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We characterize the limiting behavior of the number of nodes in level
k of binary search trees T',, in the central region 1.2logn < k < 2.8logn.
Especially we show that the width V, (the maximal number of internal
nodes at the same level) satisfies V,, ~ (n/\/47logn) as n — o a.s.

1. Introduction. A binary search tree is a binary tree in which each
(internal) node is associated to a key, where the keys are drawn from some
totally ordered set, say {1,2,...,n}. The first key is associated to the root.
The next key is put to the left child of the root if it is smaller than the key of
the root, and it is put to the right child of the root if it is larger than the key
of the root. In this way we proceed further by inserting key by key. So starting
from a permutation of {1,2,...,n} we get a binary tree with n (internal)
nodes such that the keys of the left subtree of any given node x are smaller
than the key of x, and the keys of the right subtree are larger than the key
of x.

Binary search trees are widely used to store (totally ordered) data, and
many parameters have been discussed in the literature. (The monograph of
Mahmoud [8] gives a very good overview of the state of the art.) Usually it is
assumed that every permutation of {1,2,...,n} is equally likely, and hence
any parameter of binary search trees may be considered as a random variable.

An alternative way of looking at it is as a Markov chain of binary trees
(T},)n>0 describing the evolution of a binary search tree. T, has n internal
nodes and n + 1 external nodes; especially T, has no internal nodes; that is, it
consists of exactly one external node, which is the root, and 7'; has one internal
node, which is the root and two external nodes. Now T, is generated from T';
by replacing one of the two external nodes by an additional internal one (with
two external nodes as left and right children) with equal probability 1/2. In
that way we proceed further. T, is generated from T, by replacing one of the
n + 1 external nodes by an additional internal one (and two external nodes as
left and right children) with equal probability 1/(n + 1). It is an easy exercise
to show that for any fixed n the probabilty distribution of 7', of this Markov
chain (7,),-¢ is exactly the same as the probability distribution induced by
equally likely permutations of {1, 2, ..., n} as above. However, in what follows
we are mainly concerned with the Markov chain model.
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It is clear that every parameter Y = Y 1 on binary trees 7 (e.g., the height,
the total path length, etc.) induces a sequence (Y (%)), of random variables,
where Y(n) =Y .

In this paper we want to consider and denote the number of external nodes
U, atlevel k, the number of internal nodes V', at level %, and the total number
of nodes Z, = U, + V, at this level.

THEOREM 1. We have a.s.,

_ 2
U,(n) :exp<_(k 210gn)>+ﬁ< 1 )
n/y/4mlogn 4logn Vlogn

V,(n) Zexp(_(k—2logn)2>+ﬁ( 1 )

n/\/4logn 4logn Vlogn
and
_ 2
Z,(n) :exp<_(k 210gn)>+ﬁ< 1 >
n/y/mlogn 4logn JVlogn

as n — oo, where the error term é’(l/\/log n) is uniform for all k > 0.
From this theorem we directly obtain a result for the width.

COROLLARY 1. Let U(n) = max Up(n), V(n) = max Vi(n) and Z(n) =

max Z(n). Then we have a.s.,
k>0

O(n) :1+é’( ! >

n/\/41-rlogn \/logn

LL:I+@< L )

n/\/47710gn \/logn
and

&:1-{-@( 1 )

n/y/mlogn JVlogn
as n — oo.

It should be noted (see (3) and [3]) that in the range % € [(2—+/2+ &)logn,
(2 + 2 — &) log n] we have (uniformly)

EU () ~ por(los2) 1y o (_(k - 210gn)2)
(1) V2mk \/47710gn 410gn

—l—é’( n )
logn

(EU,(n))? - 4o, —2—0f  T(2a,, — 1)

EU,(n)? ai,k F(an,k)2 ’

and

(2)
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where «,, ;, = k/log n. Similar estimates are true for EV ,(n) and EZ,(n):
EU

EU,(n) and EZ,(n)~ a, ;EU(n)

Ak — Ak — 1

asn — oo if k e [(1+ &)logn, (242 — &)logn]
In view of (1) we can reformulate Theorem 1 [for U(n)] in a way that

EV,(n)~

if & = 2logn + 0(\/ @) as n — oo. This concentration property is sup-
ported by the fact that in this range (EU,(n))? ~ EU,(n)?. Since (EU,(n))?
JEUL(n)? A 1 if a,, = k/logn — a # 2 we cannot expect a concentra-
tion property of this kind for « # 2. Nevertheless Theorem 1 and (2) suggest
that the ratio U (n)/EU,(n) should behave nicely. In fact, we can prove the
following theorem.

THEOREM 2. There exists a random analytic function M(z) for |z — 1| <
(v/2)™! with M(1) = 1 such that for any given & > 0 we have a.s.,

U.(n) k
EU,(n) M(2logn> -0
V.(n) k

EV,(n) M(2logn> -0

Z,(n) k
EZ,(n) M(zlogn> -0

as n — oo, uniformly for all k with 1.2logn < k < 2.8logn.

and

REMARK. Please note that in all three cases of Theorem 2 the random
analytic function M (z) is in fact the same; for example, we have a.s.,

Up() Vi)
EU,(n) EV,.(n) )

The reason is that the second and third relation follow from the first one in
view of Lemma 1 and the fact that M(z) is analytic.

It is very likely that the constants 1.2 and 2.8 can be replaced by 2— 2+ ¢
(resp. 1+ ¢) and 2 ++/2 — &; compare with Theorem 4. There are only technical
reasons that we cannot do more.

However, for & < (2 — v/2 — &)logn and for & > (24 +/2 + £)log n we have
(see [3])

(EU,(n))?
EUk(n)2

(for some 8 > 0) which indicates that Theorem 2 need not hold in a range
larger than 2 — v/2 < k/logn < 2 + V2.

=0O(n?)
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The paper is organized in the following way. In Section 2 we collect some
basic facts. In Section 3 convergence properties and estimates for a martingale
are provided, which will be the essential tools for the proofs of Theorems 1
and 2. In Section 4 the proof of Theorem 1 is presented. In fact, a more precise
version (Theorem 5) is provided indicating that there is an asymptotic series
expansion for U,(n). Finally, the proof of Theorem 2 is given in Section 5.

2. Preliminaries. Let us start with relations between U, V;, and Z,,.

LEMMA 1. The following relations hold:

() Zpyy =2V,
(i) Zpyy — Zp =V — Uy
(i) Zy =¥ ;.5247U,;

The proof is obvious by induction.
The main tool for the proofs of Theorems 1 and 2 is the random power series
(polynomial),

W, (2) = > U(n)z".
k>0

The first observation is the following one; see [5].

LEMMA 2. The expected value of W,(2) is given by

42z w22
BW,) = T 755 =) (7).

From this representation we can read off an explicit representation for

2k
EU,(n) = msn,k’

where s, ;, are the (absolute) Stirling number of the first kind, in other words
the number of permutations o of n elements such that the canonical cyclic rep-
resentation of o has exactly % cycles. (It seems that this explicit formula was
first observed by Lynch [7] compare also with [8].) By well-known asymptotics
for Stirling numbers (see [9]) we derive [for £ = #(log n)]

2k(logn)t  pons(-loglan/2)-1
kinT(a, ;) ok ’

(3) EU(n) ~

where «, , = k/logn, as above. (In [3] an alternate approach is provided and
it is shown how one can derive asymptotic expansions for second moments
EU ,(n)?, too.)
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LEMMA 3. For any compact set C in the complex plane C we have

2z—1

4) EW,(2) = =

Vi 2R z—2
T2z TOm)

uniformly for z € C as n — oo.

PrROOF. By Lemma 2, EW,(2) is just a binomial coefficient (—1)"(~%*). So
it is clear that for any fixed z we have (4); compare with [4]. In order to
show uniformity we repeat (more or less) the proof of this asymptotic formula
presented in [4].

For convenience set @« = 2z. Then EW ,(2) is exactly the nth coefficient of
the binomial series (1 — x)~¢, respectively,

EW,(z) = 2—71” /C(1 —x) el d,

where ¢ is a closed curve in the unit circle with winding number 1 around 0.
Note that x = 1 is a singularity of the analytic function f(x) = (1 — x)~® and
that there is an analytic continuation of f(x) to C\ {x € R: x > 0}. So we can
replace the contour of integration ¢ by ¢ = ¢; U ¢y U ¢35 U ¢4, where

A —t
¢ = x=1—%:0§t§\/ﬁ},

1+t
cy = x=1+—:0§t§ﬁ},
n

) T
ca=fx=1——e" — =<t
3 2

IA
IA
bl 3

L

ey =qlx[= '1+n_; + %I |arg x| > arg <1+n_1/2—|— %)}

The easiest part is to estimate the integral over ¢,

1

<1+ nf%)fn max(n(m)m“ 2+ n71/2)79ia) o2l
21 - ’

/ (1—x)x " tdx
Cq

On the remaining part c¢; U ¢y U c3 we use the substitution x = 1+ ¢/n, where
t varies on a corresponding curve y; U yy U y3. Furthermore we approximate
x "1 by e7!(14 #(¢2/n)). Now the integral over c; U cy U c5 is given by

1

— 1—x) %" ldx
2L /c1U02U03( )

na—l na—2
| (-ty e tde+— [ (—t) et - 6(:2) dt
271 JyyUyyUys 271 JyyUy,Uys

= na_lll + na_212.
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Now I, approximates 1/I'(«) (by Hankel’s integral representation) in the fol-
lowing way:

1 00
I, = Vi 27| 1 t2 —(1/2)Re ,—t dt
T T (fﬁe 1+ ‘

— 1 + e217|oz|(1+n2)—(1/2)ﬂ\‘ae—ﬁ .
I(a)

Finally, I, can be estimated by
Iy < [ €21+ )1V dr 4+ 6(1),
0

Thus, for any compact set C in C we have
a—1

EW,(2) = % +6(n?)

uniformly for z=a/2 € K asn - oco. O
3. Study of a martingale.

3.1. Definition and main result. It was shown in [5] that the ratio

W..(2)

M@ = 5w, )

is a martingale with respect to the natural filtration (7,) associated to the
sequence of trees (T',,),-o (described in the introduction). Hence, for positive
values of z, the martingale converges to an almost sure limit M(z). It was
proved to be bounded in L? for z € (1 — 1/+/2,1 + 1/+/2) and the limit was
shown to be positive in this case. But no convergence result was established
for complex values and no uniformity has been proved for the convergence
over z € (1— 1/v/2,1+ 1/\/5). Now our main result concerning M ,(z) reads
as follows.

PROPOSITION 1.  For any compact set C € {z € C : |z — 1| < 1//2} the
martingale M, (z) converges a.s. uniformly to its limit M(z) (which is again
an analytic function).

We note that M(z) is exactly the random analytic function appearing in
Theorem 2. We also note that M, (1) = 1. So there is no probability at z = 1.

In the next subsection (see Corollary 2) we will determine exactly the com-
plex set # = Be(1,1//2) ={z € C: |z—1| < 1/+/2} of L?-convergence for this
martingale and prove the regularity of the covariance function of its limit.

That will permit us to prove uniform convergence of M, (z) over the compact
subsets of % (in Section 3.3). The proof will follow the same path as Joffe,
Le Cam and Neveu in [6].
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3.2. L2-study. We start by establishing an explicit formula for the covari-
ance function of (W ,(21), W,(22)) which is valid for all z;, zo € C and which

will be useful for Section 4, too.

LEMMA 4. For all z;, 25 € C,

E(W,,1(0) W, 1(22)) = 3° (B,(zl, 2) 11 auen 22>) 1T (e 20).
=0

j=0 k:j+1
where
. 2(z1+29—-1
(5) (21, 25) = 1+ %
and
. E(Wy(z129)
(6) Br(z1, 25) = (221 = 1)(225, — 1) ( kk—(i— i .

PrOOF. Denote by fn the covariance function of W,

T(21, 25) = E(W,,(21) W, (22)).

We establish a linear recursion for fn(zl, zy). First, we recall

Woia(2) = Wy(2) + (22 — 1)z

Thus,
o Toi(21, 22) = B[E[ (W, (21) + 21"(221 - 1))
x (Wa(22) + 25" (22, — 1)) 1],
so that
o Tt | 3 TH W, (e W 20+ W, en)eh2— )
+W,,(2)25 (221 — 1) + (2122)" (221 — 1)(22; — 1))].
Hence
Foria(en20) = B W (e)W (2) 4 W (an) 22252
9) FW(2) 22— DWal20)

(n+1)

Wn(zlzz)}’

+(2z2; — 1)(229 — 1) T
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which yields

(10) T,.1(21, 29) = @y(21, 2)T (21, 29) + Ba(21, 25)

for @ and B defined by (5) and (6~). N
Now, the explicit formula for I',, follows from (10) (and I'y(z;, 25) = 1). O

With the help of Lemma 4 we can establish regularity of the covariance
function of M over %2.

COROLLARY 2. (M, (2)),en is bounded in L? if and only if |z — 1| < 1/+/2.
Hence, there exists a random variable M(z) € L? such that M, (z) — M(z)
almost surely and in L? for z € % = Be(1,1/+/2). Furthermore,

I(21, 29) = E(M(2,)M(22))

is holomorphic over %* c C2.

PrROOF. By (5) we have

n n 2(z1+29—1) 1
1_[ &k(zl, 22) = <—) (1 =+ ﬁ <_>>
k= j+1 J J

and consequently (by Lemma 3),

= " EW(2125) " o
Fo(z1, 29) = (22, — 1)(22, — 1) 3 # [T au(z1,22) + [ @r(z1, 22)
=0 J j=h+1 Jj=0

n n 20 (z1+29—1)
< Z j25)i(2122)—2 <7> + nZN(zl-&-zz—l)

=0
n
& n2:)i(21+2271) Z j72§7t(21+2272122)’

=0

where the notation A « B means that there is a constant ¢ > 0 such that
A < c¢B. Thus,

I (21, 29) i= E(Mn+1(21)Mn+1(22))

_ E(Wn+1(21)Wn+1(22))
EW, . 1(21) - EW,,1(29)

< i j72:“(21+2272122).
j=0
Obviously, we have the same lower bound. Hence, (M ,(2)),cy is bounded in
L? if and only if 4%z — 2|z|2 > 1, respectively, if and only if z € %.
Now, if 4%z, — 2|2;|? > 1 and 4Rz, — 2|25/ > 1, then we also have 2%(z; +
29 — 2129) > 1. Thus, I', (21, 29) — I'(21, 23) uniformly over the compact sets
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of %2. Since, for any n, I',, is holomorphic over (C \ %Z*)z, we conclude that I
is holomorphic over %2. O

3.3. Proof of Proposition 1. The holomorphy of I' proved in the previous
section will give us (with help of the Kolmogorov criterion) continuity of M(z)
over any parametered arc y C %. However, Kolmogorov’s criterion is not suf-
ficient to establish directly continuity of M as a complex function.

PROPOSITION 2.  Set I' := (1 — +/2/2,1 + +/2/2). Then (M(t)),.; has a
continuous modification M such that, for any compact interval C C I',

E<sup|zt7(t)|2) < +00.
teC

More generally, if y: R — % is continuously differentiable, then there is a
modification M., of (M ,(y(t))).cr such that, for any compact set C of R,

E(sup |ﬂy(t)|2) < +o0.
teC

PRrROOF. Observe that, as M, (z) is a real rational fraction, M ,(z) = M ,(2).
Thus for all z,, z9 € %,

(1) E(M(z1) - M(25)P) = T(z1, 21) + T(25, 23) — 20T (21, 25)).

Let C be a compact set of %; since I' is holomorphic, a local expansion of I" up
to order 2 yields

(12) (21, 21) + D23, 25) — 20(I'(21, 23)) < K|z, — 25|
for some constant K > 0 and for all z;, z9 € C. Hence, by (11) and (12),
(13) E(IM(z1) - M(2,)) < K|z, — 25

for all 2z, z5 € C. Hence by Kolmogorov’s criterion (cf. [11], page 25), a contin-
uous modification M exists and

M, — M/\*
s,teC |t - s|a

for all « € (0, %). Consequently, for all compact sets C < (1 — 1/v/2,1+1/42),

we have

E(sup |M(t)|2> < +4o00.
teC

Now let yv: R — % be continuously differentiable. We can do the same as
before with the martingales (M, ,(?)),g for M, ,(¢) = M,(y(t)). Equation
(13) becomes

E(|M,(t)) — M, (t5)]") < K|y(t1) = v(t5)|* < K|ty — tof
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for some constant K’ > 0 depending on the compact interval CN C R under
consideration. Thus, (M ,(?)),cg has a continuous modification M, such that

E(sup,.c |My(t)|2) < +oo for all compact set C C R. O

Now uniform convergence of (M) follows from a theorem of vectorial mar-
tingales. (We proceed as in [6].)

THEOREM 3.  For any compact set C C (1 —1/+/2,1 4 1/+/2), we have a.s.,
M, - M  uniformly over C

and
E(sup |M,(t) — M(t)|2> — 0.
tEC n—o00

More generally, let y: R — % be continuously differentiable and set M, () :=
M, (y(t)) and M (t) = M(y(t)). Then the same result holds for (M, ).

PROOF. Let [a,b] € (1 — 1/4/2,1 + 1/+/2). The modification M of the
previous proposition is a random variable taking its values in the separa-
ble Banach space E = ¢([a, b], C). Let & be the Borelian o-field of E and

Fo = 0(F,n > 1), M is &|F,,-measurable and is in L% = L%(Q, E).
We will show that E(M|.7,) can be identified as M, 4 if M, (4] is under-

stood as a random variable taking its values in E.
Observe that

d)t: g([aa b]a C) - Cy
X = X(¥)
isacontinuouslinear formover ¢ ([a, b], C),henceE(d)t(M)L%L) = d)t(E(ML%L))

almost su1:gly. Saying that M is a modification of M means ,Ehat for all ¢ €
[a,b], ¢,(M) = M(¢) (a.s.). Hence it follows that M, (¢) = E(M|%,)(t) a.s., so

that M, = E(M|%,) a.s.
We can now apply the theorem of vectorial martingales (cf. [10], Proposition
V-2-6, page 104), which yields

M, = E(M’m) —~ E{M|7,} as.andin L3,
Since M is ..-measurable we get

(14) sup |M,(t) — M(t)| —0 a.s.
tela,b] n—>00

and

(15) E( sup |M,(t) — M(t)|2>’H—O>OO.

tela,b]
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Hence, the first part of the theorem is proved since ~(14) implies that, almost
surely, M(t) exists for all ¢ € [a, b] and is equal to M(¢).

By the previous proposition we can proceed for (M, ,) along the same lines
as for (M ). This completes the proof of Theorem 3. O

Now, since M, is holomorphic, for all n and any p < 1/4/2, the uniform
convergence of M, over the arc y(¢) = 1 + pe' implies (via Cauchy’s formula)
uniform convergence of M, and all its derivatives over compact subsets of
% = B¢(1, p). Thus, we can state the following strong corollary of the previous
theorem:

COROLLARY 3. M, (2) and all its derivatives converge uniformly over all the
compact sets of %.

3.4. An almost sure central limit theorem. We now show that Proposition 1
already implies a global version of Theorem 2, also indicating that the range
1.2logn < k < 2.8logn is surely not natural.

THEOREM 4.  For every a € (2 — /2,2 + v/2) we have a.s.,

; U,( @ k % * —t2/2d ,
EW,(3) kfalogni/m lz) = L

uniformly for x € R as n — oo.

PROOF. Recall that W, (z) = (EW ,(2)) M, (z) and notice that we have uni-
formly for ¢ real, ¢t = o((log n)—1/2),

LAY @ alogn(it—tz/Z)
E”"(Qe ) E“”(Q)e
and, since M(«/2) is positive,

[¢1

2

o

) +o((log )12 ~ M(5)

(16) Mn(feif) - Mn( -

2
as n — oo. Thus we can apply Levy’s theorem and directly obtain the wanted
result. O

3.5. More estimates for W,(z). In order to prove Theorems 1 and 2, which
are local versions of Theorem 4 it is not sufficient to know the behavior of
M, (2) near the real axis, that is, (16). We need more precise information about
the limiting behavior of M, (z) for 1 — 1/+/2 < |z| < 1+ 1/+/2, respectively, of
W, (2). The next proposition provides a.s. estimates for |z| = 1 which will be
needed for the proof of Theorem 1.
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PROPOSITION 3.  For any K > 0 there exists 6 > 0 such that a.s.,

swp W)= o
|z|=1,|z2—1|>1/v/2-6

o)

as n — oo.
The proof of Theorem 2 requires more precise estimates.
PROPOSITION 4. For any K > 0 there exists 8 > 0 such that a.s.,

n2|z|—1
w =0 —=
@ = (ogare)
uniformly for z € C with 0.6 < |z| <1.4,|z—1|>1/v/2 -6 as n — oo.

COROLLARY 4. For any K > 0 and ¢ > 0 we have a.s. that there exists n,
such that for all n > n,

EW,(I2))
(log n)K

for all z e C with 0.6 < |z| < 1.4 and (logn)~Y?** < |argz| < 7 as n — oc.

(W, (2)] <

PrOOF. By Proposition 4 this estimate is true for z € C with 0.6 < |z| < 1.4
and [z—1| > 1/+/2—8. Moreover, for z € C with |z—1| < 1/+/2—8 we know that
M, (2) is a.s. bounded. Furthermore, it follows from Lemma 3 that, uniformly
in n and ¢ for (logn)g/\/logn < |t| <,

[EW,,(20¢")| < EW,,(z0)e ™ 1¢"

for some constant ¢ > 0 (depending continuously on z;). A combination of
these two estimates proves the corollary. O

Of course, Proposition 3 is contained in Proposition 4. However, we decided
to state (and prove) them separately since the proof of Proposition 3 is much
easier to follow. The proof of Proposition 4 does not contain new ideas but it
is more involved.

We start with an estimate for E|W,(2)[2.

LEMMA 5. For every 8 > 0 we uniformly have for z with |z—1| < 1/+/2 -8,

E|Wn(2)|2 — ﬁ(n49i272)
and for z with 1/v/2 -6 < |z — 1| < 1/V/2,
E|W,(2)|? = #(n*"*2logn)

as n — oo. Furthermore, let C be a compact set in the complex plane such that

|z—1| > 1/v/2 for all z € C. Then
E|W,(2)]? = 6(n** logn)

as n — oo, uniformly for z € C.
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PrROOF. We recall that
E|M,(2)2 < n*2 Xn: j7(4})'iz—2|z|2).

J=1

Furthermore we have 4%tz — 2|z|? > 1 for |z — 1| < 1/+/2 and 4%z — 2|z)? < 1
for |z — 1| > 1/+/2. Thus, for |z — 1| < 1/4/2 — &, there exists § > 0 such that

n
E|Wn(2)|2 « n45h‘2—2 Z j—1—5’ < n4§)€z—2
Jj=1
and for 1/v/2 -6 < |z — 1| < 1/V/2,
‘ n
E|Wn(2)|2 < n49\272 Z .].71 < n4m272 logn
j=1

which proves the first part of the lemma.
Finally, for z with |z — 1| > 1/+/2 we obtain

1-4%z+2|2|2
w2 (n+1) " -1

2
EIW,(2) <n 1— 4%z + 2|22

olef1 1— ef(lf4§1iz+2\z|2)log(n+1)
21zl

< 1— 4%z 1 222

& n2lE-1 logn.

This completes the proof of the lemma. O
We will also use an a.s. estimate for the derivative of W, (2).

LEMMA 6. We have for all z # 0,

W, ()| < Wi(l2l) < 2] "2 logn a.s.

ProOOF. Obviously, we have |W) (2)| < W/,(|z|). Furthermore, it is known
that H, ~ clogn a.s., where ¢ = 4.31107... is the solution greater than 2
of clog(2e/c) = 1. Hence, a.s. there exists n, such that for n > n, we have
Up(n) = 0if £ > (¢ + 1)logn. This directly implies that a.s. we have for
sufficiently large n,

W (I12]) = 3 kU, (k)|2|*" < (c+ Dlogn )" U, (k)|z|*!
k>0 k>0
W..(2])
2|

=(c+1)logn

This proves the lemma. O
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We now directly enter the proof of Proposition 3. First, Lemma 5 provides
that for every ¢ > 0 there exists 6 > 0 such that for |z| = 1 and |z — 1] >

1/v/2 -8,

2 2K+1
P{IW,(a)] = n/Clogn)) < conEh o CBTV

Now set z,, ; := e'n/, where
J

3 3
tnj= (arccos vl 5) + (277 — 2arccos — + 25> (ogn)E+1

4
and j=1,2,...,[(log N)X*1]. Thus we obtain

(log n)3K+2

P{|Wn(zn,j)| > n/(log n)¥ for some j} < g

Now observe that (for sufficiently small & > 0) the series
(log(n2))3K+2
>

2(1-¢
20 n2(1-e¢)

converges. Hence, the Borel-Cantelli-lemma implies that a.s.,
2

n
sup |W,2(z,2 ;)| < ————
5 1Wren )= Goglny®

for all but finitely many n > 0. Of course, by Lemma 6 we can interpolate
between z,. ;. Suppose that for some z with |z| = 1 we have ¢,. ; < argz <
tp2, j+1- Then we (uniformly) have

Wye(2) = Wpa(z,2 ) + O(W2(1)(log(n?) 1)

n2

= (log(n?)K
2

+&(n*(log(n?)) %1

n
< Tog(n?)X”
So, in any case this implies that a.s.,

2
n

sup [W,o2(2) < ———%
|z|=1,|z—1|>1/+/2-8 " (log(n2))X¥

for all but finitely many n > 0. Finally we can use the relation W, ,(z) —
W, (2) = (22 — 1)z* to observe that

Woein(2) = Wo2(2) + O(k) for1<k<(2n+1).
Thus, we get
2 n?+k

n
Wieen(2) < qoocane + 000 < qoaam 1 )k
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uniformly for 1 < £ < (2n + 1), which shows that we also have a.s.,

sup W, (2)] <
elmLle-112-8 (log n)k

for all but finitely many n > 0. O

As mentioned above the proof of Proposition 4 runs along the same lines as
that of Proposition 3. By Lemma 5 we have for 0.6 < |z| < 1.4 and |z — 1| >
1/4/2 — & (for some sufficiently small 8 > 0),

- E|W,(2)] (log n)*<+1
2|z|-1 K n
P{|Wn(2)| = n""""/(logn) ] = (n2-1/(log n)K)2 > palz-2/zF—1-0.001"

First, let us consider the range R, :={z € C: |z—1| > 1/v/2-8,1 < |2] < 1.4}.
We now use #((logn)?%+%) points z, ; covering R; with maximal distance
(logn)~%-1. Observe that for z € R; the series

3/2])2K+1

Z (log[n
. [n3/2]42|-2l2*~1-0.001
n=

converges uniformly. Hence, by the Borel-Cantelli-lemma we have a.s.,

W ) [n3/2]2l-1
sup 321021821 )| < o
; [n32]\<[n3/2], j (log[n3/2])K

for all but finitely many n. By Lemma 6 we interpolate between z,32) ; and
obtain the same bound uniformly for all z € R;. Finally, we have to observe
that a.s., uniformly for n%?2 < k < (n + 1)3/2,

[n3/2]2\z\71
(17) IWi(z) = Wiy (2] < oo amp e
Since
n+k—1
WnJrk(Z) - Wn(z) = (2‘2 - 1) Z Zkl
l=n

we have to estimate z*/. We know that a.s. H, < 4.3111log n (for sufficiently
large n), compare with Devroye [2] or Biggins [1]. Hence it follows that a.s.,

max  k; < 4.312-log(n®?).

n3/2<l<(n+1)3/2
So we only have to check that

[n3/2]2|z|71

_ 3/21 _ 1,,3/2 4.3121og(n?2)
|22 1|<[(n~|—1) 1-[n ])|z| < g )E"
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Alternatively, it suffices to show that there exists n > 0 such that
1+3.4312loglz| < 3(2lz2| - 1) —n

for 1 < |z| < 1.4. A short inspection shows that this is true, for example, for
1n = 0.02. Hence, (17) follows, which completes the proof for z € R;.

Forze Ry:={zeC:|z2—1]| > 1/4/2—6,0.6 < |z] < 1} we have to do almost
the same. Again we use the subsequence [n%/2] to apply the Borel-Cantelli
lemma. In order to estimate z* we use the fact that a.s. &, > 0.373log n (see
[1]) and finally have to check that there exists > 0 such that

14+2.0.373 log|z| < 3(2/2| - 1) — 7

for 0.6 < |z| < 1, which is again true. O

4. Proof of Theorem 1. The idea of the proof is to use a.s. expansions
of W,(e%) in order to obtain a.s. expansions for the U,(n) via saddle point
approximations.

In fact, we can be much more precise. We can prove an a.s. asymptotic series
expansion for U,(n)/(n + 1) in terms of 1/,/2log n, in which the coefficients
depend on the derivatives M, (z) at z = 1. In order to demonstrate how full
asymptotic series expansions can be obtained we present a complete proof for
the following extended version of Theorem 1 [for U,(n)]. It will then be clear
how to proceed further.

THEOREM 5. We have a.s.,

Up(n) - (1 _k—2logn (k—2logn)®
n/y/4mlogn 4logn 24(log n)?2
k—2logn

, 1
2logn M”(l)) + ﬁ(logn)

as n — oo, in which the error term &(1/log n) is uniform for all k > 0.

ProOOF. First, we use Cauchy’s formula in order to extract U,(n) from
W, (2):

1 7 A A
Up(n) = 5- /_ W, (eit)e kit dt.

Then we split the integral into two parts,
1

I,=— f W, (e)e i dt,
27 |t|<arccos 3 -8
1 ity kit
I,:= _/ W, (e")e kit dt.
271 Jarceos %78515577
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With the help of Proposition 3 we can easily estimate I, from above. A.s. we
have
1

1o < —/ 5
2 arccos § —0<t<w

(W, ()| dt
n

< TogmE-

For |t| < arccos 3 — 8, M, (e') is uniformly bounded a.s. Hence, we have by
Lemma 3,

|Wn(eit)| < ne2(cost71)10gn < nefc’tzlogn
for some constant ¢’ > 0. Now fix some (sufficiently small) n > 0. Then we

have

oo}

1

42
/ e ct“logn dt
21 (log n)~(1-m/2<|¢t|<arccos 5 —&

W, ()| dt < n/

(log n)(1-m/2

< nefc’(log n)" .

So it remains so consider the integral

1
I :

~or W ity ,—kit dt,
2 /ltls(IOgn)—(l_n)/z n(e")e

For |t| < (logn)~(1~"/2 we have by Lemma 3 a.s. and uniformly in &,
Wn(eit)e_kit _ (n + l)eit(Zlogn—k)—t2 logn
X (1 +itM, (1) - ié log n + &(¢ + t*log n)> :
Since

o0
/ e*tzlog”(tQ + ¢t logn) dt « (log n)73/2

and

,/ a-m)y/2 e’ logn(l +e+t logn) < e (logn)"
[#]=(log n)=t1=n

it follows that

3

/ foe) . t
I 1 / ezt(210gn—k)—t210gn (1 + itM;L(l) _ ig log n) dit + &((log n)_%)

n—i—l:%
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Set v, , = (k—2log n)/y/2log n. Then

1 > it(2log n—k)—t%logn . / ~t3
%f_we (1 +itM (1) — Lglogn> dt
3
I S e—;m( _ 3k Yn Yk M;L(1)>.
V2m2logn 6,/2logn  /2logn

Thus, we finally obtain the proposed result.
We now indicate how such (a.s.) uniform estimates for U,(n) imply corre-
sponding estimates for Z,(n) and V,(n). Recall that by Lemma 1,

Zy(n) =Y. 257U (n).

Jj=k

Our aim is to show that (uniformly for all £ > 0)

(" o)
j=0 Vlogn

Y it é’( 1 >
Vlogn

Obviously, (18) implies the proposed relation (in Theorem 1) for Z,(n). Since
Vi(n)= %Z r+1(n) we get the corresponding relation (in Theorem 1) for V (n).
So let us prove (18). First of all, note that we just have to consider j with

J < (loglogn)/log 2 since
- 1
Y 2o @( )

Jj>(loglogn)/log2 IOg n

(18)

Next, we can restrict ourselves to the range |k — 2logn| < \/ 2log n loglog n.
Namely, if |k — 2logn| > \/2 log n loglog n then

(k—2logn)*\ 1
exp( 4logn =7 logn /)

So suppose that j < (loglogn)/log2 and |k — 2logn| < \/2logn loglogn.
Then we have

ox _(k+j—210gn)2 Cex _(k—210gn)2
P 4logn P 4logn

_9logn)2 i2 i\bh_
<<e,% J +J|k 2logn| ‘
logn logn

Thus,

(k+ j—2logn)?
4logn

> 2/ exp(—

J=(loglogn)/log2
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- (k—210gn)2) y
B exp( 4logn 2 2

Jj=(loglogn)/log2
k —2logn) 1 o |k—2logn .
rop( - ) rogn T P T2
e 087 jz0 0B 20

B (B —2logn)? 1
_2exp< 4logn e logn /)

Note that this error term #(1/log n) is better than the error term & (1/,/log n)
which is really needed. However, this is again an indication that asymptotic

series expansions for Z,(n) directly follow from corresponding expansions for
Uk(n)

5. Proof of Theorem 2. The proof of Theorem 2 runs along similar lines
to the proof of Theorem 1. The only difference is that we now use a.s. expan-
sions for W, (zpe") (where z, = k/(2log n)). For small ¢ we use

Mn(Zoeit) = Mn(ZO)eitM/n(ZO)/Mn(Zo)‘Fﬁ(tz)

and W,(z,e*) = M, (20" )EW ,(24e") and for large ¢ the estimate of Proposi-
tion 4 (resp. of its Corollary 4).
As above we have

_k ™ . .
U,(n) = % [ W (z0e™)e " dt.

First, for any (sufficiently small) n > 0 we have by Corollary 4,

; EW,(zy)
| W, (20e")| < vﬂo
for 0.6 < z, < 1.4 and (logn)~(1="/2 < |¢| < 7. Hence

—k
2 /(logn)’l%g‘t‘gwwn(zoe )e dt| <

zklogn

Conversely, for ¢ real with |t| < (logn)~1~"/2 we have uniformly (by using
Lemma 3 and & = 2z,logn),

Wn(zoeit)e—kit — Mn(ZOeit)EWn(ZOeit)e—kit
= M, (2))EW ,(2)e0 e" D=kt (1 4 £([t]) + £(nh))
= M, (20)EW,,(29)e "5 (1 + &((log n) 0 —*1/2)).
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This implies that a.s.,

—k

Zo_ ity ,—kit —km
9 f W, (zge")e ™ dt + ﬁ(zo Tog 1

|t|=(log n)~1=m/2

M, (20)25"V2mREW ,(20)(1 + &((log n)~(1=3m/2)),

Ui(n)

By combining (1) and Lemma 3 we have
25"V2mRkEW ,(29) ~ EU,(n)

uniformly for 0.6 < z, < 1.4 as n — oo. Finally by Proposition 1, M, (z,) ~
M(z,) again uniformly. Thus, Theorem 2 follows for U(n).

Finally, we can use this representation for U,(n) and Lemma 1 to derive
the corresponding results for Z,(n) and V(n).

Addendum. Let us mention that, due to Alain Rouault’s help, the covari-
ance result for martingale M, in Section 3.2 has been improved as follows:

22129 +1 I'(2z,)'(225)
X

limE(M M = .
1,{n ( n+1(21) n+1(22)> 2(21 + Zz) _ 22122 1 F(Z(zl + 22) — 1)

Acknowledgment. We thank M. Dekking for having suggested the L2-
method used in reference [6] of Joffe, Lecam and Neveu.
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