) dG(x) as.
Now
(1/A)) Z xj—lAt(j) < u(t) <(1/A) Z xjAt(j) <u(t) + e,
1<j<m 1<j<m

so that almost surely, by (2.9),

(1/B$(X)) [ x4(x) dG(x) — e < (1/EH(X)) L [ x,14,0))

1<j<m J

< liminf u(t) < limsup u(t)

n— o

< (/E6(X)) L [ xA.0)

< (1/E¢(X)) [ x¢(x) dG(x) + &.

Thus, since & is arbitrary, we conclude that w(z) > E(X¢(X))/EH(X)
almost surely.
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We now remove the boundedness assumption. Fix m; > 0 so that
E(H(X)I(—my <X <my) > 0. Fix m > m, and define

Ay = 2 I(-m <X, <m)I, ,,

t,m
k>1

W, ,=X,I(X,>m) and V, =X I(X, < -m).

We have
S,/A, = Z Xkl(_m <X, < m)lk,t/At + Z Wk,mIk,t/At
k>1 k>1
(2.10) + Y VinL /A,
k>1

= Bt,m,l + Bt,m,2 + Bt,m,3'

We define a new process where the kth entering unit has respective magni-
tude and lifetime

,m

v, — X,, if X, e[-m,m],
k —2m, otherwise
and
N L,, ifX,e[-m,m],
k,m 0, otherwise.
We also define y, , = I(t, <t <t, + A, ), so that
Yio1Ye mXe,o/Lh=1 Xe,e
Jz/t,mr(At)Ft/r("Q/t,m)E"Q/t,m Zkzl Xk,t

By (2.6) and Lemma 2 (using similar arguments for .« , as for A)),
r(A)/r(s ) — 1 as. Now, by (2.7),

(2.11) B, 1=

lim (I,/Es/, ) = lim (T,/T7) / lim [ (I(x)/17) dG(x)
t—>w t— t—=% J[-m,m]

- E¢<X>//{ [ #(x) dG(x).
By Theorem 1 applied to the bounded Y, , s,

lim Z Yk,ka,t Z Xk, t
t2® b1 k>1

=/ x¢(x)dG(x)// $(x) dG(x) as.
[-m,m] [-m,m]
Since X1 Xp,: =

;. m» We conclude from (2.11) that
(2.12) lim lim B, , ; = EX¢(X)/E$(X) a.s.

m—® {—-ow
Next, we form an image of our process on a new probability space: Attach to
the original space a sequence U, of i.i.d. U(0, 1) random variables which are
jointly independent of the X,’s. We may redefine the L, sequence and also
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define sequences L% and L,(x) as follows:
Ly(x) =sup{y: R.(y) = Uy}, Ly, = Ly(X,)
and
% =sup{y: R*(y) > U,}.

On the new space the joint distributions of the X,’s and L,’s remain the
same. However, in addition we have L, <Lj. Define I, =1(t, <t <
t, + L}). Now,

(2'13) 0 SBt,m,z S( Z Wk,mII:,k,t Z I;Zk,t)/(At Z I;Z‘,t)-

k>1 k>1 k>1

Let E, ,, and H, denote, respectively, the numerator and denominator in
(2.13). Slnce for |t| small, E exp{tW, ,} < =, we have by (2.1c) and Theorem
2.1 of Rothmann and Russo (1994),

(2.14) lim lim E, ,, = lim xdG(x) =0 a.s.

mow towm m— J(m, )
Furthermore,
H, = (L/TF)r(A) [r Z I;fft
k> 1
Thus, since (X, ., I;,) — 1 a.s. (by Lemma 2), we have by (2.6) and (2.7),
(2.15) lim H, = E¢(X) > 0.

Putting (2.14) and (2.15) together we get
(2.16) lim limsup B, ,, , =0 a.s.

m—® t—>

Now

k>1 k>1 k>1

[ Viuti)E I)/(A ¥ i) < B, <0,

so that, by the same argument that yielded (2.16),
(2.17) lim liminfB, , , =0 as.

m—w t—>

Statements (2.10), (2.12), (2.16) and (2.17) together yield the final result. O

PrOOF OF THEOREM 2.2. The proof is the same as that of Theorem 2.1,
with the following changes: Replace I by ¥, ., I(¢, < ¢) and I}, by I(t;, < t).
Note that (2.14) follows from the ordinary SLLN. O
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3. Applications. The pth quantile (0 < p < 1) associated with the units
active at time ¢ is given by
7X,(pA;) + (1 — m)X,(pA, + 1), if pA, =[pA],

&, = .
tp X,([pA] +1), if pA, # [ pA,],

where 0 < 7 < 1 is fixed, [ ] denotes the greatest integer in y and X,(i) is
the ith order statistic among the members of {X,: I, , = 1}.

THEOREM 3.1. Suppose T, (x)/T, — &(x) for some function ¢ satisfying
[Z. ¢(x)dG(x) = 1 and T, /log n — . If (p) is the unique solution to the
equation p = [I(x < y(p)¢(x) dG(x), then ¢  — ¥(p) almost surely. If,
in addition, liminf(I, /T, ) > 1, then &, , — #(p) almost surely.

In Example 1, ¢(p) = p/% In cases 1-4, if the conditional life distribu-
tions are Laplace transform ordered in x, then G(¢/(p)) > p. If the hazard
rate functions of the conditional life distributions are nonincreasing in «x,
then ( p) is nondecreasing in ¢ [see Rothmann and Russo (1997)].

Proor oF THEOREM 3.1. We prove the continuous time result only. Fix
Yo < Y(p)sothat p > [I(—o < x < ¢)Pp(x) dG(x). Define T, = I(X,, > ),

k>1 n=>% 1<k<n
For1l <k <n,

P{L,>t,|T,=1)

= P{L, > t,,,T, = 11X, = x} dG(x) /P{T}, = 1}.
[49,%)

Thus, using Fatou’s lemma,

y= lim f[w Y P{L,>t,|X,=x)dG(x)/T, P{T, = 1)

n—e 0:°) 1<k<n

= é(x) dG(x)/P{T} = 1}.
[0, )

By Lemma 3,
Si/A,—~ [ é(x)dG(x)>1-p
['1[/(),00)

so that liminf¢, , > #(p) as. Additionally, by a similar argument,
limsup &, , < ¢(p) as. O

An application of Theorem 2.2 and 3.1 to the case where X = L yields a
result on the “mean total life” of units active at time ¢, A, = X, ., L, I, ,/A,,
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and the associated pth quantile g, , obtained by replacing X, by L, in the
definition of ¢, ,. One expects units with long life to exert a greater influence
on A, and B, , than units with short life. An observer inspecting the system
at time ¢ sees this as a forward shift in the distribution of L. The result is a
variation of the “inspection paradox” [see Feller (1971) or Ross (1983)]:

THEOREM 3.2. (a) Suppose na, — ¢ €[0,%). If 0 <EL <, then A, =
E(LIL >0) a.s. when ¢ =0 and A\, > E(L(1 —e L/¢)/E(Q1 — e £/°) a.s.
when 0 <c¢ <. If ¢ = 0 and 7(p) is the unique solution to

P{L>0}p = fz(x < 7(p))R,(0)dP{L < x},

then B, , > 7(p) almost surely. If 0 < c < « and 7(p) is the unique solution
to

PE(1 —e /%) = [I(x < 7(p))(1 — e */°) dP{L < x},

then B, , > 7(p) almost surely.

(b) Suppose a, and 1/na, are nonincreasing, a, logn — 0 and na, — .
IfP{L = 0} < P{0 < L < m} = 1 for some m, then A\, > EL? /EL almost surely.
If, in addition, T(p) is the unique solution to pEL = [I(x < 7(p))xdP{L < x},
then B, , —> 7(p) almost surely.

In Theorem 3.2, we observe that the almost sure limit of A(#) is bounded
below by EL, and that of B, , is bounded below by the pth quantile
of L. Thus, the mean eventual life of active units exceeds the expected life of
entering units.

ProOF OF THEOREM 3.2. (a) This result is an immediate consequence of
Theorem 3.1.

(b) For x > 0let i(n,x) =%, _,_,_ 1 1(t,, <x).Fix x>0and 0 <8< 1.
Since a,, | 0, we have for large n,

x(1=8)<t, —t, popo<%x

and

anh(n’ x) = tn - tnfh(n,x) =< h(n7 x)a’nfh(n,x)'
Thus,
(3.1) (1=9)x/a,_pn, o <h(n,x) <x/a,.

Define n(8) = n — [6n]. Since ¢, — ooy = a,[én] - », we have that
h(n, x) < 8n for large n. Furthermore, n(8)a,, < na,, so that by (3.24),
(1 - 8)xn(8)/na, < h(n,x) <x/a,. Since § is arbitrary, a,h(n, x)/x — 1.
Thus, h(n, x)/h(n,m) - x/m = ¢(x) for 0 < x < m. The result now follows
via an application of Theorems 1 and 2. The condition a, log n — 0 guaran-
tees that I}* /log n — . O
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4. Random interarrivals. In this section we show how the results of
Section 2 can be extended to cover the case where the interarrivals are
independent random variables. We assume that «, and B, are fixed positive
sequences for which

P{a, <a,<B,} =1 forn=>1,

as would be the case when (for example) a, ~ U(«,, B,). The following
statements correspond to cases 1-3 of Section 2: If E|X| <, ¥, ,«a, =
and ngB, — 0, then

(4.1) w(t,) > E(XIL>0) as.
If E|X|<wandlim,_,  na, =lim,_ . nB, =c € (0,»), then
(4.2) w(t,) > E(X(1—E(e"/°1X)))/(1 —Ee "/%) as.

If Ee'X < = for all ¢ in an open interval containing the origin, condition (2.1a)
holds with EL* < », na, 1%, 8,10, «,/B, = 1 and B, log n — 0, then

(4.3) w(t,) - E(XE(L|X))/EL a.s.

ProorF oF (4.1). Define for n > 1,
A (n)y= Y I(L,>r,;) and Ay(n)= Y I(L,>s,,;),
1<k<n 1<k<n

where r, , =L
process

n-k+1<j<n @ and s, , =X, ,.1_;_, B;. Define also the

pp(s,) = ) X, I(Ly, > s, ;) /Ag(n).

1<k<n

We have

[1(t) = (s <|w(t) = T X(Ly > 1,0) /Ay(n)|

1<k<n

Y Xo(I(Ly > t,,) —I(L, > s, ;) [Ag(n)

1<k<n

< (Au(r))/Ap(s,) = 1) X IXII(Ly > 1, 1) /A(T)

1<k<n

+(Aa(rn)/AB(sn)) Y X I(L, >r, ) /A(r,)

1<k<n

- X X I(Ly, > s, ) /As(s,).

1<k<n

Since Xy _j ., | X[ I(L, > 1, ,)/A(r,) and X, _, _, | X, I(L, > s, ;)/Ag(s,)
converge almost surely to the same finite limit and

A1) /Ag(s,) = (Au(r,)/EA(1,))(EA,(T,) /EA(s,))
X (EAg(s,)/As(s,))—1 as.

+

(4.4)
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we have that | u(z,) — uz(s,)l = 0 almost surely. In (4.4) we observe that
A (r,)/EA (r,) and EAg(s,)/A(s,) are almost surely convergent to 1, by
Lemma 2. Also, we have

(4.5) EA,(r,)/EAg(s,) = (EA,(r,)/n)/(BAy(s,)/n) = 1.

(see the remarks following Theorem 2.2). Since u,(s,) = E(X | L > 0) almost
surely by Theorem 2.2 and case 1, statement (4.1) follows. O

The proof of (4.2) is similar to that of (4.1). The proof of (4.3) uses Theorem
2.1 and is also similar to that of (4.1). To obtain (4.5) in this case, one uses
an argument like that found in the proof of Theorem 3 of Rothmann and
Russo (1995).
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