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1 Introduction

The stochastic heat equation considered in this paper is a stochastic partial differential equation
(SPDE), which can formally be written as

gtu(t, z) = Au(t,z) + f (t,z,u(t,z) + o (t,z,u(t, z)) W(t,z). (1)
Here, u is a random function on R, x RY where R, = [0,00), and the operator A denotes
the Laplacian acting on R%. W is a noise on R x R? that is white in time and colored in
space, for example a spatially homogeneous noise. The coefficients f and o are real valued
continuous functions on Ry x R? x R. They are mostly nonlinear, and we pay particular attention
to coefficients which are not Lipschitz continuous in u.

We are concerned with convergence of rescaled branching particle systems in a random en-
vironment and associated lattice systems, which are infinite systems of stochastic differential
equations (SDE), to solutions of (1). Intimately connected to convergence are questions of ex-
istence and uniqueness, for the lattice systems as well as for the SPDE. For the more delicate
case of non-Lipschitz coefficients, a new existence result is established through the approximation
procedure. In this case, uniqueness has to be shown separately to assure convergence.

The choice of SPDE and the study of convergence of associated systems to that equation has
been motivated by three factors:

(i) The heat equation with a multiplicative noise term that is white in space and time arises
in studying the diffusion limit of a large class of spatially distributed (for the most part
branching) particle systems. It describes, for example, the weak limit of branching Brown-
ian motion as well as of lattice systems of reproducing populations. Spatially colored noise
reflects spatial correlations of solutions to the SPDE. Given the recent focus on interacting
particle systems, it is an intriguing question how the stochastic heat equation with colored
noise relates to such systems or -as an intermediate step- to infinite systems of SDEs with
correlated noise terms.

(ii) Stochastic heat equations of the form (1), where W is white in space and time, have function
valued solutions only in dimension one. Thus, connections of these SPDEs to population
systems are restricted to a one dimensional state space. Some conditions on the coefficients
and the noise are known so that the heat equation with colored noise has function valued
solutions in all dimensions. This class of equations can therefore be expected to offer a
description for population processes in more general settings. Biologically interesting are
in particular the dimensions two and three.

(iii) The particle picture and the approximation by systems of related SDEs provide a represen-
tation of a general class of SPDEs that also arise in other areas of application, for example
in filtering theory. In our case, the approximation by a system of SDEs leads to a new
existence result for the stochastic heat equation with colored noise and non-Lipschitz noise
coefficients. Both representations may be exploited further for numerical purposes or the
study of properties of these SPDEs.

In the following we elucidate these points a bit further and point out connections to related work.

One of the classical examples in the study of spatially structured branching processes is super
Brownian motion, also called the Dawson-Watanabe superprocess (see Watanabe [44] and Dawson
[6]). It is a process, X, that describes the mass distribution of branching particles on a state



space and thus takes values (for example) in M ;(R?), the space of finite measures on R? equipped
with the topology of weak convergence. The measure valued process X can be characterised by
the following martingale problem: Let ® € CZ(R?), the space of bounded continuous functions
which are twice continuously differentiable, and let X (®) = [pq ®(2)X (dz). Then

M) = (@)~ Xo() — [ X (A)ds 2)

i@y = o X, (02)ds, 3)

where M (®) is a martingale with quadratic variation (M (®)), and p is a constant.

The Dawson-Watanabe superprocess can be obtained as the diffusion limit of branching
Brownian motion. In this population model, individuals independently follow Brownian paths
during their exponentially distributed lifetime, leaving a random number of offspring after their
death according to a fixed offspring distribution. As approximations one considers then the
empirical measure when particle mass and lifetime are rescaled appropriately,

XP=n""Y" byan, (4)

ar~vpt

where the sum is over all particles a alive at time t. In the n-th approximation, the branching
rate is increased by a factor of n, and each particle contributes a mass % at its position Y,*"
in the state space. In the limit, the Laplacian in (2) corresponds to the spatial motion, the
quadratic variation (3) reflects the reproduction with the constant p depending on the variance
of the offspring distribution as well as on the branching rate.

One may take another step back from these approximating population models. Branching
Brownian motion itself is the diffusion limit of a branching random walk on a lattice, for example
on Z%. As considered by Dawson [7], one may change the order of limits, first taking the diffusion
limit for the reproduction, and then rescaling the motion. The intermediate step can now be
described by a lattice system of the form

dri(t) = > mag (x(t) — 2i(t)) dt + f; (t,2i(t)) dt + 03 (£, 24(t)) AW (t). (5)
jEZA

Here, x; describes the population size at lattice point 7, and m;; migration between site i and
7. In the special case relating to the Dawson-Watanabe superprocess, the migration is given by
the generator of a simple random walk for which m;; = Q—Id if |i — j| = 1 and zero otherwise.
Reflecting that branching is a local property, W* are independent Brownian motions, and the
noise coefficients o;(t, z) = |/pz take the same shape as in the one dimensional Feller diffusion,
see [15]. The latter is the diffusion limit of a Galton-Watson branching process without a spatial
component.

While the measure valued process X satisfying (2) and (3) is well defined in any dimension,
it has a density, which we denote by wu, only in dimension one. It has been shown (see Konno
and Shiga [21], Reimers [35]) that u is a solution to the stochastic heat equation

%u(t, x) = Au(t, z)dt + /pu(t, )W (t, z), (6)

where W is a one dimensional space-time white noise. Moreover, one can show (see Blount [1]
and Kotelenez [22]) that (approximate) densities of the particles in a branching random walk
converge directly to the SPDE (6).



The area of superprocesses, in general, has expanded rapidly with the main interest focused
on interacting particle systems. A number of variations of (6), also for white noise and d = 1,
have been linked to generalisations of the Dawson-Watanabe superprocess and other particle
systems. We refer to [11, 9, 13, 30] for an overview and further references.

Apart from its connections to population processes, the stochastic heat equation is naturally
a prominent example within the area of SPDE - and thus the references given here will be far
from complete. Function valued solutions of the heat equation with multiplicative white noise
have been studied in one dimension in a multitude of settings, see for example Dawson [6],
Walsh [43], DaPrato and Zabczyk [34], Shiga [38], Pardoux [29], Gyongy [17], and references
therein. In higher dimensions, function valued solutions for the stochastic heat equation with
multiplicative colored noise have been investigated. The case of a linear noise coefficient has
been treated by Dawson and Salehi [10] and Noble [28]. Amongst others, Kotelenez [23], Peszat
and Zabczyk [31, 32], Brzezniak and Peszat [2], Dalang [5], Manthey and Mittmann [25], Tindel
and Viens [41] and Sanz-Solé and Sarra [37] investigate solutions with Lipschitz coefficients. For
some results on equations with non-Lipschitz coefficient see Viot [42], DaPrato and Zabczyk
[34], Krylov [24] and Kallianpur and Sundar [20]. However, these earlier results are not directly
applicable to the agenda considered here due to various assumptions like boundedness of the
domain, compactness of the differential operator, Lipschitz continuity of the coefficients or nuclear
or spatially homogeneous noise.

The paper is organized as follows. In Section 2 we give some notation and state the main
results. In Section 3 we rigorously construct a particle system in a random environment and show
that it converges to the martingale problem associated to (1) when W is colored noise and the
noise coefficient o is linear. In Section 4 we consider related lattice systems with non-Lipschitz
noise coefficients and correlated noise terms, and establish their existence and uniqueness in
weighted [P spaces. We then prove existence of the corresponding stochastic heat equations with
non-Lipschitz noise coefficients on weighted LP spaces. Convergence of approximate densities
of the rescaled lattice systems is shown provided that uniqueness holds for the limit. Section 5
shows that, under some additional assumptions, the solutions constructed in section 4 are jointly
continuous in time and space.

2 Formulation of the main results

Let (Q,F,F:,P) be a complete probability space. We use C' as a generic constant, which may
change its precise value from line to line. Frequently, we list the quantities that the constant
C depends on in parentheses. Let Cg° be the infinitely differentiable functions with compact
support. The space D(R4, E) denotes the cadlag functions from Ry — E, endowed with the
Skorohod topology, and C'(R, E) the closed subspace of continuous functions endowed with the
supremum norm.

The noises W considered in this work are Gaussian martingale measures on Ry x R? in the
sense of Walsh [43]. They can be characterized by their covariance functional

Ho.0) =EWE@WwL = [ [ [ olsa)kGeg)i(s.dedyds. @
for ¢,9 € CP(Ry x RY), where W(¢) = [ [pa #(s,x)W (dx,ds). We call the function k :

R? x R — R the correlation kernel of W. We remark that some sufficient conditions for the
existence of a martingale measure W corresponding to k are that Jp is symmetric, positive



definite and continuous. Thus, necessarily, k(z,y) = k(y, z) for all z,y € R% Continuity on C°,
is implied, for example, if k is integrable on compact sets.

We also note that a general class of martingale measures, spatially homogeneous noises, can
formally be described by (7). Here, k(z,y) = k(z — y), and one can show that all spatially
homogeneous noises are of this form if we allow & to be a generalised function on R?. White noise
is probably the most prominent example of this class, which we recover for k= do, the delta
function. Also, .J;, describes a nuclear martingale measure if and only if k& € L2(R? x R%). See
Sturm [40] pp 18 for more detail.

Here, we focus on colored noises for which k£ € C’b(Rd X ]Rd). In this case, W is a random field
on Ry x R% We remark that by letting k approach a dp-function, this case may still -in some
sense- be considered as a “smoothing out” of white noise.

Throughout this work we consider solutions to the formal equation (1) in the mild form in
the sense of the following Definition 2.1. Let p be the d-dimensional heat kernel,

1 ||z — yl|?

p(t,z,y) = ——5 exp(—

) for t>0, z,y e R (8)
(47t)2 4t

We will sometimes abuse notation and abbreviate p(t,x — y) = p(¢t, x,y).

Definition 2.1 A stochastic process u : Q x Ry x R* — R, which is jointly measurable and
Fi-adapted, is said to be a (stochastically) weak solution to the stochastic heat equation (1) with
initial condition ug, if there exists a martingale measure W, defined on €1, such that a.s. for
almost all x € RY,

) = [ pttsguotdy + [ [ o= s.n0) (s, uls.)duds
+ /0/de(t—s,ac,y)a(s,y,u(s,y))W(dy,ds)_ 9)

The process u is called a (stochastically) strong solution to (1) if (9) is fulfilled a.s. for almost
all z € R? for a given W.

We assume that the coefficients f, o : Ry x RY x R — R are continuous and satisfy the following
growth condition. For all T > 0, there exists a constant ¢(T"), such that for all 0 <t < T,z € R?,
and u € R,

[f @tz u)] + ot z,u)| < e(T)(1 + |ul). (10)

As solution spaces we consider LP-spaces on R? for p > 2 with some weight function v : R? — R,
Set

= [ futt.0)P (@) (1)

and define
dy __ . md
L{’{(R)—{U.R — R | ||ul

yp < 00} (12)

We write LP(R?) if 4 = 1. As a choice for the weight function we consider vy (x) = e M=l for
A > 0. However, other integrable weight functions, in particular any positive continuous function
that equals ) outside a bounded region could be used (cf. the remarks in Section 4.5).

It can be shown by standard methods (see for example Walsh [43] and Sturm [40] Propo-
sition 3.2.3 for detail in this specific case) that mild solutions as in Definition 2.1 satisfy the



corresponding martingale problem,

My(®) = /]Rd u(t,z)®(x) d:x—/Rd up(x)®(x) dz (13)
—/ / u(s,z)Ad(x) d:z:ds—/ f(s,z,u(s,x))®(x) dxds,
0o JRrd 0 JRd

(M(@)), = / /R @Rk ) (s, 2 u(s. ) - o(s.you(s.y)) dadyds. (14

Here, M;(®) is a continuous square integrable martingale with given quadratic variation for
a class of test functions ®, that depends on the regularity of the solution sought. With the
appropriate class of test functions, solving the martingale problem is indeed equivalent to finding
a stochastically weak solution to (9), see Sturm [40] pp 103.

Interpreting v once again as the density of a measure, we note that the martingale problem
(13) to (14) makes sense for measure valued solutions if o(t,z,u) = Cyu and f(t,z,u) = Cru
are linear in the solution u, where C, and Cy are constants, possibly dependent on ¢ and z.
In Section 3 we define a branching particle system that converges to this solution in a measure
sense. We do so in a more general setting since the arguments are identical, but take Cy = 0 and
C, = 1 for notational convenience.

In the model we consider, the particles move independently from each other on a locally
compact Polish space E with their motion given by a Feller generator (A, D(A)), where D(A) is
the domain of A. At given times, each particle may branch into two particles or die, or just live on.
The main difference to the Dawson-Watanabe superprocess lies in the fact that the distribution
of the branching behavior is dependent on a random environment which is correlated in space
but independent in time: At each branch time we consider an independent copy of a random
field £ on . We assume that £ is symmetric,

Pl¢(z) > z] =Plé(x) < —z] forall x € E, 2z € R, (15)

and that for some ¢ > 0,

E [[¢(x)[7*¢] < oo, (16)
uniformly in all x € E. The correlation of ¢ at different points in space is given by
k(z,y) = E[§(2)E(y)] € Co(E x E), (17)

vanishing at infinity. The probabilities for a birth/death event to happen at a branch time are
given by the positive/negative part of the (appropriately truncated) random field evaluated at the
location of the particle. These birth/death probabilities are rescaled by ﬁ in the n-th diffusion
approximation. For the rescaled empirical measure X" (defined as in (4)) we can then establish
the following result:

Theorem 2.2 Let k € Cy(E X E) vanishing at infinity such that ||k||cc < K. Suppose that
X = m in My(E), and that for some ¢ > 0, sup, E [X§(1)*T] < co. Then X" = X in
DRy, M¢(E)), where X € C(Ry, M¢(FE)) is the unique solution of the following martingale
problem. For all ® € D(A),

t
M(®) = Xi(®)—m(P)— / Xs(Ad)ds (18)
0
s a continuous square integrable .7:tX — martingale with

t
(M(®)), = /0 /E @Bk, ) Xs(do) X, s (19)



The model is inspired by Mytnik [27], who considers a related branching mechanism. In compar-
ison, branching is a rather rare event in our model: As n — oo the particles just live on for the
majority of branch times. As a result, the branching does not give rise to the white noise term
which is present in most superprocesses, in the archetypical Dawson-Watanabe superprocess as
well as in Mytnik’s limiting superprocess.

For E = R% and A = A, any density u of X is a solution to (13) and (14) with ¢ linear and
f =0, corresponding to a weak solution of the linear heat equation with no drift. For E = Z¢
and A the discrete Laplacian we see that solutions X to the martingale problem are solutions
(in 11 (Z%)) to the lattice system (5) for f; = 0 and o;(t, 2) = z, and correlated Brownian motions
W;.

As in the work by Mueller and Perkins [26], nonlinear noise coefficients can be expected
to arise from the above particle picture by an additional density dependence of the branching
mechanism. In Section 4 we consider such nonlinear noise coeflicients which may, in particular, be
non-Lipschitz. Since in this case we need to show convergence of approximate densities directly
to the solution of the limiting SPDE (rather than in a measure sense), it is convenient to start
with the corresponding lattice systems instead of the particle model itself (see Funaki [16] and
Gyongy [18] for this approach applied to related systems).

Thus, in Section 4, we first consider existence and uniqueness questions of the following system:

xi(t) = xi(O)—i—/D fﬁ(s,X(s))ds+/0 oi(s,x;(s))dW;(s), (20)

for all 7 in a countable index set S. We write X for (x;);cs with x; € R. Here, f is a function
R, x R¥ — R, For each 4, o; is a function on Ry x R — R, and W; are real valued Brownian
motions with (W, Wj>t = tk;j, where k;; are constants. The lattice system that interests us in
particular is contained in this description by setting for each ¢ € S,

frX) =Y mi(xy — ) + filt, ). (21)
jes
In analogy to the definition of solution spaces in the continuous setting, (11) and (12), we consider
solutions with continuous paths in the space
g 1
I ={X € R”|[|X[lr,y < 00}, where ||X[lrp = (3 iaf) (22)
€S

is a weighted [P-norm on the index set S and I' = (7;);cs € I1(S). We define the following growth
and Lipschitz conditions on f™ and o; : For any T > 0 there exists a constant ¢(T") so that for
all 0 <t < T,

177 X) ey < o(T) (L +[[X][rp) (23)

™ X) = (V) ey < e(TIX = Ylrp, (24)
loi(t, 2)] < (T)(1+ |2)), (25)
loi(t, 2) — ot y)| < o(T)]x —yl. (26)

Strong existence and uniqueness of lattice systems of the form (20) with independent noise terms
W; have, for example, been investigated by Shiga and Shimizu [39]. With correlated Brownian
motions they have not been considered in such detail. However, as we show in Section 4, existence
and uniqueness results for solutions in the space llg carry over from the uncorrelated systems,
leading to the following Theorem:



Theorem 2.3 Let p > 2. Assume also 0 < k;; < K for all i,j € S, and some constant K > 0,
as well as T = (7;)ies € 1Y(S) with all v; > 0. Let f™ and o; for i € S be continuous in their
components, f™ with respect to the product topology on RS. Suppose that the growth condition
(23) holds for f™ and (25) holds for o; and all i € S.

Then there exists for each initial condition X (0) € I a solution X to the infinite dimensional
system (20) with paths in C(Ry, ). We have the bound

E[ sup [[X(8)[[},] < C(T). (27)
0<t<T
If we furthermore assume that f™ satisfies (24) for p =1 and o; satisfies (26) for alli € S, then
solutions to (20) are pathwise unique.

We remark that, as in the result for finite dimensional SDEs, see [45], pathwise uniqueness
together with existence of (stochastically) weak solutions implies the existence of (stochastically)
strong solutions. The following corollary demonstrates that the infinite dimensional SDEs, that
will subsequently be used as approximations to the stochastic heat equation, are covered by
Theorem 2.3 and gives some conditions on positivity of solutions. The latter property is of
interest if the system and its limit is interpreted as representing particle densities.

Corollary 2.4 Assume that S C R is a lattice embedded in R%. Let o and Xq be as in Theorem
2.3, and f™ be of the form (21). Consider the weight function vy (i) = e Ml If 0 < mi; < M
vanishes for |i — j| > C,, where Cy, is a constant, and for each i € S, f; is continuous and
satisfies the growth condition (25), then there exists a solution to (20) as in Theorem 2.5. If,
in addition, f; and o; are Lipschitz continuous, satisfying (26) for all i € S, then solutions are
pathwise unique. Also, solutions are positive, meaning that x;(t) > 0 for allt > 0 and i € S, if
x;(0) >0, and f;(t,0) > 0 as well as o;(t,0) > 0.

We continue to show that the approximate densities of the appropriately rescaled systems
converge to solutions of the stochastic heat equation with colored noise (9) in the spaces L5, (R9).
We start with the following system defined on the rescaled lattice %Zd. For 2™ = (27,...,2]) €
%Zd we define

du™(t,2") = A""(t, 2")dt+ f(t, 2% u(t, 2)dt + nlo(t, 2" um(t, 2") W (dE, I%),  (28)

where, denoting the unit vectors on R? by e;, the operator in the first term is given by
d €; €;
A" f(2") = n? <u” t, 2"+ =)+ (t, 2 — =) — 2u"(t, 2" ) 29
P = 3 (a4 58 (e = ) = 200,57 (29)

This discrete Laplacian A" is the generator of a simple random walk, Y, on the rescaled lattice,
for which time has been speeded up by a factor 2dn?. Hence, jumps to any neighboring site
happen independently at rate n?. The noises W (¢, %) are derived from a colored noise W on
R with covariance given by (7) and k € Cy(R? x R?). Specifically,

t
W(t, I) :/ W (dz, ds), (30)
o JIz,
where the intervals I7, are defined by
1 1 1 1
Ign:[z{‘—%,z’f—l——n)X---x[zg—%,zg+%). (31)

8



Hence, W(t,I7.) are correlated one dimensional Brownian motions and we note that for k
bounded we have (W (t, %)) ~ n~2?, explaining the factor n? in definition (28).

For putting (28) in its mild form, we define heat kernel approximations with the help of the
random walk Y. Set for 2", z" € %Zd,

p(t, 2", 2" = ndP [V = 2" = P [V = 20 | Y = 2. (32)

We will extend the lattice systems to all of R? as step functions. For this define the projection
kin(z) = 2" for € I%. The associated heat kernels on all of R? are given by

Pt z,y) = p"(t, kn(), kn(y))- (33)

Note that p" is not any more a function of z — y. Instead, we will later use the translation
invariance of p™ and the fact that s, (x) — k,(y) = Kn(x — Kn(y)) for all 2,y € RY In order to
simplify notation we abbreviate occasionally p™(t,x) = p™(t,0, £, ()), and write pjj, p} and pq to
indicate the dimension if necessary.

The rescaled lattice systems, u™(t,x) = u"(t, kn(z)), can now be written in the mild form for
all z € RY,

)= [ oy + [ [ s e somme a6
T /0/den(t—Saxay)a(s,nn(y),u"(s,y))W(dy’ds)'

Observe that if ™ understood as a function on the lattice 1Z% has paths in C(Ry, lgA(%Zd)) it

follows from the properties of vy (see (66)) that the extension to R? has paths in C(R, L%, (R?)).
We can now state the main theorems proven in Section 4. The first is an existence result for
solutions to (1) with non-Lipschitz coefficients.

Theorem 2.5 Assume that the coefficients f(t,z,u) and o(t,z,u) are real valued functions on
R, x R? x R that are continuous in x and u, and satisfy the growth condition (10). Assume
further that E[||uo|[5, p] < oo, for some p > 2. Let W be a colored noise of the form (7) such
that ||k||oo < K < 00. Then there erists a (stochastically) weak solution, u € C(Ry, L, (R%)), to
the stochastic heat equation (1) with respect to W. For any T > 0 there exists a constant C(T),
so that

E

sup [u(t, )5, | < C(T). (35)

0<t<T

The second result additionally states convergence of the associated lattice systems to solutions
of (1) - provided that uniqueness is known for the limit.

Theorem 2.6 Let f,o,uy and k satisfy the conditions of Theorem 2.5. Assume further that
there exist (stochastically) strong solutions, u™, to the approrimating lattice systems (34). If in
addition pathwise uniqueness holds for the heat equation (1) then convergence in probability of
u" to u on the space C(Ry, L5, (R?)) holds. If weak uniqueness holds for (1) we obtain weak
convergence of u™ to u on the space C(Ry, b, (RY)).

Not surprisingly, pathwise uniqueness -and thus convergence of the approximations- holds if
the coefficients satisfy Lipschitz conditions (see Peszat and Zabczyk [32]). But it can also be
shown that pathwise uniqueness holds for the lattice systems if the drift coefficients are Lipschitz



continuous and o satisfies the conditions of Yamada and Watanabe [45]. The latter condition
is for example fulfilled for o(t,z,u) = u’ for § > 1. For the special case o(t,z,u) = /u and
some conditions on wug, arguments inspired by those of Yamada and Watanabe show pathwise
uniqueness for the limiting equation (1) on all of R%, see Sturm [40] Chapter 3.3. As the colored
noise analogue to the Dawson-Watanabe superprocess, for which pathwise uniqueness is an open
question, this is a particularly interesting case.

Finally, we comment on the setting and conditions of Theorem 2.5 and Theorem 2.6 in Section
4.5 before proving continuity of the constructed solutions in Section 5. Let C., (R?) be the space
of continuous functions on R?, endowed with the weighted supremum norm,

[lulloox = sup |u(z)[ya(2)- (36)
z€R4
Theorem 2.7 Let u be a solution of (1) with coefficients that satisfy the growth condition
(10). Let p > 2, d < p — 2, and assume that E[||ug||5~,] < 0o, as well as (35). Then
P

u € C(Ry,Cy, (RY), and for any T > 0 there exists a constant, C(T), so that
D

E[ sup [[u(t, )| \] < C(T). (37)
0<t<T P

The arguments follow along the lines of those given in BrzeZniak and Peszat [2], who restrict

themselves to coefficients f and ¢ which are Lipschitz continuous, but consider more general

unbounded correlation kernels. In fact, Lipschitz continuity is not crucial for this result as

becomes apparent in the proof - which is for bounded k particularly accessible and therefore

given.

We finally remark that Holder continuity for the stochastic heat equation with colored noise
has recently been investigated with similar means. We have just become aware of a result by Sanz-
Solé and Sarra [37] whose setting is close to ours. It differs through the assumption of Lipschitz
coefficients and the assumption of a stronger (uniform) bound on the solutions - focusing instead
on the most general conditions on the correlation kernel.

3 A particle system in a random environment

In the following, we rigorously construct the branching particle system in a random environment
in Section 3.1 and give the proof of Theorem 2.2 in Section 3.2.

3.1 Construction of the particle system

In keeping track of the particles and their genealogy we follow the construction of Walsh [43],
which has been used by Perkins [30], and -in a setting similar to ours- by Mytnik [27]. Let all
particle be labeled by

I ={a=(ag,01,...,an)|ap € Nya; € {1,2} for i > 1}. (38)
The quantity |a] = N specifies the generation of the particle. The unique ancestor of a =
(g, -..,an) k generations back is denoted by o — k = («ap,...,an_k). We note that I is the

index set for all possible particles since in our model there are at most two offspring. Which
particles really exist is decided by the offspring distribution.
In the n-th approximation, branching events happen at times > for i € N. For t € Ry, we set

ty, = h:l—t], the last branch time before t. Now let {?a’”}ae 7 be a collection of independent Feller
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processes with generator A and }700‘ = 0. The path of a particular particle and its ancestors is
then given by
yon(p) = Togy + Zla\ t ”La—‘l_)j\)nn—l for t < |af +n71, (39)
A for t > |af +n~1

Here, x,, is the initial position of the first particle, and A is a “cemetery”-state. Thus, each
particle moves independently during its lifetime, starting from its birth place.

The branching behavior is dependent on the random environment. Let £ be as in (15) to
(17). In order to define the offspring distribution of the approximating particle systems we need
to truncate the random fields. For all x € E set

Vi for &(x) > v/,
(@) ={ —yn for £(z) < -y, (40)

&(x) otherwise.

Analogously to (17), we now define

kn(,y) = E[€"(2)€" ()] - (41)

Let (£")ien be independent copies of the truncated random field " on E. Now let (N“™),¢cr be
a family of random variables so that { N*", |a| = i} are conditionally independent given £, and
the position of the particles in the i-th generation at the end of their lifespan. Denoting by f;”‘
and &'~ the positive and negative part of &' respectively, the conditional offspring probabilities
are given by

1

PN =2, Y| = ﬁgﬁ <Ya> .

P | N®™ = 0|¢P, m = 7 ”( Ji?), (43)

PN =1 o= - ke (var). 44
e v \ﬂs\( ) (44)

According to the offspring distribution we trim the branching tree down to its existent parti-

cles. For any particle a = («, ..., ay) we write a ~,, t whenever the particle « is alive at time
t, which is the case if and only if @ had an unbroken line of ancestors. Thus, a ~,, t for all ¢ with
nt, = N if furthermore N~ %" > ay_;41 foralli =1,..., N.

Lastly, we need to define a filtration. It will be the natural filtration generated by the process,
=0 ({Y*", N*"||a| < nty} UYL |tn < s <t |al = ntyp}). (45)

We remark that the environment is not a part of the filtration, and will therefore be averaged
in each step. In the studies of random media this is called the “annealed” case in contrast to
the “quenched” case, where one considers statements for almost all random environment. The
quenched case of a similar model to the one considered here, called the parabolic Anderson model,
has been studied in some detail, see for example Carmona and Molchanov [4].

For the branching times t,,, we also define a discrete filtration,

]:"Z}l =0 (.7:[; U{Y*"||lal = ntn}) ,

that will be used later in conditioning. Note that .7:"[; = gn tn-1)— includes the sigma-algebra
generated by the motion of the particles born at time ¢,,, but not that generated by their offspring
distribution or the random environment at time ¢,, + n~!

11



Before proceeding to the proof of Theorem 2.2 we put the rescaled empirical measure X" (see
(4)) into a form which gives an intuitive idea how the limit emerges. For ® € D(A), a ~,, t,, and
t € [tn,tn +n"1) we define the F-martingales

t
M (@) = (V") — (V") — [ AR(Y")ds. (46)

tn

Thus, we have for ¢ € [t,, t, +n"1),

X[H(@) = X[ (@) = a7t Y (@) — @Y™ (47)
ar~pty
= n 'Y M)+ / Y Ay
ar~pty arptn

For the difference of measures between two branch times we get thus

P (@ -X7@) = at S (R0 N“’”—@(l@i"”)) (48)

arptn

nl , -1

=Y A0, I ) Y M, (@)

ar~ptn arvpty
tn+n—1

+ / Tt ) ARV ds.
tn arpln

By adding all the differences from (47) and (48) we finally obtain

@) = K@)t Y Y a0 e )

Sn<tn O~pSn

<*zz%w+wzww>

Spn<tn Q~pSn arptn

¢
+ / X (A®)ds
0

X3(®) + M)™(®) + M]™ (@) + / t X(A®)ds. (49)
0

The term M&n(@) is a discrete martingale with respect to the filtration ‘7}& , as can be seen easily
by conditioning appropriately and using the fact that for o ~, t,,

E[ver— 1|7 ] = [fgw (v ) - fglal (o) e M_l}
B e () ] =0
because of the symmetry condition (15). The term M,"(®) is an F}-martingale as a sum

of martingales. We subsequently show that M"™" becomes negligible in the limit whereas the
martingale M®™ converges to M in (18) and its quadratic variation to (19). We get a sense of

12



this by calculating (M®"). We note first that

E[(N%"—l)ﬂﬁﬂ = \}ﬁ {\04 &1 }: [Ian(Y;fffnl \fﬂ (50
B[ver o - IR = G - i - IR e
= %E & O (I
= (YY),

where we have, for notational brevity, not always explicitly stated where £ is evaluated. By
conditioning we obtain with (50) and (51),

E (M7, (@) ] 77

tn+n—1

= (M@ 40 S BT PR [N - 1)? | £

ar~ptn
RS (YT, DRV R (N (v — 1) | A
ar~ptn
/Nntn
aoqéo/
b, 1 -
= (M"(®)* 07" 3 @ Hnl?(f [ A=A
ar~ptn

—*k' ( +n 1’}/;04_:'” 1)>

-3 Z ( [ +n 1)(I>(Ya_;.r; 1)kn (Yta—?n L t +” o ]

arpty
o ~ptn

— (Y R(Y Y (Y, VM)
tn+n
[ e k) X, () X, (s
tn ExXFE

tn+n
= (MPM(®))? + (@) + (D) + / / B () ()i (2, y) X7 () X (dly)ds.
tn ExE

The quadratic variation of M®" is thus given by

(MO (@),, = Y E [(Mf;znm))? — (Ml (@) | 72 (52)
_ 61,n tn z n T n s,
- S;ﬂ Sn (i)) + 5n<tn / LXE‘ ( 7y)Xsn (d )Xsn (dy)d

In the following, we will show that the first two terms of this expression vanish in the limit while
the third term converges to (M) as given in (19).

3.2 Proof of Theorem 2.2

The proof of convergence proceeds in several well known steps. First, we show tightness of the
sequence in D(R 1, M (E)), where £ is the one point compactification of the space £. This implies
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relative compactness and thus the existence of a convergent subsequence in the compactified state
space. We then show that all limit points of the sequence are in C(R4, M;(E)) and that they are
solutions to the martingale problem given by (18) and (19). The uniqueness of the martingale
problem finally implies convergence of the particle system.

In order to show tightness of the measures X" in D(R, M;(E)) we start with several lemmas.
We define for a process Y in D(R4,R), 0Y; = Y; — Y;_, specifying the height of the jumps of the
process Y. The first lemma gives us moment bounds on X™ and the branching martingale M®™,
and states that the jumps of the latter vanish in the limit.

Lemma 3.1 There is an € > 0 such that for all T >0 and ® € D(A) bounded,
(i) E [supg<icr X{H(®)*T€] is uniformly bounded in n,
(ii) E [SUpogth Mtb;n(fb)”e} is uniformly bounded in n,

(111) E [SUPogth |5MZZ”(<I>)|2+€} — 0 as n — oo.

PROOF. We first obtain an LP(2)-estimate on (M®™(®)), as given in (52). For 0 < ¢ < T and
p > 1 we have for C’%p)(@) =E [| D o<ty ei;"(q))\p} :

(e ey (o5 5 )] »

Sp<tn Q@~nSn
P2 2(1+ K)\” tn
|| Hoo ( + ) Tp—l/ E [X;’L (1)p] dS,
vn 0 "

where we have used the fact that, for all z € E, E[|¢"(z)]] < E[|¢™(2)?]2 = \/kn(z,2) < VK <
1+ K, as well as Jensen’s Inequality.

Let TU) be the semigroup on E7 of j independent motions with generator A, and define for
x,y € E the function dy,(z,y) = ®(x)®(y)k,(x,y). Then,

P (@)

N |—=

(@) = E[| S en@)y (54)
sp<tn
= E[n Y (Y @ - nauven v+ 3 (1 - Dda(van vem)p
Sp<tn QA™~ndSn " arvp Sn
a;éno/n

. tn
< maxllr) - Da,lE || [ Xz 0 ase ]
=4 n 0

n

tn
< (oI K)T! / E[X7 (1)%] ds.

Note that the last line follows from ||dy,||sc < ||®]|2 K and T) being a contraction semigroup
as well as Jensen’s Inequality. Similarly,

(@)

E @ /0 /E )Pk 9) X (d) X2, (dy) s (55)

tn
< (H@H;K)PTH/O E [X! (1)%] ds.
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We also need a bound on the jumps of M®"(®). For doing this we define the decomposition
5Mtb,;n(‘1>) = 5Bt172n(‘1)) + 531527’1”((1)), where

n — an a,n 1 an
SBL@) = a7 Y +n1<N’1ff|al<tn+nl>)’

arpty

SBEM®) = n7t Y @

arptn

SHICARED

+n1f

Indexed lexicographically by a ~,, t,, and conditioned on U(]}zfl Uf"}ll), each 5Bt171n(CI>) is a discrete

martingale with respect to its natural filtration since E[(N*" — 1)\5‘7‘&'(@} = ﬁfr&‘ (x). Using the
martingale properties, we obtain for C’ip)(q)) = E[supg<i<r |5Bt1;n(<l>)|2p],
cy@) < E| > [BB@)” (56)
0<tn<T
< Y E[E[BL@)P|o(F ugn)]]
0<tn<T
||(I>||OO 2 1 a,n 2
< C(E==)" Y (E|sup [N —1— —=¢0 (Y0, )
n 0<t,<T < arptn \/ﬁ "
a,n 1 yon 2 n n "
FEI[ XD BN -1 g 0 P e v ) )
ar~vptn
QHq)HOO 2p T p n p
< C(==)"n (14 nPE [X7 (1)P]) dt,
0

where in the third inequality we have used Burkholder’s Inequality for discrete martingales (see
[3]) resulting in some constants C. For the fourth inequality note that |[N*"—1— fg o (Y;O‘fn_l )| <

2. We are left to estimate §B%"(®) :

(@) = E OgggTwa,;"@)Pp] (57)
_ 1
< X mla ¥ w0000
0<t, <T arpln
T
<t Tl s [le(o)) [ E{p X;zu)ﬂ dt,
zel 0 0<s<t

where we have first applied Jensen’s Inequality to the particle sum. Now, because A is a con-
servative operator we have for & = 1 that A® = 0. Thus we obtain, from (46) and (49),
XM(1) = X§(1) + Mtbnn(l) By the same version of Burkholder’s Inequality as above and for e
small enough as in (16), setting p = 1 + §, it now follows that

> (58)

sup ‘5Mbn( )‘2+6]>

tn <T

E sup ZWtb?;n(l)2Jr6

0<t<T o<t<T

sup Xt"(l)2+€] < C'<1+IE

IN

C (1 +E [P (1)) ] + B
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T
< CO(T,K) <1 +/ E { sup Xg(l)“e] d5> :
0 0<s<t
The last line and the choice of the constant C(T, K), which is independent of n, followed
from (53) to (55) and (56) as well as (57). But the function T — E [supg<;<p X/ (1)?1¢] <
E[(XZ(1)2"T)2%€] is a bounded measurable function, and thus we can apply Gronwall’s Lemma
to obtain the bound E [supy<,<7 X/ (1)*7¢] < C(T,K). This completes the proof of (i) since
E [supg<i<r X7 ()*T] < ||D|3°E [supp<icr X{H(1)*7] .
Property (ii) follows now from the calculations in (58) with an additional constant depending
on ||®?||« and the boundedness of the mass shown in (i).
Property (iii) follows from (56) and (57) combined with the boundedness of the total mass
shown in (i). O

Using the above, specifically Lemma 3.1(i), we can now show that both, M™"(®) as well as
the € terms in (52), become indeed negligible.

Lemma 3.2 For allT > 0,9 € D(A), lim,, . E [SUPogtST M[”(@)Q] =0.

Since the motion of the particle system is no different from that of the Dawson-Watanabe super-
process considered by Perkins [30] in the same set-up we may simply refer to his Lemma 11.4.3
for proof. To show convergence of the remaining terms we need the following lemma, which is a
consequence of condition (16):

Lemma 3.3 sup(, \cpxg |kn(®,y) — k(z,y)| — 0, as n — 0.

PROOF. We have

’k(xvy) - kn(xvy”
< E[l§(@)E(y) — & (@) ()]
< E (@)W - €@ W e v or kisva)
< E[E@)E) - €@ ()| E [1{|g(x)|>\/ﬁ or |§(y)|>\/ﬁ}} -
< E[2E@Ew)) )™ @ [I6@)] > Vi +P[IEw)] > va))

<2 & [le@ 0] 7R [iew 0] (LBl + W)

Since for some € > 0, E [|£(2)[21+9)] and certainly also E [|¢(z)|] are uniformly bounded on E by
(16), the above converges to zero uniformly on F x E. O

With this property we deduce:
Lemma 3.4 We have fori=1,2, ® € D(A) and all T > 0,

E

sup Z e (@)| — 0.

OSt<T 5, <ty

PROOF. For i = 1 the statement follows immediately from (53) because of the boundedness of
the total mass (Lemma 3.1(i)). For ¢ = 2 we refer to (54) combined with Lemma 3.1(i) and note

the fact that for ¢ = 1,2 and n — oo, H(Tf) — Idy||co — 0. The latter follows since ||d,, — d||co,
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where d(z,y) = ®(z)®(y)k(z,y), converges to zero by Lemma 3.3. Also, H(Tg) —1I)d||so converges

to zero because of the strong continuity of the semigroups. O
We now show that the martingale as well as the integral part of X" are C-tight, meaning
that they are tight and have continuous limit points. For this we use the following criterion

(see Theorem 8.6 of Chapter 3 in Ethier and Kurtz [14] and Proposition VI.3.26 of Jacod and
Shiryaev [19]).

Theorem 3.5 Let (G,r) be a complete and separable metric space and let X™ be a sequence
of processes with paths in D([0,00),G). The sequence is tight in D([0,00),G) if the following
conditions hold:

(i) X[ is tight for every rational t > 0,

(ii) For every T > 0, there exist p > 0 such that

lim supE[ sup  sup B [(r(X7 ., XP) A DP(r(XI ), XP) AP | fm —0.  (59)
6—0 n 0<t<T 0<u<é
0<v<INt

Furthermore, a sequence of processes is C-tight in D([0,00),R) if it is tight and satisfies

lim P| sup |X['— X[ |>e¢€

[ =0 (60)
n—00 0<t<N

for all N € N and € > 0.

Lemma 3.6 For all ® € D(A) we have that M®"(®) and (M®™(®)) as well as C}(P) =
fg XI(A®)ds are C-tight sequences in D(R4,R).

PROOF. Lemma 3.1(ii), together with Markov’s Inequality and Burkholder’s Inequality, implies
that Mtlzn(q)) and (M>"(®)),, are tight in R for any fixed ¢ > 0. Hence, condition (i) of Theorem
3.5 is satisfied. To complete the tightness proof we show condition (ii) of the theorem. We note
first that for any fixed n, [(M""(®)) 1y, — (MP™(®))e,| - [(MO"( D)) (1—p), — (MO"(®)),] = 0
for all u,v < % and ¢ > 0. In order to obtain the uniformity of estimate (59) in n consider for
0<t<Tand 0<u <4, using (52) and the calculations in (53) to (55),

n

E

sup [(M"™(®)) (110, — <Mb7n(‘1’)>tn] (61)

0<t<T
sup  X7(1)%] ).
0<t<T+4

Due to Lemma 3.1(i) there exists, for all ¢ > 0, an n, such that for all n > n. and ¢ small
enough the last quantity is bounded by e. Theorem 3.5 now implies the tightness of (M®™(®)).
The tightness of Mb"(®) follows with analogous arguments and the observation that

< (wt ) (18], K) (ma

E[IMGL,), (@) = My (@)F] < E [[(0(®)) g, — (M (@), ] -

It remains to show C-tightness of X", which is done by showing C-tightness of its components.
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Given their tightness we just need to show (60) according to Theorem 3.5. For the quadratic
variation we just need to observe that

<!g
€

B | sup [J(MP"(@)),] > e

sup [(M*"(®)), 1 — (M""(®))y,|
0<t<N n

0<t<N

which converges to zero by (61). For M®"(®) itself, the same condition has already been shown
in Lemma 3.1(iii). The arguments for C}'(®) follow the same pattern using the boundedness of
||A®|| o and Lemma 3.1(i). O

Denote by E = EU® the one point compactification of E. The generator A and its semigroup
T; are extended to E by setting for f € C(E), T,f = f(©) + Ti(f — f(©)).

Proposition 3.7 The X" are a tight sequence in D(R+,Mf(E)) and all limit points are con-
tinuous.

PROOF. By (49), X;*(®) = X (®) —|—M£;"(<I>) + M;""(®) + C(®). Here, the first term converges
weakly by assumption, the branching part M%"(®) and C™(®) are C-tight in D(R,,R) by Lemma
3.6. The martingale M""(®) converges to zero in C(R;,R) in L?(Q) by Lemma 3.2 so certainly
also in law. Thus X™(®) is C-tight in D(R,,R) for ® in a dense subset of Cy(E). As Mf( E)
is compact, Theorem 2.1 of Roelly-Coppoletta [36] now implies tightness in D(R, My (£)). All
limit points X must have continuous sample paths since X (®) is continuous for ¢ in a dense
subset of Cy(F). O

Now, let X™ be a subsequence which converges weakly in the space D(R;, M f(E)) By
Skorohod’s Representation Theorem we can find a probability space and on it a sequence X"
such that £(X") = £(X"™) with X™ converging to X almost surely in D(R, Mf(E))

Lemma 3.8 For any a.s. convergent subsequence X Mtb’nk(CI)) converges in probability for
each t > 0 and ® € D(A). The limit is a square integrable continuous martingale, M(®), with
quadratic variation given by (19).

PROOF. By the continuity of the limit, for all £ > 0, supp<s<; | X7 (D) — X,(®)] — 0 a.s., and
so [7 X (A®)ds — [i X;(A®)ds a.s.. By Lemma 3.2, supgc,<; My (®) — 0 in L?(2). Thus,

Mtb’nk(‘l)) _ Xz'lk((b) _ X(?)lk(q)) . Mtr,nk(q)) B /Ot X;’Lk(/i(b)d(s (62)

converges in probability on D(R+,E’). The limit is a square integrable martingale because of
Lemma 3.1(ii). It is continuous since all the terms in (62) have continuous limits. It only
remains to show that the quadratic variation converges to the appropriate expression. Thus,
consider a.s.

[ ea@ek, e X2 (0 K2, (d)ds

[ ] e@ewiey

tn - N
< [T @by e) Ko ) X3, ()X ()
E><E 7Lk nk

i><:z
>t

s(dz) Xs(dz)ds]|

+V/0 (1{s§tn}/EXE¢($)¢(y)k($7y)ngk(dx)Xka (dz)
[ @0k ) %) Kol
ExE
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Here, the first term converges to zero by Lemma 3.3 and Lemma 3. 1(i). The second term
converges since X IZ X X"’“ — X; x X; a.s. on Mf(E x E) (see Lemma 2.1.2 of Dawson [11]).

The remainder terms of the quadratlc variation, see (52), converge to zero in LY(Q) due to Lemma
3.4. Thus, the expression (19) is the a.s. limit of (M%7 (®)),. O

Lemma 3.9 The limit takes values in space C(Ry, My(E)).

PROOF. Consider ®; € C’b( ) Such that &, — 1o and A®, — 0, both boundedly pointwise.
Choose, for example, ®;(z f Tse !1#=Ollds. Since for all t > 0, X; € M(E) a.s. this implies

that X;(A®;) — 0 a.s. for all t. Now

<3? <IE [m(il)ﬂ +cE [<M(<i>l))T} VY TE [/OT XS(Aél)st] > .

E [ sup Xt(ff)l)z
0<t<T

All terms are uniformly bounded by Lemma 3.1(i) the first and last converge to zero by the Domi-
nated Convergence Theorem. The second term is bounded by K fOT E[supg<s<; X,(®;)?)dt. Thus,
as it is again bounded for each I by Lemma 3.1(i), we obtain E[supy<;<r X(®)?] — 0, by Gron-
wall’s Lemma. By Lebesgue’s Dominated Convergence Theorem we obtain supy<;<7 X(©) = 0

a.s. and the process X takes indeed values in M¢(E), which implies C-tightness in D(R., Mf(E)).
a

The proof of Theorem 2.2 is now complete upon noting the following result which is contained
in the main theorem of Mytnik [27].

Theorem 3.10 Solutions to the martingale problem (18) and (19) are unique in distribution.

The proof is based on the observation that X would be dual to itself if it was sufficiently regular:
If w and v are the densities of two independent processes that satisfy the martingale problem
(18) to (19), then it would follow that E [exp(— [}, u¢(x)vo(z)dz)| = E [exp(— [3; uo(x)ve(z)dz)] .
For proving uniqueness, it suffices then to construct a sultably regular approximation to X, and
apply an approximate duality argument.

4 Convergence to the heat equation

We start with an outline of the proof of Theorem 2.3 in section 4.1. It follows arguments of Shiga
and Shimizu [39] closely, and we will therefore only be explicit about the necessary modifications.
We then prove Corollary 2.4 in Section 4.2, which shows that the lattice systems that approximate
the heat equation fulfill the conditions of Theorem 2.3.

Subsequently, in Section 4.3, we cite some auxiliary lemmas, whose proofs are postponed to
the appendix. The lemmas are crucial in the following Section 4.4, where we give the proof
of Theorem 2.5 and Theorem 2.6 by showing tightness and convergence of subsequences of the
approximations. We conclude with some remarks on the obtained results in Section 4.5.

4.1 Proof of Theorem 2.3

We approximate the solution X to (20) by finite dimensional diffusions. So choose S,, C S finite
such that S,, TS as n — oo, and let X™ be the solution of the diffusion

S =wi(0)+ [ X"+ [ ol ()W),
0 0
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for i € Sy. Set x'(t) = z;(0) for i ¢ S,. Note that the W/ can be represented by a linear
combination of at most n independent Brownian motions. Thus, existence of weak solutions
with continuous sample paths is a classic result, see for example, Theorem 3.10 of Chapter 5 in
[14].

The key of the proof is to obtain a uniform bound on the approximating finite dimensional
solutions X™ in the norm || - ||rp, which can then be used to bound temporal differences in
the same norm. This implies tightness in C([0, 00), R®) where R® is equipped with the product
topology, and limit points satisfy (20). That the solutions in fact live on C([0, ), [}) is obtained
by transferring the uniform bound from the approximations to the limit points by Fatou’s Lemma.
In order to obtain a uniform bound we apply Gronwall’s Lemma combined with a stopping time
argument. Define T(V:%) = inf{t > 0| || X™()||[r,, > N} and consider

"N (T) E[ sup ||X”<t>\|?,p] (63)

0<t<TAT(N:n)
p
sup Z Vi
p
).

0<t<TAT(N:m) i€S,,
[ its.azsnawz )
0
While the first term is bounded by assumption the next two can be bounded by the term
Cle, T, K)(1+ [ ¢"N(s)ds) :
p]

< C()_lz(O)f +E
ies

/ (s, X7 ()

VE| s Y

0<t<TATWN™) jog

t
E /0 oi(s, 2} (s))dW;(s)

Sup § Vi
0<t<TATWN") jog

t P
< Y uE|  swp / w(s’,w?(s'))dvvf(s)]
ies, 0<t<TATN:) 1J0
TATN7)
< CT? 'Y vikiE [ / Iai(s’,w?(s’))lpds]
i€Sn 0
<

C(p,e,T,K) (1 + /OT g”’N(s)ds> ,

where we have used Burkholder’s Inequality and Jensen’s Inequality as well as the growth condi-
tion (25) on the coefficients ¢;. The term involving f™ is estimated similarly using (23). Thus, by
Gronwall’s Lemma, g™ (T') is bounded by a constant that is independent of n and N. The sam-
ple paths are a.s. continuous for each n and therefore bounded on [0, 7], albeit not uniformly.
This implies P[TM" < T] — 0 as N — oo, and so limy_. SUPg<<ar(va) || X ()] |13’p =
SUPg<i<T ||X”(t)|\1117p a.s.. Thus, by Fatou’s Lemma,

supE | sup || X"(t)|[% p] < sup liminf g™ (T") < C(T). (64)
n <t<T ’ n N—oo

0

Using this bound and an almost identical calculation leads to

sup E [HX"(t) — X”(s)H%p} < C(p,c, K, T)0. (65)
0<s<t<T

[t—s|<é<1
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The estimates (64) and (65) combined with Theorem 3.5 show that each coordinate is tight in
C(R4+,R). By a diagonalisation argument one can then find a weakly convergent subsequence in
C(R4,R9), where RY is equipped with the product topology. Using Skorohod’s Representation
Theorem and the continuity of the coefficients one can show that all limit points solve (20) for each
i € S, see Sturm [40] pp 69 for detail. This completes the proof of existence. As remarked earlier
this argument does not imply any convergence on C(R., ), and thus (27) needs to be verified
separately for the solution to the infinite dimensional lattice system. By (64) and Fatou’s Lemma
we obtain first supg<i<r E[[|X ()] ] < oo. From this, (27) follows by a calculation analogous
to that of (63). The a.s. continuity of the sample paths in the space . follows from this bound
with a calculation similar to that in (65).

Pathwise uniqueness follows now with the same calculations as for the uniform bound (see
(63) following) if the Lipschitz conditions on the coefficients are assumed. Here we deduce that
the difference of two solutions with respect to the same noise must be zero by using the Lipschitz
conditions (24) and (26) where we have previously used the growth conditions (23) and (25).

4.2 Proof of Corollary 2.4

For existence of solutions we merely have to verify (23).

Yon@) | D milai— ) + filt, @)

€S [i—7|<Cm
< (COMLC)+ 1P S S gl — P + (14 @)
€S [i—7|<Cm
< O Crp e NA+ (S (g +mi 290y 4 )

ies li—j|<Cim M (9)
Here, we have first applied Jensen’s Inequality and the growth condition (25). Then we used
that v, () is summable over S. Finally, we note that the term in parentheses is bounded by a
constant since for [i — j| < Chn, Y2 (4) /72 (1) < erC(Cmd),

For uniqueness we have to verify (24), which works in an analogous way, using the Lipschitz
condition (26) instead of the growth condition (25).

Positivity follows with arguments identical to those in [39].

4.3 Auxiliary lemmas

In this section, we state a number of technical lemmas, proofs of which can be found in the
appendix. Lemma 4.1 estimates spatial and temporal differences of the heat kernels p", as well
as of the differences of p" and p (see (8) and (33) for definitions). Lemma 4.2 provides an estimate
for the heat kernels p™ and p integrated against the weight function vy. In order to show tightness
of the approximations we need a compactness criterion on L%, (R4), which is stated in Lemma
4.3. This is an adaptation of the Frechet-Kolmogorov Theorem to our setting.

Lemma 4.1 We have the following properties of p" and the heat kernel p :
(i) JpaP"(t, 2, y)dy = [pap(t,z,y)dy =1 for all x € R%, ¢ > 0.

(i) F5*(t,)(€) = [ra D" (t, y)eVdy = exp(—n?t 30 (1 — cos &) for all € € RY.

21



(i41) sup, yega [P"(t, v, y) — p(t, 2, y)| — 0 as n — oo for each t > 0.
SUD,cRrd fRd Ip"(t, z,y) — p(t,z,y)| dy — 0 as n — oo for each t > 0.

(iv) supg<p<sSUPLerd (fpa [P"(t + hyz,y) — p"(t, @, y)| dy) — O uniformly in n as 6 — 0 for
each t > 0. The analogous result holds for p.

(v) SUp||p| <5 Jpa [P"(t, 2+ 2", y) — p"(t, x,y)|dy — 0 as & — 0, for almost all x and all t > 0.
Similarly, as & — 0, SUP,erd SUP||p <5 Jpa |P(8, T + 2',y) — p(s, 2, y)| dy — 0.

Lemma 4.2 Let yy(z) = e Ml and X\ € R. Then there exists a constant C(6,\) — 1 as § — 0
such that
sup sup nE=y) < C(d,N). (66)
zeRd |lylj<s IA(T)
Also, for all T > 0, there exists a constant C(T, )\) independent of n such that for all x € R% and
0<t<T,

L7ty < T @), (67)

and likewise
[ ey < CT A, (68)

Lemma 4.3 A set Cx in LP(R?) is relatively compact if and only if the following conditions
hold,

(i) SUpP recy fRd |f(z)[Pdr < oo,
(i) limy_o [a |f(x +y) — f(x)[Pde = 0 uniformly for all f € C,

(iii) lima— o0 fRd\Ba |f(z)|Pdx = 0 uniformly for all f € Ck,
where B, is the ball with radius c.

A set Ci in Lb, (R?) is relatively compact if the above conditions hold for Lebesque measure
replaced by v (x)dz.

4.4 Proof of Theorems 2.5 and 2.6

We first show tightness of the rescaled systems defined in equation (34). In the case of Theorem
2.5, we consider approximating systems for which the coefficients f and o in definition (34) are
replaced by Lipschitz continuous approximations f” and ¢", and can therefore apply the same
arguments as in the case of Theorem 2.6.

Thus, through the convergence of subsequences we are able to prove existence of weak so-
lutions to the heat equation with colored noise for continuous coefficients that obey a linear
growth bound, see Theorem 2.5. When the strong existence of the approximating systems and
uniqueness of the SPDE, well-known for Lipschitz coefficients, and for non-Lipschitz coefficients
investigated in Sturm [40], is known, Theorem 2.6 establishes convergence of the approximations.

By the assumptions in 2.6, we have existence of (stochastically) strong solutions to the system
(34) with initial conditions ug. In this case, we set f(¢,z,u) = f(t, kn(z),u) and likewise for 5".
By the continuity of f and o we obtain pointwise convergence: For all (¢,z,u) € Ry x R? x R as
n — oo,

o"(t,x,u) — o(t,z,u) and  f(t,z,u) — f(t,7,0). (69)
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In order to obtain approximations driven by a given noise W to the SPDE of Theorem 2.5
we exploit the continuity of f and o and define f™ and "™ which converge pointwise as in (69),
and satisfy in addition to the growth condition (10) the Lipschitz condition

|f”(t,x,u) - fn(t,l‘,’())| + |5n(t)xvu) - &n(tax)u)’ < C(n)|u - U|7

for all t € R,z € R%, and u,v € R. Corollary 2.4 now implies pathwise uniqueness and thus
existence of strong solutions to (34) with initial condition uo and coefficients f and &, and so
we define in this case f(t,x,u) = f(t, £n(z),u) and likewise 5". Note that these functions also
satisfy (69).

The proof of tightness now proceeds by showing condition (i) and (ii) of Theorem 3.5. First,
Proposition 4.4 gives a uniform bound on ™ in the || - ||,, p-norm using Lemma 4.2. Proposition
4.5 estimates temporal and spatial differences of «™ in this norm following a similar line of
arguments. Here, we exploit the fact that, since ™ is a mild solution, we can estimate temporal
and spatial differences of the heat kernels p™ instead. Their properties are more amenable and
the necessary results have been given in Lemma 4.1.

Subsequently we prove compact containment, condition (i) of Theorem 3.5, in Proposition
4.6. Here, we use the compactness criterion of Lemma 4.3, which states that we need apart from
a uniform bound and an estimate of spatial differences -shown previously- also a uniform estimate
of the tails of the u”. Tightness follows finally since condition (ii) is fulfilled by the convergence
of temporal differences already completed in Proposition 4.5.

We proceed to show a uniform bound on the approximating solutions:

Proposition 4.4 Assume the linear growth condition (10) on f* and 6" as well as ||k||oo <
K < oo. Then, for all vy with A > 0, p > 2 and ug with E[||ug||},p] < 0o, there exists a constant
Cy(T) so that
supE | sup [l (t, I, | < CylT). (70)
n 0<t<T

PROOF. Let 0 <t <T. We treat the three terms in (34) separately. Thus, by Jensen’s Inequal-
ity, ¢g"(t) = E [supogsgt fRd ]u”(s,m)]p'y,\(:c)d:r] < 3P (A1 + As + As), where, by Lemma 4.1(i),
Jensen’s Inequality and Lemma 4.2,

[sup L1 ] puane )da:}
0<s<t JR? JRA

/Rd 0Soer </]Rd sz, ym(w)dx) uo(y) [P dy]

< €@ [ EluPlnmdy < C(T w0, )

Ay

IN

E

For Ay we use the growth condition (10) as well as vy € L'(R?) in addition to the same line of
arguments:

te = Bl s [0 56 s s o)

/ /Rd O<s<T (/ p (&l’,y)’y,\(x)dx) (1+ |Un(5/7y)’)pdyds']

< C(T,c,p,)\)<1+/0 [ (s, )5, 0] d )

IN

C(T,c,p)E
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For Ag we use the factorisation method first introduced by DaPrato, Kwapieni and Zabczyk [33],
which is based on the fact that for 0 < a < 1,

t . -
/5 (8 =)™ r = o) "dr = sin(mar)
We then define for some function v : Ry x RY — R,
Jobny(t x) = sin(m / /Rd Y5 (t — s, 2, y) (s, y)dyds, (71)
as well as
JRu"(t, ) //Rdt—s Tt — s, x,y)a" (s, y, u" (s, )W (dy, ds), (72)

so that by the stochastic Fubini Theorem (see Theorem 2.6 of Walsh [43]),

t
Jal’"Jgu"(t,x):/O /de”(t—s,x,y)U”(S,y,U"(S,y))W(dyadS). (73)

Thus A3 = E [sup0<s<t HJO‘_L"Jgu”(s,-)H?;Mp] . Let us choose % < a< % We first consider

As(t) = E[||J2u™(t,-)|[5, »] - Here, we apply Burkholder’s Inequality and the growth condition
on ", as well as ||k||oc < K and Jensen’s Inequality (twice) and obtain

Ag(t) < C(e,p)E /Rd / /Rd/Rd —2apn (t—s,z,y)p"(t — s,x,2)k(y, z)
(U o (s, )DL+ (s, 2) ydzds) E ()]

e, K,p)E[/Rd </Ot(t - 3)_204(/]1@ Pt —s,x,y) - (14 ]u"(s,y)])dyfds) : ’y,\(x)dac]
e K’p)(/ot TedsE </0t<t -8 (Sip | te=sa y)dy)p_l

B| [ [ 7 smm (04 )Pl ] ds)

IN

IN

< CmekpN ([ s ai ([ - 0 0Bl ol Dis)
< O(TeKp N1+ sup Bl (5., ) (74

since o < % Thus, we obtain with several applications of Holder’s Inequality,

A3 = E sup ||/ / a ! n(s_S’ 7y)']n n(s y)dydsﬂwp]
10<s<t Rd
P
< IE sup </ (s=s)N [ p*(s— &, y) 2" (s, y)dyllysp ds’) ]
[0<s<t \JO R4
< E

s L P
sup (/ (s =)t <Sup/ p*(s — 8',967y)dy> TR b dS/) ]
_Ogsgt 0 z JR4
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< E[oiﬁt(/os() rle=lg '>p 1</ [ Jau™(s"s )5, pds >]
< (/OT(S')’fl(a_l)db")pl/otE[HJZU”( MEap] ds

T
< CTeKp N+ [ s Bl (s )l 1) (75)

0<s<s’

1

where we have used in the last inequality that o > - as well as the estimate in (74). Taken
together, we obtain that there is a constant C =C(T,c,K,p,\ up) independent of n such that
for all t < T, g"(t) 1+ fo . But each ¢" is bounded according to (27). Thus,
sup,, g"(t) < CeCT = C’ ( ) for all ¢ g T by Gronwall’s Lemma. O

Using this bound we can prove the following approximation of differences.

Proposition 4.5 Assume the conditions of Proposition 4.4. Then the approximating solutions
satisfy

limsupE | sup sup |[u"(t+h,-)— 76
50 [0<t£T oghga et )~ )”%’p] (70
For the difference of spatial translations we obtain for all 0 <t < T,
lim sup E sup ||[u"(t,- +2") —u"(¢, )H'm » (77)
0=0 n Jog|le||<s ’

PROOF. In order to show (76) we use the decomposition (34) and split the integral into four
parts. Here, the stochastic integral part is represented via the factorisation method introduced
in (71) to (73) in the proof of Proposition 4.4. Abbreviate the difference pj(t,z,y) = p"(t +
h,z,y) — p"(t,x,y). Because the paths of u" are in C(R,, L5, (R%)) we can define pathwise
hy, s = hy, s(T) <6 <1 so that

E|sup sup \u”<t+h,->—u”(@-)\m,p]
0<t<T 0<h<$
= [E| su u(t+h, 5,°) —
S [ ) >uw,p]
< 4P<IE pr (¢, -, d
< LE?ETH P s (e y)uo () yl!w,p]
+E | sup H/ / ph’ -, >y)f (3 Yy, u (8 y))dydsu’w\p]
0<t<T Rd
[ t+h! s
’ — /
+E | sup | / P+ By s — 5, 9) " (5, .0 (5, )dydsE,,
o<t<T Jt Rd
FE | sup [JJOITR (4 By ) — IR, >|\W])
0<t<T
4
= 4pZBz
i=1
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For bounding Bj let us first assume that E [||Augl[5, p] < 0o. Then,

t+h!, 5
B = sup / / / (s, 2, y) Ao (y)dyds|Pyx(z)dx
0<t<T JRd Rd
44 p-1
< sup sup (/ / pn(Saxay)d?/d5>
0<t<T zcR4 t R4

t+0
// / (5,2,y) - |A"ug(y) Pdydsa () dz
0<t<T Rd Rd
t+0
s [ ( / p"(s,x,ymmdx) A" ug(y) Pdyds
0<t<T R4 R4

< C(T+1)0’E [HATLUQH%\ p] < C(T+1)6"E [HAUOHVA p]

= P E

Here, we have applied Jensen’s Inequality before using Lemma 4.2. For general ug consider
u§(z) = [pap(e, 2 — y)uo(y)dy. Observe that Ap(e,z,y) = (éHm —yl)? - g)p(e,x,y). Thus, with
arguments almost identical to those of Lemma 4.2 we obtain [p, Ap(e, z,y)a(y)dy < C(e)va(x),
as well as B [[|Aug| £, 5] < C(O)E [|[uol 2, ] < o0. Now,

By
0<t<T

t+h
sup / / / (5,2, y) A" (y)dyds|Pya () dx
0<t<T JR4 Rd

Notice that the first term bounding Bj is itself bounded by C(T'+ 1)E [||uf — u0| %,.p] by Lemma
4.2 and |p}, (t z,y)| <Pt + 5 w,y) + P w,y) forall t € Ry, a0y € R9. Also by Lemma

sup / / ph, s,a:,y)(uo—ug)dy|p'y>\($)d:c]
Rd R4

4.2 we obtain that for all € > 0 bounded, a.s. |[u§||}, p < C|luol|5,,p < 0o. Thus, by first applying
Lebesgue’s Differentiation Theorem and then using the above bound and Lebesgue’s Dominated
Convergence Theorem we obtain E [[|u§ — uo|[5, »] — 0 as € — 0. It follows that By converges to
0 uniformly in n as § — 0 since we can make the right hand side arbitrarily small by choosing €
and then ¢ small enough. Similarly to the previous calculations, we obtain for By,

T p—1
swmg/Www@
0<h<d zeRd d

cie / /R 1P Sv%y>m<w)dw)\f”<s,y,u"(s,ympdyds]

By

IN

0<t<T

p—1
swmq/wmw@
0<h<6 zeR4 0 R4

- P2C(T +1)T sup E[||1+ |u™(t,y)
0<t<T

IN

[5,0] = 0.

uniformly in n as 6 — 0 according to Lemma 4.1 (i) and (iv) and Proposition 4.4. Similarly, we
can bound

IA

Bj PLeP20 (T +1

t+0
sup/ / (1+ (s, 9) )P () dyds
0<t<T Rd

< 6pcp2C(T—|—1)T Sup E[|\1+|u L, ] —0
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as 0 — 0 uniformly in n because of Proposition 4.4. The term By we split into three parts and

obtain
o< @[l [ [ -, s Vs,
Ra
< E |:H/0 /]Rd ((t—i_h;z,é_s)a_l_(t_s)a 1) (t+hn6 a'vy)‘]gun( )dyd5|"y,\,p:|
t+h, 5
< B\ b= T b = ) T s )y | )
t R4

3
37 " Bu,. (78)
i=1
Assume again that % <a< % Thus, by Proposition 4.4 the calculations in (74) render that

sup E [|lJqu" (¢ )1, ] < C(D). (79)

0<t<

We can hence estimate the outer integrals of the components of B4 analogously to the calculations
n (75). For By this leads to

¢ =1 P
sup (/ (t—s)*" (Sup/ |Phy (t—s,x,y)\dy> [ Tou™ (8, ) lyap d8> ]
o<t<T \ Jo z Jrd ™9

T p—1
O(T,c. K,p.A) sup ( | vt (sup / rﬁmx,y)rdy) dt) ,
0<h<d 0 z JRE

where we have applied Holder’s Inequality and subsequently used (79) in the last step. The
quantity now converges to zero by Lemma 4.1 (iv) and Lebesgue’s Dominated Convergence
Theorem. The term By is estimated similarly to By 1,

Bya

IN

E

IN

By <

p
sup (/ [(t+ b s = )70 = (&= 9) - [1Taw" (5, )l dS) ]

0<t<T
—1

p
< (T, ¢, K,p ) < / (£ 4 621 — ta1|,f’1dt)
0

Here, we have used that the function ¢ — t*~! is monotone. Because of its continuity, the
integrand converges pointwise to zero on the interval (0,7] as § — 0. It is further bounded by
2 t(a_l)#, which is an integrable dominating function due to o > %. Thus, convergence to zero

follows by Lebesgue’s Dominated Convergence Theorem. For the term By 3 we obtain

t+h!, p
sup (/ (t+hn5—5) P T (5, ) I dS)]
o<t<T \ J¢

5 p-l
C(T,c,K,p,\) </ t(“‘”zf’ldt)
0

Here, we have used that for any h > 0 and ¢t > 0, (t + h)®~! < t*7! (a < 1). The integrand
is integrable around 0 because of « > % and so we obtain convergence to zero as § — 0. Taken
together, we have now shown that B4 converges to zero and so (76) follows.

Byz < E

)

IN
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For proving (77), define pathwise 27 ;(t) € R? such that |z;, s < 0 < 1 as well as
SUp| |y (<s |[u"(t, - + 2) —u" (2, NNEp = ||u (t, -+ 27, 5(t) — u" (2, I|[5,.p- Since the shift operator
is continuous on L&, (R), such a :L‘m;( ) does exist. Set p% (t,x,y) = p"(t,z +2',y) —p"(t, z,y).
According to (34) we have to bound the following terms,

[Hu (t -+ a7, 5() — u" (¢, ), ]

[ (o)l

el /0 /R et = s ) s ) s 2

t
B[ et s e )W ) |
3
= 35"2@.
=1

We now estimate the first term similarly to By,

IN

p—1
o < /R/R</ 7 txy)\dy) (80)
(0" (8,2 + 2}, 5(0), ) + " (8, 2,9)) m(@)da)  Juo(y) Py
L, A ()
= R </R </R P26,y )'dy) P{69) w(y)dl‘)
A sup sup @) "
<||x'||26meu£d o) +1>E[|| oI, ]
-n " /! 1 pil —N Y 1 1
< Ctw) [ o ([, mteamaiag) 5 pata e

In the second inequality we have used that [|z7, 5(¢)|| < J, together with a shift of variable and
(66) of Lemma 4.2 for the first term in the sum. In the third inequality we have estimated

XE g Cry_ )\(a: — fin(y)) with (66). We have then performed the variable shifts 2" = z — K, (y)

as well as ¥y’ =y — k,(y) , and exploited the shift invariance of p™ (see (33)). For fixed n the
supremum converges to zero as § — 0 for almost all ” due to Lemma 4.1(v). Since it is bounded
by 2 and p"(t, 2" )y_x(z") is integrable by Lemma 4.2 the result follows for fixed n and any ¢ > 0
by Lebesgue’s Dominated Convergence Theorem.

Similarly, using the growth conditions on f™ and " as well as Burkholder’s Inequality for
the stochastic integral, we obtain that Cy and Cs are bounded by

C(T) sup sup E I+ [u" (), 5] (81)

e
/ sup sup(//rpzf — 5,0,y P — 5,0, 9) 2 ’d)d,
0 ||z’||<6 yeRd \JR M (y)

where the expectation is bounded according to Proposition 4.4. Thus, with the same arguments
as for (80), plus an additional application of Lebesgue’s Dominated Convergence Theorem for
the time integral, convergence follows for each n fixed as § — 0.
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To obtain convergence uniformly in n we note that the arguments in (80) and (81) are true,
uniformly in n, if p replaces p". Furthermore, when [p" — p| replaces the spatial differences |pl| in
the C; we obtain convergence to zero as n — oco. For example, the stochastic integral is bounded
by

t p-1
o [ sup ( [ = s =t - s,x,y>|dy> ds - supsupE [[|1+ [u(t, I, ]
0 zeRd \JRd n t<T

which converges to zero according to Lemma 4.1(iii) and Proposition 4.4. Inserting p(-,z,y) and
p(,z+2',y) and using (66) as well as a 3¢ argument now implies convergence uniformly in n. O

We obtain the compact containment condition of the approximating sequence of solutions.

Proposition 4.6 Assuming the conditions of Proposition 4.4 we obtain that for each t > 0 and
€ > 0 there exists a compact set Cx = Cg(t,€) in the space L5, (R?) so that for all n,

Pu"(t,”) € Cx] > 1 —e. (82)

PROOF. We start by showing that for each € > 0,

lim supP | sup / [u(t,z + ") — u™(t,2)[Pyr(z)dz > €| = 0. (83)
020 n {Jla|i<s JRd

Using Markov’s Inequality, the convergence is implied by (77) of Proposition 4.5. We will also
need to show that for all € > 0

lim supP [/ [u"(t, x)|Pyr(x)dx > e] =0. (84)
a—0o0 n Rd\Ba

We define an auxiliary function

@/~ — ) m@) for|lz]] > a,
(@) = { e for ||z|| < a. (85)

which, as an immediate consequence of Lemma 4.2, also satisfies (67). Thus, we obtain as in the
proof of Proposition 4.4,

B| [ 0P @] (56)
< o) ([ 0+ Elu@rn @i+ ][ o es) ).

Since the first term is independent of n and converges to zero as @« — oo by Lebesgue’s Dominated
Convergence Theorem, we obtain uniform convergence of (86) to zero by Gronwall’s Inequality.
But 1ga g, 1A < 7/(\04)’ and so (84) follows by Markov’s Inequality.

Now, by (83) and (84) we can for any € > 0 and k € N choose 0 and oz such that

1
suplP | sup / |u"(t,x + ') — u™(t, z)[Pyr(z)dz > z < §2*k,
n ll2’|| <8 /R4

1
sup P / |u"(t, x)[Pya(x)dx > z < Cok,
RN\ Cla,, 3

n
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Also choose N such that P[||u™(t,-)|[5, » > N| < §, and define the sets

Ckx = {u" [Ju"@t)IE,, <N},
~ 1

k= Nl sw [ (e +a) ol n@i < )
et llell<op TR &
~ 1

Ck = [{u"] [ (¢ @) Pya(a)de < ),
k=1 RNCa,,

Cx = CipNCiNCy.

By Lemma 4.3, Ck is a compact set in L%, (Rd), and by the above definitions we obtain that
inf, Plu"(t,") €Cg] >1—s(1+233,27%) =1—¢ O

Finally putting the pieces together, we can now show tightness and identify the limit points -
establishing the existence statement of Theorem 2.5- and prove the convergence result of Theorem
2.6. For the latter we require another Lemma (see Lemma 4.4 of [18]).

Lemma 4.7 Let E be a Polish space equipped with its Borel o-algebra. A sequence of E-valued
random elements u™ converges in probability if and only if for every pair of subsequences u'
and u™ there exists a subsequence v* = (ul(’“),um(k)) converging weakly to a random element v
supported on the diagonal {(u,u’) € E x E|u =u'}.

PROOF OF THEOREM 2.5 and THEOREM 2.6.

Taking together the tightness condition for each ¢t > 0, that has been shown in Proposition 4.6,
and the estimation of the differences in time given by (76) of Proposition 4.5, we obtain tightness
of u™ in D(R, L%, (R%)) according to Theorem 3.5. Since all u™ are continuous in time (Theorem
2.3), they are relatively compact in C(R;, L}, (R?)). This implies that we can find a subsequence
which converges weakly on C(R,, L%, (R?)) to a process u.

By Skorohod’s Representation Theorem we can find another probability space €, and on it a
further subsequence, @™, as well as a noise W equivalent in law to ™ and W, so that ™ converges
almost surely to @ in C(Ry, L%, (R?)). We now show that, by taking a further subsequence if
necessary, the right hand side of (34) converges a.s. for all t > 0 in L}, (R?) to the appropriate
expressions for the limit process @. This implies that 4 satisfies (9) and is thus a solution to the
heat equation with colored noise as in Definition 2.1.

Following the calculations for B; in the proof of Proposition 4.5, we obtain for any ¢t < T

/Rd (/Rd (P"(t = s,2,9) — p(t — s,2,9)) Uo(y)dZJ)p’yA(x)dac
= o (/Rd (0" (t = s,2,y) —p(t — 5,2,y)) dy>p_1 /Rd o (y) [P (y)dy.

Here, the first term converges to zero as n — oo by Lemma 4.1(iii), and the second integral is
bounded a.s. by assumption. We consider next

L[] o= swpe o) (57)
Rd NJo JRd
—p(t—s,z, y)a(s,y,ﬂ(s,y)))W(dy,ds))p’yA(x)dx < Dy + Ds.

Here, we split the integrand into a term, D1, involving the differences of the convolution kernels,
and one, Do, involving the differences of the solutions. Applying Burkholder’s Inequality and
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then following calculations analogous to those for Bs in the proof of Proposition 4.5 we obtain
that E[D;] is bounded by

C(p, K,T) /RdE[/Ot (/Rd p"(t —s,2,y) —p(t—S,fv,y)lf‘f”(s,y,ﬂ”(s,y))dy)pdS}w(l‘)dﬂﬁ

p—1

t
< C(p.K.T,c) / sup ( / W(t—s,x,y')—p(t—s,x,y'ncly’) ds
0 Rd

r€R

- sup E||[[14+a"(s,y))|E, .|,

b [l (s, y)IIE, ]
which converges to zero by Proposition 4.4 and Lemma 4.1(iii). By choosing a further subse-
quence if necessary, a.s. convergence follows. To estimate the second difference, Do, we define
Vr = sup,, sups<r ||@" (s, y)|[5, p, which is bounded a.s. because of the convergence of the "
in C(Ry, L2, (R?)). As a consequence, we have limy_o, P[Vy > N] = 0. Since, by Markov’s
Inequality, P[Dy > €] < P[Vp > N]+ LE[Dy | Vi < NJ, it suffices to show for any fixed N,
limy, oo E[D2 | V7 < N] = 0. With a similar calculation as for Dy, we bound this expectation by

Clp 11) [ B[1075.0:(5.0)) — (s, 05, )| Vi < ] . (59)

By taking a further subsequence if necessary, 4" (s,y) — u(s,y) a.s. for a.a. y and all s. Thus,
the continuity of 6" and o and (69) imply that 6" (s,y,a"(s,y)) — o(s,y,a(s,y)) a.s. for a.a. y
and all s. But by (10),

0" (s, 9, 0" (s,9)) — o(s,y,u(s,y))| < c(2+[a"(s,y)[ +[als,y)])- (89)

Since " (s, ) — u(s,-) in L}, (R?) a.s. for each s, the right hand side and so also the left hand
side of (89) is uniformly integrable in L5, (R?) a.s. for each s. Therefore, the norm converges a.s.
for each s. The conditioning on the event {Vp < N} and Lebesgue’s Dominated Convergence
Theorem, now imply that (88) converges to zero. Thus, Do — 0 in probability as n — oo, and a
further subsequence converges a.s..

Taking the two estimates together, we have proven that, for a further subsequence if necessary,
(87) converges to zero a.s. for t € [0,7] and so, since T is arbitrary, for all ¢ > 0. We can perform
essentially the same, albeit slightly simpler, calculation to show that for the chosen subsequence

u”,

/Rd (/Ot /]Rd Pt — s, 2,y) f"(s,y, 4" (s,y)) — p(t — s,:r,y)f(s,y,ﬂ(s,y))dyds)p%(l")dl‘ — 0,

as n — oo a.s. for all ¢ > 0. Thus, @ is a solution to (1), which by Proposition (4.4) and Fatou’s
Lemma also satisfies E[supg<,<r ||@(t, )|}, p] for any T' > 0. By repeating the calculations in the
proof of Proposition 4.4 we finally obtain (35). Since (&, W) have the same distribution as (u, W)
we have shown the existence result of Theorem 2.5.

It remains to complete the proof for Theorem 2.6. The weak convergence result follows
immediately from weak uniqueness of the limit. For convergence in probability when pathwise
uniqueness of the limit is known we consider a pair of subsequences u' and u™. By the tightness
on C(Ry, L5, (R%)) we can find further subsequences u'*) and «™®*) that converge weakly on
C(Ry, L, (R%)). The above calculation shows that both limit points satisfy the heat equation
with respect to W. Thus, the pathwise uniqueness implies that they are equal a.s., and so on the
diagonal of ¥ x E. Theorem 2.6 follows now by Lemma 4.7. O
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4.5 Remarks

We finish with some remarks on the setting and proof of Theorem 2.5 and Theorem 2.6.

First, we note that we could have considered different function spaces or regularity conditions
for solutions to (1) and their approximations. For example, an analogous convergence result of
the form

sup sup E[|u"(¢,z) — u(t,x)|P] — 0, (90)
0<i<T zeRd
as n — oo can be obtained, at least if the coefficients f and o are Lipschitz continuous and
p > 1 (see Sturm [40] Chapter 4). Here, solutions to the lattice system are established via a
Picard iteration scheme, and convergence is shown with similar arguments by directly considering
(90). The setting and proof is inspired by Dalang [5], who shows existence and uniqueness of the
solution u under the above conditions.

However, these proof techniques, in particular Picard iterations, cannot be used directly for
non-Lipschitz coefficients. In order to proceed via tightness arguments, an appropriate function
space (instead of uniform moment bounds) is needed. While we could have considered approxi-
mations and convergence in a space of continuous functions, we have found C(R, L5, (R9)) to
be convenient. That the solutions constructed in this function space nonetheless live in the ap-
propriately weighted space of continuous functions, C(R%, C., (R%)), is shown in the next section
(under some additional conditions on p and d).

The space C(Ry, L%, (RY)) has been used repeatedly as a solution space in the context of
the stochastic heat equation with colored noise, see for example Peszat and Zabczyk [32], who
consider existence and uniqueness for the case of Lipschitz coefficients. The space C(R4, %),
where I is simply summable, is used frequently for lattice systems. This prompts us to remark
that weight functions other than ~) could have been chosen. In our calculations, we have -apart
from the integrability of the weight function- primarily used the properties of Lemma 4.2. For
a sufficiently smooth function these are conditions on the tail behavior. Hence, amongst others,
any positive continuous function that equals ) outside a bounded region can certainly be used.

Finally, we remark on our rather stringent boundedness assumptions on the correlation kernel
k. Both, Dalang [5] and Peszat and Zabczyk [32] cited above, investigate translation invariant
k which is singular at the origin. In these works, the smoothness of the heat kernel p is offset
against the singularity of k. In our approximations (see for example the calculation in the proof
of Proposition 4.4), the approximate heat kernels p™ integrated against k need to be estimated.
Accordingly, we would need stronger results in Lemma 4.1 that involve a singular k. Difficulties
arise from the fact that p” -unlike p- is not known explicitly, and further since statements need
to be made uniformly in n.

5 Continuity of solutions

5.1 Proof of Theorem 2.7

We first show that under the assumptions of Theorem 2.7, (35) implies (37). Set A\, = %, and
bound E[sup, <7 |[u(t, )[[5 ] bY

ZSZ = SUPH/ 7 7y ’LL() )dyHoo)\p

t<T

+E supu// (t = 5, 9) f (s, s u(s, y))dyds| ..

t<T
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[sun [ [ ptt=s. )ty W )
t<T

Note that Lemma 4.2 and E[||ug|[%, vap] < 00 bound S;. To bound S3 and S5 we use the factori-
sation method already introduced in the proof of Proposition 4.4. To demonstrate the argument
we focus on the stochastic integral S3 and define J*! and J, as in (71) and (72) with p",&"
and u" replaced by p,o and u. Thus, we obtain

S = B [supll () ]
< e fsupl -9 (] dp(t—sa'vy)’Y3(?/)'|Jau(57y)1573(y)dy>id5||€o,xp]
< 8 fsupll [— o ([ o= sratan) - e >|rwds|m,,]
< o fsup ([0 o wr/ = 5 AW, - s, >|rws)p]
< c@)(/oTs(aléi p”lds) [/ (s, 1B, s

< O(T) (/0T5< —l=55) 50 1ds>p 1(/:5—2%5)5.<1+§1§11T)E[Ilu(t,-))ll%,p]>- (91)

Here, we have first used Jensen’s and the Cauchy-Schwartz Inequality. We have then used (68)
of Lemma 4.2 and (93) of the proof of Lemma 4.1 to see that [p.p(t — s,2,y)?y-a(y)dy <

c(T)(t— 5)757_ A(z). Subsequently we have used Lemma 4.2 and Hélder’s Inequality. In the last
step the expectation has been bounded by a calculation as in (74) requiring o < 3.

Thus, by (35), (91) is bounded provided that a < 3 and (o —1— —p)pfl > —1, which can be
fulfilled if and only if d < p— 2. The term Sy works similarly, implying the same conditions on .

In order to see that u(t,-) € Cy, for any 0 < ¢ < T, consider as. [u(t,z) — u(t,z + ')
for ||2/|| < 1. The difference can again be bounded by three terms according to (9). The term
involving the initial condition converges as ||2’|| — 0 due to Lemma 4.1(v) and Lemma 4.2. We
focus again on the stochastic integral, which may be approximated analogously to (91), and is
thus bounded by

-1

T p—1
p
o(1) ( s pplds>
0

T 1
(ot [0+ ) =0 = s ) o
By Lemma 4.2 the integral of the heat kernel differences is bounded by C(T,z). Since Jou €
LP([0,T7], L5, (R)), a.s. it is sufficient by Lebesgue’s Dominated Convergence Theorem to note
that the integral of the heat kernel differences converges to zero for each s < ¢. This is again a
consequence of Lebesgue’s Theorem combined with Taylor’s Theorem and Lemma 4.2.

We end the proof by showing that u is in C([0,T],C;, (R%)) for any T' > 0, and thus in

CRy, G, (R%)). Once again, we use the definition in (9) and show continuity of the stochastic

33



integral (cf (78)). We note that the drift term can be treated similarly and that the first term
converges according to Lemma 4.1(iv) and Lemma 4.2. Hence, consider a.s.

||Ja_1<]au(t + hv ) - Ja_lJau(tv ')||007>\:0

t
< ||/0 /Rd(t — 3)‘1—1 lp(t +h—s,,y) —p(t—s,-,y)| - [Jau(s,y)|dyds||so,
t
+||/0 /Rd ((t+h—35)*"1=(t =5 p(t+h—s,y)|Jau(s,y)|dyds| o,
t+h
+H/ /Rd(t + h— S)Q—lp(t +h—s, 'ay)\Jau(S,y)]dydus’)\p
t 1
P
<

p—1

o) ([0t = 50000 = plt = sl Pa (ol [ ol )12,
T

P

o ([ (G mrt =6 $) T as) T Gl s

0

p=1
" amimgye N7 [T p
+O(T) /O se1=5) 58 g /0 [ at(s, )12, ,ds

Arguments analogous to those in (91) explain the second inequality. We observe for the first
term that the inner integral is bounded by Lemma 4.2 and converges pointwise for each s > 0.
Pointwise convergence to zero for s > 0 is also true for the integrand of the first integral in
the second term because of continuity. Recall also that f(;f || Jau(s, y)| 5, pds is bounded a.s.
by (74) and Proposition 4.4. Thus, all three terms converge to zero by Lebesgue’s Dominated
Convergence Theorem as h — 0.

6 Appendix

6.1 Proof of Lemma 4.1

We use the random walk Y as in the definition (32) of p". Property (i) merely states that the
transition probabilities p" and p sum (respectively integrate) to one.
The Fourier transform in (ii) is given by

d

d
Fo (40,5 = BEE] = T[BeS70) = T @, (n21, ),

i=1 i=1

where ®,(t,7) = exp(—t(1 — cosr)) is the characteristic function for a one dimensional simple
random walk y at time ¢ (see for example Feller [15]), and (ii) follows.
In order to show (iii) we use a result in [8]. For d =1 and n > 0 there exist constants Ky(n) and
C(Kp) such that

1
sup [pT(t,z,2) —pi(t, 2, 2)| < nt_% + C(Ko)ﬁt_% (92)

z,éE%Z

for all n > %f%. Also stated in [8] is that there exists a universal constant cj, independent of
n and t, such that

D=

sup max(p}(t,, ), p1(t, 2, y)t? < cv. (93)

z,y€R4
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We observe via Taylor’s Theorem that there exists another universal constant co such that for
all z,y € R¢
pr(t, 2, y) =1, 7,9)] < ealw — 2| + |y — gl (94)
Therefore, combining (92) and (94) implies for all n > %t_%,
sup [py(t,2,y) —pi(t,2,y)| < sup (IpY(t 2, y) — pa(ts kn(2), k()|
x,y€R x,y€R4

+ ‘pl(ta Hn(m)7 Hn(l/)) - N (t7 €T, y)’)

1 2
< gtz C(KO)—lt—§ . ﬁt—l. (95)

In d dimensions we have pJj (¢, z,y) = Hle DY (t, zi,y;) and the analogous form for pg. Thus, with
(93) and (95) we finally obtain for n > %t‘é that

sup ’pg(t7 z, y) - pd(t, z, y)‘
x,y€R

d
< D Pt i w) — ity |- [ PEE g, ws) [ o 2, )
= j<i k>i

N 2
d(clﬁ) (nt P+ O(Ko)— Lty CQt 1> (96)

IN

Since > 0 may be chosen as small as we like, the first part of (iii) now follows. For the two
remaining statements we first note that since £, () — kn(y) = kn(kn(x) —y), we can deduce that

SUP,cRrd fRd |ﬁn(ta x, y) - p(tv xz, y)’ dy is bounded by

/ () — p(t, )| dy + sup / Ip(t, k(@) y) — plt, 2, )] dy.
R’i xERd Rd

Convergence of the second term is deferred to (v). For the first term we use that, for all € > 0
and T > 0, there exists a compact set Cc 7 independent of n so that

sup / (5"(ty) + plt, ) dy < c. (97)
0<t<T JRIC, 1

This is a consequence of the tightness of the associated measures in D(R,,R%), following from
the classical functional Central Limit Theorem (see for example Ethier and Kurtz [14]). Thus,
for any t < T,

/ () — plt, )| dy < / 1" (t, ) — p(t, )| dy + 2.
]Rd

CF,T

Hence, the first part of (iii), (93) and Lebesgue’s Dominated Convergence Theorem imply that
the integral on the right hand side converges to zero. The second part of (iii) now follows by
letting € — 0.

For property (iv) consider first for ¢t > 0,

t+h
sup / |p(t + h,x,y) — p(t,z,y)|dy < sup / | Ap(t, x,y)dt|dy
z€Rd JR4 zeRd JRA  Jt

B 1 1
< b swp sup/ Ap(E, 2, y)|dy < hC(=5 + 2),
teft,t+h] zeRd JRY t t
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which converges to zero uniformly over 0 < h < § as § — 0. Lebesgue’s Dominated Convergence
Theorem now implies statement (iv) for p. For p” we use a decomposition as in (96) as well as
property (i) to obtain that

sup sup </Rd |p"(t + h,x,y) ﬁ”(t,x,y)|dy>

0<h<(5 xGRd

< 02 sup_sup ( / p’f(t+h,xi,yi>—p?(t,mhy@-)\dyi). (98)

-1 0<h<5 xERd

But by the definition of p” the term in absolute values equals

t+h 2
| 0k ) maan) + 5) ). ) = 1) = 2 E ). ) )
Hence, by property (i) the quantity in (98) is bounded by 2Cddén?, and so converges to zero for
each ¢t > 0, which proves (iv) for any given p". That the convergence is uniform in n follows now
by a 3e argument from the statement for p and the appropriate convergence shown in (iii).

For the first statement of (v) we merely note that, for all x in the interior of the intervals I"
(see the definition of k), the spatial differences of p" are identically zero for § small enough. But
the boundary of these intervals form a null set. To show (v) for p we use arguments analogous
to those in (97). For all €,§ > 0, find a compact set C such that, for all ||2|] < ¢ and ¢ < T,
fRd\Cp(t,m’, y)dy < e. Thus, sup| ./ <s [ [p(t; 2, y) — p(t,0,9)| dy — 0,as & — 0. Because of shift
invariance in z this establishes the convergence result for p.

6.2 Proof of Lemma 4.2

For property (66) note that

WE=Y) _ Mla-vli-liel) < NI, (99)
()

Let Y™ be a simple random walk as in the definition (32) of p”. Using the norm equivalence on
R? we obtain

/ 5t 2, 1) e~ Wl=lzl) gy
Rd ) )

< Z [Pmn(u’v) [Y;n — yn]nd/ €C|)\|Ef:1(‘yi|_|xi|)dy
y”E%Zd ;Ln
d
i=1 neo1l I,
yi enZ yl
d
CXx  _Cx d
~ (o 5 prmomens| < (et )0
y"enZ

o OAZkp(=2k+2) oo oaZk, d d
_ (CeZkl (zk);t> <C€Zk 1 GRT ) < (CeeCAT) .

In the first inequality we have used the symmetry in x as well as (66) and subsequently Lemma
4.1(ii). By similar arguments (68) follows, see Sturm [40] p. 75 for detail.
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6.3 Proof of Lemma 4.3

The first part of the theorem is just the Frechet-Kolmogorov Theorem (see IV.8.21 of [12]).
1 1

Observe now that f,, — f in L%, (R9) if and only if fnvf — f’yf in LP(R%). Thus, conditions (i)
and (iii) transfer immediately to their analogues on L}, (R?). For condition (ii) consider

/]Rd ’f(w' + y)'}’%(l‘ + y) _ f(x)’}’)%(-f)’pdx

< ([ 11ty - @pn@is [ I+ - o @)Pds)

Rd

< ( [ 15+ 0= st sup - (2EZY [ \f(w)\pw(w)d:v> -

r€R 92) (.%')

Provided condition (i) is fulfilled, the second integral converges to zero uniformly for f € Cx due
to (66) of Lemma 4.2. Uniform convergence of the first integral, which corresponds to condition
(ii) with the measure 7, (x)dz, is thus sufficient for compactness.

Acknowledgments

This paper is based on my PhD thesis, and thanks are due to my supervisor Alison Etheridge for
suggesting the problem and for many helpful conversations. I am also grateful to Leonid Mytnik
for a number of insightful discussions and to Sylvie Roelly for her help during the preparation of
this manuscript, as well as to Guillaume Bonnet for pointing out the usefulness of the factorisation
method. Lastly, I would like to thank Klaus Fleischmann for his continual support.

References

[1] D. Blount. Diffusion limits for a nonlinear density dependent space-time population model. Ann.
Probability, 24(2):639-659, 1996.

[2] Z. Brzezniak and S. Peszat. Space-time continuous solutions to SPDE’s driven by a homogeneous
Wiener process. Studia Mathematica, 137:261-299, 1999.

[3] D. L. Burkholder. Distribution function inequalities for martingales. Ann. Probability, (1):19-42,
1973.

[4] R. A. Carmona and S. Molchanov. Parabolic Anderson problem and intermittency, volume 108 of
Mem. Americ. Math. Soc. AMS, 1994.

[5] R. C. Dalang. Extending martingale measure stochastic integrals with applications to spatially
homogeneous SPDEs. FElectronic Journal of Probability, 4:1-29, 1999.

[6] D. Dawson. Stochastic evolution equations and related measure processes. J. Multivariate Analysis,
3:1-52, 1975.

[7] D. Dawson. Infinitely divisible random measures and superprocesses. In Workshop on Stochastic
Analysis and Related Topics, pages 1-129, Silivri, Turkey, 1990.

[8] D. Dawson, A. M. Etheridge, K. Fleischmann, L. Mytnik, E. Perkins, and J. Xong. Mutually catalytic
branching in the plane: Infinite measure states. Electronic Journal of Probability, 7(15):1-61, 2002.

[9] D. Dawson and E. Perkins. Measure valued processes and renormalization of branching particle
systems, volume 64 of Mathematical Surveys and Monographs, pages 45—106. American Mathematical
Society, 1999.

37



[10]
[11]

[12]
[13]

D. Dawson and H. Salehi. Spatially homogeneous random evolutions. Journal of Multivariate Anal-
ysis, 10:141-180, 1980.

D. A. Dawson. Measure-valued Markov processes. In Ecole d’Eté de Probabilités de Saint-Flour
XXI—1991, volume 1541 of Lecture Notes in Math., pages 1-260. Springer, Berlin, 1993.

N. Dunford and J. T. Schwartz. Linear Operators I General Theory. Interscience Publishers, 1958.

A. M. Etheridge. An Introduction to Superprocesses, volume 20 of University Lecture series. American
Mathematical Society, 2000.

S. N. Ethier and T. G. Kurtz. Markov Processes: Characterization and Convergence. Wiley Series
in Probability and Mathematical Statistics. Wiley, 1986.

W. Feller. Diffusion processes in genetics. In Proc. Second Berkeley Symp. Math. Statist. Prob., pages
227-246, Berkeley, 1951. University of California Press.

T. Funaki. Random motion of strings and related stochastic evolution equations. Nagoya Math. J.,
89:129-193, 1983.

I. Gyongy. Existence and uniqueness results for semilinear stochastic partial differential equations.
Stochastic Processes and their Applications, 73:271-299, 1998.

I. Gyongy. Lattice approximations for stochastic quasi-linear parabolic partial differential equations
driven by space-time white noise I. Potential Analysis, 9:1-25, 1998.

J. Jacod and A. N. Shiryaev. Limit Theorems for Stochastic Processes. Springer, 1987.

G. Kallianpur and P. Sundar. Hilbert-space-valued Super-Brownian motion and related evolution
equations. Applied Mathematics and Optimization, 41:141-154, 2000.

N. Konno and T. Shiga. Stochastic partial differential equations for some measure-valued diffusions.
Probab. Theory Relat. Fields, 79:201-225, 1988.

P. Kotelenez. Law of large numbers and central limit theorems for linear chemical reactions with
diffusion. Ann. Probability, 14(1):173-193, 1986.

P. Kotelenez. Existence, uniqueness and smoothness for a class of function valued stochastic partial
differential equations. Stochastics and Stochastics Reports, 41(3):177-199, 1992.

N. V. Krylov. On Lp - theory of stochastic partial differential equations in the whole space. Siam J.
Math. Anal., 27:313-340, 1996.

R. Manthey and K. Mittmann. On the qualitative behaviour of the solution to a stochastic partial
functional-differential equation arising in population dynamics. Stochastics and stochastics reports,
66:153-166, 1999.

C. Mueller and E. Perkins. The compact support property for solutions to the heat equation with
noise. Probab. Theory Relat. Fields, 93,3:325-358, 1992.

L. Mytnik. Superprocesses in random environments. Ann. Probability, 24(4):1953-1978, 1996.
J. M. Noble. Evolution equation with gaussian potential. Nonlinear Analysis, 28(1):103-135, 1997.

E. Pardoux. Stochastic Partial Differential Equations, a review. Bulletin des Sciences Mathematiques,
2e serie, 117:29-47, 1993.

E. Perkins. Dawson-Watanabe Superprocesses and Measure-valued Diffusions. Lecture Notes in
Mathematics. Springer, 2002.

S. Peszat and J. Zabczyk. Stochastic evolution equations with a spatially homogeneous Wiener
process. Stochastic Processes and their Applications, 72:187-204, 1997.

S. Peszat and J. Zabczyk. Nonlinear stochastic wave and heat equations. Probab. Theory Relat.
Fields, 116:421-443, 2000.

38



[33]
[34]
[35]
[36]

[37]

[38]
[39]

[40]

G. D. Prato, S. Kwapien, and J. Zabczyk. Regularity of solutions of linear stochastic equations in
Hilbert spaces. Stochastics, (23):1-23, 1987.

G. D. Prato and J. Zabczyk. Stochastic Equations in Infinite Dimensions. Encyclopedia of Mathe-
matics and its applications. Cambridge University Press, 1992.

M. Reimers. One dimensional stochastic partial differential equations and the branching measure
diffusion. Probab. Theory Relat. Fields, 81:319-340, 1989.

S. Roelly-Coppoletta. A criterion of convergence of measure-valued processes: Application to measure
branching processes. Stochastics, 17:43—65, 1986.

M. Sanz-Solé and M. Sarra. Progress in Probability, Stochastic Analysis, Random Fields and Appli-
cations, chapter Hoelder continuity for the stochastic heat equation with spatially correlated noise.
Birkhaeuser Basel, 2002.

T. Shiga. Two contrasting properties of solutions for one-dimensional stochastic partial differential
equations. Canadian Journal of Mathematics, 46:415-437, 1994.

T. Shiga and A. Shimizu. Infinite dimensional stochastic differential equations and their applications.
J. Math. Kyoto Univ., 20-3:395-416, 1980.

A. Sturm. On spatially structured population processes and relations to stochastic partical differential
equations. PhD thesis, University of Oxford, 2002.

S. Tindel and F. Viens. On space-time regularity for the stochastic heat equation on Lie groups.
Journal of Functional Analysis, 169(2):559-603, 1999.

M. Viot. Solutions faibles d’equations aux drivees partielles stochastique non lineaires. PhD thesis,
Universite Pierre et Marie Curie-ParisVI, 1976.

J. B. Walsh. An introduction to stochastic partial differential equations, volume 1180 of Lecture Notes
in Mathematics. Springer, 1986.

S. Watanabe. A limit theorem of branching processes and continuous state branching. J. Math.
Kyoto University, 8:141-167, 1968.

T. Yamada and S. Watanabe. On the uniqueness of solutions of stochastic differential equations. J.
Math. Kyoto Univ., 11:155-167, 1971.

39



