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ASYMPTOTIC ANALYSIS AND EXTINCTION IN
A STOCHASTIC LOTKA-VOLTERRA MODEL

By F. C. KLEBANER! aND R. LiPTSER!

University of Melbourne and Tel Aviv University

A stochastic Lotka—Volterra model is formulated by using the semi-
martingale approach. The large deviation principle is established, and is
used to obtain a bound for the asymptotics of the time to extinction of prey
population. The bound is given in terms of past-dependent ODEs closely
related to the dynamics of the deterministic Lotka—Volterra model.

1. Introduction. Main result.

1.1. Deterministic Lotka—Volterra system. The Lotka—Volterra system of

ordinary differential equations [Lotka (1925) and Volterra (1926)],
(1.1) X, = ax; — bx,yy,

Ve =Xy — DYy,
with positive x,, y, and positive parameters a, b, ¢, b describes a behavior of
a predator—prey system in terms of the prey and predator “intensities” x, and
y,;. Here, a is the rate of increase of prey in the absence of predator, b is a rate
of decrease of predator in the absence of prey while the rate of decrease in
prey is proportional to the number of predators by,, and similarly the rate of
increase in predator is proportional to the number of prey cx, [see, e.g., May
(1976)]. The system (1.1) is one of the simplest nonlinear systems.

Since the population numbers are discrete, a description of the predator—
prey model in terms of continuous intensities x,, y, is based implicitly on
a natural assumption that the numbers of both populations are large, and
the intensities are obtained by a normalization of population numbers by a
large parameter K. Thus (1.1) is an approximation, an asymptotic description
of the interaction between the predator and prey. Although this model may
capture some essential elements in that interaction, it is not suitable to answer
questions of extinction of populations, as the extinction never occurs in the
deterministic model; see Figure 1 for the pair «x,, y, in the phase plane.

We introduce here a probabilistic model which has as its limit the determin-
istic Lotka—Volterra model, evolves in continuous time according to the same
local interactions and allows evaluating asymptotically the time for extinction
of prey species.

There is a vast amount of literature on the Lotka—Volterra model, and a his-
tory of research on stochastic perturbations of this system both exact, approx-
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imate and numerical; see, for example, Goel, Maitra and Montroll (1971),
Turelli (1977), Kesten and Ogura (1981), Hitchcock (1986), Watson (1987),
Roozen (1989) and references therein. We approach the problem of extinc-
tion via the theory of large deviations, thus obtaining new theoretical results,
which previously were studied numerically.

The system (1.1) possesses the first integral which is a closed orbit in the
first quadrant of phase plane x, y. It is given by

(1.2) r(x,y)=cx —bdlogx + by —alogy+ ry,

where r is an arbitrary constant. It depends only on the initial points (x,, y,)
(see Figure 1).

1.2. Stochastic Lotka—Volterra system. In this paper, we introduce and
analyze a probabilistic model of prey—predator population related to the clas-
sical Lotka—Volterra equations.

Let X,, and Y, be numbers of prey and predators at time ¢. We start with
simple balance equations for prey—predator populations

X, =Xy+m —a/,
(13) A/t A/f
Y, =Yg+ 7, -

where:

7, is a number of prey born up to time ¢.

m; is a number of prey killed up to time ¢.

7, is a number of predators born up to time ¢.
7, is a number of predators died up to time ¢.
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We assume that ;, 7/, 7}, 7}, are double Poisson processes with the following
random rates: a X, %Xth, XY, bY,, respectively and disjoint jumps [the
latter assumption reflects the fact that in a short time interval (¢, ¢ + 6t)
only one prey might be born and only one might be killed, only one predator
might be born and only one might die, with the above-mentioned intensities;
moreover all these events are disjoint in time].

The existence of such a model is not obvious; therefore in Section 2 we give
its detailed probabilistic derivation.

Assume X, = Kx, and Y, = Kx, for some fixed positive x,, y, and a
large integer parameter K. Introduce the normalized by K prey and predator
populations

X Y
xf{z?t and yf{zft.
In terms of xX and yX the introduced intensities for double Poisson processes
can be written as

K(axf, baf yk, cxkyE, vyk).

We justify the choice of the probabilistic model given in (1.3) by Theorem 2
which states that the solution of the Lotka—Volterra equations is the limit (in
probability) for (xX, yX),

(xtI(7 ytK) - (xt7 yt)> K — OQ.

Such an approximation is known as the fluid approximation. Results on the
fluid approximation for Markov discontinuous processes can be found in Kurtz
(1981) and are adapted to the case considered here, despite that in our case
the two intensities do not satisfy the linear growth condition in xX, yX.

1.3. Fomulation of the problem. Here, we are interested in evaluation of
the prey extinction, namely, the asymptotics in K of
P(TE, =T, inf y > 0) =0,
t<
where TX, = inf{t > 0: xX = 0} is the prey extinction time. Unfortunately,
the fluid approximation does not provide much information on the extinction
time TX.. Since for x, > 0, y, > 0 the “fluid limit” (x,, y,) remains positive

ext*
for any ¢ > 0 (see Figure 1), we have

(1.4) lim P(TX <7, inf y¥ > 0) =o0.

ex
K—oo

A historical comment on TX, of evaluation is due. There is a large amount of
literature on the subject of extinction mostly using some simplification of the
original problem, such as linearization, and numerical studies. For a somewhat
different model with a state-dependent noise, Hitchcock (1986) showed that
ultimate extinction is certain, and derived exact probabilities for the predators

to become eventually extinct when the prey birth rate is zero. A power series
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approximation for the extinction probabilities as well as the number of steps
to extinction in special cases were given. Numerical studies of probabilities of
extinction were also done in Smith and Mead (1979, 1980), and Watson (1987)
where a rough approximation (based on the normal approximation) was also
given.

Due to (1.4), the rate of convergence in (1.4) is of interest, and is the subject
of this paper. Neither fluid nor even diffusion approximations for the stretched
differences

«/E(xf{ - xy), \/f(yf{ — 1)

are effective for such analysis.

Freidlin (1998), Freidlin and Weber (1998) carried out an effective asymp-
totic analysis for randomly perturbed oscillators and other Hamiltonian
systems. Their approach is based on the approximation of the first integral
process [in our case r(xX, yX)] by a scalar diffusion. However, in our case this
approach does not seem to be of use, since at the time of extinction the first
integral process r(xX, yX) explodes; see (1.2).

A large deviation (LD) type evaluation yields results in our case. The ran-
dom process (xX, yK) is a vector semimartingale, so that it appears that one
can have the large deviation principle (LDP) by using a general results from
Pukhaskii (1999). However, the method from Pukhaskii does not serve the
model studied here, since the intensities of two double Poisson processes are
of quadratic form in xX, yX. For the same reason we could not find adequate
methods for proving the (LDP) in the literature, for example, Wentzell (1989),
Dupuis and Ellis (1997), Freidlin and Wentzel (1984), Dembo and Zeitouni
(1993).

It is well known that the main helpful tool in verification of the LDP with
“unbounded intensities,” satisfying a linear growth condition, is the exponen-
tial negligibility for sets {sup,.;xX > C}, {sup,.; yX > C}, for large K, C
and every T > 0. In our case two from four intensities do not satisfy the lin-
ear growth condition. Nevertheless, specifics of the model and the fact that
xK, yK are nonnegative processes with bounded jumps allow establishing the
above-mentioned exponential negligibility (Lemma 2) and deriving the LDP
similarly to Liptser and Pukhalskii (1992).

Although in principle the LDP allows finding the logarithmic rate with
norming % for

P(Tgt < T, infyf > 0),
t<

a realistic procedure for determining the required rate depends heavily on the

structure of the LDP rate function. In our case we deal with purely discontin-

uous process and the rate function is extremely inconvenient for this purpose;

therefore, we restrict ourselves to finding only a lower bound for the required
rate.
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FiG. 2. Trajectory that attains the lower bound. Parameters are the same as for Figure 1.

1.4. Main result. To formulate the main result, we need to introduce a
system of past-dependent differential equations parameterized by g > 0,

15 B = ¢ (= 00) — qe o fogfu,
subject to the initial condition ¢ = y,, ¢g = x,, and denote
(1.6) T9 = inf{t > 0: ¢7 = 0}.

THEOREM 1. For every T > 0,
.. 1 K . K
1111{11_)1£f z log P(Text <T, %Iﬁl; y; > 0)

2
Xo

> — t - ’
2 [T e-2i(a-0u")dsp - yd- it

where T is associated with the smallest q = q, for which T% < T.

1.5. Example. We give here an example witha=5,06=1,c=5,bd =1 and
T = 15. The trajectories for ¢, /7, on which the lower bound is attainable, are
given in the phase plane (see Figure 2). Parameter g, ~ 0.0023 and 7% ~ 15,
while the value of the rate function defined later in (4.2) is J, (¢%, y%) =~
0.0018.

1.6. Remark. We can show for a stochastic Lotka—Volterra model with a
different noise structure (much simpler and somewhat artificial) the exact
asymptotic relation in Theorem 1 (rather than a lower bound), as well as that
the minimum of the rate function in the LDP occurs on the solution similar
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to (1.5). Therefore, loosely speaking, (1.5) (see Figure 2) gives a likely path to
extinction in the stochastic Lotka—Volterra model.

The article is organized as follows. In Section 2 we give description of the
stochastic model, in Section 3 we show the fluid approximation, in Section 4
we formulate the LDP and prove the main result. The verification of the LDP,
which is quite technical, is done in the Appendix.

2. The model: description of stochastic dynamics.

2.1. Existence. In this section, we show that the random process (X,, Y,)
is well defined by (1.3). To this end, let us introduce four independent
sequences of processes,

7 = (13(1), 15(2), ),
' = (@), 1" @), ),
s = (@), 1% @), ...,
I = (1), 1(2), ..).

Each of them is a sequence of i.i.d. Poisson processes characterized by rates

a, I?’, %> D, respectively. Define the processes (X;, Y,) by the system of Itd

equations
t t
X, =Xo+ [ ¥ IX, zn)dlim) - [ 31X, ¥, =n)dlY%(n),
0 n>1 0 n>1
(2.1) ; ;
Y,=Yo+ [ Y IX, Y, zn)dll/%n) - [ Y IY, =n)d(n),
n>1 n>1

governed by these Poisson processes, which obviously has a unique solution
on the time interval [0; T, ), where

T,=inf{t>0: X,vY, =00}

The double Poisson processes involved in (1.3) are obtained then in the follow-
ing way:

m= [ X I(X, = n)dn),

n>1

t
m=[ T IX, Y, = n)dllYE(n),
0 n>1

(2.2) t
#=[ L IX Y,z n)di(n),

n>1

ﬁ;’:fot S I(Y, > n)dIE(n).

n>1
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Let us show that =}, 7}, 7, @} defined in (2.2) satisfy the required prop-
erties. Since all Poisson processes are independent, their jumps are disjoint,
so that the jumps of =, 7/, 7r;, 7r; are disjoint as well. To describe structure
of intensities for ;, 7}, 7;, 7}, let us introduce a stochastic basis (2, 7, F =
(Z;)i=0> P) supplied by the filtration F generated by all Poisson processes and
satisfying the general conditions. Then, obviously, the random process

A, = /t S I(X, = n)ads
0 n>1
is the compensator of ;. On the other hand, since X, is an integer-valued
random variable, we have }_,.; I(X; > n) = X; that is, A} = fg aX,ds and
the intensity of r; is aX,. Analogously, others compensators are seen to be

"o__ Y A e A t
Ay = [ XY ds, At_/o ZX.Yds, A _/0 Y, ds,

and thus all other intensities have the required form.
We now show that the process (X, Y;);.o does not explode.

LEMMA 1.
P(T, =00)=1.

PROOF. Set TX = inf{t > 0: X, > n}, n > 1 and denote by TX =
lim,_, . TX. Due to (2.1) it holds that

t
EXt/\T,)f < Xo"r‘/(; aEXs/\T;)f dS

and so, by the Gronwall-Bellman inequality EX rx,r < X 0T for every T > 0.
Hence by the Fatou lemma EX rx,p < X 0e"T. Consequently,
P(TX <T)=0 VvT>0.

Set TY =inf{t: Y, > ¢}, £ > 1 and denote by TY =1lim,_ 77 . Due to (2.1)
it holds that

Lo
EY, rx v =Y +/0 ?E(XS/\TnX/\T{YS/\T,)f/\TZ)dS

t ¢
< YO +/(; KnEYS/\T;)z(/\TZ dS.
Hence, by the Gronwall-Bellman inequality for every T >0 we have
EY 7.7: .72 < Yoe™"T and by the Fatou lemma,

EY popxpry < Yoe/ 50T, n>1.

Consequently, P(T}; < T,}f AT)=0,VT > 0,n > 1 and, since T;’f 00,
n — oo, we obtain
P(TY, <T)=0 VT>0.

Since T, = TX ATY, P(T,, < T) = P(TX < T)+ P(TY, < T), and we
have P(T,, <T)=0forany T'> 0. O
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COROLLARY 1. For T, =inf{t: X, VY, > n},

lim P(T, <T)=0 VT>0.

n—oo

The above description of the model allows claiming that (X,,Y,) is a
continuous-time pure jump Markov process with jumps of two possible sizes
in both coordinates: “1” and “—1” and infinitesimal transition probabilities (as
6t — 0),

P(X; 50 =X, +1|X,,Y,) = aX,5t + 0(5t),
b

P( X 5=X,-1X,,Y,) = ?XthBt + o(dt),

L
K
P(Y,.5=Y,— 11X, Y,) =0Y,8t + o(5¢).

P(Yt+6t =Y,+1|X,,Y,) = = X,Y,5t + o(8t),

2.2. Semimartingale description for (xX, yK). Let A}, A/, K;, A\;’ be the
compensators of m;, 7/, 7;, 7; defined above. Introduce martingales

r ’ "o _n ” A A A7 An A
M,=m— A, M} =m] - A}, M,=m—-A, M;=n—-A],

and also normalized martingales
A/ A//
~K _ M t M t

M — M
K"t "t and mf= T

(2.3) m; %

Then, from (1.3) it follows that the process (xX, yX) admits the semimartin-
gale decomposition

t

(2.4) xf = x0+/0 [axX — 02K yE]ds + mf,
t

(2.5) yE = yo—l—/o [cxEyX —pyKlds+mE,

which is a stochastic analogue (in integral form) of (1.1)

In the sequel we need quadratic variations of the martingales in (2.4) and
(2.5). It is well known [see, e.g., Liptser and Shiryaev (1998), Chapter 18 or
Klebaner (1998), Theorem 9.3] that all martingales are locally square inte-
grable and possess the predictable quadratic variations

(2.6) (M'),=A, (M"),=A] and (M), =4, (M"),=A4],

and zero mutual predictable quadratic variations (M’',M"),=0,...

(Z/W\’, Z/\/I\”)t = 0, implied by the disjointness of jumps for =, =}, 7}, 7} .
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Hence

1 t
(2.7) (mK)t=E/O (ax;K —i—bxfyf) ds,

k1 [tk ok K
(h )t_K O(cxs ys +dys)ds.

2.3. Stochastic exponential and cumulant function. In the large deviation
theory we use stochastic exponential, and to this end the following represen-
tation is more convenient:

/ 1/

K_, _ ™ ™
Xy =% = — — —,

K K

(28) A/ ALl
K L

yt =y0:K f‘

I Y Y/ . . . . . 1
%> %> #» 7 are counting process with jumps of the unit size K~ and com-

A A A A . . . Y Y,
pensators &, 3, &, &, respectively. With every pair (%, %), ..., (5, &)

and a predictable process v(¢) such that for any 7' > 0 and K large enough,
T K(,.K K, K. K
/0 elOVE (K 4 3K 4 2K yK)dt < oo, P-as.

we associate nonnegative processes

4(%) = exp(fot % !, — ('K — 1)dA;>,

(2.9)

Applying the It6 formula to z}(%), we find

a2(%) = 71RO 1) d(s - 4,

that is, z}(%) is a local martingale [analogously z; (%), 2,(%), 2/(%) are local
martingales as well]. All these martingales are nonnegatives, so that they
are supermartingales [see Problem 1.4.4 in Liptser and Shiryayev (1989) or
Theorem 7.20 in Klebaner (1998)]. Hence for any Markov time 7 we have
EZ(%)<1,....,EZ/(%) <1

Introduce also (for predictable processes A and w)

(2.10) K\, p) = z;(%)zg(—%)ég(%)ég(—%).
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Applying the Itd formula to zX(A, u) and taking into account that jumps of
ar,, oy, 1y, 7, are disjoint we ﬁnd

dZE(, w) = 2K O, W {@ K 1) d(m; — A)) + (2O — 1y d(m] - A7)

+ (K — 1) d(# — A + (0 — 1) d(a) - A))),
so that ZX (A, u) is a positive local martingale as well as a supermartingale
with

EZE(0m) <1

for any Markov time 7.

Set
11 Gy(Au,v)=AMa—bv)u+ (e* —1—A)au + (e — 1+ A)buv,
' G,(u;u, v)=p(cu —d)v+ (e — 1 — u)euv + (e™* — 1+ u)do.

and define the so-called cumulant function,
(2.12) G(A, w;u,v) = Gy(Au, v) + Gy(p; u, v).

Using the cumulant function, (2.10) can be written as

20 m=ew| [ (M0 dt + [Luora ) |

xexp{ /KG(A;{S) ) ek, f)ds}.

Hence an equivalent multiplicative decomposition holds for the exponential
semimartingale

exp( [ (o) dat + (o) ) ) = ZE O mVE L )

(2.13)

with the positive local martingale ZX (A, 1) and a positive predictable process

V{f(A,M)zexp{f KG(/\;;) “;;), K,y f)ds}.

3. Fluid approximation. In this section we justify the choice of the
stochastic dynamics by showing that the Lotka—Volterra equations describe
a limit (fluid approximation) for the family

(x5, ¥5), K /7 o0,
In what follows (x,, y,) is a solution of the Lotka—Volterra equation (1.1).

THEOREM 2. Forany T > 0 and 1 > 0,

hm P<sup(|xt — x|+ |yE - |) > n) =0.

K—oo t<T
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PROOF. Set

(3.1) T inf{t: xK v yK > n}

Since TX = T, ¢ (see Corollary 1 to Lemma 1),

(3.2) lim limsup P(TX < T) =0.

n—oo K—>oco

Hence, it suffices to show that for every n > 1,

(3.3) lim P< sup (|xf{ — x|+ |yE - yt|> > 77) =0.
Koo \¢<TEAT

Since sup,.px ,p(x£ V y{) < n+1, there is a constant L,,, depending on n and
T, such that for ¢t < TE A T,

}(“xf{ - bxf{yf{) - (“xt - bxtyt)| = Ln(|xtK - xt| + |ytK - Y

)s
|(cxEyE —vyE) — (cxyy, — dy,)| < L, (|aE — x| + |yE = 34]).

These inequalities and (1.1), (2.4) imply

}qufggm - xT{fAT| + }yqlngT - nyAT‘

t
= 2Ln/(; <|x5\T§ - stTnKI + |y5\T}If - ys/\T,LKi) ds
+ sup |mf|+ sup |[Rf.
t<TKAT t<TEAT
Now, by the Gronwall-Bellman inequality we find
sup (It~ xl +15f = wl) =7 sup mf|+ sup k).

t<TEAT t<TEAT t<TEAT
Therefore (3.3) holds, if both sup,_rx .7 [mf| and sup,.yx .7 [ f] converge
in probability to zero as K — oo. By the Doob inequality for martingales (see,

e.g., Theorem 1.9.1(3) and Problem 1.9.2 in Liptser and Shiryayev (1989) the
required convergence takes place provided that both (mX )rx 7 and (mX )TEAT

converge to zero in probability as K — oco. But by (2.7) (mK>T,I§AT < %St',
(mX YrEAT < const: “and the proof is complete. O

4. Formulation of the LDP and the proof of Theorem 1.

4.1. LDP. The random process (xX, yX),., has nonnegative paths from
the Skorokhod space D? = ID[ZO, 00)° Since we are going to apply the LDP
for asymptotic analysis of the extinction time on a finite interval [0, T'], we
examine the LDP in |D[20’ )" Because of the fluid approximation, the limit for

(xE, y&),-p is (x;, y;);<r With continuous differentiable functions x, and y,.
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This fact allows examining the LDP in the metric space ([D[ZQ oL o) supplied
by the uniform metric o: (', x” € ID[ZO’ 1) and

2
4.1 o(x', x") =Y sup|x;(j) — x/(J)|
j=1 t<T

More exactly, since xX >0, yX > 0 and

K —inf{t > 0: xX = 0}, 75:inf{t>0: yE =0}
are also absorption points for processes xX and yX, respectively, let us intro-
duce a subspace IDﬁ;fT] of nonnegative function from ID[QO, - It is obvious that
[D[2(;’+T] is a closed subset of [D[ZO’ 1 in the metric o.

Therefore we formulate the LDP in metric space ([D[Z(;fT], 0).

THEOREM 3. For every T > 0, the family (xX, yX),.p, K 7 oo obeys the

LDP in the metric space (ID[Z(;’JFT], 0) with the rate of speed % and the (good)
rate function

T . .
/0 S/\up(/\d)t"'/-“pt_G(/\;/‘L;(btalpt))dt’ |d¢t<<dt,d¢;t<<dt
(42) JT(d)’ l/j)= # bo=x0,Po=y0>
00, otherwise.

The proof of the LDP is given in the Appendix.

4.2. Proof of Theorem 1. Denote by I'° the interior of the set
{6, 0) € Dfyyy: inf &, = 0, inf s, > 0],
Due to the LDP,

. . 1 . K _ . K .
(4.3) hlr{n_)gf Elog P(}gg x; =0, %2%' yi > 0) > —(¢71$f;r¢ Jr(d, ).

It is clear that

inf J ) < inf J ) ’
(¢>,1¢/)ero (b, ¥) o (b, ¥))

where I'® is a subset of I'° of absolutely continuous functions ¢,, i, with
$o = xg, Yo = ¥ and for any ¢ = (¢;)i<r,

(4.4) J’t = (¢, — D).

To emphasize the fact that ¢, is a solution of (4.4) we use the notation dff.
The function 1,[:,';[’ remains positive for any finite time interval and moreover,

S)‘UP{)\d’t + M‘fff - G\, w; ¢y, lrb;fl))} = Slip{)\(ﬁt - Gq&(/\; s d/f)}
y

= sgp{ucbt — $(a—0gP)) — (e —1—Nag, — (e =1+ A)b,p! ).
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Taking into account that functions (¢,)’s from I'* have to be absorbed on [0, T,
we choose a subset I‘fo of I'* with functions ¢,’s satisfying the property

by — dyla—byf) < 0.

In this case, we claim
sAu[g{A(ét — ¢(a—0yP)) — (" —1—Nag, — (e — 1+ Ao, 4]}
= sup{A(d; — d(a - b)) — (e* — 1 — Nag, — (e — 1+ Ao, p7 )

< iug{A<¢t — da—byP)) — (e =1+ byl

, A2
< sup{A(d, = b,(a = bur})) = b}

((i)t — ¢ (a— bd’f))2

= 20,
0, ¢, =0.

For a square integrable on [0, 7'] and nonnegative function u(¢) introduce a
system of differential euations

, ¢, > 0 (excluding absorption point of ¢,),

b= byl — bip,) — u(t)y Db, ?,
gl =i (cd, — D),

subject to ¢ = xg, ¢3’ = y,. We use now an obvious inequality

(4.5)

T
inf Jp(b,¥)<  inf %/O u?(t) dt.

(&, el u(t): inf,.p ¢,=0
Thus we get
1
" lim inf — log P(gg xK = 0,inf ¥ > 0)

inf 1 T 2
= it 3 /0 u?(t)dt.
We now specify the inf ). inf,_, 6,0 3 fOT u?(t) dt.
Set 7" = inf{¢: ¢, = 0} and show that u(¢) exists so that 77 < T'. Since
$, > 0, it holds ¢ > y,e T and thereby

b0 = ol (VE - a0,

With r = —bf?T u(t)=1¢> @ and p(¢) = —a(,/xy — £r) we have
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that is, /¢, < /%, — p(£)t. Now, for any T > 0, the choice p(¢) = @
guarantees 7" < T.
If some u(t) is chosen and associated with 7" < T, it is obvious that u(¢) =0

for t € [T’, T]. Then, particularly, in (4.6) the integral fOT u?(t)dt is replaced
by fOT, u?(t) dt. On the other hand, due to ¢, = 0 we have

, T .
o:do”“‘“”?)ds(xo— [ e hetihdsy ey fog, dt>,
0

that is, x, = fOT/ e*.ﬁf(ﬂ*f’*ﬁf)dsu(t)\/bq.’)twf dt. Further, the Cauchy—Schwarz
inequality implies
x5

fOT’ e72-f()t(a7b¢f)dsbqbtl,b? dt )

.
(4.7) /0 u?(t)dt >

Take any positive g and u(¢) = qe™ b (““"“s‘b)ds\/ bq’)tlpf’ then the inequality given
in (4.7) becomes an equality, and only for

X0
fOT’ e—zfot(a—blpf)dsbd)td,;b dt )

(4.8) q =

we have ¢ = 0.

Let (g, T'?) be a pair such that (1.6) holds with ¢’ and 7" replaced by ¢ and
T4 respectively and 79 < T. Denote by ¢; and #; the solution of (1.5) on
[0, T',] corresponding to the pair (g, 7'?). Then we get the lower bound

. . 1 K . K
liminf z log P(Text <T, }2; yi > O)

K—oo

2
)

> —inf 7 - S s
2 fo " e 2h By )by dt

where “inf” is taken over all Tq <T.
The final step of the proof uses the property

2 2
Xo Xo

N ’ , < " " " 7 >
fOTq e 2a-bui)dsp Ty’ gt fOTq e 2ho(abui ydsp "y 4" gy

q/ < q// —

implied by (4.8). Consequently g has to be chosen as small as possible with
T,<T. O
¢ =
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APPENDIX
Verification of LDP.

A.1. Preliminaries. We will follow here Liptser and Pukhalskii (1992). By
their Theorem 1.3, the family

(xtKa ytK)tsKa K /oo

obeys the LDP in the metric space (ID[QO, 77> 0) with the rate of speed % and the
rate function J; given in (4.2) provided that this family is C-exponentially
tight and obeys C-local LDP. Due to Pukhalskii (1991), adapted to the case
considered, C-exponential tightness holds, if

1
(A.1) lim lim sup — log P(sup xK +sup y& > C) = —00,
Coo00 Koo K t<T t<T

1

lim lim sup — log sup P(sup |eE  — x&| + sup|yX — yE|) > n)

A2) 00 gonl K e <| t+ | S Knt D
= —o0

for any n > 0, where “sup” is taken over all stopping times 7 < T'. C local LDP
is valid, if for any (¢, ) € [D)[ZO, o

(A3)  lim suplim sup —log P(o((x", y%), (6, ¥)) = 8) = ~JT1(6, ¥,
5—0 K—o0

1
(A4)  liminfliminf - log P(o((x%, y5), (¢, ¥)) < 8) = —J p(¢, ).
Since the linear growth condition for intensities of counting processes is

lost, a verification of (A.1) requires a different technique from the one used in
Liptser and Pukhalskii (1992). We verify (A.1) in the next subsection.

A.2. Exponential negligibility of sup,. xkX, sup,.p yK.
LEMMA 2. For every T > 0,

1
lim lim sup z log P(sup xK > L) = —00,

Lo g t<T

1
lim lim sup — log P(sup yE > C) = —00.
C— Ko t<T
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PROOF. Recall that xX = x, + LKW‘ and M, = m, — A}; that is, dxX <

a7 — axKdt + D and so xK < e"(xy + & [¢ e dM). Consequently, the

first statement of the lemma is valid provided that

1 t
lim lim sup — log P(sup / e “dM, > KL) = —o0.
K 0

Lo g o t<T

It is clear that with oX = inf{#: fot e “dM, > KL} it suffices to establish
(A.5) lim lim sup i log P(O’K < T) = -0
) Loo Koo K L= '

To this end, with 7 > 0 and v(s) = re™ we define z,(v) by the first formula in
(2.9) with %‘e‘)replaced by v(s) and use an obvious modification of this formula,

(A.6) zy(v) = exp(/ot v(s)dM, — /Ot(eV(S) —1-1u(s)) dA;).

Recall that zj(v) is a supermartingale with Ez/ x ,(v) < 1. We use this
oL

inequality for the next one,

(A7) 12 Ez (»)I(of 2 T).

We sharpen that inequality, by evaluating below Z;{‘AT(V) on the set {0‘1{{ <T},
oK AT

e dM, — / (e —1—re™)KaxX ds
0

K
op AT

log zirgAT(v) = r/o
oEAT
> rKL —/ e -1 - r)KaxK ds
0

T
erL—/ (" —1—r)Kax® . ds.
0 SAOT

To continue this evaluation we find an upper bound for fo e Since
L

UfAT
f e dM's < KL + 1
0

(recall that jumps of fot e “dM’s is bounded by 1), we claim

o <e(xg+1+L).

o AL T

, we arrive at the lower bound

. al 1+L
Hence, with p = %

log 2! x () > KL(r —(e" —1—r)aT p).
L

It is clear that r° > 0 can be chosen so that r° — (¢ —1—r°)aTp := ¢ > 0 and
therefore log 2/ « .(A°) > KLt (¢ > 0).
9L
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Thus, (A.7) with v(s) = re® replaced by v°(s)r°e®, implies
glogP(o'I{{ <T)<-Lt{— —c0, L— oo,

that is, (A.5) holds.
The proof of the second statement of the lemma uses (A.5) heavily. Since

{supythC} g{ sup ythC}U{ofsT}
t<T tfa’l{{/\T
and thereby
P(sup v = C) < 2<P( sup yf > C) V P(of < T)),
¢<T t<aK AT

by virtue of (A.5) it suffices to check that for every fixed L,

(A.8) hm lim sup ? log P( sup yK 4+ C) = —o0.

C>00 Koo tfo’i{AT

The verification of (A.8) is similar to the proof of the first statement of the
lemma. It is clear that there is a positive constant R so that I(cf > ¢)xX <

Ry, t > 0. Further, due to dyX < cxXyKdt + LdM), we have

dyfia <cd(of = t)xEyE dt + dM/

t/\o’

<R yKdt+ dM/

tAo'

t/\o’ . 7 .
and hence yX . < eFri(y,+ [, e~RLdM.) Now, introduce
L

t/\o’f —
ch = inf{t: /0 eifRLdM/s > C}

and note that (A.8) holds provided that

1
(A.9) hm lim sup ?log P(TL c<T)=-oc0 VL>O0.
Coo0 Koo
The proof of (A.9) is similar to the proof of (A.5), so here we give only a sketch
of it. Set ¢ = ¢R; and for positive r take v(s) = re . Introduce a super-
martingale

Z(v) = exp( /0 t v(s)dM, — /O t(ens) —1-u(s)) déi;).

Due to EZ KATK p(¥) < 1write 1> EZ/ KATE T(V)I(ch < T) and evaluate
O'L B

from below é/O'K/\TK AT(V) on the set {TLC < T} as

log 2 Kark )= KC(r—(e"—1-r)'Tp).
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With r° such that r° — (e” — 1r°)¢'Tp =: £ > 0 similarly to the proof of the
first statement of the lemma we obtain % log P(Tlli ¢ =<T) =< —-Ct and (A.9)
holds. O

A.3. C-Exponential tightness. (A.1) is implied by Lemma 2.
To verify (A.2), let us note that

K K 1 ’ 1 [ " //],

j— / —_ — J—
Xipr —X; = E[Wﬂr‘r 777'] + K t+r — Tr
N 1

1
K K A arr N
Yigr = Y7 = E[77£+T - 777] + ?[W;Jr'r - 7T;'/]
Evidently, it suffices to establish the validity of (A.2) for every

1., 1., .
E[WHT —m], ..., ?[ﬂ'gﬁrf — ]

separately.
Recall that the Markov time TX is defined in (3.1). By virtue of Lemma 2
we claim that lim,_, _limsupg_, % log P(TX < T) = —oco. Hence, with any

n > 1 we have to verify (A.2) only for

.1 ,
;EI;C_IOgiggP(W(T”)ATnK - W;ATf > Kn) =0,

K—o0

1 N -1
lim X log SE;) P(W(/7'+5)ATnK - W;AT,IS = Kn) =0.

The proofs for the above relations are similar. So, we give below only one of
them for m;'. With r > 0 set ¥(s) = rI;,rx (ri5)a7x](5). The random process
v(s) is bounded and left continuous (and thereby predictable). Consequently
[compare (2.9)], the random process

t t
2/(v) =exp( /0 v(s)d#! — /O (e® — 1) dA;j)

is a supermartingale with Ez7, 5(A) < 1. Therefore,

(A.10) 12 B2y o007, gy00 = T > K).
Since [A’(/TJFS)ATf - A;’AT”K] < 82%(n+1)2 on the set {77(’;+5)AT§ - W;’ATf > Kn},
log 2y, 5(v) = r[wg; AT — w;m{] —(e" — 1)[ (r+ONTE ~ ;’AT;;]

> K(rn — (e —1)6b(n + 1)?).

Now, with § small enough and r = log(m),

2 s(v) = exp(K[nlog(m> — 1+ b8(n + 1)2D.
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Hence

1
X log s1<1¥ P(”(//T+5)AT§ - 7T'/r//\TnK > Kﬂ)

—n+b8(n+1)%2 - —oo, 5 — 0. a

n
—plogf — 1
=" °g<ab(n+1)2>

A.4. C-Local-LDP. Upper bound. Obviously, for ¢, # x, or , # y, the
upper bound is equal to —oo. The proof that for ¢, = x, and ¥y = y, and
(d, ) € D[20,T]\(E[2O,T] the upper bound is equal to —oco under the C-exponential
tightness can be found in Theorem 1.3 in Liptser and Pukhalskii (1992).

Thus, the proof is concentrated on the case (¢, ¢) € C[ZO’ 1 With ¢y = x,

o = ¥o. Let ZX (%, &) be defined in (2.13) with piecewise constant (deter-
ministic) functions A(¢)and w(t). Since EZEK(K\, Ku) < 1, write

(A M K K
On the set {o((x%, y%), (¢, )) < 8}, we evaluate ZX(%, &) from below. Since

A, u are piecewise constant functions notations, fOT At)de, foT w(t)di, will be
used for

Z )\(tjfl)[d)tj - ¢tj_1] and Z :U“(tifl)[‘ﬁti - ¢ti_1]a

t;<T t,<T

respectively. Obviously, a positive constant ¢ can be chosen such that
A
K — —
1Og ZT (K > K)
T
> —K(c0 4 [ (A0, + (O = GO (05 4 d)).
Therefore, this lower bound jointly with (A.11) imply

1
lim suplim sup — log P(o((x%, yX), (¢, ¥)) < &)
85—0 K—o0 K

T
<~ [ (\O) by + u(t) dry = GN(D), wl0): b ) ).

Since the left side of this inequality is independent of A(%), u(t) the required
upper bound is obtained by minimization of the right side in A(%), u(¢). As in
Liptser and Pukhalskii [(1992), Theorem 6.1], we find that for not absolutely
continuous ¢, or ¢, the minimal value of the right-hand side is equal to —oo,
while if both ¢,, ¢, are absolutely continuous functions the minimal value
coincides with —J 7 (¢, ). O
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A.5. C-Local-LDP. Lower bound. It suffices to verify (A.4) only for J (¢,
) < oo. That supposes the verification of (A.4) for absolutely continuous
functions (¢, ¥;);<r from [I])[Q(;fT] with ¢q = %, ¥y = y,. Moreover, to satisfy
Jr(d, ) < oo functions ¢,, ¢, have to be absorbed on axis “x = 0”; “y = 0”
(recall that xX, yX are absorbed on these axes). For definiteness we denote
the class of the above-mentioned functions ¢,, ¢, by .

Set T% = inf{t > 0: ¢, = 0} and T¥ = inf{¢ > 0: ¥, = 0} (inf{T} = o0) and
introduce

TYAT

(A.12) To(, 1) = [ sup(Acb, — Gy (A; by, 1) dt),

0
TYAT

(A.13) Jh(d, 1) =/O sup(ui; — Gy (w: by, ) dt).
“w

Then, obviously, we have Jp(¢, ) = J‘;(¢., ) + J4T'(¢, ). Below we give
detailed description of A*(¢) = argmax,(A¢, — G,(A; ¢y, ;) and u*(t) =
argmaxlu,(/*‘l’ljjt - Gl//(/*"’ d)t7 l!ft)) for Td) A T'JI = o0,

() — b, 67 by,
A (t)—10g<2a¢t +\/4((’[¢)t)2 + T)’

2 g7 b
*(t)=1 — .
wi(®) Og(zcd)t‘/ft +\/4(C¢tdjt)2 * C‘Jbt)

A5.1. Main Lemma.

(A.14)

LEMMA 3. Assume

() (¢, ) €.
(i) T® ATY = c0.
(iii) ¢, < const., i, < const.

Then there is a positive constant L(¢, ), depending on L(¢, ¢), such that
for 8 > 0 small enough,

1
liminf — log P(o((x®, y5), (¢, ¥)) < 8) = —=J (b, ¥) — L(¢, ¥)s.

PRrROOF. Set Tf = inf{t: |xX — ¢,| > 8} and Tf = inf{t: |yK — ¢,| > §}.
Since jumps of xX, yX are bounded by %, by the triangular inequality we
have |xf — ¢;| < [x£ — ¢,/ + % and |y% — ¢,| < |y£ — ¢,| + %. Consequently
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with K > 2 the inclusion holds:

{sup ek = 0l +sup 5 — ) < 8}
t<

t<T

1)
> [suplf = ]+ suply i = 3}
t<T t<T

S
={ sup [xf — ¢,/ + sup |yK -y, 55}-
tSTfAT t<tKAT

Hence, the first lower bound we use is the following:

P(o((x", y5), (6, ¥)) < 8)

(A.15) 6
ZP< sup |x/ — ¢,/ + sup |y — i, 55)-

t<tKAT thf/\T

3

For K large enough set

qst % bxtliytK— K
\E(t=)=1o - + , t<t1y AT,
() g(Zaxf‘: (axK )2 axk T4
(A.16)

i i 2 K

K Wy i Dy K

po(t—)=log + , t<7, AT.
2l yE TV el yE )2 exfyE v

[AK(t), u%(t) are defined similarly with an obvious change]. It is clear that
for K large enough AX(¢); uX(t) are bounded and strictly positive.
We define now the positive supermartingale [compare (2.13)]
tATEAT
2K, ) —expl K [ () da - Gu 0K e 5 )|
(A17) b
tIATy AT X x x x x
xexpl K [ [ (=) dyf = Gy (0, ) de] .

We show that (ZX (A%, uX)),_r is the square integrable martingale with
EZF(AX, uF)=1.

To prove this property we have to check that E(ZX(AK, uK))? < oo. (A.17)

implies

(ZF (A%, w5))? = ZF (205, 2u5)

‘rlf T
x exp{K/O ¢ (G4 (205 (2); <K, yK) — 2G4 (\X (2); =, yf)]dt}

TEAT
X exp{K/O ! (G, (25 @)k, yE) — 2G, (15 () 2K, yF)] dt}.
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The process (ZX (20K, 2uK)),_r is a supermartingale as well; that is
EZK@2)K, 2uK) < 1,

and at the same time under assumptions of the lemma G,(2A%(¢); 2%, yK),
Gy(AK(8); 2, yf) and G, (2u"(t); x5, ¥), G, (w5 (2); 2/, y) are bounded
functions on the time intervals [0, Tf A T] and [0, Tl,,K A T, respectively. Con-
sequently, (ZX(AX, uX))? has a finite expectation.

Now, (Q, 7, F = (F)=0, %) with d@Q¥ = ZE (AKX, uX) dP is the stochastic
basis. Due to the positiveness of ZTK(AK, %) not only Q¥ « P but also P «
QX with dP = (ZX(\X, uX))~1 dQX. We apply this formula for the right side
of (A.15). With the notation

. 5
%K={ sup |xfX — ¢,/ + sup |y —y, SQ}

t<tEAT t<tEAT
we have

(A.18) P(BE) = [%K(ng()\ff, wE))LdQxK.

The random process Z fiT(/\K , %) is the martingale with respect to P and
since P ~ QX it is a semimartingale with respect to QX [see, e.g., Liptser and
Shiryayev (1989), Chapter 4, Section 5]. For further analysis Q% semimartin-
gale description of Z fiT M, uX) is required. To this end,we use the fact that
P-semimartingales xX, y¥ are Q¥ semimartingales as well [see Liptser and
Shiryayev (1989), Chapter 4, Section 5] and find their semimartingale decom-

e v/

positions. Let us note that m;, 7}, 7;, 7, are counting processes with respect to
both measures P and @X. Recall that A}, A/, A}, A/ are their compensators

with respect to P and denote by A;Q, A;’Q, A\;Q, X;’Q their compensators with
respect to @X. Then the P-martingale mX = & ([m, — A}] — [7] — A]]) obeys
the semimartingale decomposition (P-and @%-a.s.)

1 / / 7 "
th = ?([”t - AtQ] - [7Tt - AtQ])
1 / / 1" "
(A.19) — 2[4 - AP] - (47 - A]°))
1 / ” "
i~ L[4 - A%~ [47 - 41

with Q¥ - square integrable martingales mf{ @ with the predicatable quadratic
variation (m% @), = %(A;Q + AJ?). Analogously, the @X-semimartingale
decomposition mX = w9 — L([A, — A°] — [A] — A/®]) holds with the
square integrable martingale <" © with (X Q), = %(A\;Q—i—glt@) and (m% @,
K- Q), = 0 (recall that disjointness for jumps of counting processes remains
valid with respect to Q%).
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We give now formulas for A%, A%, X;Q, K;’Q. With Am, = o, — 7,4, ...,

A#! = 7/ — 4/ we have

ZEOE, uBy= XEAK, uE)exp(AK (t—)[Am, — A,

(A.20) B o
+uK (t-)[AR — AB)]).

(A;Q): It is well known that A;Q is defined by integral equation: for any
bounded and predictable function u(¢, w),

[ [ ute.yama@® = [ [ ue.w)da? ag”,

Taking into account that d@Q¥ = ZE(AX, uK)P and ZX (0K, uX) is the mar-
tingale with respect to P we get

T " K d KK K /
/Qfo u(t, w)dm dQ =/Q/O u(t, w)ZE\E, uK) dm, dP

T
=f/ u(t, ) ZE(AK, uK)dw, dP.
QJ0

Since jumps of counting processes are disjoint the right side of the above equal-
ity is equal to [see (A.20)] [, fOT u(t, 0)ZE (AE, uK)er A7 g7/ dP or, what is
the same, |, fOT u(t, 0)ZE (AE, uK)er () d ) dP. Now, since ZX (AK, uX) is
the predictable process, the latter integral coincides with

T K (K | K\ AE(t=) 747
/Q/O u(t, 0)ZE (AK, 1K)e ) dA! dP,

K), is equal to

which, due to the martingale property of ZX(AX, 1
//Tu(t ) ZE (K, wK)e " dayap = | fTu(t w)e ) dA, dQ¥
aJo ’ T K 7 alo ’ ‘ '

Consequently,

dAR = ") qA,
and dA)? = e dAy, dAR = ") dA,dA)? = e+ ()dAY are

obtained in the same way.
Hence

dm{ = dm? + (O = Daxf — ("0 = 1)0xf yf) dt,

dmk = dﬁltK’Q + ((e“K(t) — l)cxf{ytK - (e_“K(t) - 1)bytK) dt
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and thereby we find the semimartingale decomposition with respect to @%:
daf ={xf(a—byk)

(MO — 1)axk — (e — 1)baK yK)} dt + dm;?

Jd .
=GN (0=l yF) e + dm%9 = ¢, dt + dm5?

dy; = {y/ (cxf —d)

+H((eH O — 1)exEyK — (e O —1)pyK)} dt + dml?,

(A.21)

d o ; X
= mGw(MK(t); xf, ) dt + dmfo? =, dt + dm Q.
The use of this decomposition allows to obtain a description for % log Z ¥ (\K,
wX) with respect to QX:
1
K

T(I,){/\T K.Q T(I/){/\T .
= [7 K@) dm s [T (AR @)~ G (0l yE)) dt

log ZE(AK, u¥)

TfAT < K,Q TfAT X
e [T uEay dmf O [T (w0 - 0y (uE (0:xE ) dt.

Let us estimate above the right side of this equality on the set EBg{ . There are
positive constants c, and c, so that

sup [AK(8) = X (@)| + sup |Gy(AE (@) (5, y) = Go(A*(8): by th1)] < ¢4,

tfff/\T tfrf/\T

sup [uf(¢) — (@) + sup |G, (n5@);xf, y5) — Gy (2); by, )] < 0.

tSTf/\T tfrf/\T
Further, since

N ()b, — Gy (X (2); by 1) = Sljp(ét = Gy(A by, 1)),
W (), — Gy (1 (t); by ) = sup(; — Gy (15 b4, 1))
"

and
Tf/\T .
Tr(t, )= [ sup(d, —Gy(hs by, 4)) dt
Tf/\T .
+ [ sup(iy, = Gy by, ) dt
0 M
we find

1 TfAT K.Q TfAT K.Q
Zlog ZEWE, ) < | [7 AR @) dm{C 4+ | [T wK ey
K 0 0

H(cy +¢y)Té+ Jp(d, ).
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This upper bound implies the lower one,

ZF W, 1B zexp(= K (I (b, 9) +(cy+¢,)T8))

Tf/\T K K.Q Tf/\T X K.Q
xexp(—K)/ AK(t=) dm! I—KU wE(t—) dii!
0 0

)

which, being applied in (A.18), gives
P(B5) = exp(—K(J (b, §) + (¢4 + ¢,)T))
K
| (M6 g K,Q|

(A.22) x[Bgexp(—KI/O A (t=)dm, I

K

[ [T AT R
. KI/ ,U,K(t—)th’QD dQX.
0
(A.22) can be sharpened as
P(BE) > efK(JT(q&,1/f)+(c(,,+c,,,)T5+28)QK(wef NNk n ‘Bé"),
where
Tf/\T K Q| ) TfAT K.Q
MK = {)/ AE(t—) dm®?] < e} and 0K = {)/ wK(t=) dmk ) < a}.
0 | 0
Hence
... 1
liminf - log P(BE) > —J (¢, ¥ — (cy +¢,) TS — 2¢)
1
+ liminf — log Q¥ (MX N NE nBE).
K- K
The latter inequality jointly with (A.15) imply the statement of the lemma

provided that for fixed ¢ and § it holds liminfx_ ., @K(WMX N NE N VL) = 1.
We derive that property from

(A.23) lim R (\!mE) =o, Jim F(a\nk) =o, JLim R (\3f) =o0.

The first part of (A.23) follows from the Chebyshev inequality (EX is the
expectation with respect to @%),

QK<l/OT§AT AE(¢-) dth’Q‘ > 8)

1 TEAT
SEC[T K@)y dm™ ),

R (W)

1
K2g2
const.
<
- Keg2

'TI){/\T
EX / T OE )20 dA, + e qAY)
0

IA

— 0, K — .
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The validity of the second part of (A.23) is verified similarly. The third part

in (A.23) is verified similarly to the first and second ones since by virtue of
(A.21),

Q\%Kz{ sup ‘th’Q‘+ sup }n%tKQ}zg} O

tETfAT t<t, AT

A.5.2. The lower bound under T A TV = .

LEMMA 4. Assume

(i) (¢, ) e
(i) T¢ ATV = o0.

Then

liranionflilr{ninf % log P(o((x%, y5), (¢, ¥)) < 8) = —Jp(¢, ¥).
PROOF. Set ¢} = xo + [i ,I(¢, < n)ds. Since [ |¢,| dt < oo, it holds

T . .
limsup |, — ¢7| < [ 1(, > n)ld,|dt = 0.
noo<T 0

Similarly, for ¢} = yo+ [, ¥,I(, < n)ds we have lim, sup,_r |[,—y}| = 0. Let
us choose n, so that for n > n it holds sup,.y |¢, — 7| +sup,_p |, — 7| < &.
Since by the triangular inequality,

1)
supl <t — | + suplyE — |+ suplxt — 6| + suply¥ ] + 2.
t<T t<T t<T t<T
for any n > n, we get
0
P(o(x*, ¥). (4 )) = 9)= P, y). (0", 4" = ).
Therefore, by Lemma 3,
. . 1 n n 8 n n
llII{IngfElog P(Q((xK, yK), (", ™)) < 5) > —Jp(o", ¢") — Ly yno.
Since inf,_r ¢, > 0 and inf,_r ¢, > 0 and ¢,, ¢, and approximated by ¢}, ¢}

uniformly in ¢ < T, for n large enough a majorant L, , for L. 4. can be
chosen, so that

. . 1 8 n n

h}{n_)lolgf X log P(Q((xK, y5), (¢, ¥)) < 5) > —Jp(¢d", ") — Ly 9.
We show that
(A.24) limsup J7(¢", §") < J (b, ).
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Since for n large enough inf,_, ¢; > 0, inf,_7 ¢} > 0, introduce

g @ o
A”(”‘l‘)g(mcw* @d 2 T a )

. g (Y b)
=1
wi(t)=log <2c¢>?¢? * \/ o T ehr

(A.25)

and note that
T .
To(@", ") = [ 1 < m)(N (D)6, — Gy (X;.(0): 07 u)) d
T .
[ 1> m)(=Gy (X (0): 0. w7)) i
T . .
[ 16 = m) (O — Gy (0: 7 07)) d
T .
[ 1G> (=G (087, 9")) dt
T
< Ip(@ )+ [ |GV (0 s ) = Gy (N2 87, 07| dt
T
[ 1Gy (w( brn ) = Gy (13(0): 0% 07) | d.
The second and third terms in the right side of the above inequality converge

to zero, as n — oo, by virtue of the uniform (in ¢ < T') convergence (¢", ") —

(&, ) and [T |7A5(0) — A" (D dt — 0 and [T [ (8) — o (B)] dt — O
that is, (A.24) holds.
Thus

1 8
and the statement of the lemma holds. O

A.5.3. The lower bound under T® ATV < co. For (¢, ¢) € A and h small
enough we have

P | K K
111gélf11lr{r1_)1£fE10gP(Q((x ¥, (b, ) < 8)

= liminf lim inf P< sup |xf —¢,|+ sup |yfK—y,| =< 6)
-0 Koo t<TéAT t<TVAT

> liminflimian< sup |xf — o+ sup |yE -yl < 6).
-0  K-oo t<(To—h)AT t<(TY—h)AT
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On the other side, for ¢} = ¢, t < T — h, Y = ¢,, t < T — h, and for
t>T¢—h,t>T"—h,

dF = ¢M(a—bylt), @t =yh(cpl - D),

respectively, we have

lim inf lim inf P( sup |xf —¢,)+ sup |yF -yl =< 6>
-0  K—co t<(T4—h)AT t<(T¥—h)AT

= lim inf lim inf P(o((xX, y5), (¢", ¥")) < 8) = —d (", ¥"),

where the latter inequality follows from Lemma 4.

Finally,
- (T*—R)AT .
Ty(¢" 0" = [ sup(Ad, = G(Xs by, ) dt
(TY—h)AT )
+ b sup(puip, — Gl//(l"l’; b py)) dt
I
T¢AT

<[ sup(Ad, — Gy(Xi by, ) dt
0 A

TV AT .
+ [ sup(ui, — Gy dbrs ) dt
0 w

= JT((;b’ lr[j)

Now combining the obtained results above we arrive at the required lower
bound,

S |
11g551f1111g1)1£f Ve log P(o((x%, y5), (¢, ¥)) < 8) = —J (¢, ¥). o

REFERENCES

DEMBO, A. and ZEITOUNI, O. (1993). Large Deviations Techniques and Applications. Jones and
Bartlet, Boston.

Duruis, P. and ELLIS, R. (1997). A Weak Convergence Approach to the Theory of Large Deviations.
Wiley, New York.

FREIDLIN, M. (1998). Random and deterministic perturbation of nonlinear oscillators. Ducumenta
Mathematica (Extra Vol.) III 223-235.

FREIDLIN, M. and WEBER, M. (1998). Random perturbation of nonlinear oscillators. Ann. Probab.
26 925-967.

FREIDLIN, M. I. and WENTZELL, A. D. (1984). Random Perturbations of Dynamical Systems.
Springer, New York.

GOEL, N. S., MAITRA, S. C. and MONTROLL, E. W. (1971). Nonlinear Models for Interacting Popu-
lations. Academic Press, New York.

HiTcHCOCK, S. E. (1986). Extinction probabilities in predator-prey models. J. Appl. Probab. 23
1-13.

KESTEN H. and OGURA Y. (1981). Recurrence properties of Lotka—Volterra models with random
fluctuations. J. Math. Soc. Japan 32 335-366.



ANALYSIS AND EXTINCTION IN LOTKA-VOLTERRA MODEL 1291

KLEBANER, F. C. (1998). Introduction to Stochastic Calculus with Applications. Imperial College
Press, London.

Kurtz, T. G. (1981). Approximation of Population Processes. SIAM, Philadelphia.

LIPTSER, R. and SHIRYAYEV, A. (1978). Statistics of Random Processes 2. Springer, New York.

LIPTSER, R. S. and SHIRYAYEV, A. N. (1989). Theory of Martingales. Kluwer, Dordrecht.

LIPTSER, R. S. and PUKHALSKII, A. A. (1992). Limited theorems on large deviations for semi-
martingales. Stochastics Stochastics Rep. 38 201-249.

LOTKA, A. J. (1925). Elements of physical Biology. Williams and Wilkins, Baltimore.

May, R. M. (1976). Theoretical Ecology, Principles and Applications. Oxford Univ. Press.

PUKHALSKII, A. A. (1991). On functional principle of large deviations. In New Trends in Probabil-
ity and Statistics (V. Sazonov and Shervashidze eds.) 198-218. VSP/Mokslas, Vilnius,
Lithuania.

PUKHALSKII, A. A. (1999). Large deviations of semimartingales: a maxingale problem approach.
I1. Uniqueness for the maxingale problem. Applications. Stochastics Stochastic Rep. 68
65-143.

ROOZEN, H. (1989). An asymptotic solution to a two-dimensional exit problem arising in popula-
tion dynamics. SIAM J. Appl. Math. 49 1793-1810.

SMITH, X. and MEAD, X. (1979). On predicting extinction in simple population models II. Numer-
ical approximations. J. Theoretical Biol. 82 525-535.

TURELLI, M. (1977). Random environments and stochastic calculus. Theoret. Population Biol. 12
140-178.

VOLTERRA, V. (1926). Variazioni e fluttuazioni del numero d’individui in specie d’ animali con-
viventi. Mem. Acad. Lincei 2 31-113.

WATSON, R. (1987). Some thoughts on models for interacting populations. Report 2, Dept. Statis-
tical Research Univ. Melbourne.

WENTZELL, A. D. (1989). Limit Theorems of Large Deviation for markov Random Processes. Reidel,

Dordrecht.
DEPARTMENT OF MATHEMATICS DEPARTMENT OF ELECTRICAL
AND STATISTICS ENGINEERING SYSTEMS
UNIVERSITY OF MELBOURNE TEL Aviv UNIVERISTY
PARKVILLE, VICTORIA 3052 69978 TEL AVIV
AUSTRALIA ISRAEL

E-MAIL: fima@ms.unimelb.edu.au E-MAIL: liptser@eng.tau.ac.il



