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GAUSSIAN LIMITS ASSOCIATED WITH THE
POISSON-DIRICHLET DISTRIBUTION AND THE EWENS
SAMPLING FORMULA

BY PAUL JOYCE,! STEPHEN M. KRONE! AND THOMAS G. KURTZ?
University of Idaho, University of Idaho and University of Wisconsin

In this paper we consider large 6 approximations for the stationary
distribution of the neutral infinite alleles model as described by the the
Poisson—Dirichlet distribution with parameter 6. We prove a variety of
Gaussian limit theorems for functions of the population frequencies as the
mutation rate 6 goes to infinity. In particular, we show that if a sample of size
n is drawn from a population described by the Poisson—Dirichlet distribution,
then the conditional probability of a particular sample configuration is
asymptotically normal with mean and variance determined by the Ewens
sampling formula. The asymptotic normality of the conditional sampling
distribution is somewhat surprising since it is a fairly complicated function
of the population frequencies. Along the way, we also prove an invariance
principle giving weak convergence at the process level for powers of the size-
biased allele frequencies.

1. Preliminaries and main results. Gillespie (1999) showed that population
size plays a significant role in molecular evolutionary dynamics. He considered
various models in which the per individual mutation rate u is held fixed and the
population size N is increased. In the case of the neutral model of evolution this
is equivalent to considering the limiting distributions when the scaled mutation
rate & = 4Nu goes to infinity. From the point of view of genetic diffusions,
Gillespie’s simulations suggest that large € limits are both natural and interesting.
In particular, they shed light on the difficulty of detecting certain types of selection.

For many population genetics models, statistical inference is complicated by
the fact that both the population and sample are random. Given a particular
evolutionary scenario, the composition of the current population is just one of
many possible that could have arisen under the same evolutionary forces. When
one considers a sample drawn from such a population, there are two probability
distributions of interest. First one can consider the conditional probability of
observing a particular sample given the current population, and secondly, one
can ask for the unconditional probability of observing a particular sample. The
unconditional distribution of the sample is calculated by averaging over all possible
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population frequencies. It is interesting to note, for the neutral infinite alleles model
with parameter 6, that the conditional probability distribution can be approximated
by the unconditional probability distribution if 6 is large. In fact we establish a
normal limit theorem that can be used to assess the error in this approximation.

In this paper, we deal exclusively with the neutral infinite alleles model.
However, our original motivation came from trying to understand some surprising
non-neutral simulations in Gillespie (1999) in which the selection intensity and
the mutation rate get large together. The results of the present paper form the
theoretical foundation for comparing the neutral model to models with selection
when 6 is assumed to be large. This will be treated in a forthcoming paper [cf.
Joyce, Krone and Kurtz (2001)].

We begin by establishing some notation and describing the model in more
detail. The neutral infinite alleles model is a diffusion process which arises from a
Wright—Fisher model in which each mutation gives rise to a completely new allele.
The reader is referred to Ethier and Kurtz (1986) or Ewens (1979) for an account
of this model. To get a nontrivial stationary measure, it turns out that one must
order the allele frequencies in some way. Thus, we consider the ordered infinite
simplex

o
VE{()Cl,xz,...):xlszz...zo’ in:l}.

For the neutral infinite alleles model with mutation rate 6, the stationary
distribution, w, of the allele frequencies X = (X1, X2,...) € V in descending
order is given by the Poisson—Dirichlet distribution with parameter 6 [cf. Kingman
(1977)]. We will abbreviate this with the notation & ~ PD(0) or X ~ PD(H).

Our main results deal with the partition structure of a sample drawn from a
random population with relative frequencies X ~ LD (). Leta = (ai, a2, ..., a,)
denote an allelic partition of a sample of n genes; thatis, a¢; (i =1,...,n) gives
the number of distinct alleles each of which is represented exactly i times in the
sample. Clearly, a; > 0, >} ia; =nand )} | a; = k gives the number of distinct
alleles in the sample. We write A, = (A, A3, ..., A,) for the random partition
obtained by independently sampling n genes according to the relative frequencies
of the different alleles in the population. If the allele proportions are given by
X = (x1, X2, ...) € V, then the conditional sampling probability P(A, = a|X =x)
is given by the multinomial sampling function [cf. Kingman (1977)]:

(1 P(A, =alX=x) =¢a(x) = P EESCEE
l(l')a VEA,

where Ay ={v = (v1,12,...) € Zy X Zy X --- :#(i : v; = j) = aj} represents the
set of allele counts which are consistent with the partition a. In the neutral infinite
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alleles model, the stationary probability of observing the allelic partition a in a
sample of size n,

@) P&y =)= [ 4u0) (%) = E(@alX).
can be expressed by the Ewens sampling formula
AN |
3) P(A, =2) = ESF(0,a) = —— ]“[(—.) —,
) j=i N aj!

where 0,y =00 +1)--- (0 +n—1).

Note that E¢y(X) = P(A, =a) > 0as 6§ — oo, if a# (n,0,...,0). We will
show that ¢,(X) = 0 and discuss the rate of convergence by deriving a normal
limit theorem. The main goal of this paper is to show that, when X ~ £D(0),
the conditional sampling function ¢4(X) is asymptotically normal for large 6
(and fixed n), with asymptotic mean given by the ESF(6,a) and asymptotic
variance given by (ESF(6, a))2/6. A precise statement appears in Theorem 2. To
establish the asymptotic distribution of ¢,(X) we will first consider some simple
partitions. For a subsample of size m < n, the probability that all m individuals
in the sample are the same type is given by > 72, X!". We refer to this sum as
the mth population moment. It can be thought of as a measure of the mth-order
population homozygosity. In the case of m = 2 the above formula is referred to
as the population homozygosity and plays a significant role in population genetic
analysis. Note that the Ewens sampling formula is consistent in the sense that
the sampling distribution for a sample of m individuals is the same as that of a
subsample of m from a larger sample of size n [cf. Joyce (1998)].

We will show that the asymptotics of ¢,(X) are determined by the asymptotics
of the population moments. To this end, define Zy = (Z2,9, Z3 9, ...) € R° where

m—1 00 m __ -
4 zmezdé(Q 2zt Xi' — (m 1)’), "2,
’ (m—1)!

is the scaled mth population moment.
To see that Z, ¢ is an appropriate transformation of ) 72, X/, note that,
according to the Ewens sampling formula (3),

E(ZX{”) =P(A,=(0,0,...,1)
i=1

when X ~ PD (). Therefore, as  — oo, we get E (0"~} Y XM = (m—1)!
which suggests

m!6

B Q(m)m’

oty X

oD —-1=0.

To obtain a nontrivial limit for the above equation we scale by /6.
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THEOREM 1. Suppose X ~ PDO) and let Ly = (Z29,Z3p,...) € R®
where Z,, ¢ is defined by (4). Then

17y =7 as § — oo,

where Z is an R*°-valued random vector. The joint distribution of any finite
number of components of Z has a multivariate normal distribution with mean 0
and

G+ j—D!I—ilj!

) CovZi- 2) == i = 1.

. =23,

REMARK. Asymptotic normality of the homozygosity (3 X iz) was observed
by Griffiths (1979) for a similar K-allele model, in the limit as K and 6 go to
infinity together. He, in effect, proved that Z; ¢ converges in distribution to Z,,
which is a special case of Theorem 1. For other asymptotic results involving the
neutral model see Watterson and Guess (1977).

The proof of Theorem 1 will require several preliminary results and appears
in the next section. In our quest to prove that ¢,(X), when properly scaled,
is asymptotically normal, we will be aided by the following lemma which
demonstrates that the large 6 asymptotics of ¢,(X) are determined by those
of Zy. This will allow us to focus on simple allelic sub-partitions of the form
a=(0,...,0,m); that is, all the information we need is contained in the mth
population moments.

LEMMA 1. Suppose X ~ PD(0) and let a be a partition corresponding to a
sample of size n drawn from a population with ordered frequencies X. If a| # n,
then

Pa(X) — ESF(0, a)
ESF(6,a)

éaizi,g :«/5( )—i—Ra(@)

where 01276 Ry (0) — 0 as @ — oo for all & > 0.

This lemma will be proved in Section 2.

In the next theorem, we combine these results to show how the scaled
conditional sampling function converges to the projection of a multivariate normal
onto the allelic partition. First note that, as the mutation rate 6 — oo, with
sample size n held fixed, all the probability moves to the allelic partition a; =
(n,0,0,...,0) with a; = n, giving all different alleles in the sample. This is
intuitively clear from the infinite alleles assumption. It also follows quickly
from (3) that

n! 6"

— =1,
Oy n!

(6) P(A, =a)) = E¢, (X) =
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and fora#ay,
(7 E¢a(X) — 0,

as 6 — oo.

Therefore, to establish the appropriate scaling factor required for asymptotic
normality of ¢,(X), we will need to consider the cases a # a; and a = a;
separately. The following theorem is our main result.

THEOREM 2. Suppose X ~ PD(0) and let ¢, be the multinomial sampling
function corresponding to a sample of size n, given by (1). Let (Z3, Z3, ..., Zy)
have a multivariate normal distribution with mean 0 and covariance given by (5).
Then the following limits hold as 6 — oo:

() Ifa=(ay,...,ay) is an allelic partition such that a| # n, then

$a(X) — ESF(0,2)\ s
®) ﬂ( o );»izzza,zl.

(i) Ifa; =@,0,...,0) anda, = (n —2,1,0,...,0) are the allelic partitions
with n singletons and n — 2 singletons, respectively, then

fa, (X) — ESF(6, a1)
® \/5( ESF(6, aj)

) = Z» ~N(0, 2).

Theorem 2 follows immediately from Lemma 1 and Theorem 1 provided at least
two individuals in the sample have the same type; that is a; 7% n. The case where
a) = n requires a separate argument and appears in the next section after the proof
of Theorem 1.

2. Proofs. The Poisson—Dirichlet distribution is difficult to deal with directly,
so the first step in proving the above results is to express this stationary distribution
in terms of the GEM distribution [cf. Donnelly and Joyce (1989)]. To define the
GEM distribution, suppose that

(10) Uiy, Uy, ... areii.d. Beta (1, 6) random variables
with common density f(x;0) =6(1 — x)?~1, x €0, 1]. Then set

Vie=Ui,

(h Vio=(1— U —Up)-(1— Up_Uy fork=>2.

The random point (V} g, V24, ...) in the unordered infinite simplex

[e.e]
A=(x1,x2,...0):x, >0Vi, in=1}
i=1
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is said to have the GEM(0) distribution [cf. Donnelly and Joyce (1989)]. This
gives the neutral stationary allele proportions in “size-biased order” rather than
descending order. The construction in (11) is sometimes referred to as “stick
breaking.” Note that V C A and so u ~ PD(0) can be thought of as a probability
measure on A which puts all its mass on V. If p: A — V is the “descending order
map,” then we have the relationship p(Vg) ~ PD @) if Vo = (Vi 9, V2.0,...) ~
GEM(0) [cf. Donnelly and Joyce (1989)]. In particular, since the multinomial
sampling function is invariant under reordering of the variables, we can write

(12) $a(X) = ¢a(Vo).

2.1. Proof of Theorem 1. To guide the reader through the technical material
that follows, a few words on our strategy are in order. Our ultimate goal is to
establish asymptotic normality for Y72, V", [which is equal to )72 | X" by (12)]
as & — oo. This is a four step process.

1. We truncate the series and consider Z[et] V’"
2. Since V", = Uy", and V] = U;" exp{m ijl log(1 — Uj)} wheni > 2, we

next establish limit theorems for 21[9:’% U/" and 21[9:’% log(1 — U;), properly
scaled. This is done in Lemmas 2 and 3.

3. Writing 2[9’] V/'y as a stochastic integral involving U;" and log(1 — U;), we
then use a theorem of Kurtz and Protter (1991) to estabhsh a limit result for
Z[m] V/y, again with suitable scaling. This is done in Theorem 3.

4. We extend the results of Theorem 3, by taking the limit as + — oo. This
extension requires that the tails of the series go to zero uniformly in 6, and
this is established in Lemma 4 and then used to prove Theorem 1.

Recall that Uy, Us,... are i.i.d. Beta(l,60) random variables. In light of
statement 2 above, we define a sequence of R"-valued random vectors Jo(1),

JQ(2), by

Jo() = (N10G), Jop@), ..., Jno())

(13) = (=0log(1 = Up), (OU)?, .., (BU))").

The factor of & which has been introduced is natural, as will be seen below; for
example, all the moments of OU; are easy to compute. All of the limit theorems
that follow will involve functions of the components of the Jy(i)’s. The next two
lemmas establish limit theorems for the R”-valued processes

1 Lo

(14 Yo0)=Y16(0)..... Ya0(0) = ZJe(l)

[01]

1
15) Wo(t) = (Wip(), ..., Wao(t) = 7 Y (Jo ) — EJo(D)).
i=1
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with sample paths in Dr»[0, 00). Here and below, Dr»[0, 0co) denotes the space of
right-continuous functions from [0, co) to R” which possess left limits under the
Skorohod topology. Let

(16) C=(C;j) where C;; = (i + j)! —iljl. g

LEMMA 2. There exists a process W(:) = (W1(-), Wa(-), ..., W,(-)) with
continuous sample paths and independent Gaussian increments satisfying
W) =0, ECW()) = 0 and Cov(W;(t), W;(t)) = tC;; such that, as 6 — o0,
Wy () = W() in Dgn[0, 00). Also, Wi (t)W;(t) —tC;j is an (}Vtw)—martingale.

In particular, the W;(¢)’s are correlated Brownian motions with Var W;(¢) =
C;it.

PROOF OF LEMMA 2. To prove the lemma, we will apply the martingale
central limit theorem [cf. Ethier and Kurtz (1986), page 339]. To this end, we

\/7 ¢

It follows from (15) that
[01]
Wy (1) =) & (k).
k=1
Letting 5;](0 =0 {&(i):1 <i <k} and denoting by & (k)’ the column vector giving
the transpose of & (k), we define the symmetric n x n matrix-valued process
[61] [61]
Co() =) El&(k) &R FL 1= El&K) & ()],
k=1 k=1

the last equality following by independence of the Jy(i)’s. The & (k) form a
martingale difference array; that is, Wy (¢) is a martingale with respect to the
filtration (}“[gt]).

Verification of the hypotheses in the martingale central limit theorem rests
on some standard results for moments of Beta (1, #) random variables. If U ~
Beta (1, 6), then

m+1
(17) E@OU)™ =m! ,
Om+1)
‘ . gi+i+l gi+1 gi+1
(18) Cov((@Uk)’,(QUk)])=(i+j)! —1! !

! - ! ,
OGi+j+1) Oi+1) 0+

where 0y =60(0 + 1)(0 +2)---(6 + j — 1). In addition, note that (1 — Up)? ~
Unif (0, 1) and therefore

(19) J1.0(k)y=—6log(1 — Uy) ~ Exp(1).



108 P.JOYCE, S. M. KRONE AND T. G. KURTZ

It follows from (13) and (18) that, fori, j =2, ..., n,

i+j+1 0i+1 9j+1
(20) Cov (J,"Q(k), Jj,g(k)) =@+ j)! —1i! - !
OGi+j+1) Oi+1y 0+

and this — C;;, as & — 00. To calculate the covariance of J; o(k) and J; ¢ (k), we
begin with
E[J1,0(k)Jj6(k)] = E'[Jl,e(k)(QUk)j] .
=60 E[J19(k)(1 — exp{—J19(k)/6})’].
By the usual Taylor expansion we get
1 —exp{—J1,0(k)/0} = J1,9(k)/0 + Ry

J1.0(k)?

where Ry is the remainder and |Ry| < 2 Therefore,

Jim E[J1,9()J;0()) = lim 6/E[(J1.0(K)/0) J1.6(0)]
= E[J1o(0) "= (i + D!
and hence

1) Jim Cov(J10(k). J30(k) = (j+ D! = j1=C1j.

Also, Cov(Jy,9(k), Jl,g(k)) =1=0Cq;.
Now note that the entries of the matrix Cpy(¢) are given by

0
(22) (Cg(t))i’j = % Cov(Ji,g(k), Jj9(k)) i,j=12,...,n).

It follows from the above limits that
(23) lim Cy(t) =1tC,
60— 00

where C is the matrix defined in (16).
Similarly, straightforward calculations show for each finite 7',

ah  Jim | suplCo) ~ Col| < fim 5L =0
(25) lim E[sup Wy () — Wy (t—)|2] =0,
60— o0 IET

and Wy (£)Wy (1) — Cy(t) defines a matrix-valued (}“[zt])-martingale.

Thus the conditions of the martingale central limit theorem are satisfied and we
have Wy = W where W is a process with independent Gaussian increments with
W(0) =0, E(W(t)) =0 and covariance matrix E(W(#)W(@®)) =¢tC. O
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LEMMA 3. Let Yg(t) be defined by equation (14) and set y(t) = t(1!,2!,
,n!). Then,as 6 — 00, Yg(-) i> y(-) in Dgrn|[0, 00).

PROOF. The result follows immediately from Lemma 2 and the fact that, as
0 — oo, EJo(k) —> (11,21, ...,nY). O

We are now ready to derive a large 6 limit for the truncated sum ) ; L67] 1 Vig- To
motivate the scaling in the following theorem, first note that it is natural to multlply
by 6 so that the easily-handled terms (6 Uy)"™ will appear. The resulting sum has
mean

[01] [61] k—1
E[e’" > V,;'jg} =Y E[(QUk)m]E[ [Ta- Uj)'"}
k=1 k=1
9m+1 [01]

E ——2_ J10())
9(m+1)k 1 |:exp= le Lo }i|

9m+1 [01] 1 k—1
T
(26) 0(m+1) k=1 1 + m/0

Qm-‘rl 1—(14m/6)- [61]
" ey 1= (Lt m/6)]

=m!

9m+1 fa
~ m! —(1—e™) (for large 0)
Om+1) m
9m+1
= 9/ S ds.
9(m+1)

This suggests that centering 0™ 2[9’] V,"p by this last expression (which will be
easier to work with than the exact mean) and dividing by +/@ should produce a
nontrivial limit as & — oco. The following theorem gives an invariance principle
for partial sums of the powers of the size-biased allele frequencies.

THEOREM 3. LetHy = (Hy 9, H39,..., Hyp) and H= (Hy, H3, ..., H,) be
processes with sample paths in Dpa—1[0, 00), defined for 2 <m <n by

[01]

1 t
27) Hypo(t) =012V —m! J@/ e ™ ds
— (m+1) 0

and
t

(28) Hm(t)z/(;te_mdem(s)—m-m!/(; ¢S Wy (s) ds.
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where W = (W1, Wy, ..., W) is the R"-valued process with independent Gaus-
sian increments defined in Lemma 2. Then Hy = H in Dp.-1[0, 00), as 6 — oo.

PROOF. Recall that Yg(¢) = (Y1,9(2), Y2,6(2), ..., Yy ¢()) is given by
[01] [6¢]
Yip@)== log(1l=Up and Yup(t)=3 (6U)".  2<m=n,
i=1 i=1
[01]
exp{—mY1 ()} =] —UH",
i=1
andfor2 <m <n,
[01]
(29) Wan,o(1) = —= > LOUH" — EOU)™].
i=1
Recall that U; ~ Beta(1, 0), and hence

m+1
(30) E[OU)"]=m!

(mt1)
Thus, for 2 <m <n,

0r] k-1 gm+1

Hpuo)=0""12>" U [T — U™ - m! o
k=1 =1 (m+1)

t
\/5/ e "™ ds
0

0m+1

t t
:«/5/ exp{—mY1,0(s—)}d Y, 0(s) —m! \/5/ oS s
’ 0

(31) Oim+1)

t gm=+1 t
= «/5/ e " dYm o(s) —m! «/5/ e ™ ds
0 Om+1) 0

t
+«/§/0 (exp{—mY1,0(s—)} — e ™) dYm 0(s).

Note that the product in the first line of (31) is defined to be 1 when k = 1.
We write Hyp = Hél) + Héz) and H=HY + H® where, for2 <m <n,

t
\/5/ e "™ ds,
0

m+1

G2 HL0=va [ Y g (5) — m!
" 0 ' Om—+1)
@) o\ _ ! —ms
(33) Hm,Q(t) = «/5/0 (exp{—mYLg(s—)} —e ") d Y 0(5),
6H  HPW= [ e awa),
0

t
35  HY@)=-m-m! / Wi (s)e ™™ ds.
0
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To prove Hy = H as 6 — oo, we show that
@) ), B = (10, 1)

in D]RZVHZ [0, OO)
Note that, for 2 <m <n,

) f[ml k/0 o val
HY ) =v0Y " = 0U)" e ™% — ) 0/ s g
o (@) /; 5 (OUY"e VO fy s

[01]

1 Z[(GU)’" vem“} ko
= — " —m! e
=

Oom+1)

Qm—i-l [07] 1 t
+ m! Vo Ze"”k/e— —/ e ™ ds |,
9(m+1) k=1 0 0

and hence it follows from equations (29) and (30) that

1 t
Hp(0) = /0 e AW o(s)

Qm—i-l [01] 1 t
+ m! Vo Ze"”k/e— —/ e ™ds|.
Om-+1) k=1 0 0

(37

It is easy to see that Z,[f:’]l e k/ 9% is a Riemann sum approximation of
f§ e ds and converges at rate 1/6 as @ — co. Therefore

0m+1 [6] 1 ¢
(38) m! Vo Ze—m"/e——/ e ™ ds | — 0.
6(m+1) k=1 0 0

We now establish the analogue of equation (37) for Héz)(t). Recall that
J1(i) = —6log(l — U;) has an exponential distribution with mean 1 and

Y1o(t) = ézl[e:q J1,6(). For some & between s and 7, we have the Taylor
expansion

e =eT" —me " (t —5) +rm(§, 5, 1),

where r,, (€, 5,1) = M(z — )% Substituting Y7 ¢(s) for ¢ yields
(39) eMN6(S) _ pmms _ me " (Y1,9(s) =) +rm(&, 5, Y1,0(5)).
Note that

2

(40) Orm(E. 5, Y1 0(5)) < ’%@ (Y10(s) —5)°.
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Furthermore, it follows from Doob’s submartingale inequality that

[6s] 2
E[ sup @(Yl,e(s)—s)z] =\/5E|: sup (éZ(]l,g(i) — 1)) :|

O<s<t O<s<t i=1
2
Vol
=7 X;(Jl,e(l) —1)
1=
— 07391 < .
NG
This, together with (40), yields
(41) sup VOr, (&5, Y1 ,4(s)) —> 0

0<s<t

as 6 — oo.
It follows from (39) that

t
H2) )= /0 [exp{—mY) o(s—)} — e ™ ]d Y0 (s)

= Al[—@(yl,g(s—) —s)me™™ + \/grm(é, s, Yl,e(s—))]de,g(s).

So, since W1 (1) = /0 (Y1,4(1) — [011/6),

t
2 _
H) (1) = /0 [~ Wig(s—)me™

(42)
+V0{(s — [051/0)me™ + 1 (€, 5, Y1.6(5)} | AV (5).
Note that the second term in the integrand goes to 0 in probability. By Lemma 3

we have Yy () —P> y(-) as 8 — oo in Drn[0, 00). Since this last function is
deterministic, it follows from Lemma 2 that

(W, Yg) = (W,y) in Dp2.|[0, 00)

[cf. Billingsley (1968)].

Let M denote the space of real-valued n x n matrices. To apply the theorem
of Kurtz and Protter on convergence of stochastic integrals, define the following
M"*"-valued processes:

®(s) =diag(e™*, e, e,
Wy (s) = Wi g(s)diag(e™, 2e 2., ne™)
and

W (s) = W (s) diag(e™*,2¢7%, ..., ne™™).
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We then have
(2, Wp) = (®,W) and (¥, Ys) = (¥,y)
in Dy g2 [0, 00). Applying Theorem 2.2 of Kurtz and Protter (1991), we obtain

f’ ®(s—) AW, (s) = / O(s—) dW(s)
0 0
and
/ Wy (s—)dYe(s) = / W (s—) dy(s),
0 0

where the integrators should be thought of as column vectors. It is an easy exercise
to see that these actually converge jointly in Dg2.[0, 00).

Now use this together with (37) and (42) and the limits established in (38)
and (41) to get (Hél), Héz)) = (HD,H®), and therefore Hy = Hél) + HéZ) =
HD + H® =H in Dg,-1[0, 00). O

LEMMA 4. Given ¢ > 0, there exists to = to(g) < oo such that
&
>¢e]| <=
2

REMARK. Note that #y depends only on & and not on . Therefore, the above
lemma shows that the tail of the series converges in probability to zero uniformly
iné6.

m—1/2 o m 9m+1 —mt,
0 YV —(m =) Ve

k=[610]+1 (m+1)

(43) P(

forall 0 > m.

PROOF OF LEMMA 4. By the same argument used to derive (31) we have

00 0m+1
0m—1/2 Z an"le —(m— 1)' \/ge—ml‘
k=[0t]+1 Oum+1)
00 k—1 gm+1 00
=" 12 3y [la-un™ —m! «/5/ e " ds
(44) k=[0r1+1  i=1 Om-+1) !

= J@/t (eXp{—mYLg(S—)} — e_ms)de,Q(S)

Qm—‘rl

[e.e] [e.e]
+ «/5/ e " dYm(s) —m! «/5/ e ™ ds.
t t

(m+1)
So to prove Lemma 4 we need only show that

m+1

o] oo P
(45) J@/ e dY . 0(s) —m! \/5/ eMds — 0
t t

(m+1)
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and
(46) @/m(exp{—mYl,g(s—)} — e ")dYp0(s) 250
t

as t — oo, uniformly in 6.

To show (45), we note that

m+1

[e.e] [e.e]
’«/5/ e " dYm o(s) —m! «/5/ e ™ds
t t

(m+1)

S gm+1 00
=(v6 Z —(OU)™ ek _ \/5/ e ™ds
t

k=[01]+1 (m+1)
47)
i (OU)™ — E@OU)™) o
=< k) — k
k=[01]+1 Vo
m+1 00 1 00
+ m! Vo e kIO _ —/ e ™ ds|.
Oum+1) k=[01]+1 t

We now treat each of the last two quantities separately.
Since Var[(0U)™] < (2m)! when U ~ Beta(1, ), Chebyshev’s inequality and
independence of the Uy ’s implies

[e's) —mk/0 2m)! o0 —2mk /0

P( S (OU™ — E@UY™)S >g> < ";) ¢
k=[01]+1 Vo & s ?
(48) < (2’7;)' /ooe—st ds

& t
=1 o
= 726 .
&

So the first term in (47) converges in probability to O as t — oo, uniformly in 6.
The other term is non-random, so we just need to bound it by quantities that go
to 0 as t — oo, uniformly in 6.

Approximating the integral by upper and lower Riemann sums,
. ko 1 o - ko1

—mk/0 ~ —ms g < —m -,
> e < / edss Y e

k=[0t]+1 k=[01]
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allows us to bound the quantity at the end of (47):

9m+1 —mk/@1 o —ms
m! Vo e — —/ e ds
9(m+1) k=[0t]+1 0 ¢
ot - —mk/o 1
<m! Vo Z e —
6(m+1) k=[01] 0
(49) m+1 00
N
Oum+1) k=[0t]+1 0
+1
— ! 0" o—ml611/6
Om+1) VO
<mle M=,

Therefore, (45) follows from (48) and (49).
To show (46), begin with a simple Laplace transform calculation to get

[01]
Elexp(—mY ¢(1))] = E[expi—% Z Jl’e(i)}i|

i=1
=(1+m/6)7107]
= exp{—[0t]log(1 +m/0)}
[0t ]m
SGXP{— 29 },

provided 6 > m. The last line of (50) follows from the fact that log(1 + x) >
x/(x+1)>x/2when0<x <1.

Now,
Y —mu
/ me du
X

so defining Ry (s) = min{Y7 ¢(s), s}, we have

(50)

|e—my _ e—mx| — < me—mmln{x,y}ly — x|,

E‘\/E/, (exp{—mY1g(s—)} —e ™) d ¥ 4(s)

5V@E[ m exp{—mRo(s)} |Y1.0(s—) — s| d ¥y o(s)

& |5 TeG) — k| QU™
< E[m exp{—mRy(k/0)}— ’ }
L2 NG z

= Z E[Q1(k) Q2(k)Q3(k)],

k=[0t]+1
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where
01 (k) =mexp{—mRy(k/0)},
|5 JieG) — k|
o — ,
0> (k) i
and
U )™
01k = £Y"

0
The generalized version of Holder’s inequality yields
E[Q10205] < [E(QDI*E(@DI'VEQ@IV*.
It follows from equation (50) that
E(QY) = m" Elexp{—4m Ry (k/6)}]

= m*E[exp{—4m (Y1 (k/0) A (k/0)}]

< m*Elexp{—4mY1 4 (k/6)}] + m* exp{—4mk/6)

<m* exp{—2mk/0} + m* exp{—4mk/0}

<2m* exp{—2mk/0}.
Therefore,

E[(QD1V* < 2V *mexp{—mk/(20))
Since J1 g(1), J1,6(2), ... are independent exponentials with mean one, we have

1/2
/ k

1 k
[E(QD]'* = {5 Var (; meﬂ =3

Using (30), we have

1

[EODIV* < —[(@m)n'/*.

|

Therefore,

E’\/g/t (exp{—mY1 9(s—)} — e ™) dY 0(s)

1/4 1/4 o0
51) < 2 mlGm)] 3 \/gexp{—mk/(ZQ)}

0 k=[0t]+1

o
§m21/4[(4m)!]1/4/ se M2 g,
t
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the last line following by a Riemann sum approximation. Thus we have shown
o0
E‘\/a/ (exp{—mYi p(s—)} —e ™ )d Y o(s)| — O,

t
uniformly in 6. This implies

o0 P

\/5/ (exp{—mY19(s—)} — e " )dYp 0(s) — O,
t

uniformly in 6, as desired. []

LEMMA 5. Let H(-) be the Dya-1]0, 00)-valued process defined in Theorem 3.
Then H(oo) = lim,_, oo H(?) exists and has a multivariate normal distribution with
mean 0 and covariance matrix given by

(52)  Cov(Hi(00), Hj(00)) = (i +j— D! —iljl  (i,j=2,...,n).

PROOF. We first note that the integration by parts formula for stochastic
integrals [cf. Karatzas and Shreve (1988)] implies

t t
(53) /0 eTMaW () =e "W, (1) + m/o e ™ Wi(s)ds.

So

t

t
H, () =/ e ™ dW,(s) —m ~m!/ e ™ Wi(s)ds
0 0
(54) t t
=/ e " dW,,(s) —m!/ e ™ AW (s) +mle ™ W (2).
0 0

Note that

! —2s ! —ns ! —2s ! —ns )
(/0 e sz(s),...,/Oe dW,,(s),/O e dWl(s),...,/O e "dWi(s)

defines a uniformly integrable martingale (bounded second moments) in R?"~2,
and hence the limit exists as t — 0o, with probability one. Denote the limit by
(E, G), where

o0

[e.e]
En =/ e ™dW,(s) and G, =/ e ™ dWi(s) m=2,...,n).
0 0

Thus H(oco) = (Hp(00), ..., H,(c0)), where

o0

o0
(55) H,,(00) =/ e " dW,(s) — m!/ e " dWi(s)=E,, —m\G,,.
0 0

Now, (E, G) is multivariate normal (due to the deterministic integrands) with
mean 0 and its covariance matrix is determined by the covariance structure of W,
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given in Lemma 2. Therefore H(co) is also multivariate normal with mean 0
and covariance matrix to be computed next. We begin by calculating, for i, j =
2,...,n,

0 —li+is Cij
COV(Ei,Ej)=/ e Cijds= X )
0 L+
Ci C
T and Cov(G;,Gj) = %
rrj

Cov(E;,Gj) =+
l

Hence, by (55),

Cij —ilCj1 — j!Cip +i!j!ICny
i+j

=@{+j—DI—=iljl,

COV(H,' (OO), Hj (OO)) =

fori, j =2,...,n. This completes the proof of Lemma 5. [

PROOF OF THEOREM 1. It follows from standard results for product spaces
[Ethier and Kurtz (1986)] that Zy = Z as § — oo if and only if (Z24,Z3 ...,

Z,.9) converges in distribution to (Z», Z3, ..., Z,) as § — oo for any integer n. It
follows from Lemma 5 and the definition of Z in Theorem 1 that
(56) H(co) £ (25,2173, ... (n — D!Z,),

since both have multivariate normal distribution with mean 0 and covariance as in
(52). Define Hy (00) = lim;_, oo Hg (#). Then

00 9m+1
Hyp(00)=0""123" v/ — (m — DIVo
= Om+1)
(57)
Qm—i-l
=(m—1)!Zm,9—(m—1)!\/5< —1).
Oan-+1)

Since the last term is 0(1/\/5) — 0, (56) and (57) imply that Zy = Z will
follow if we can show that Hy(oco) = H(c0). From Theorem 3 and Lemma 5
we know that lim;_, , limg_, oo Hg (#) = lim;_, oo H(#) = H(00). So to prove that
Hy (c0) = H(oco) we must justify the interchange of limits.

Givene > 0, define e = (¢, ..., &) e R" 1. By Lemma 4 we can choose #( large
enough (and independent of 6 > m) so that

) e
>¢)| <=
2

m—1/2 = m 0
’ i=[9210:]+1 o= m= 1)!9("1“)
forallm =2, ..., n. Taking fy even larger if necessary, we also have
P(H(c0) <x—¢€)—¢/2 < P(H(tp) <x—e&),
P(H(to) <x+e¢) < P(H(co) <x+¢)+¢/2.

m+1

\/Ee—mto

(58) P(

(39
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It follows from equation (58) that forallm =2, ..., n,

(60) P(|Hpm9(00) — Hy p(to)| > €) < &/2.

Equation (60) implies that

(61) P(Hg(tp) <x—€)—¢/2 < P(Hg(co) <x) < P(Hp(t0) <x+¢)+¢/2.
Taking the limsup as & — oo in equation (61) gives

o P(H(tp) <x—¢€) —&/2 < limsup P (Hy(c0) <x)
60— o0
(©2) < P(H(1) <x+¢)+¢/2.

Applying equation (59) to equation (62) we get
P(H(co0) <x—¢€) —¢& <limsup P(Hg(co) <x) < P(H(c0) <x+¢) +¢.

60— 00

Since H(oco) has a continuous distribution, we take the limit as ¢ — 0 above to get

limsup P (Hg(0c0) < x) = P(H(00) <x).

60— 00

Theorem 1 follows after a similar argument for the liminf. [J

2.2. Proof of Lemma 1. The proof of Lemma 1 requires several approxima-
tions. In order to show that the remainder term, denoted by R,(8), goes to zero as
6 — oo appropriately, we will need to prove the following lemma.

LEMMA 6. Suppose X ~ PD(0) and let a be a partition of a sample of size
n drawn from a population with frequencies X. Define F,, =Y {2, om—1x ™. Then
forall e >0, as 6 — oo,

n F am
1/2—s 1 _ m
(63) 0 (1 £2<(m_1)!) ):o.

PROOF. Note that if a; = n then a; = 0 for all i > 1. In this case the left hand
side of (63) is identically 0 and so the result follows trivially in this case. Therefore,
we will assume that a; # n. We proceed by induction on the sample size n. If
n = 2, then by our assumption, a, must be 1 and hence, using (4), equation (63)
reduces to

01251 = F)) = -0 229 £ 072, .

and the result follows by Theorem 1. The induction hypothesis is that (63) is true
for all partitions of the integer n. Let a = (ay, ay, ..., ay+1) be a partition of n + 1.
Since aj # n + 1 there existan a; > 1 for some j > 1. Define a; = (a;1,...,a;,)
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to be a partition of n 41 — j formed by removing one allele with j representatives.
Thatis, aj; =a; — 1 and a;; = a; for all i # j. Then

n+1 an , n nj
64) O_ﬁ<@@ﬁ))zw?mo_rw@%ﬁ>>

m=2 m=2
Fj
(G—-DY

By Theorem 1,as 6 — oo, F;/(j — 1)! = 1 and 0'/27¢(1 — F;/(j — 1)!) = 0. By
the induction hypothesis, as 6 — oo

91/2—8<1 — ﬁ (ﬁ)%) = 0.

m=2
Therefore the result follows by multiplying equation (64) by 6!/2~¢ and taking the
limit as 6 — oco. [J
PROOF OF LEMMA 1. Letny,ny,...,n; be the allele frequencies, listed in

descending order, from a sample of size n (with k distinct alleles) drawn from
a population with allele relative frequencies x = (x, x2,...) € V; so n; > np >
-o+>nr>0andn; + --- +ng = n. Now write

k
nj __ ni ng ni nk
(65) l_[ le - Z Xip X + Z Xig o Xy

i=1j=1 (1s--ik)ED (i1, ER

where D is the set of distinct indices (i.e., ij # i,, for all j # m) and every vector
in R has at least two entries that are the same. We will now rewrite equation (65)
using the partition structure notation established by Kingman (1977). For a given
partition a, define C, to be the collection of all partitions formed by coalescing
two or more of the classes associated with a. (For example, supposen =5, a; = 1
and a; = 2. Think of this as two red balls, two white balls, and one green. If we
coalesce the red and white balls into one class, we form a new partition b, where
b1 =1, and by = 1. Note that b is one of the elements in Cy.)

Recall the multinomial sampling function ¢,(x) defined by equation (1). It
follows that, for v € +A,,

ni ng . Vi [ |:l 1ai!(i!)ai

E — N e =1

(66) X, X, | |a,. E XX, . Pa(X)
(i15emsig)ED i=1  vEA, :

where the non-zero entries of v = (v, 12, ...) are given by n; = Vi and

(67) Yoooxtext =) Ingn(),

(i1, ER beCa
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where Iy, is a combinatorial factor that we could in principle determine. Fortunately,
the proof does not depend on knowing the explicit form of this constant.
An alternative way to express the left side of (65) is

n 00 ai k oo
, n;
() =TT
i=1 \ j=1 i=1j=1
Equations (66) and (67) give an alternative way to express the right side of equation
(65). Therefore,

(68) H(ZX)=JJ%2LWJ+ZA%®

i=1 beC,

Note that if a; = n then (68) degenerates to the equation 1=1. So, again, we can

assume that a; # n. Evaluate equation (68) at X ~ £ (¢) and multiply both sides
of the equation by nn((nlikl),)a and recall that }°*_,ig; =n and }7_,a; =k to

get

n 00 Qi_lXi, di . 1_[, al

i=2\j=1
Qn—k
4w_mm2mmm
(69) =2 : be@a
L0 gaX)
Oy E(9a(X))
Qn—k
- —— > ().
(@ = D b;ﬁ
Recall that F; = ?‘;lei_lXi-. It is a simple consequence of the Ewens

sampling formula (3) that E (¢a(X)) = O (6%, Since b has fewer than k alleles
we see that 0" *E (Zbe@a d)b(X)) = 0(1/0). Note also that 6"/0,) — 1 =
0(1/6). Now take the log of both sides of (69) to get

- F; _ $a(X)
(70) Zai log((i — 1)!) _10g<7E(¢a(X)) + 0(1/9)).

i=2

Note that, for any real number y, we have (y —1)?/y <logy < y — 1. Therefore,
0<y—1-logy=(y—1?%y.
So the linear approximation to log y is

(71) logy=y—1-r(y)
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where 0 <r(y) <(y — l)z/y. Applying (71) to both sides of (70) we get
F; F; F;
10g<. )=. —1—r<. )
(i—1n! (i—1n! (i—1n!

log ( $a(X) $a(X)
E(¢a(X)) E(¢a(X))

It follows from Theorem 1 that for any ¢ > 0,

gtg) (-2 /o
(72) 0 r<(i_1)! <672 (Vo[ 1 D (i—l)!:>0

as 6 — oo. It follows from Lemma 6 and equation (69) that we have the following
limit in distribution:

lim 91/2—8<1 — M) = lim 91/2—8<1 — ]‘[( i ) i) =0
600 E(¢a(X))/) ~ 600 AN

i=2

and

+ 0<1/9>) -

— 14 0(1/6) —r( $aX) )

E(¢a(X)) /)

implying

e ([ $a(X)
73) o r(E(¢a(X))):>O

as  — oo.
So we can now apply the linear approximations to both sides of of (70) to get

" F; _$aX) $a(X)
("t 14 00/0) —r( 222
2@ ()= Fu0 00 (560

+Z“’ ( 1>')

Multiply both sides of the above equation by +/8 and define R, () to be /6 times
the last three terms on right side of the above equation. That is,

(74) Ra<0>=0<1/d5>—@< Pal) )+fZaz ( F1)'>

E(¢a(X))
Therefore,
i Zio =8 $a(X) — E(¢a(X))
;azzlﬁ = «/gga, <(l — 1 ! ) [ E(¢a(X)) + Ra(e)

It follows from (72), (73) and (74) that limg_, oo 8'/2"¢Ra(0) =0. O
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2.3. Proof of Theorem 2. As previously stated, if a; # n then equation (8)
follows immediately from Lemma 1 and Theorem 1. We need only show (9). Note
that

$a, (X)=1— > $a(X).
a#a)
Therefore
Ga, (X) — E(¢a, (X)) = E( ) %(X)) — Y paX)
aza| aFaj
= E($a,(X) — 90, X) + D (E(¢a(X)) — $a(X)).

az#ap,ap

It follows from equation (8) that if " a; = |a| then

(75) 0" (ga(X) — E(¢a(X))) = 0

as & — oo. Note that if a #~ aj, ap then n — |a| > 2. Note also that ESF (0, ap) =
0 (0~3/%). Therefore, it follows from equation (75) that

$a(X) — E(9a(X))
2.

76
7o E(¢a,(X))

az#aj,ap

as 0 — oo. This gives the limit in distribution

lim PuX) = E@a X)) . E@0a,(X) — ha,X) iz, O
=00 E (¢a,(X)) f—00 E (¢a,(X))
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