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1 Introduction

Our interest in asymptotic distributions in this paper grew out of problems on sums of record values in
insurance. Assume that the claim sizes {X;,7 > 1} are independent and identically distributed (i.i.d.)
positive random variables with a common distribution function F'. X} is called a record value if

X > max X;.
1<i<k—1

By convention, X, is a record value and denoted by X(1). Define

(1.1) Li=1, L, =min{k > L,,_1, X} > X1 _,} forn > 2.
{Ly,n > 1} is called the “record occurrence time” sequence of {X,, n > 1}. Let
(1.2) XM =Xx; .

Then {X( n > 1} is the record sequence of {X,,n > 1}. According to insurance theory, what
leads to bankruptcy of an insurance company is usually those large claims that come suddenly. Thus,
studying the laws of large claims is of significant importance for insurance industry. The limiting
properties of the record values have been extensively studied in literature. Tata (1969) obtained a
necessary and sufficient condition for the existence of non-degenerate limiting distribution for the
standardized X (™. de Haan and Resnick (1973) found almost sure limit points for record values X ().
Arnold and Villasenor (1998) recently studied the limit laws for sums of record values

(1.3) T,=> X0
i=1

When X; has an exponential distribution, Arnold and Villasenor proved that a standardized T, is
asymptotic normal. We refer to Embrechts, Kliippelberg and Mikosch (1997), Mikosch and Nagaev
(1998), Su and Hu (2002) for recent developments in this area.

A key observation in those proofs is that (see Tata (1969) and Resnick (1973)) if F' is an expo-
nential distribution with mean one, then {X™ n > 1} and {G, := ¥", E;,n > 1} have the same
distribution, where F; are independent exponentially distributed random variables with mean one.
For a general random variable X with a continuous distribution function F, it is well-known that
F(X) is uniformly distributed on (0,1) and R(X) := —In(1 — F(X)) has an exponential distribution
with mean 1. Write

Fl(2)=inf{y: F(y) >z}, ¥(x) =inf{y: R(y) >z} for x> 0.

Then t(z) = F~1(1 — e™®), and {X,n > 1} and {¢(R(X)),n > 1} have the same distribution.
Thus, we have
(X0 0> 1} £ {$(Gn).n > 1}

and in particular,



Let {U;,7 > 1} be i.i.d uniformly distributed random variables on (0,1) independent of {FE;,i > 1},
and let Up1 < U,z < --- < U, be the order statistics of {U;,1 < i <n}. It is known that

{Unis1 <i <0} £{Gi/Gpir, 1 <i <)

and that {G;/Gpn41,1 <i <n} and G4 are independent. Therefore

n

(1.4) T &5 (UniGrir) = Y $(UiGnia).
=1

=1

The main purpose of this paper is to study the asymptotic normality and Berry-Esseen bounds
for the standardized T,, and solve an open problem posed by Arnold and Villasenor (1998).

This paper is organized as follows. The main results are stated in the next section, an application
to the sum of record values is discussed in Section 3, and proofs of main results are given in Section
4. Throughout this paper, f(z) ~ g(z) denotes lim, . f(z)/g(x) = 1, f(x) =< g(x) means 0 <
liminf, o f(x)/g(z) < limsup,_ . f(x)/g(z) < .

2 Main results

Instead of focusing only on the sum of record values, we shall consider asymptotic distributions and
Berry-Esseen bounds for a general randomly weighted sum.

Let {U,,n > 1} be independent uniformly distributed random variables, and {Y;,,n > 1} be i.i.d.
non-negative random variables with EY; = 1 and Var(Y;) = c3. Denote S,, = 31, V; and assume that
(Uy,---,Uy,) and Sy4+1 are independent for every fixed n. Let ¢ : [0,00) — [0, 00) be a non-decreasing
continuous function. Put

n

=1

and define
1
o) = [ w(ur)du
1 1
2 = uxr —Oé$2”LL: 2"LL,Z' 'LL-O[QJZ‘
P = [ @) —a@)du= [ viur)du— (),
1
1) = [ viua)du
Let

2

op = F(n+1)+n(n+ 1)cgle/(n+ 1)),

where o/(z) = La(z) .
We first give a central limit theorem for a standardized W,,.

THEOREM 2.1 Assume that the following conditions are satisfied:
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v(z)

Al) YVa>1, lim sup ————>— =0,
( ) 0 —n|<avn n1/2ﬂ3($>

1 4
(A2) Va>1, lim —5  sup v (z) =0,

n=00 NOY |4 nj<aym B2 (T)

(n) + [V bl 4 ) — (n)|de

(A3) YVa>1, Jim Jrion =0.
Then we have - )
(2.1) nonon ) g )

Vnoy,
Next theorem provides a Berry-Esseen bound.

THEOREM 2.2 Assume that E(Y®) < oo and that ) is differentiable. Then

Wyn —na(n+1)
N
< Cn~1/? (Ca?’EYf)’ + Rpy11+ Rpy12 + Ca2EY13Rn+1,3>

(2.2) sup \P( < a;) — O(x)]

for n > (2¢c9)3, where C is an absolute constant,

v(z) 1 )? ()
R,1 = sup , Rpo= sup ,
YT g BT T 0l () o pegners B(a)
1
R,3 = su z) + z'(x)).
; na’(n) |$_"‘§<1§;n2/3(¢( )]

The results given in Theorems 2.1 and 2.2 are especially appealing when 1 is a regularly varying
function of order §. A Borel measurable function [(x) on (0, 00) is said to be slowly varying (at co) if

vt>0, lim %)

Jim 75 =1

Y(x) is a regularly varying function of order 6 if ¢(z) = x%1(x), where I(x) is slowly varying. It is
known that for § > —1 (see, for example, [2])

- Jo v(wdu 1
(2:3) P rp(r) 1+6°

In particular, as £ — oo for 6 > 0

(2.4) alx) ~




0 ¢(x)

(2.5) 0/(35) ~ 110 =
0
(2.6) Bz) ~ M—lmw(x),
(27) 1) £ Tt
2 6° 1 21,72
(28) Op ™~ <1+0)2(1+29 +CO)'¢ (n)

Thus, we have
THEOREM 2.3 Let ¢(z) = 2%1(x), where 0 > 0 and I(z) is slowly varying. Then (2.1) holds. In
addition if E(Y;®) < oo, and | (z)| < e12%~(x) for x > 1, then

W, —na(n+1)
Vnop,

where A is a constant depending only on co,c1 and EY.

(2.9) sup |P( < m) — ®(z)| < An~ V2,
Another special case is ¥(x) = exp(cz"l(z)).

THEOREM 2.4 Assume that ¢(x) = exp(cxTl(x)), wherec > 0,0 < 7 < 1/2 and l(z) is slowly varying
at co. Assume that there exist 0 < c1 < ¢ < 00 and xg > 1 such that

(2.10) 1z H(z) < (@7l(x)) < ez H(x) for x> xp.
Then - ( D

n — na(n 4+ —1/247
2.11 P < - <A
(2.11) sup [P < ) — ()] < An”VHTI(n),

where A is a constant depending only on cg, c1, ¢, Xo, T and EY13.

REMARK 2.1 Hu, Su and Wang (2002) recently proved that if = > 1/2, there is no standardized
W,, that has non-degenerate limiting distribution, which in turn indicates that assuming T < 1/2 in
Theorem 2.4 is necessary.

3 An application to the sum of record values

As we have seen in Section 1, the sum of record values Tj, is a special case of W, with Y; i.i.d.
exponentially distributed random variables. So, Theorems 2.1, 2.2 and 2.3 hold with ¢y = 1. When
Y(x) =z ory(x) = Inz, Arnold and Villasenor (1998) proved the asymptotic normality for T}, and also
proved that the limiting distribution is not normal if ¢(z) = 1 — exp(—z/3). They then conjectured
that the central limit theorem holds if ¢(z) ~ % In"(z), § > 0,0 > 0,0 +v > 0. Theorem 2.3 already
implies that their conjecture is true if # > 0. Next theorem confirms that it is also true if § = 0 and
v > 0.
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THEOREM 3.1 Let ¢(z) =In"(1+ ), v > 0. Then

T, —na(n+1)
Vnoy,

where a(n + 1) and o, are defined in Section 2, and A is a constant depending only on v.

< a;) —®(z)] < An~ Y231 +n),

(3.1) sup |P<

Proof. Obviously, for v > 0 and any positive integer p, it holds

1 1 1 [l+e
/ PP (ux)du = / (In(1 + uzx))Pdu = —/ (Int)PVdt .
0 0 x )1
Letting
e
cp = / (Int)P?dt , p=1,2,
1
we have
c1 1 1+z 1
(3.2) alr) = — + —/ In’t dt ~ (Inz)""
x T Je
and
, 1 1 /1+z )/
3.3 = —— — In"t dt
(3.3) a (x) 2 + (:1: j n
m(z4+1) 1 fi+e
= Cl2+n(x+)2/ InVtdt
x x x? Je
_ e—Ci _ lnv(x =+ 1) " 1 /1+:1: lnv—ltdt
x? x? 22 Je

v
~ —In"7'(1 :
ln (1+2x)

To estimate 32(x), we need a more accurate estimate for a(z):

1 14z
(3.4) alz) = A —/ In"t dt
r T Je
1 -1 1+z
_ Lt Jcln”(l + )+ M/ In"~2 tdt
x €T e
1
- —;xvln”_l(l +2)+ o(In* 11+ ).
Similarly, we have
1 rl+= 1 rl+=
(3.5) —/ m®tdt = 24 —/ In?"t dt
T J1 T T Je
1 1
S wln%(l +z)— inlngv_l(l + )
x x
20(2v —1) [tz
—}-M / In?""2tdt + o(In**"2(1 + z)) .
X e
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From (3.4) and (3.5) it follows that

1 1+«
(3.6) ) = - / 2 tdt — o®(x)
1
_ 14+
~ 2o(1 v;(x +1) In"(1+ x)/ In¥~2tdt
x e
-1 14+x 1 2

+M/ In?"=?tdt — <Mln”_l(l —I—az))

x e x

~ v*In®2(1+2z).
Thus, by the above estimates
(3.7) Rn1 < Aln(14n), Rye < Aln*(1+n), Ry3 < Aln(1 +n).
This proves Theorem 3.1, by Theorem 2.2 and (3.7). g

4 Proofs

The proofs are based on the fact that given Sy,11, {¢)(U;Sn+1),1 < ¢ < n} is a sequence of i.i.d. random
variables with mean a(Sy,+1) and variance 5(S,+1), and that S,41/(n + 1) — 1 with probability one
by the law of large numbers. Let

1 Y(UiSp+1) — na(Sp+1)

(1) o = VnB(Sni1)
Then we have
W, — 1 S
(4.2) \7%(: o mg—n“)Hn + Z—f(a(snﬂ) —a(n+1))
= Hn,l + Hn,2a

where

_ Bn+1) cod/(n+1)y/n(n+1) (Sny1 — (n+1))
(4.3) Hyy o= P, . =
(4.4) Hyy — DG =pltd) o vn /Sn+1(o¢'(t) — o (n+1))dt.

On On Jn+1

We need some facts on o (z), o’ (z) and f’'(z). The proof will be given in the Appendix.
LEMMA 4.1 We have

(4.5 @) = = [ @)~ vw)du,
(1.6 o) < Y,
: V()
@) Pl < S
(4.8) /(@) — o (y)| < 2(y —xﬂ;)w(sv) +w<y>;w<x> fory> x>0,
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and

(4.9) ()| < p(x) | Y(x)

if Y(x) is differentiable.

Proof of Theorem 2.1. By (4.2), it suffices to show that

(4.10) Hyqp - N(0,1)
and
(4.11) H, 2 — 0 in probability.

In view of conditions (A1) - (A3), there exists a sequence of a,, such that a, — oo, a, < 1/2y/n and

: (x)
Al)* lim sup  ——a— =0,
( ) N0 l<anym n1/253(3c)

1 V(@)
A2)* lim —  sup =0,
( ) n—0o0 ’I’I,O'2 ‘x n|<an\/_ /6 (J»’)

a”\/_ r+n n)|dx
iy i AL %H vmlds

Let Z; and Zy be independent standard normal random variables independent of {U;,7 > 1} and
{Y;,i > 1}. For given S,y satisfying |S,4+1 — (n + 1)| < anv/n + 1, applying the Berry-Esseen (see,
e.g., [8]) bound to H,, yields

B(n+1) co (n+1)y/n(n+1) (Spy1 —a(n+1))
o e S =%)
< P(|Sn+1— (n+1)[ > anpavn+ 1)

+10n —1/2E(63(f”“))1{15n+1 (n+1)| < anp1vn+ 1})
< Var( D 4 on-1/2 sup 7(s)
az (5= (1) | <ans 1 /T B2 (5)

(4.12) sup\P( H,1<z)-P

— 0

asn — 00, by (A1)*. Now, for given Z1, applying the central limit theorem to (S, +1 —n — 1)/v/n + lecg
gives

B(n+1) cod(n+1)y/nn+1) (Spe1—n—1)
(4.13) sup | P(TZI + o +\/ﬁco < x)
—P(ﬂ(n+1)Z1+COO/(n+Z) n(n+1)Z2§x)‘_>0
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as n — oo. It is easy to see that

B(n + l)Z1 N cod (n+1)y/n(n + 1)Z2

n On

has a standard normal distribution, by the definition of o,,. This proves (4.10), by (4.12) and (4.13).
As to (4.11), observe that conditioning on Sy, +1, H, is a standardized sum of i.i.d. random variables
and hence

(4.14) 0521?{(6(5h+1)—-ﬁ(n<+10)21{b9n+1——(n-Fl)IS an+1vﬁqui}f?5}
— ggzg{U%5h+n——601+1)ﬁ1ﬂ5g+1—(n4—n\§6%+ﬁmz+1}}
< o,” sup (8'(2))2E(Sp41 — (n+1))?

lz—(n+1)|<ant1vn+1
4

< 1 2 _—2 sz) (SU)
< (n+1)cgo, Lp{n+1ﬁggﬂ4v%iiazzﬁzgj

Acj Pt (x)
< U
T nop \x—(n+1)71§1¢£)n+1\/n_+1 B*(x)
- 0

as n — oo, by (A2)*.
It follows from (4.8) that

Sn+1
I{Sus1 = (n+ D] < apa Vit 1} [ Jol(8) - o (n+ 1)l
n+1
an+1vn+1
/ &/ (t+n+1) —a(n+1)|dt
fan+1\/n+1
8 1 an+1vVn+1 1 an+1vVn+l
< M/ It|dt + — [W(t+n—+1) —(n+ 1)|dt
n —ap+1vn+1 N J—api1v/n+1
8 n+1 a% 1 an+1vVn+1
< jﬁ——lii+—/‘ [p(t +n+ 1) — (n+ 1)|dt.
n N J—ant1v/n+1

Thus, by (A3)*

1

n Sn+
V/_~7{|Sn+1'—”—'1|§ an+1v714-1}|/£+1 (@'(t) — &/ (n+1))dt]

On

(4.15)

&b(n + 1)a%+1 N 1 /an+1\/n+1
o \/’r_lo'n \/ﬁan —ant+1vn+1

— 0.

Wt +n+1)—1(n+1)|dt

In view of the fact that [S,+1 — (n + 1)| = o(an+1vn + 1) in probability, (4.11) holds by (4.14) and
(4.15). u

The proof of Theorem 2.2 is based on the following Berry-Esseen bound for non-linear statistics.
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LEMMA 4.2 [Chen and Shao (2003)] Let {&;,1 < i < n} be independent random variables, g; : R* —
RY and A = A(X;,1 <i < n):R"— R' are Borel measurable functions. Put G, = 31, gi(X;).
Assume that

Egz z —0 ZEQ'L z

Then
sup |P(Gn + A <) — O(x)|
< 61(2 Blo(X) PI{gi(X0| > 1} + ZElgz DX < 1)
(1.16) FEIGLA]+ Y Elg(X)(A - A))

i=1
for any Borel measurable functions A; = Aj(X;,1 < j<mn,j#i).

Proof of Theorem 2.2. In what follows, we use C to denote an absolute constant, but its value
could be different from line to line. By the Rosenthal inequality, we have

(4.17) P(|Spi1 —n—1] > co(n+1)¥3) <n~2¢g?E|Spy1 —n — 113 < Cn~Y2e;3EYP
Define

n+1—co(n+1)%% forz<n+1—con+1)%3
T=q forn+1—co(n+1)¥> <z <n+1+co(n+1)¥3
n+14c(n+1)%3 forz>n+1+co(n+1)%3,

B(x) = B(z) and B*(x) = B(z) — B(x). Similar to (4.2), we have

_ 1 qQ *
iy~ ezneler o POwi)y | Vs, ) —am+ 1) + 2Oy,
\/ﬁo—n O—TL O-TL UTL
= Hp3+Hyy,
where
_ ) 5
Hys = ﬁ(SHH)Hn + M(Sn-i-l -n—1)+ \/ﬁ/ +1(a/(t) —a(n+1))dt,
In On Jn+1
Hn,4 _ ﬂ (Sn+1 H + _/ Snt1 B a(n N 1))dt
U n+1

Noting that Hy,4 =0 on {|S,+1 — (n + 1)| > co(n + 1)%/3}, we only need to show that

(4.19) sup |P(Hy3 < z) — ®(z)| < On~ /2 (cg?’EYf’ + Ryg11 + Royg12 + CEQEYE'R,HL;;)
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by (4.17). Again, let Z; and Zs be independent standard normal random variables independent of
{Ui,i > 1} and {Y;,7 > 1}. Let

’ 5,
(1) = 2O g A DV 1y Y[ ()~ a4 1))
On On On Jn+1
Similar to (4.12)
(4.20) Sup | P(Hyy < 2) — P(Ho(Z1) < )]

< P(ISup1 —n—1] > co(n+1)*?)

Sn
+1On_1/2E(%I{|Sn+1 ~ (n+1)] < co(n+1)%})

< On Y2 3EYE + 10072 Ry 1.

Rewrite
- cod (n+1)y/n(n+1) B(n+1)Z1
Hn,3(Z1) - On (Gn + A+ coo/(n + 1)\/m)7
where
G, = Zmizn=l
" Vn+ley
_ (B(Sn-&-l) - B(n +1))Z; 1 Snt1 S
A = C()O/(TL + 1) n(n + 1) C()Oé/(n + 1)\/m /TL+1 (05 (t) « (7’L + 1))dt

By (4.6), (4.7) and (4.9), we have

| Z1|E|Gn(B(Sny1) — B(n + 1))
(4.21) E(|G,Al| Z1) < P ¥

v plg S ") — o (n + 1)|dt
+Coa'(”+1)\/ﬁ { n/n-l-l lor(t) —ac(n+ 1)l }

2

< cgn3/2|f/1(’n =7 |x,(n+1s)}l§p(n+1)2/3 fﬁg; E(Sp+1 —n—1)?

+m \zfnflslzgﬂrl)?/s (21/;:(2@ * M}xlggg))E‘S"“ —n—1p
C|z 2
= n3/2a/‘(nl|—|— 1) |x,(n+1s)‘u§p(n+1)2/3 wﬂ((;;)
3
TTGTT oy 8y P + 0
< C|Zin"Y2Ryy104+ CEY ey n 2R, 41 3.
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To apply Lemma 4.2, let ¢;(V;) = (Y; — 1)/(cov/n + 1), S® = 8,11 — X; and

(BSY) = Bn+1) 21 1 /
cod(n+1)y/nn+1) cod/(n+1)vn+1Jn

S(@)

A; = (o/(t) —a'(n+1))dt
+1

for 1 <i <n+ 1. Following the proof of (4.21), we have

(4.22) E(lg:i(Ya)(A = Ad)| | Z1)

|Z1|Elgi(Y:) (B(Sn+1) — B(SD))]
cona/(n + 1)

1 CH /
+mE{gz(K) /sfn ‘Oé (t) — (n + 1)|dt}

S C|Z1 \n_3/2Rn+1,2 + CEYIBCSZTL_QRn+173.
Letting
cod (n+1)y/n(n+1) B(n+1)Z,
H,3(Z1,725) = Zoy +
73( 1 2) On ( 2 Coa/(’l’l + 1) n(n + 1))

and applying Lemma 4.2 for given Z; yields
(4.23) sup |P(Hn3(21) < x) — P(Hp3(Z1, Z2) < )|
xT

< On Y2 3EYE 4+ Cn V2R, 10| 21| + CEY ey *n Y2 Ry 3
< OV (P BYP + Rosis + 2 EY? Raga ).

On the other hand, it is easy to see that H, 3(Z;, Z3) has the standard normal distribution. This
proves (4.19), as desired. g

Proof of Theorem 2.4. Let p(z) = ca"l(x). It is easy to see that condition (2.10) implies for
a>0 .
4.24 / eV dt <
2y : e
as x — oo, where g(z) < h(z) denotes 0 < liminf, . g(z)/h(z) < limsup,_,, g(z)/h(z) < co. Thus,
we have

T ap()

1 1
— = @) () = —eP(@)
(4.25) alz) = p(x)e , o (z) < —em,
1 1
2(2) = —62’)(”), 7) x —— 2@

Let d,, = n/p(n). Then

P(|Spi1 — (n+1)| > dy) < (dn)"2Var(S,) < 2¢2p*(n)/n = 2¢2(en™21(n))?.
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Following the proof of Theorem 2.2, we have

(i < 0) et

< AWV + AnTV2(Ry 4 Ry g+ R ),

(4.26) sup | P

where
. y(z) . 1 V2(x)
= S ORE L = T\
wl T e B @) ™ T nal(n) et |<a, B(x)
o= b swp () + o (@)).

na/(n) le—n—1|<d,
Note that for = satisfying |z —n — 1| < d,, by (2.10)
Ip() — p(m)] < Al — nlp(n)/n < Asdup(n)/n < As,
where A1, As, A3 denote constants that do not depend on n. Hence
() = (n)e’ @70 < y(n),
which combines with (4.25) gives
(427) Riy < Ap2(n). Ry < Ap'2(n), Ry < Ap(n).

This proves (2.11), by (4.26) and (4.27). g
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5 Appendix

Proof of Lemma 4.1. Rewrite

alz) = l/xw(u)du
T Jo
Recall that ¢ (x) is non-decreasing and continuous. We have
@) = o [Cwtwant B = 2 [ ) - pde
) s eyt
@) = - [ W (@) (2)
= & [ @@ - vtandu— = [Twdu @) - ).
(LB )
@ = 1150 < vhe
) —a@) = = [ — v - 5 [ - v
1 [y 1 1 z 1 [
= = [0 - vdut (5 - ) [ ) - v+ @) -
) -a'le) < o [ - e o) - vie) = T fory s a5 0
, , 1 1 z
o)~ (@) = (- ) [ W) - )
22 — 12
> | mgyf ) oop(a)
> 2(:6—;3//)1!}() fory>x>0
and if ¢(z) is differentiable,
@) =~ [ @) vt [
— -2 W) - ldu+ L,
x3 Jo x

o (z)] <

2 /
v | ¥
x x

This proves Lemma 4.1. g
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