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Abstract

Shnerb et al. (2000), (2001) studied the following system of interacting particles on Z?: There are
two kinds of particles, called A-particles and B-particles. The A-particles perform continuous time simple
random walks, independently of each other. The jumprate of each A-particle is Ds. The B-particles
perform continuous time simple random walks with jumprate Dg, but in addition they die at rate ¢ and
a B-particle at = at time s splits into two particles at x during the next ds time units with a probability
BNa(x,s)ds+ o(ds), where Na(z,s) (Np(z,s)) denotes the number of A-particles (respectively B-particles)
at x at time s. Conditionally on the A-system, the jumps, deaths and splittings of different B-particles are
independent. Thus the B-particles perform a branching random walk, but with a birth rate of new particles
which is proportional to the number of A-particles which coincide with the appropriate B-particles. One
starts the process with all the N4 (z,0), z € Z%, as independent Poisson variables with mean p 4, and the
Np(z,0), x € Z%, independent of the A-system, translation invariant and with mean jup.

Shnerb et al. (2000) made the interesting discovery that in dimension 1 and 2 the expectation E{Npg(x,t)}
tends to infinity, no matter what the values of 6,3,Da, Dp,pa,up € (0,00) are. We shall show here that
nevertheless there is a phase transition in all dimensions, that is, the system becomes (locally) extinct for
large & but it survives for 3 large and ¢ small.
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1. Introduction and statement of result.

We investigate the survival/extinction of the system of A and B-particles described in the abstract. (A
somewhat more formal description of this system is given in Section 2.) This is essentially the system
introduced in Shnerb et al. (2000), which they view, among other interpretations, as a model for interacting
molecules or for individuals carrying specific genotypes. We have only changed the notation slightly and made
more explicit assumptions on the initial distributions than Shnerb et al. (2000). Shnerb et al. (2000) indicates
that in dimension 1 or 2 the B-particles “survive” for all choices of the parameters d, 3, Da, Dg, pa, g > 0.
However, they deal with some form of continuum limit of the system and we found it difficult to interpret
what their claim means for the system described in the abstract. For the purpose of this paper we shall say
that the B-particles survive if

lim sup P{N5(0,¢) > 0} > 0, (1.1
t—oo
where P is the annealed probability law, i.e., the law governing the combined system of both types of particles.
We shall see that in all dimensions there are choices of 6,3, D4, Dp, pta, i > 0 for which the B-particles
do not survive in the sense of (1.1). A much weaker sense of survival is that

limsup ENg(0,¢) > 0. (1.2)

t—oo

Our first theorem confirms the discovery of Shnerb et al. (2000) that even more than (1.2) holds in dimension
1 or 2 for all positive parameter values. Note that E denotes expectation with respect to P, so that this
theorem deals with the annealed expectation.

Theorem 1. Ifd=1 or 2, then for all §,6,Da,Dp, pa, g >0

ENgp(0,t) — oo faster than exponentially in t. (1.3)

Despite this result, it is not true that (1.1) holds for all 6,3, Da, D, pa, up > 0. In fact our principal
result is the following theorem, which deals with the quenched expectation (i.e., in a fixed realization of the
catalyst system). Here

Fa = o-field generated by {N4(z,s) : = € Z%, s > 0}.

Theorem 2. For all 3,Da,Dp,pa,pp > 0 and for all dimensions d, there exists a 69 < 0o such that for
6 > 89 it holds
E{Np(0,t)|Fa} < e % for all large t a.s., (1.4)

and consequently for all x
Np(z,t) =0 for all large t a.s. (1.5)
In dimensions d > 3 we can even show that the unconditional (annealed) expectation of Np(z,t) tends
to 0 when the birthrate 3 is small and the deathrate § is large.

Theorem 3. If d > 3, then there exists By > 0 and g < oo (depending on D, Dp, pa, up) such that for

B < B0 > do
ENp(0,t) < upe /2. (1.6)

Consequently, for 3 < By,d > 6¢ and all x € Z2,

Np(x,t) =0 for all large t a.s. (1.7)

Remark 1. What can we say now about the phase diagram of survival/extinction of the B-particles ?
For which values of the parameters (3,0, Da, Dpg, ia, pp does survival in the sense of (1.1) occur ? Let us
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concentrate on the dependence of this phenomenon on the values of 5 and § for some fixed strictly positive
values of D4, Dp, s, up. We then see that in all dimensions, for fixed 8 > 0, there is no survival for § large
enough. Since survival is less likely as ¢ becomes larger, there is for fixed § a critical value 6.(3) < oo such
that (1.1) holds for § < d., but not for § > d.. (We have not excluded the possibility that J. = 0 for some
values of 3.) The following argument shows that for fixed § there is survival for large 5. Let Zy = Ng(0,0)
be the number of particles at the origin at time 0, and let Z,, be the the number of B-particles at time n
which have been at O since the time they were born (necessarily at 0). {Z,,},>0 is a branching process in
a stationary ergodic random environment. (See Athreya and Ney (1972), Section VIL.5 for a description of
such processes.) The environment is determined by the values of N4(0,-). The probability that a particle
which is alive in this process at time k is still alive at time k + 1 is at least exp|—0 — Dp|. The additional
term Dpg in the deathrate here represents the rate at which a particle jumps away from x; after such a jump
a particle and its descendants are not counted in Z, anymore. Also

]E{Zk+1|Z¢, 1 < k7.7:A} > Z exp[—5 —Dp+ ﬁ]
x I[some A-particle stays at 0 during the whole time interval [k, k + 1)].

It is now easy to check that for large B the conditions of Theorem VI.5.3 in Athreya and Ney (1972) hold,
so that there is a strictly positive probability that the process {Z,} survives forever. Thus (1.1) holds for
large 8. In fact, Theorem 5.3 of Tanny (1977) now shows that even

P{Np3(0,t) — oo} > 0. (1.9)

We see from the above that
0.(8) — o0 as f — oo. (1.9

We repeat that we have not excluded the possibility that 6. = 0 for some values of 5. In fact, we do not
know how d.(3) behaves for small §.

Remark 2. Professor Sorin Solomon has pointed out to us that the B-particles may survive if 3 is large
enough (compared to the other parameters), even if one starts with only one A-particle and one B-particle
in the entire system. Indeed one can look at the process of the B-particles which “follow the A-particle.”
More precisely, let the A-particle start at the origin and assume it jumps at the times s; < s3 < ... to the
positions z1, o, . . ., respectively. Take sg = 0,29 = 0. Then consider the B-particles which are at xj during
[%sk + %sk“, Sk+1) and jump to x4 during [sgy1, %Sk.‘,—l + %S}H_Q). The number of these B-particles at the
successive times sy is a branching process with ransom environments. One can show that for large ( this
process has a positive probability of survival (see Athreya and Ney (1972), Theorem VI.5.3).

Remark 3. It is not difficult to deal with the boundary cases where exactly one of D4 or Dp equals 0. The
arguments for these cases are independent of the dimension.
Case i) D4 = 0,Dp > 0. In this case

liminf P{Np(0,t) > 0} > 0. (1.10)

To see this, take K7 a large integer so that K7 > 0 + Dp and let x be a site with N4(z,0) > K;. Now
condition on the A-process. Since the A-particles don’t move when D4 = 0, there will be Na(z,0) > K; A-
particles at x at all times. Now let Z(z,t) denote the number of B-particles at time ¢ which have been at
x since the time they were born (or since time 0 for the particles which start at x). Then {Z(x,t)};>0 is
an ordinary binary splitting branching process, in which a particle splits at rate BN4(x,0) > K1, and a
particle dies at rate § + Dp (see Remark 1 for explanation of the term Dp in the deathrate here). Since the
birthrate exceeds the deathrate, by our choice of K7, the process Z(z,-) is supercritical and

P{Z(z,t) > 0 for all t{|Fa} >0
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(see Athreya and Ney (1972), Section 3.4). (1.10) now follows from the fact that P{N4(0,0) > K3} > 0.

Case ii) Dy > 0,Dp = 0. In this case the B-process becomes extinct when 0 is large enough, that is,
(1.4) and (1.5) hold for large 6. To see this, consider the process Z(0,-) defined above, conditioned on the
A-process. Since the B-particles don’t move in this case, Z(0,t) is simply equal to Ng(0,t). In this case,
this is a time inhomogeneous binary splitting branching process with splitting rate BN4(0,¢) at time ¢ and
death rate 6. By equation V.6.2 in Harris (1963), we have

E{Ngp(0,t)|F4,Np(0,0)} =E{Z(0,t)|Fa, Np(0,0)}

= N5(0,0) exp [/Ot (BNA(0, s) — 5)ds] (1.11)

Now the A-process is stationary and ergodic (in time) (see Derman (1955), Theorem 2) and therefore

1 t
lim n N4(0,5)ds =EN4(0,0) = 4 a.s.

t—o0 0

Thus for § > 264 the right hand side of (1.11)is almost surely no more than e~%%/2 for all large ¢t. Thus,
(1.4) holds. We shall prove at the end of Section 4 that this also implies (1.5).

Remark 4. Both Theorem 2 and Theorem 3 depend on properties of the random walk performed by the
B-particles. It seems that most results of this paper remain valid if we let the particles perform random walks
which are not simple, but satisfy strong moment conditions. However, one cannot do away with all moment
conditions. For instance, one can show that if the A-particles move according to a simple random walk and the
B-particles perform a random walk which jumps from z to = +y with probability ¢(y) := K(1+ ||y||)~(@+1+2)
for some € > 0 and normalization constant K which makes ¢(-) into a probability distribution, then for some
Bo and any 8 > [y,d > 0 the B-particles survive, even in the sense that

Npg(0,t) — oo in probability as ¢t — oo. (1.12)

Remark 5. A brief discussion of the existence of the system of A and B-particles which has the properties
listed in the abstract can be found in the next section.

Remark 6. There exist a large number of papers on branching systems with catalysts, or branching
random walks in random environments. See for instance the following papers and some of their references:
Carmona and Molchanov (1994), Dawson and Fleischmann (2000), Gértner and F. den Hollander (2003),
Gértner, Konig and Molchanov (2000), Klenke (2000a, 2000b) and Molchanov (1994). It appears that all of
these papers have a somewhat different setup, or investigate a different problem from those in the present
paper. To mention some differences, many of the previous papers have considered either an environment
which remains constant over time (equivalent to non-moving cvatalysts), or an environment whose states at
different times are independent. Often the catalyst only influences the branching rate, but not the branching
law. In addition the branching law is frequently a critical one. The closest paper to ours is probably Géartner
and den Hollander (2003). It does consider moving catalysts which do influence the branching laws, but it
concentrates on asymptotics as t — oo of moments of the annealed system.

It seems that the question of survival of a branching system with moving catalysts in the quenched
situation has not been investigated before.

The remainder of the paper is organized as follows: In Section 2 we discuss the construction of the
system and give some formulae for the conditional expectation of Ng(z,t), given the A-sytem. Theorem 1 is
proven in Section 3, by using as a lower bound for Np(0,t) the number of B-particles all of whose ancestors
(including themselves) have stayed at 0 during all of [0,¢]. This forms a branching process in a stationary
random environment, and it is not hard to give a lower bound on its expectation.
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Theorem 3 is proven in Section 4. There we decompose the expectation of the number of particles
according to the path followed by their ancestors (see (4.2)). This reduces the problem to estimating the
expectation of exp[SL(\, )], where L(A, w) denotes the amount of time during [0, ¢] when a given B-particle
A is on a given path 7. In dimension d, the probability that X is at 7(s) is O((l + s)_d/2). This rather crude
bound is enough in dimension 3 or higher to control the right hand side of (4.2).

Theorem 2 has by far the most involved proof here. We first prove (1.4) for a discrete time approximation
to our model in Section 5. This discrete time model is easier to handle than the original continuous time
model. We give an outline of the proof in the beginning of Section 5. The proof for the continuous time
model has the same structure as for the discrete time model, and is given in Section 6.
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2. Construction of the process and estimates for its expectation.
We briefly discuss here a construction of the process

{Na(z,t), Ng(,t)}pezd 150 (2.1)

and then give an expression for F{Np(x,t)|Fa}. We shall use a particular construction of the process (2.1),
because this will allow us to establish monotonicity in the birthrate (see (2.5) below) by means of coupling.
It also leads us naturally to formulae for certain expectations which will be needed in the later proofs.
However, we believe that there is only one process that agrees with the description given in the abstract.
More precisely, we believe that the finite dimensional distributions of Na(z;,t;), Ng(z;,t;),1 < i < k, for
any choice of the z;,t; are unique. We have not investigated this question of uniqueness of the process, but
briefly comment on this some more immediately after the proof of Lemma 2.

Throughout the rest of this paper K; will denote a constant which is strictly positive and finite. The
precise values of these constants are unimportant and the same symbol K; may stand for different constants
in different formulae. We further use C; for some other strictly positive and finite constants which remain
the same throughout the paper. Both the K; and the C; are independent of t.

First we note that the construction of the A-process for all time is trivial, since the A-particles by
themselves merely perform independent continuous time simple random walks. We shall take the paths
of each of the A-particles right continuous. In order to construct the process in (2.1) we must therefore
construct the B-process conditionally on a fixed realization of the A-process. Now, conditionally on the
A-configuration, each of the B-particles present at time 0 is the progenitor of a branching random walk
with deathrate § and with splitting rate SN a(x,t) per particle at the site x at time ¢. The branching
random walks generated by different starting particles are independent. The construction therefore breaks
into two parts. First we must construct the branching random walk generated by a single particle. Once
this is done, there is no difficulty in constructing the branching random walks for all the initial B-particles
together. Because these branching random walks are independent one simply uses a product space with
each component corresponding to the branching random walk generated by one particle. One then defines
Np(x,t) as the total number of B-particles at « at time ¢ in all these branching random walks together. As
a second step we must show that this Np(z,t) is almost surely finite for all (x,¢). Once this is done, the
resulting process {Na(z,t), Ng(z,t)} is a version of the desired process. We remark that the construction of
a branching random walk starting with one particle has been carried out in the time-homogeneous case in a
long article Tkeda, Nagasawa and Watanabe (1968a,1968b), and has been discussed further in Savits (1969).
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It will be convenient to carry out the first step for more general birthrates. For each = € Z4, let b(z, ) :
[0,00) — [0, 00] be a locally integrable function. We want to construct a branching random walk which has
birthrate b(x, t) per particle at (x,t). The process starts with one particle at some site. We shall denote this
progenitor by o. We represent the process of descendants of o at time ¢ as a collection of particles which
are indexed by (p + 1)-tuples (o,i1,...,ip) with p > 0. The usual interpretation of these (p + 1)-tuples is
that (o,41,...,4p) is the iy-th child of the i,_;-th child --- of the 4;-th child of (o) := 0. However, this
interpretation has no significance for us, and we shall in fact drop it in the coupling construction leading to
(2.5) below. As usual, not all possible particles (o, j1,...,jp) Will occur in our process. Only the particles
which are alive at some time are realized in the process (see Harris (1963), Sect. VI.2, and Jagers (1975),
Sect. 1.2, for more details). For the construction we choose for each possible (p + 1)-tuple (o, j1,...,Jp)
(with j; = 1,2,...) and for each & € Z?, several Poisson processes, denoted by P(x, 0, j1,j2,.-,jp, E). €
denotes one of the possible changes which a particle can undergo. There is one process for £ = +e;, which
correspond to the particle making a jump +e;, 1 < ¢ < d. These 2d processes each have the constant
rate Dp/(2d). There is a process with & = death which has the constant rate § and which corresponds to
the death (without offspring) of the particle (o, ji,...,jp). Finally there is a process with £ = split which
corresponds to the particle (o, j1,. .., jp) splitting into the two particles (o, j1,. .., jp, 1) and (o, j1, ..., jp, 2).
This last process, P(z, 0, j1, ..., jp,split) has the nonconstant rate b(x,-). The family tree of the branching
random walk is now constructed by “following the instructions of the Poisson processes”. More specifically,
we begin with one particle o alive at time 0. If a particle (o,i1,...,i,) is alive and at x at time ¢, then
it stays at x till the next point ¢’ > ¢ in one of the Poisson processes P(z,0,11,...,1p,E) associated to the
site  and the particle (0,11, ...,%,). If this first point is a point of the process P(z,o,1,...,ip, £e;), then
the particle (o,41,...,%,) jumps at time ¢’ to the position x + e, and then waits there till the next point
in one of the processes P(z £ e;,0,11,...,%,&). If the first point during [¢,00) in the Poisson processes
P(z,0,i1,...,1p,&) is a point of P(x,0,41,...,1,,death), then the particle (o,i1,...,i,) dies at that time
and has no further offspring in the family tree. Finally, if the first point in the Poisson processes at x is
a point of P(z, 0,11, ...,1p,split), then the particle (o,41,...,1,) itself disappears, but it is replaced by the
two particles (o,i1,...,4p,1) and (o,41,...,1p,2) at position z. We shall occasionaly denote the process
constructed in the above manner by W = W,,.

We say that no explosion occurs during [0,t] in W, if “following the instructions” gives only finitely
many changes in the family tree of W, during [0,t]. No explosion occurs means that no explosion occurs
during any finite interval [0,¢]. The preceding construction gives a well defined process W, which is a
strong Markov process with the correct rates for jumping, death and splitting, provided that almost surely
no explosion occurs in W,. We shall soon prove that no explosion occurs in any W, in our case, which
has b(z,t) = BNa(x,t). We shall even show that in the full process of (2.1) there are almost surely never
infinitely many particles at one site.

Before we proceed we make the following simple, but important monotonicity observation. Suppose that
b'(-) and b (-) are both locally integrable functions from [0, c0) to [0, co] satisfying

V(xz,t) <b'(x,t) for all z € Z¢ and t < T. (2.2)
We can then choose Poisson processes P'(z,0, j1,...,jp,€) and P’ (x, 0, j1,...,jp, E) such that
P'(z,0,41,- -, Jp,split) N[0, T) C P"(x, 0,41, .., jp,split) N[0, 7] (2.3
and

P(z,0,41,- 5 Jp, E) N[0, T =P"(z,0,j1,- -, Jp, £) N[0, T]
for all z,j1,...,7p and £ # split. (2.9

(Here we abused notation somewhat by viewing a Poisson process P simply as the set of times at which
it has a jump.) We now want to use the Poisson processes P’ and P” to couple two branching random
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walks with birthrates per particle equal to b' and b”, respectively (but with the same constant deathrate per
particle and jumprate as before). To do this, we construct the process W/ in the above manner, but with
the P” processes replacing the processes P. However, the process W/ corresponding to b is not obtained
by merely replacing P by P’. We also have to change the indexing of our particles and use the P’ process

which has the changed index. Specifically, suppose we already obtained some particle (o, i1,...,4p) which
belongs to both processes, and this particle splits into the particles (o, i1,...,4p,1) and (0,i1,...,%p,2) at
some position z and time ¢ in W/'. This means that ¢ is a point of P”(x,1,...,4p,split). If ¢ is also a point
of P'(x,41,...,1p,split), then of course the particle (0,41, ...,%,) splits also at time ¢ in W, into the particles
(0,%1,...,1p,1) and (0,41, ..,1ip,2). However, if ¢ is not a point of P’(x,41,...,1,), we will still rename the
particle (o,1,...,ip) of W, to (0,i1,...,ip, 1) in W, and it will start using the processes P’(z, i1, ..., ip, 1,€)
from time ¢ until it dies, splits or is renamed again. W/ will never have a particle (o,i1,...,4p,2) in this

scenario. Particles which exist in both processes (when using the above renaming procedure) will die or
jump together in both processes (by virtue of (2.4)). This renaming of particles in W/ has the effect that
for both W, and W/ we always use a Poisson process with the same index at the same point of space-time.
It is clear that under this construction

W has at least as many particles alive at x,t as W/, for all z and all t <T. (2.5)

In fact, we have an even stronger monotonicity property. To explain this we introduce the piece till time T
of the path associated to a B-particle p in a process W. Consider first a particle p which is alive at time T
in W. For such a p, there was at each time s € [0,7] a unique B-particle which was the ancestor of p and
this ancestor had a position, x(s,p) say (note that this ancestor may equal p). By the piece till T of the
path associated to p we then mean the path {z(s, p)}to<s<r. If p is a particle which lived at some time in
W, but died or was replaced at time 77 < T, then the piece till T of path associated to p is taken to be the
path {z(s, p) }o<s<r. It follows from our construction that for the processes W) and W/ corresponding to
b’ and b” which satisfy (2.2)

the piece till T of any path in W is also a piece till T of a path in W”. (2.6)

In particular, if no explosion occurs in W)’ during [0, T'], then the same holds for W . It is also the case that
W is a process with the same distribution as a process with birthrate &’ per particle, because the switching
from P(x,i1,...,1p,E) to P(x,i1,...,1p,1,E) at a certain time ¢ which is a splitting time for W, but not
for W/, has no influence on the distribution of the Poisson processes during [, 00).

‘We shall need some formulae for the expected size of a branching random walk in the time inhomogeneous
case.

Lemma 1. Ifb(z,s) = b for all x and s < t, then, for any given progenitor o,
E{number of descendants of o alive at time t in W,} = b=t (2.7)

If, for some fized x the splitting rate b(z,-) is piecewise linear and right continuous on [0,t], then, for any
given progenitor o at x at time 0,

E{number of descendants of o alive at time t in W,

whose associated path stayed at x for all of [0,t]}

= exp [/0 b(z,s)ds — (6 + Dp)t]. (2.8

Proof. First assume that the splitting rate is equal to a constant b for all z, s < ¢t. Then the birthrate is
independent of position so that we can ignore the positions of the particles. For each particle corresponding
Poisson events with & = death or split occur at rates § and b, respectively. Thus (2.7) is just a special case
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of the formula for the mean of a continuous time branching process which can be found in Harris (1963),
equation V.6.2.

Next consider (2.8) and assume that b(z, s) = b for all s < ¢, but just for the single z under consideration.
Then the number of descendants of o whose associated path stayed at x all the time is a time homogeneous
branching process with splitting rate b and deathrate § + Dp, for the same reasons as in Remark 1. Just as
in the argument for (2.7) we find that expectation in the left hand side of (2.8) equals exp[(b — 6 — Dp)t]
in this situation. More generally, the expected number of descendants of Z particles whose associated path
stays at x during all of [0,t] is Zexp[(b — 6 — Dp)t]. Finally, assume that b(z,t) = b; for s; < s < s;41 for
some sequence of times s = 0 < 51 < -+ < 8, = t. Let Z(s) be the number of descendants of ¢ alive at
time s in W, whose associated path stayed at x for all of [0, s]. Then the preceding argument gives

E{Z(si+1)|Z(u), u < si} = Z(si) exp[(b; — 6 — Dp)(si+1 — si)]

= Z(s;) exp[/Si+l b(z,s)ds — (6 + Dp)(si+1 — $:)]-

(2.8) follows by induction on m in this case. |

We claim that in order to show that almost surely no explosion occurs during any finite time interval, it
is enough to show that almost surely only finitely many particles are born during any finite interval [0, ¢].
Indeed, if there are only finitely many births, then there are also only finitely many deaths. Moreover, if only
finitely many particles are born, then following the instructions can lead to meeting infinitely many Poisson

points with £ equal to a jump only if there is a fixed particle (o, 1,...,%,) which follows a path which makes
infinitely many jumps during [0,¢]. However, the rates of the processes P(z, 0,11, ... ,i,, =e;), © € Z%, are all
the same, and therefore the probability that the particle (o, 1, ...,,) makes infinitely many jumps during

[0,t] is zero. This proves our claim. It follows that the probability (in a given configuration of the A-system)
that there are infinitely many instructions to follow during [0,¢] for the descendants of a given o can be
strictly positive only if

lim P{some particle (o,41,...,in) is born during [0,¢]|Fa} > 0. (2.9

N—o0

In turn, (2.9) can only be the case if

E{number of particles {o,i1,...,in) (with some N
and i1,...,ix) born during [0,t]|Fa} = co. (2.10)

The next lemma shows that (2.10) fails for almost all realizations of the A-process.

In this proof we find it useful to write P4 for the probability measure governing the A-system only.
Similarly Pp will be short for the conditional probablity measure governing the B-system, given the A-
configuration. Actually, until the construction of the process (2.1) is completed, we have to regard Pg as
the distribution of all the Poisson processes P(z, 0, i, ..., ip, £) and of {Np(x,0),z € Z}. As before, P will
be used for the probability measure for the combined A and B-system (the so-called annealed probability
measure). F4, Ep and E denote the expectations with respect to Pa, Pg and PP, respectively.

Lemma 2.

E{number of descendants born during [0,t] of any particle starting at 0} < oco. (2.11)

Remark 7. For convenience the proof has been written only in the case where the A and B-particles
perform a simple random walk. However, after minor changes the proof of this lemma works for any choice
of the random walks for the particles.
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Proof. If there are no particles at 0 at time 0, then the number in braces in (2.11) vanishes. Otherwise, let o
be a generic particle at 0 at time 0. Any descendant (o, 1, . ..,4,) of ¢ born during [0, ¢] either is still alive at
time ¢, or dies without offspring, or splits during [0, ¢]. For brevity we write p for the particle (0,1, ...,%p).
Consider first the case that p is still alive at time ¢. Then the piece till ¢ of the path associated to p (see
the lines before (2.6) for definition) is almost surely given by a sequence 0 < s1(p) < -+ < s¢(p) < t of
jumptimes and a sequence 1, T, ..., T, of positions right after the jumps such that

x(s,p) =0 for 0 < s < sy,
x(s,p) = xy for s < s < Sp41, k+1 <4,
x(s,p) = xp for s, < s <t (2.12)
(¢ depends on o and t). Let us first estimate only the number of particles still alive at [0, ¢]. We decompose

the number of descendants alive at time ¢ of a particle starting at 0 according to the path associated to these
descendants. We then get the following contribution to the left hand side of (2.11):

Z Z / E{number of particles p alive at ¢ which

€20 T1, 0Tl gy <<t

descend from a particle at 0 at time 0 and whose
associated path has jumptimes in dsi,dso,...,dsy
and positions x1, s, . .., 2, after the jumps}. (2.13)

We shall first condition on the A-system in the last expectation. If the A-system is fixed, then the splittingrate
for the B-particles at a site x at time s is SN4(x, s). It is not hard to show that this is a right continuous,
piecewise linear function of s, because only finitely many A-particles visit a given site in a bounded time
interval. (This is a simple special case of (2.26) below.) Let ¢(-) be the distribution of a jump of simple
random walk, that is

1
q(te;) = 20 1 <4 <d, and ¢(y) = 0 otherwise. (2.14)
Then the probability that a given B-particle (0,11, ...,1,) alive at 2’ at time s makes a jump from z’ to z”
during the next small interval of length ds is the probability of a point in P(z’, 0,41, ...,ip, 2" — ') during

the next ds units of time, i.e., Dgq(z” — x’)ds + o(ds). Define further, with sy = 0,29 = 0,

Sq

l t
J({si,2:}) = Z Na(zi1,u)du+ / Na(z¢,u)du. (2.15)

[ times this expression can be thought of as the total birthrate along the path given by the s; and z;. A
small extension of the argument for Lemma 1 then allows us to write

Si—1

Ep{number of particles p which descend from a particle

at 0 at time 0 and whose associated path has jumptimes in

dsy,dsa, . ..,ds, and positions x1, s, ...,z after the jumps|F4}
¢
= UB exp[—(tS + DB)t + ﬁJ({Sl, xl})] H[DBQ(xi - J)i_l)}d(ﬁ ...dsy. (2.16)
i=1

Substitution of this into (2.13) gives
E{number of particles p which descend from a particle at 0

and are alive at time ¢}
¢

=up Y > exp[—(0+ Dp)t] [[[Dpa(w: — zi-1)]

£>0 x1,...,T¢ i=1

X / Eaexp[BJ({si,z;})]dsy ... dse. (2.17)
0<s1 < <8<t
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Essentially the same argument gives

E{number of particles p which descend from a particle at 0

and which die without offspring or which split before time ¢}

4 t
~ip Y X TIIDsatwi—aicn)] [ dseerexol=(6 + Dasi]

£>0x1,...,x0 i=1
y / Eal (5 ANA(es,, 5040)) expl0T({si,2:))] by .. ds. (2.18)
0<s81 < <8p<8p41

h
where A A "
J({si,2:}) = Z/ NA(ch-,l,u)du—l—/ Ny(xg, u)du.
i=1 Y Si—1 Se

(s¢+1 here represents the time at which a particle dies without offspring or splits).

For the time being we concentrate on (2.17). We must work on E 4 exp[8J({s;, x;})]. Note that J({s;,2;})
represents the total time spent by all A-particles on the path which is at ;1 during [s;_1,s;) and at z,
during [s¢,t). Let us denote this path by m = m(s;, ;). Then J({s;,z;}) can be written as the sum over all
A-particles A present at time 0, of the time spent by A on 7 during [0, ¢]. Denote this time spent by A on =
by L(\) = L(A, 7). Define further

Fa, := o-field generated by all Na(z,0), = € Z%. (2.19)
Then, for given 7, and conditionally on F4 o, the random variables L(A, ) for different A are independent.

Thus

Ea{exp[BJ({si,z:})]|Fao} = H E a{exp[BL(A\,7)]|Fan} (2.20)
A

Let
k(A) = k(A7) =inf{s: A is on 7 at time s}

(k = oo if the set on the right is empty). Since A cannot spend any time on 7 before k(\,7), a first entry
decomposition gives
Ea{exp[BL(\,7)]|Fa,n}
t
= Pa{s(\,7) > t|Fao} +/ Pa{k(A\, ) € du|Fao}tEa{exp[BLIN, 7' (u)]|Fao}, (2.21)
0

where ) is a particle at w(u) = 7’(0) at time 0, and 7’(u) is the path obtained from 7 by a time shift of size
u. More precisely, 7'(u) is a path defined on the time interval [0,¢ — u); moreover, if s < u < sgy1, then
7'(u) is at x), at times in [0, sg41 — u), at x; at times in [s; — u,s;41 —u) for k < j < £ and at z, for times
in [s¢ — u,t — u). We now write for any path 7’ of length t — .
t—u
LN, 7' (u)) = / I[N is on 7’ at time v]dv.
0

This leads to the relation

Ea{exp[BL(N, 7' (u))]| Fao}

= Z gEA{[L(A/,TFI(U,))]p‘]:A,O}
p=0 "

= Z BP / Py{X is on 7’ at times v1,...,vp|Fao}dvy ... dvp. (2.22)

P=0 gy <vp<<vp<t—u
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We shall work on a good bound for E4{[L(N,n’'(u))]P|Fa,e} in a later lemma. For now we merely use
the trivial bound
LN, 7' (u) <t—u<t. (2.23)

Substituting this bound into (2.21) and (2.20) gives
Ea{exp[BLO\,m)|Fao} < Pa{w(A,m) > t|Fa0} + Pa{s(A\,m) < t|Faole

and

Eafexp[BJ({si,zi})]|Fao}

< H [1— Pa{s(A\,m) <t|Fap}+ Pa{c(Am) < t|.7-'A70}eﬁt]

A
< exp [ZPA{K(A,W) < tFao}(e? — 1) (2.24)
A

Now, let {Ss}s>0 be a continuous time simple random walk with jumprate D4, starting at 0. Each A-particle
performs (a translate of) such a random walk. Then for any A-particle A starting at a given site x and any
given path 7,

Pa{r(\, ) <t|Fao} = P{x+ S is on 7 for some s < t}.

Moreover, since the number of A-particles at = at time 0 has a Poisson distribution with mean p 4,
Eafexp [ 30 Pa{s(dm) < t1Fa0} (e ~ 1))
A
= exp {,uA Z (exp [P{z + S, is on 7 for some s < t}(e”" —1)] — 1)}

< exp [FZP{% + S, is on 7 for some s < t}}, (2.25)

where T' = T'(t) = puae” exple??].
To complete the estimate of (2.17) we shall prove that if 7 has ¢ jumptimes, then

ZP{JJ + S5 is on 7 for some s <t} < (tDg + ¢). (2.26)

x

Together with (2.17) and (2.24) this will imply that

E{number of descendants of any particle starting at 0 which are alive at t}
¢

<upy, Y. expl-(0+ Dp)t[[[Ppa(w:i —zi1)]

£>0 x1,...,%y i=1

/ exp[T(tDa + O)]ds: ... ds;
0<s1 < <5p<t

el'tDp)*
= up Z % exp[l'tD4 — (6 + Dp)t]
>0 ’

:uBeXp[(eFDB+FDA—5—DB)t] < 0. (2.27)
It remains to prove (2.26). To this end, note that the expression in (2.26) equals

E{number of distinct particles which coincide with 7 at some time during [0, ¢]},
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where we now start with one particle at each site x and the particles move with the same random walk as
the A-particles. A particle may coincide with 7 for the first time in an interval [s,s + ds) because 7 has
a jump to the position of the particle during this interval, or because the particle jumps to the position of
7 during this interval. If 7 jumps only at s; to x; for 1 < i < ¢ during [0,¢), then the contribution of the
former kind of jumps to the left hand side of (2.26) is at most

14

E{ Z(number of particles present at z; at time s;)}
i=1

L
S Pl S, =) =1 (229

i=1 x

Similarly, the expected number of particles which jump to a given position y during [s, s + ds) equals

Z Pl{z+ Ss = z}q(y — 2)Dads = D ads.

x,2€79

Therefore the contribution to the left hand side of (2.26) which is due to jumps of some particle to the
position of 7 is at most

t
/ Dads =tDyu.
0

Adding this to the contribution (2.28) gives (2.26).
Thus we proved that the expression in (2.17) is finite. To show that (2.18) is also finite, we merely observe
that J({s;, z;}) < J({s:,z;}) and that

B[ Naes,. sevr) expl7({si,2:))]
< {BalNaten 5]} Eaexpl2a (s m}

o 1/2 N
{ A[Na(zs,, se1)] } Eaexp[28J({si,z:})]
= (1% + pal'PEx eXp[Qﬁj({Su zi})].

We leave further details to the reader. |

As explained before, this lemma shows that almost surely, none of the branching processes of descendants
of one particle explodes. This shows that our procedure indeed constructs a branching random random walk
with the correct rates for the descendants of a single particle. In fact, we think that given the A-system and
some B-particle at time 0, any other construction of the process of descendants of o must give a process with
the same finite dimensional distributions as W,. This is based on the Corollary on p. 273 of Ikeda, Nagasawa
and Watanabe (1968a, 1968b). The required independence properties of the A-particles, and conditionally
on F, of the B-particles, therefore make the process in (2.1) unique in the sense of finite dimensional
distributions. We should make two comments to this. Firstly, a Markov branching process with property C
of Tkeda, Nagasawa and Watanabe (1968a, 1968b) is automatically a minimal process, i.e., it is trapped in
a special point after the first explosion (see Theorem 1.1 and property C1 in this paper). Secondly, Ikeda,
Nagasawa and Watanabe (1968a,1968b) deals with a compact space for the positions of the particles and
the time-homogeneous case only. To apply their theory we have to first go over to the space-time process, so
that the possible states of the particles have the form (z,t) with € Z?¢ and t € [0,0). In order to have the
particles move in a compact space we then have to let our particles move in the one point compactification
of Z% x [0, 00), with the point at infinity taken as a trap. We shall not pursue this matter of uniqueness of
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the process, and assume from now on that we work with the process constructed from the Poisson processes
P(x,0,j1,---,Jp:E) by the above method.
In order to show that the proces which we constructed is a “good” process we next show that almost
surely
Na(z,t) < oo and Np(z,t) < oo for all z,1. (2.29)

The finiteness of the N4(,t) for all x € Z¢ and integral t is clear from the fact that EoANa(7,t) = pa < 0.
It then also follows for arbitrary ¢ > 0 from the maximal inequality

1 1
Pa{N4(x,k) > =Ne P4} > —Ps{ sup Nau(z,s)> N}, (2.30)
2 2 k—1<s<k

which holds for all N > some Ny. One easy way to see (2.30) is that when N4 (z,7) > N at some stopping
time 7, then the number of particles which stay at x during [7, 7 + 1] is stochastically larger than a random
variable with a binomial distribution corresponding to N trials with success probability exp[—D]. Thus

1
PA{N4(x,k) > fNe_DA| sup Ny(z,s) >N} —1
2 k—1<s<k

as N — oo.
The finiteness of the Ng(z,t) is proven in the next lemma.

Lemma 3. Almost surely [P] Np(z,t) < oo for all z € Z4,t > 0.

Proof. For the sake of argument take z = 0 and fix ¢t > 0. Each B-particle at 0 at time ¢ must be a
descendant of a particle starting at some site x. Thus,

Np(0,t) = Z(number of particles at 0 at time ¢ which descend

T

from a particle at x at time 0).
By translation invariance we now have

ENgp(0,t) = ZE(number of particles at 0 at time ¢ which descend

x

from a particle at « at time 0)

= ZE(number of particles at —z at time ¢ which descend
x

from a particle at 0 at time 0)
= E(number of descendants of some particle at 0 which
are alive at time t). (2.31)

The right hand side here was shown to be finite in Lemma 2. Thus almost surely Np(0, k) is finite for all
integral k, and by translation invariance the same is true for all Ng(z, k). The finiteness of all Ng(x,t), z €
74t > 0, now follows in essentially the same way as for the N4. Indeed, we now have analogously to (2.30)

1
Pp{ sup Ng(z,s) > N} <2Pg{Np(z,k)> 5Ne*‘H’B}, (2.32)
k—1<s<k

for large N and uniformly in the A-configuration, because the probability for a B-particle alive at = at time
7 to stay alive at « during [r,7 + 1] is exp[-d — Dpg].
|
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We end this section with a proof that for estimating E{Np(0,t)|F 4} we may restrict ourselves to a particle
system with particles restricted to the cube

C(Citlogt) := [~Citlogt, Citlogt]? (2.33)

for s < t and a suitable constant C, and with N4 (z, s) bounded by log¢. This estimate will not be used until
Section 6, but we derive it here because it uses the same methods as the proof of Lemma 2. In accordance
with (2.33) we use the notation

C(r) = [-rr]*nz. (2.39)

It is also convenient to have the A-system defined for negative times as well. Since the A-system is stationary
in time such an extension exists, and in this extension N4(z,t) still has a Poisson ditribution with mean u4
for all x,t, and all the A-particles perform independent simple random walks with jumprate D 4.

Lemma 4. There exist constants 0 < C1,Ce < oo such that almost surely for all large t

1
there are no A-particles which visit both C(icltlog t) and

the complement of C(Cytlogt) during [0,t], (2.35)
sup{Na(z,s) : x € C(Cytlogt),—t < s <t} <logt, (2.36)
for all x ¢ C(Cytlogt), sup{Na(z,s) : —t < s <t} <log|z|, (2.37)

and for any A-configuration which satisfies (2.85)-(2.37) it holds that

Ep{number of B-particles which are alive at 0 at time t and whose associated

1
path has been outside C(iCltlog t) during [0,t] or coincided at some

time in [0,t] with an A-particle which has been outside C(Citlogt)}
< Che™ . (2.39)

Proof. We need an estimate on the fluctuations of {Ss}. We shall write |ja]| for |a|lcc = maxi<s<q|a(s)]
when a = (a(1),...,a(d). First note a standard large deviation estimate: if X, Xo,... are i.i.d. bounded,
mean zero, d-dimensional random vectors, then

P{Hixi

2

Zx}gdexp[—Klnim], x>0, (2.39)

for some constant K depending on the common distribution of the X; (apply for instance Chow and Teicher
(1988), Exercise 4.3.14 to one coordinate at a time). Now, if X; denotes the i-th jump of the random walk
{Ss}s>0 and N(t) the number of such jumps during [0, ¢], then, for another constant Ky > 0

P{|[S¢] > 2} =) P{N(t) = n}P{| ZXiH > x}

> n 2
< Ze—tDAwT‘?)deXp [_ K x ]
n=0

1
n—+x

72

S 2dexp [— Kgm]

(2.40)



BRANCHING RANDOM WALK WITH CATALYSTS 15

(check this separately for x < 2tD4 and for > 2tD4). In particular,

1
P{||Ssll < K3zvVs+1} > 2 s>0, (2.41)
for yet another constant K5. Finally, by the maximal inequality (Billingsley (1986), Theorem 22.5),

P{ sup IS5, = Ss, || = w}

0<s1,82<t
< P{sup P{[|S,|| = z/2}
s<t

K2£L'2

< dsup P52 @/8) < 8dexp | = Gra=rs

(2.42)

With the estimate (2.42) in hand we turn to the proof of (2.35). Note that the proof we are about to
present remains valid no matter which strictly positive value we take for C. Let us estimate

1
P{3 an A-particle which visits both C(iClk log k)

and the complement of C(%Clklog k) during [0, k]}. (2.43)

Suppose there is particle starting at « for which the event in (2.43) occurs. We consider two cases:
Case (i) € C(2C1klogk). In this case we use that the probability of visiting both the complement of
C(3Cklogk) and C(3Cklogk) for a given particle at time 0 is at most

1
P{ sup ||Ss, — Ss,| > chklogk} < 8d exp[— K4k log k], (2.44)

51<s2<t

by virtue of (2.42). The particles starting at some « € C(2C klog k) therefore contribute, for large k at most

K
> Ea{Na(z,0)}8d exp[— K klog k] < exp[—fklog k]
z€C(2C1klogk)

to the probability in (2.43) for large k.

Case (ii) = ¢ C(2C1klogk). Any such x has at least one coordinate > 2C1klog k in absolute value. For the
sake of argument let x1 > 2C1klogk. If a particle starting at such an x reaches C(%Clklog k) before time
k, then the fluctuation in its path up till time k is at least (z1 — C1/2)klogk > (z1/2). The probability of
such a fluctuation is at most 8dexp[—K4x1], again by virtue of (2.42). Consequently the particles starting
at points x in case (ii) contribute at most

K
164> Z exp[—Kyx1] < exp[—%klog k]
z:x1>2C 1 klogk

to the probability in (2.43). The statement (2.35) now follows from these estimates and a straightforward
Borel-Cantelli argument.

The statement (2.36) is much easier to prove. Again the value of C; > 0 has no influence on the argument.
By stationarity, each Na(z,t) has a Poisson distribution of mean 14 and generating function

E e?Na@t) — explua(e? —1)]. (2.45)
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This, together with (2.30), implies that for any 8 > 0

Z Pa{sup Na(z,s) > log|t]}
z€C(Cytlogt) [s|<t

<2 > > Pa{Na(z,k) >

zeC(Crtlogt) |k|<[t]

D1 log|¢]}

N |

0
< Kst[tlog t]dexp[—ie_DA log|t] + pa(e’ —1)]. (2.46)
By taking 6 = loglogt we see that this is
(0] ( exp[— K¢ log tloglog t])

as t — 0o. (2.36) is now immediate by Borel-Cantelli again.

We leave the proof of (2.37) to the reader. The proof is essentially the same as for (2.36) and it is valid
for any value of C7 > 0.

Finally we turn to (2.38). It is here were we have to take Cy large. We begin with an estimate for the
number of descendants of some fixed particle o which starts at a location y. Assume that the A-configuration
satisfies (2.35)-(2.37). As before, the process of descendants of o is denoted by W,. We further define

Fpo = o-field generated by {Np(z,0) : z € Z%}.

We shall prove that for a suitable constant K7 and for ¢ large enough, and uniformly in the starting position
yofo

E{number of particles alive in W, at time ¢ such that the piece till ¢
1
of its associated path intersects C (gCltlog t) and the complement of
1
C(cht log t) during [0, t] |.7:A V .7:370}

<eexp [— K7llyll]- (2.47)

To see this we use a decomposition with respect to the associated paths of the particles. As in (2.13) the
left hand side of (2.47) can be written as

Z Z / E{number of particles which descend from o
€20 10Tl gy gy <t
and whose associated path has jumptimes in dsi,dso, ..., dsy
and positions x1, g, ...,z after the jumps|Fa V Fp o}, (2.43)

where the sum over the x; runs over all /-tuples with at least one z; in C(%Cltlog t) and at least one
z; ¢ C(3Citlogt). Set xg =y, s0 =0 and

r = max{||z;]| : 0 < ¢ < {}. (2.49)

Then )
r> §C’1t logt.



BRANCHING RANDOM WALK WITH CATALYSTS 17

Then along the path which jumps to z at time s, k < £, the birthrate per particle is never more than

sup sup BNa(z,s) < Blogr,
s<t ||z||<r

by virtue of (2.36) and (2.37). Therefore, by (2.6), the expectation appearing in (2.48) can only be increased

I~

if we replace W, by a branching random walk, W, say, starting with ¢ and with birthrate per particle at
site x and time s equal to

Blogr if ||z]| <7, s <t, and
BNa(x,s) if ||x|| > r or s > t. (2.50)

Now our construction of the branching random walk is such that particles of Wg whose associated path lies
in the ball {z : ||z|| < r} are not influenced by the birthrate at any site outside this ball. In other words, if
we restrict ourselves to particles whose associated path lies in {z : ||z|| < r}, then

E{number of particles in W, which descend from o and whose
associated path has jumptimes in dsi,dss, ..., dsy and

positions x1, za, ...,z after the jumps|F4 V Fpo}

is unchanged if we replace Wg by yet another branching random walk, W, say, starting from o, but with
the constant birthrate per particle of Slogr at all sites and all times. However, we know from Lemma 1,
and the arguments for (2.16), that

E{number of particles in W, which descend from ¢ and whose
associated path has jumptimes in dsi,dss, ..., ds; and
positions x1, s, ...,z after the jumps|Fa V Fpo}

‘
= exp[—(Dp + )t + Btlogr] H[DBQ(-Ti —xi—1)]dsy ... dsy.

i=1
It follows that the expression in (2.48) is bounded by
¢

Z Z exp[—(Dp + )t + Btlogr] / H[DBQ(% — zj—1)]dsy ... dsg,

>0 1,05 0<s1 < <sp<t =1

where the sum runs only over paths z1,...,z, with some z; in C(éCltlog t) and some z; ¢ C(%Cltlog t),

and r is given by (2.49). The last expression is simply an expectation over random walk paths starting at y.
More precisely, it is at most

@_5tE{ exp [Btlog[sup ||y + Ssl[]]
s<t

1 1
x Ily+ Ss, € C(gcltlogt) and y + S, ¢ C(iCltlogt) for some s1, 59 < t]}

< =t 0s) 5L exp [Bt loglsup 5]
s<t

1 1
x Ily+Ss, € C(gC’ltlogt) and y + S, ¢ C(icltlogt) for some s1, 59 < t]} (2.51)
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To estimate the right hand side here we set

F(z) = P{Slilt) IS5l > =}

By (2.42) we have for z > t that F(z) < 8d exp[—Kgz]. Now take

640
> —. 2.52
Ciz (252

First consider sites y with y ¢ C(;Citlogt). For such y = (y(1),...,y(d))
E{ exp Gt loglsup |15, 1]
s<t
1 1
x Ily+ Ss, € C(gCltlogt) and y + S, ¢ C(iCltlogt) for some s1, 59 < t]}

) 1
< B exp [Bt1ogfsup | )] [sup 154 > max |y(i)] — SCrtlogt] > y]/2)
s<t s<t ? 8

< _/ eﬂtlogzdf<z)
(Iyll/2,00)

:eﬁtlog(\ly\|/2)F(||y||/2)+/ P08 T () d
loll/2

1
< expl- 5 Kyl (2.59

A

Use of this bound in (2.51) shows that (2.47) holds for y ¢ C(3Citlogt). Next take y € C(3Citlogt). Now
EB{ exp [t 1oglsup |5, ]
s<t
1 1
x Ily+ S, € C(gCltlogt) and y + Sy, ¢ C(iCltlogt) for some s1, 89 < t}}
1
< B{ exp [Bt logfsup |15, ]} Lfsup [1S, | = ;C:tlog ],
s<t s<t

and the proof of (2.47) can be completed as in (2.53).
Thus, (2.47) holds in all cases. We now take the expectation over the N (z,0) and sum over all y € Z¢
to obtain for large ¢

Ep{number of B-particles which are alive at 0 at time ¢
1
and whose associated path has been outside C(iCltlog t) during [0, t]}
< Coe™ (2.549)

for some constant Cy. However, when the A-system satisfies (2.35), then any B-particle which stays inside
C(3Cytlogt) during [0,t] cannot meet any A-particle which also visits C(Citlogt) during [0,¢]. Thus, under
(2.35), the left hand side of (2.38) and (2.54) are the same and the lemma follows. [ |

3. The expectation of Np increases faster than exponentially in dimensions 1 and 2. Here we
shall prove Theorem 1. In fact we shall prove a slightly stronger result.

Proof of Theorem 1. Assume that there is some B-particle, o say, at the origin at time 0. Consider the
subprocess of those B-particles which are descendants of ¢ and such that they and all their ancestors back



BRANCHING RANDOM WALK WITH CATALYSTS 19

to time 0 have never moved away from the origin. Conditionaly on the A-system, this is a branching process
with birthrate SN4(0, s) at time s and constant death rate § + Dp (compare Remark 1). From Lemma 1
we see that the conditional expectation, given F4 and Ng(0,0), of the number of B-particles at 0 at time ¢
in this subprocess is

Ng5(0,0)exp {/0 [BN4(0,s) — (6 + Dp)lds}.

Consequently
t
ENg(0,t) > ,uBe*(HDB)tEA{eXp {ﬂ/ NA(O,s)ds}}.
0

It therefore suffices for (1.3) to prove that

t
EA{ exp {6/ NA(0, s)ds}} goes to oo faster than exponentially in . (3.1)
0

Now consider the A-particles which start somewhere at time 0 and reach the origin at some time during
[0,t/2]. Let us call the first arrival of such a particle at the origin a new arrival and let there be v = vy such
arrivals and assume that they occur at the times 0 < t; < to < --- < t, < ¢/2. Write \; for the particle
which arrives at time ¢; and let T; be the amount of time \; spends at the origin during [0, ¢], which is the
same as the amount of time spent at the origin during [¢;,¢]. By definition all the particles A; are distinct.
Therefore, conditionally on the ¢;, the random variables T;,7 = 1,2,..., are independent. Moreover, the
conditional distribution of 7T; is the distribution of the time spent at the origin during [¢;,¢] by an A-particle
which is at the origin at time ¢;. This distribution is the same as that of the time spent at the origin during
[0,¢ —t;] D [0,t/2] by a particle starting at the origin. Let us write G = G for the distribution of the total
time spent at the origin during [0,¢/2] by an A-particle starting at the origin. Then, conditionally on the
t;, and the number v of t;, >, T; is stochastically larger than the sum of v i.i.d. variables each with the
distribution G. Now

t
/ NA(0,s)ds > Z(time spent by A; at 0 during [0, ¢]),
0 i

so that also fot N4(0, s)ds is stochastically larger than the sum of v independent random variables with
distribution G. In particular,

{exp{ﬂ/ Na(0,s ds}}
E4

{[/ ﬁ“G(du)] }

Eav
[/ PG (du) ] : (by Jensen’s inequality). (3.2)

Y

Now recall that each A-particle performs a simple random walk. Since simple random walk is recurrent
in dimension 1 and 2, each A-particle does eventually reach the origin, so that vy — oo almost surely as
t — oo. Consequently also

Eavy — 00 as t — oo. (3.3

In order to prove (3.1) we now prove that

/eﬂ“Gt(du) > efnt/? (3.9

for some constant > 0. Clearly (3.2)-(3.4) will imply (3.1) and hence (1.3).
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To obtain the lower bound for [ exp(Bu)G(du), consider a particle which starts at the origin and whose
position at time s is given by S, with {Ss} as in the lines following (2.24). Then the time axis is partitioned
into alternating intervals with S, = 0 and with Ss # 0. More precisely, there exist a; =0 < by < as < by <

. such that
S{:O if a; < s < b; for some i

#0 if b; < s < a;41 for some .
The amount of time spent at the origin during [0, ¢/2] by the particle is then at least
Z[bi — ail,
i<p
where
p:=max{i: b, <t/2}.

Moreover, b; —a;, i > 0, aj4+1 —bj;, j > 0 are all independent and the b; — a; have an exponential distribution
with mean 1/D 4. It particular, by the weak law of large numbers, there exists some M such that

m

m  2m 1
s —_— | > = > M. i
P{iz_;[bz al]e[2DA,DA]}_2form_M (3.5)
Thus, for any fixed n, K > 0 with
1
0<(BKDs+4)n< 3 (3.6)

and t large, we have
P{time spent at the origin during [0,¢/2] by the particle > nt}
Z P{p Z 2DA77t and Z (bz — ai) Z nt}

i<2Dant
> P{(ait1 —b;) < K forall i <2Dant}P{nt < > (b — a;) < 4nt}
i<2Dant
2D ant 1
> [P{a2 —b < K}} 5 (3.7)

The one but last inequality in (3.7) holds because
(ai+1 — bl) S K for all 4 S QDAnt

together with

Z (bl — ai) S 4T]t

1<2Dant
implies that

t
b{wm} < K[2Dant + 1] 4 4nt < 3
and consequently p > 2D 4nt. We have also used the independence of the b; — a; and the a;41 — b; in this
inequality. The last inequality in (3.7) follows from (3.5).
(3.7) implies that
:| 2DA Tlt

[ e 6tau) = 5 esplpnd[Plaz — b1 < K)

N =

To satisfy (3.6) we take

K= K(j) = {1—107}}

6D 4m

By the recurrence of { S}, the variables b; 11 —a; are all finite with probability 1 and consequently P{as—b; <
K(n)} — 1 as n | 0. We can therefore choose 7 so small that (3.4) holds for large ¢. [ |



BRANCHING RANDOM WALK WITH CATALYSTS 21

4. An upper bound for the expectation of N in dimensions > 3.
In the preceding section we derived a lower bound for ENg(0,¢). In this section we shall use an upper
bound for this expectation to derive Theorem 3.

Proof of Theorem 3. By (2.31)

ENgp(0,t) = E(number of descendants of some particle at 0
which are alive at time t). (4.1)

By (2.13)-(2.20) we then have (in the notation of Lemma 2)

4

ENg(0,t) =up Z Z exp[—(§ + Dp)t] H[DBq(xi —2;1)]

ZEO T1,.--,T¢ i=1

x / dsi ... ngEA{ T[] EalexplsL, ﬁ)HfA,O}}. (4.2)
A

0<s1 < <5p<t

Furthermore, (2.21) and (2.22) say
EA{eXp[ﬂL()\, 7T)]]'—A70} = PA{H()\,TF) > t|.7:A70}
¢
+/ Pa{c(\,7) € dulFao}
0

X Z fid / Pa{X ison 7’ at times v1,...,v,|Fa}dv; ... dvp. (4.3)
0

p= 0<vy <ve < <vp<t—u
For brevity denote the position of 7’ at time v; by z; and set vy = 0, z9 = 0. Note the simple inequality

Ls]
sup P{S, = z} < sup P{S|5 = 2z} = sup P{ E [Sk — Sk—1] = z}.
z z z k=1

Together with the local central limit theorem (see Spitzer (1976), Proposition 7.9 and the remark following
it) this implies that there exists a constant K; such that

P{X is at z; at time v;|\" is at z¢ at time v, for £ < j — 1}
Ky

PS8,y m iz} < .
{ Vi1 Zj Zj 1} = [’U] —vj_q _;r_]_}d/?

We can therefore bound the last sum in the right hand side of (4.3) by

o] p
Zﬁp / HP{SUJ—UJ;1 =ZzZj— Zj_1}d111 ...d’Up
p=0 0<v1<ve<---<vp<t—u J=1
Ky
[vj = vj—1 +1]%72

00 p
SZﬁp dU1...d’Up
p=0 j=

0<vy <ve < <vp<t—u J=1

< iﬁ”[ J— (4.9
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If we define Gy by

e dv
200K — =1
50 1/0 (U+1)d/2 )

then By > 0 (recall that d > 3 now). Moreover the right hand side of (4.4) will be < 2 for 8 < fo.
Substitution of this bound into (4.3) gives

Ea{exp[BLA, m)]|Fa0}
< P{(A\m) > t|Fapo}t + P{r(A, m) < t|Fa0}2.

As in (2.24) and (2.25) (with e replaced by 2) this gives
EA{ [1 EafexplBL(A, 7)) (fA,o}}
A
< exp [Kz ZP{x + S, is on 7 for some s < t}]

< exp[Ka(tDy + £)],

for some constant K5 which does not depend on ¢ this time (use (2.26)). Finally, (4.2) shows that

(Dgt)*
|

ENEg(0,t) SMBZ 7

>0
= ppexp [(Dpe™ + KyDa — 6 — Dp)t].

exp [ — (6 + Dp)t + K2(tDa + ()] (compare (2.27))

This implies (1.6) for 3 < By, d > &y if we take 6y = 2(Dpe’2 + KoD4 — Dp).

Finally we show that (1.6) implies (1.7). Clearly (1.6) and the Borel-Cantelli lemma show that for each
fixed z € Z4, almost surely N (z,k) = 0 for all large integers k. But if G(¢) denotes the o-field generated
by the A-system for all times and the B-system up till time ¢, then one easily sees that for k — 1 < t < k it
holds that

P{Ngp(z,k) > 1|G(t)} > e P& ae. on {Np(z,t) > 1}.

Indeed, no matter what the configuration at time ¢ is, as long as there is at least one B-particle at x at
time ¢, there is a conditional probability of at least exp[—(d + Dp)(k —t)] > exp[—J — Dp] that this particle
survives and does not move till time &k (see the argument for (2.32)). The same argument shows that

P{Ng(z, [7(t)]) = 1|G(r(t)} > e 9 Prae. on {7(t) < 00},

where 7(t) = inf{s > t : Np(z,s) > 1}. But then the martingale convergence theorem implies that
Np(z,k) > 1 for infinitely many k almost everywhere on the event { Ng(z,t) > 1 for arbitrarily large ¢} (see
Breiman (1968), Exercise 5.6.9). Thus (1.7) must hold. |

5. A discrete time approximation.

We begin with an outline of the proof of a discrete time version of Theorem 2. This section can
be viewed as a warm-up exercise for the full proof of Theorem 2. The principal ideas for the full proof are
all present here and will come out clearer because we make the simplification that both types of particles
perform discrete time random walks. To avoid periodicity problems we shall allow these random walks to
stand still. That is, an A-particle at « during [k — 1, k) will at time k stay at z with probability 1 — Dy,
and jump to x £ e; with probability Daq(+e;) = Da/(2d) (with ¢(-) as in (2.14)). (We take our path right
continuous, so that at time k the particle is at its new position. We also assume that 0 < D4, Dp < 1
now.) All A-particles move independently of each other. As before we write N4(x, k) and Ng(z, k) for the
number of A and B-particles at z at time k, respectively. Assume now that the A-configuration is given.
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A B-particle which is at « during [k — 1, k) will then produce ¢ B-particles at time k with probability «;.
These probabilities satisfy

oo oo
a; 2 0, Zai =1 and Ziozi = ¢~ 0HANa(@ k1) (5.1)
i=0 =0

Thus the expected number of B-particles at time k produced by a B-particle at = at time k — 1 is exp[—§ +
BNa(x, k —1)], which imitates the situation in the true model (compare Lemma 1). The new B-particles, if
any, will then independently stay at  with probability 1 — D g, or make a jump of size +e; with probability
Dpq(£e;) = Dp/(2d). They then stay at their new location for the whole interval [k, k + 1). Ounly the
expectations ), ic; will play a role in this section, and not the values of the «; themselves.

The proof of (1.4) rests on showing that for almost all A-configurations, the conditional expectation
E{Ngp(0,t)|Fa} does not grow faster than exponentially in ¢t. Then the process must die out if the death
rate § is made greater than the rate at which E{Np(0,t)|Fa} grows. It is easy to give a fairly explicit
expression for this last conditional expectation (see (5.2) below). This expression shows that for our purposes
it is enough to show that Zﬁ;é Na(zg, ) does not grow faster than Kt for some constant K, along most
paths (zg,z1,...,7;) in [—t,t]?. Here we call (xq,1,...,2;) a path if zp11 — 24 € {0,%e;, 1 < i < d} for
each £. Of course Ex{ Yi_; Na(x¢,€)} = pat for any path (zo, ..., ;) so that we have to establish some
kind of large deviation estimate for the A-system. We have to show that there are “few paths” in space-time
with Zé;é N4 (zg,£) much larger than its expectation pat. Note that E{Ng(0,t)|Fa} contains a sum of
exponentials like exp[g Zz;(l) Na(xg,0)], so it is quite posible for Zz;(l) Na(zg,0) typically to be of order ¢
and still to have E{Ng(0,t)} grow faster than exponentially (as asserted in d = 1,2 by Theorem 1).

Now to control Zz;é N4(x¢,£) we break up this sum into subsums; the r-th subsum contains the terms
for which . uaC8" < Na(xy,l) < 'y,«+1uAC’g(T+1). Here , is more or less constant, and Cj is some large
integer, so we should think of the sizes of the terms in the subsums as growing exponentially in . We have to
show (at least) that there are only o(tCy ") terms in the r-th subsum. To this end we partition space-time,
74 x 7, into the cubes

d
B, (i, k) = (H[i(s)AT, (i(s) + 1)Ar> x [kA,, (k+1)A,),
s=1

with A, = C§" and i = (i(1),...,i(d) € Z% k € Z. We call these cubes r-blocks. We divide the r-blocks
into bad ones and good ones. Roughly speaking, an r-block is bad if it contains a vertex (z,k) € Z? x Z for
which Na(z,k) > v-paC8", but the actual definition of a bad 7-block is somewhat more complicated. For
any path m = (zg, ..., ;) of length ¢ we then define ¢,.(7) as the number of bad r-blocks which intersect
the space-time path ((20,0), (z1,1),..., (z;,t)). We further define ®, = sup{¢,(7) : 7 C [, t]?}. It is then

not hard to see that Z;;é Na(zp,l) < y1uaClt + Yot <I)Tfyr+1uAC(’)'(d+5)+d for any path m C [—t,t]¢. Thus
our problem reduces to finding a good estimate for ®,. The first observation is that we can take ®, = 0
for 7 > R, where R is the smallest integer with Cf* > [logt]'/¢. This is so, because N4(x, k) < logt for all
(w,k) € [~t,t]% x [0,t] (outside an event of negligable probability). This rests on a coarse estimate for the
Poisson distribution (recall that each N4 (z, k) has a Poisson distribution with mean p4). The principal step
in the proof is a recursive inequality ®, < Og (d+1)¢’,«+1+ a random term. The first term in the right hand
side is an upper bound for the number of bad r-cubes inside bad (r + 1)-cubes, which simply comes from
the fact that any (r + 1)-cube contains exactly Cg(dH) r-cubes. The random term in the right hand side is
the supremum over 7 of the number of bad r-cubes which intersect = and which lie in a good (r + 1)-cube.
To control this, we show, roughly speaking, that the collection of indicator functions of good (r + 1)-cubes
which contain some bad r-cube is bounded above by an independent collection of zero-one valued random
variables with a small probability of taking the value 1. This small probability is basically the probability

of finding a bad r-cube inside a good (r 4+ 1)-cube, which is estimated by routine large deviation estimates
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for a random walk. Finally some percolation estimates then show that with high probability there are very
few good (r + 1)-cubes which contain any bad r-cubes. This gives the desired recursive bound on ®,..

Iteration of the recursive bound finally estimates @, in terms of ®, which is zero, and controllable
quantities. This results in a bound on Zz;é Na(xg,?) which is linear in t.

We now turn to the details of the proof. In this section ¢ will be an integer. We call (zo,...,z:) a path
if xy — x4—1 equals 0 or +e; for 1 < ¢ < t. We define the piece till time t of the associated path (or just
the associated path, for short) of a particle p, alive at time ¢, to be the path {x(¢, p) }o<e<t, where z(¥, p) is
the position of the ancestor of p alive at time ¢. We shall use the notation g4 and gp to denote the “jump
probabilities” for the A and B-particles respectively, that is

1-Dsy ify=0
DA/(Qd) ify:iei, 1 SZS(L

qaly) = {

and similarly when A is replaced by B. {gk}kzo will be a typical random walk as performed by the A-
particles, that is Sy will be the sum of k independent random variables, each with the distribution g4.

It is then easy to see that for any given B-particle o at xy at time 0, and for any path (zg,x1,..., %),
the expected number of descendants of o alive at time ¢ and whose associated path is (zo,...,xt), equals
t—1
[HqB —z;_1)| exp[— t5—|—ﬁZNA (xq,9)]- (5.2)
q=0

The initial configuration is chosen in the same way as before, that is, all the N4 (z,0),z € Z4, are independent
Poisson variables with mean p4, and the Np(y,0), y € Z%, are independent of the A-system, translation
invariant, and with mean pp. Finally, P,E, 74, P4, Pg, F4 and Ep have the same meaning as before.

We shall prove the following result for this system:

Theorem 2-Discrete. For all 3, D4, Dp,pua, upg > 0 and for all dimensions d, there exists a g < oo such
that for § > 0g and for almost all [Pa] A-configurations, it holds

E{Np(0,t)|Fa} < ppe®"? for all large t, (5.3)

and for all x
Np(x,t) =0 for all large t a.e. [Pg] (5.4

(now with Ny and Npg referring to the discrete time system and t restricted to integer values).

We do need a fair amount of new notation. We fix 9 > 0 such that

Yo H [1-279/4>2and HA{% H [1—277/4 —e+ 1} > 3d + 6. (5.5)
Jj=1 j=1

We next fix a large integer Cy > 2, so that for all » > 1

—r C log C d -r —r 1 s
ey 4 (14 SEREONY egr gy - gy < Lo, 59
s 2
and 3
SN oo [, 08T <1 (5.7)

where Cj is the constant of Lemma 6 below (this C3 depends only on the distribution g4 and the dimension
d, but not on Cp). We shall use that (5.5) and Cy > 2 imply that

%1‘[[ M] > 2 (5.8
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and
ad 1
j=1 0
We next take y; = 79 and for r > 0
. 1
Yr+1 =0 H {1 - Cj/4}' (5.10)
j=1 0
We set
A, = C’gr.

For i = (i(1),i(2),...,i(d)) € Z¢ and k € Z, we take

d

B.(i, k) = (H[i(s)Ar, (i(s) + 1)Ar)) < [k, (k+1)A,).

s=1

FIGURE 1. Relative location of the sets B,, B, B, and V, for d = 1 (B;"
is defined just before Lemma 7). These sets are “left closed, right open”,
that is, the solid segments are in the sets, but the dashed segements are
not. The space and time directions are along the horizontal and vertical
axes, respectively. V), is the line segment which constitutes the bottom

of B,.

The last coordinate is interpreted as the time coordinate here, so that B, is a block in space-time. We
call these blocks 7-blocks. We also need somewhat larger space-time blocks, which contain the r-blocks (see
Figure 1). We define these as

B d

B,(i, k) = ( TTI6(s) = 3)Ar, (i(s) + AN X [(k = DA, (k + 1A,).

s=1

The pedestal of B,(i) is defined as
d
Vol k) = (T]1G() = 3)A0 (i(5) + 94, ) x {(k = DA},
s=1

This is again a set in space-time, but with the time taking only the value (k— 1)A,. It is the face of B, (i, k)
with the lowest time coordinate.
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For z = (z(1),...,2(d)) € Z¢ we introduce the notation
d
Q. (z) = []lx(s), 2(s) + Cp).
s=1

Note that the edge size of the cube 9, is only C and not A,. We also introduce the random variables

UT(J;7U) = Z NA(y7U) = Z NA(y,'U)~
yEQr(z) y:z(s)<y(s)<z(s)+Cq
1<s<d

An r-block B,.(i, k) is called good if
Uy (2,0) < vppaCd" for all (z,v) for which Q,(z) x {v} C B,(i, k). (5.11)
A bad r-block is one that is not good. Similarly, the pedestal V. (i, k) is called good if
Un(x,v) < 4ppiaC8r for all (z,v) for which Q,(z) x {v} € V.(i, k). (5.12)
If 7 = (zo,71,...,7:) is a path on Z< of (¢ + 1) vertices contained in [—t,#]¢, then we define

¢r(m) = number of bad r-blocks which intersect

the space-time path ((zo,0), (z1,1),..., (z4,1)), (5.13)

and finally
O, = sup ¢, (7). (5.14)
Here and in the rest of this proof 7 runs through all paths (zo, ..., z;) on Z? of (t+1) vertices and contained

n [—t,t]¢. Many of these quantities depend on ¢, but we will suppress the ¢ in the notation. The space-time
path corresponding to m = (xo,...,2:) is T := ((x0,0), (x1,1),..., (zt,t)). As before we extend the A-system
so that it is defined for all times in Z and is stationary in time.

The reason for introducing ¢ and @ is the following lemma, which gives a simple bound for EgNg(0,t).

Lemma 5. Let R = R(t) be such that
Cf > [logt]V/? > CE-1 (5.15)
Then, for all large t,

Pa{®, > 0 for any r > R}

< Pa{some r-block which intersects [—t,t]* x [0,] is bad and has r > R}
1

< a5 (5.16)

Moreover, for any A-configuration with ®,. = 0 for all r > R(t), it holds for any path @ = (zo,...,x¢) C
[__t7t]d

Ep{number of B-particles alive at time t with associated path 7|Fa}
R-1

< pB [HQB — T } eXp{ —t6 + BtyipaCy + B Z Va1 paChltt® +d<1>r}- (5.17)
r=1
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Proof. The first statement follows from a straighforward estimate for the Poisson distribution. Indeed, for
any r-block B, (i, k) we have
Pa{B.(i,k) is bad} < > Pa{Ur(x,0) > -paC§"}, (5.18)
(i,k)
where ; ;) denotes the sum over all (z, £) for which Q,(z) x {¢} is contained in B,(i,k). The number of
such summands is at most KlAf‘H = KngT(dH), for some constant K7 = Kj(d). On the other hand, for
fixed (z,¢), U.(x,¢) has a Poisson distribution with mean p4Cg", so that every summand in (5.18) is, by
standard large deviation estimates (compare (2.45), (2.46)), at most
exp [ — 007 paCl + paCir(e? — 1)] < exp[—(d + 6)C§"], (5.19)
where we took 6y > 0 so that
palboyr — (% —1)] > d+6
(e.g. 6y = 1 is possible, by our choice of the v; see (5.9)). In particular for large ¢ and r > R(t), the right
hand side of (5.18) is at most

K CE ) expl—(d 4 6)C] < exp|—(d + 5)Cd" exp[—Cdr].

1
<

Thus, for r > R, the probability that any particular r-block is bad is at most ¢~ (4+4) exp[—Cg"]. Any r-block
which intersects 7 must intersect [—t,¢]? x [—t,t], and there are at most (2¢ + 1)%! such blocks. Thus the
left hand side of (5.16) is bounded by 3, 5 (2t + 1)@+1¢=(@+4) oxp[—Cdr], and (5.16) follows.

Now fix an A-configuration with @, = 0 for all » > R. In addition let 7 = (z,...,z;) be a path in
[—t,t]%. Then the left hand side of (5.17) is given by up times (5.2), so we must estimate

3" Nale.a) (520)
q=0

We decompose this sum according to the size of the Na(zg, ¢). The N4 (x4, ¢) which are < fyl,uACg contribute
at most ty;uaCg. If r > 1 and

YriaCY < Na(wg,q) < yrs1paCy Y, (5.21)
then
Urltg—29)= Y, Na(,q) > Na(ag,q) > ypaCyf’,
y€Q,(zq—2)

for any choice of z € [0, C§)9. For some such z, Q,.(x — z) x {g} is contained in some r-block B(i,m). Then
B,.(i,m) is bad and contains the point (x4,¢). Moreover, this r-block intersects the space-time path 7 at
least in (x4, ¢). Consequently, the contribution to (5.20) of all its summands which satisfy (5.21) is at most

Vri1ph AC’g (T+l)(number of vertices on any space-time path in any r-block)e, ()

< 7r+1MACg(T+1)CgT(I)r~

In addition, there are no summands in (5.20) which satisfy (5.21) with » > R. Thus, (5.20) is bounded by
R—1
t1paCl+ > Yra1paCy O e,
r=1

(5.17) now follows from (5.2). |

The estimate (5.17) makes it clear that we should find bounds for the ®,. This is the aim of the next
few lemmas, which derive a recursive inequality for the ®,. We begin with a technical lemma. This is the
first step in showing that if the pedestal of some (r + 1)-block B,.41(i, k) is good, then there is only a small
probability that B,41(i, k) contains a bad r-block. Because a discrete time random walk which starts outside
the pedestal of B,1(i, k) at time (k — 1)A,11 cannot enter B,1(i, k) at any later time, the estimate will
remain valid (as Lemma 7 will show), even if we condition on the (r 4+ 1)-blocks B,11(j,¢) with ¢ < k, or
¢ =k but j not too close to i. This will allow us to treat the good (r + 1)-blocks as being independent.
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Lemma 6. There exist a constant C3 = Cs(d, D), which is independent of Cy, such that if Vr41(i,k) is
good, and A, 11 — A, <u < 20,41, then forr > 1, y € 74,

3 Na(z, (k= 1D)A,1)P{z + S, € O, (y)}
zi(z,(k=1)Ar11)EVr41(1,k)

C3(rlog Co)d}

< reinaCy L+ =28 (5.22)
0

Proof. Note that the set {z € Z¢: (2,(k — 1)A,41) € V,41(i,k)} is a disjoint union of 7dC§d(T+1) blocks of
the form

S

M() QrJrl Cr+1 H r+1, . )+1)CT+1)

Let A = A(i,7) be the set of j € Z¢ with
M@G) c{zeZ: (z,(k—1)Ar1) € Vepa(i b))}
Also, for each j € A let z; € M(j) be such that

P{z+ Sy € Qu(y v} = max P{z+ 5. € Q(y)}.

Then the left hand side of (5.22) equals

S S Nale (k- DA41)P{z + 5, € Qu(y)}

JEA zEM())

<3 Y Nalz (k= 1D)A1)P{z+ 8, € Q. ()}

JEA ze M(j)

Since V,.41(i, k) is assumed to be good, we have
Z Na(z, (k= 1)) = Upa (CoH, (k — 1) A yr)
zeM())

d
< YoprpaCy Y = D venpa
zEM())

We can therefore continue to obtain that the left hand side of (5.22) is at most

Z Z 7T+1UAP{Zj + gu € Qr(y)}

JEA zEM())

<> Y yapaP{z+ S, € Q. (y)}

JEA zeM(j)

+ Z Z ’y,«H,uA|P{zj + §u IS Qr(y)} - P{z + §u S Qr(y)H. (5.23)

JEA zeM(j)
The first multiple sum in the right hand side of (5.23) is at most

Z Vr+1HA Z P{gu = w} = Z P{gu = w} Z Vr+1HA

2€Z4 weQ, (y—=z) weZ 2€Q,(y—w)

< )" P{Sy = w}yrs11aCH" = Yr11aCY". (5.24)

weZd
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On the other hand, we have for any z € M(j) that ||z — ;| < C5™" and

|P{z+ S, € Qv(y) — P{z+ 5, € Q:(y)}]

< Z }P{zj —|—§u =w}—P{z+ gu =w}|
weQ,(y)

< Z sup ‘P{gu — v} — P{S, = w}|.

. +1
veQ, (y—z) willw—v||<Cq

It follows that the second multiple sum in the right hand side of (5.23) is bounded in absolute value by

Z Vri1lbA Z sup ‘P{gu =v}— P{gu = w}‘
z€Z4 vEQ,(y—2) wilw—v||<CHT!
= Yrar1fba Z Z sup ‘P{gu =v}— P{gu = w}|
veZd z€Q,(y—v) willw—v|| <CGH
= Yr1paCEr Y sup |P{S, = v} — P{S, = w}|. (5.25)

1
vezd wi|lw—v||<CHT

Even though one can do better, we shall be content with proving the crude estimate

- ~ 1 d
sup  |P{S, = v} — P{S, = w}| < K20+ (log u) (5.26)
vezd w:\|w—v||§Cg+1 \/ﬂ

for some constant Ks which depends only on ¢4(-) and d, but not on Cy, and u > 2. To prove this bound
we define for 6§ = (6(1),...,0(d)) € R?

P(0) =Y qav)e””,

veZd
where 6 - v := Zj:l 6(s)v(s). Then Eet?Su = [1(6)]* and

|P{S, = v} — P{S, = w}|

1 / . it~
=|—— e — e [(6)]"do
’(QF)d 06[7#,77]d|: ][ ( )] ’
d / ~
< —Q v —w||||0]||¥(0)|“do
gt T wllonge)
[[v — w]|
SKSW’ (5.27)

where again K3 (and K4 — K7 below) depend only on g4(-) and d, but not on Cy (see Spitzer (1976), Proofs

of Propositions 7.9 and 12.1 for similar estimates). We use this estimate for v € [~2\/ulogu, 2\/ulog u]<.
This leads to a contribution to (5.26) of

1 (logw)?
2vilogu + 14K, CT Ly (@D/2 < gy or+t (10807 (5.29)

Ja

The remaining terms in (5.26) contribute at most

2P{S, ¢ [-2v/ulogu + C;, 2y/ulogu — C5H)%} < K exp[—K7(logu)?], (5.29)
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by the fact that
1
u> Ay — Ay > 503”6, (5.30)
and hence /u > (1/2)C5"** > 20¢5™", and by Bernstein’s inequality (Chow and Teicher (1988), Exercise

4.3.14). (5.26) follows from (5.28) and (5.29).
Finally we see from (5.23) - (5.26) that the left hand side of (5.22) is at most

(log u)*
Vu
(5.22) follows. [

We need the following o-fields:

H,+1(i, k) := o-field generated by

(rlog Co)d}

Yry11ACG" [1 + Ky Gt cZ 2

] < Yrp1paCE [1 +C3

{NA(x,e) {x € JTIG(s) = 3)Ars1, (i(s) + 9)A,41) and —t < €< (k— 1A}

d
or {z € [t — 4Cy, t +4Cg]4\ TG YA, (i(s) +6)Apy1)
s=1

and —t << (k+1) r+1}} (5.31)

FIGURE 2. H,1(i, k) is generated by the Na(x,¢) with (z, /) located
in the gray region. K,11 is generated by the N4(x,¢) with (z,¢) on the
fat line segment at the bottom of B,11. (The illustration is for d = 1.)

(see Figure 2),
K,+1(i, k) := o-field generated by

{Na(e,(k = 1)An01) sz € TTI(s) = 3)Aria, (i(s) +4)Ar41)}

= o-field generated by {Na(z, (k — 1)A,11) : (z,(k — 1)Ar1) € Ver1 (i k) (5.32)
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Note that K11 C H,41. For the purpose of the next two lemmas only we also want to consider the “central
part in the space direction x the upper part in the time direction” of B,41(i, k). This is defined as

d
Bl k) o= T TIG(s) = DAz, (i) + 2)A051) X [RAr41 = A, (k+ 1) A1)

s=1

(see Figure 1; note that r + 1 is replaced by r in the figure). Note that B,11(i, k) C g:ﬁrl(i, k) C Brya (i, k).
With the exception of the tildes over the B, we will use a tilde over a symbol to indicate that it is related to
the discrete time process of this section. For instance p, introduced in the next lemma, is the analogue for
the discrete time system of a quantity p to be used for the continuous time system in the next section.

Lemma 7. Let

T 1 -3 T
= 3OS0 g T Zy OS> (5.33)

ﬁ’l‘+1 2

Then for r > 1, on the event {V,41(i, k) is good},

Pa{B,+1(i, k) contains some bad B,(j,q)|Hr+1(i, k)}
= Pa{B,+1(i, k) contains some bad B,(j,q)|Kr+1(1, k)}
< Prat. (5.34)

Proof. The event
A(i, k) := {B,+1(i, k) contains some bad B, (j, q)}

is defined in terms of the Na(y, m) with

d
(yvm) € (H[i(S)Ar+1 - 3Ar7 (Z(S) + 1)AT+1 + 3Ar>)

s=1

X [kATJrl — AT, (k + 1)Ar+1)

d
C (TT16(5) = DA 1, G09) + DD r50)) X BAr1 = Ay, (5 + 1))
s=1

= B (i, k). (5.35)

An A-particle present at time (k — 1)A,41 cannot move over a distance greater than 2A,.; during [(k —
1A 41, (k4+1)A,41). Such a particle cannot reach B, ; (i, k) unless it is located in Hle [(i(s)—3) A1, (i(s)+
4)A,11) at time (k — 1)A,1;. In other words, only particles from the pedestal of B,11(i, k) can reach

B} ,(i,k). For the same reason particles in the pedestal V,1(i,k) cannot reach any (z,/) with z €
[—t — 3C5,t 4+ 3C51% \ TT°L, [(i(s) — 5)Aps1, (i(s) + 6)Ayp1) and — ¢ < £ < (k+ 1)A,y. Tt follows that
the event A(i, k) is determined entirely by the particles in the pedestal V,y1(i, k) and their paths during
[(k=1)Ar41, (k+1)Ar41). When the N4 (y, m) with (y,m) € V,11(i, k) are given, then none of the N4 (z, ¢)
with (z,¢) outside this pedestal but occuring in the right hand side of (5.31) have any influence on the
Na(y,m) with (y,m) € gjﬂ(hk) (nor do they contain information about these N4(y,m)). Therefore,
the conditional probability of any event defined in terms of the N4(y,m), with (y,m) € g:;l(i, k), given
H,+1(i, k) or given only KC,41(i, k), are the same. This proves the equality in (5.34).

We turn to the inequality in (5.34). For A(i, k) to occur, some B, contained in B,1(i, k) has to be bad,
that is,

Uy (y,m) > yrpaCe for some (y,m) for which Q,(y) x {m} C B.(j,q)
for some (j, q) with B,(j,q) C Br+1(i, k).
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This means that we must have
U, (y,m) > 4 uaCZ" for some (y,m) € Efﬂ(i, k). (5.36)
There are at most [3A,.41]?*! such choices for (y,m). For each such (y,m) we have
A1 —Ar<m—(k—1)A 11 <2A,41. (5.37)

Moreover, as observed in the beginning of this proof, all the particles counted in one of the above U, (y, m)
have to come from particles in the pedestal V11 (i, k). Fix a (y,m) € B, (i, k) and set

u=m— (k—1)A41.

Then U, (y, m) counts the number of particles from the pedestal V,. 11 (i, k) which are in Q,(y) at time m. A
particle at (z, (k — 1)A,41) in this pedestal has probability

ﬁ(y - Z’u) = P{Z + gu S Qr(y)}

of being counted in U,(y,m). Moreover, all particles in the pedestal V,y1(i, k) move independently. Thus
given all the Na(z, (k — 1)A41) with (2, (k — 1)A,41) in the pedestal, the conditional moment generating
function of U, (y,m) is

E{exp[gUr(y7 m)] ‘ICrJrl (17 k)}

= H [1 -y — z,u) +ply — 2, u)ee}
(z,(k=1)Ary1)€EVry1(ik)

< exp [ 3 Nalz, (k= DA 1)y — 2,u)(e® — 1)] (5.39)
(2,(k=1)Ar41)EVry1(isk)

NA(Z,(kZ—l)A,«+1)

We take
o=cy"”

We then obtain from Lemma 6 and the choices (5.6) for Cy and (5.10) for the v that on {V,11(i, k) is good}

Pa{U(y,m) > 7 paCf7 |Kr 11 (i, k)}

< exp [~ 07paClr + > Naz (k= DAr41)ly — zu)(e” — 1)]
(2,(k=1)Ar11)EVry1(ik)
Cs(rlog Cp)?
< exp { — 07 11ACH" + Yr411aCH 1+ %] (e’ — 1)}
0
1 _3)y

<exp[ = Z7maCy 1. (5.39)

As we already pointed out, A(i, k) can occur only if (5.36) occurs for one of at most [3A,.41]?*! possible
choices for (y,m). Thus the inequality in (5.34) holds. ]

We finally can prove our recurrence relation for the ®,. For a path 7 = (z¢, z1,...,2:) we define

Yry1(m) = number of (r 4+ 1)-blocks B,41(i, k) which intersect the space-time path 7
and which have a good pedestal but contain a bad r-block. (5.40)

Also
\Ijr = sup 1/%« (7)

We remind the reader that ¢, and ®, were defined in (5.13) and (5.14).



BRANCHING RANDOM WALK WITH CATALYSTS 33
Lemma 8. For any path © C [—t,t] and r > 1 it holds

or(m) < CoUTVD, 1+ O D () (5.41)

and
@, <COV 4 iy, . (5.42)

Moreover, there exist some constants Cy = Cy(d) and ko = k(d), such that for k > ko, t sufficiently large,
and 1 <r<R-1,

t
PA{\Ilr-i-l Z HA

[ﬁr+1]1/(d+1)} < exp [ _ tC4I€€Xp [_ %77“#1405(17%%]] . (543)
r+1

2(d+1

Proof. The inequality (5.41) is immediate from the definitions of ¢, ® and ¢. Indeed, if 7 = (zg, ..., z:), then
any bad r-block B,.(j, ¢) which intersects @ = ((x0,0), (1,1),..., (z,t)) belongs to a unique (r + 1)-block,
B,.+1(i, k) say. The latter must intersect 7, and it may either be bad, or good. There are no more than ®,;
bad (r + 1)-blocks intersecting 7 and each one contains exactly C’gd+6 r-blocks. Thus the first term in the
right hand side of (5.41) is an upper bound for the number of r-blocks which intersect 7 and are contained
in a bad (r 4+ 1)-block. The number of bad r-blocks which intersect 7 and which are contained in a good
(r + 1)-block is bounded by the second term in the right hand side of (5.41), because the pedestal of any
good block is itself good, by definition.

(5.42) follows from (5.41) by taking the sup over .

The important estimate is therefore (5.43). Roughly speaking we shall obtain this by proving that the
collection of pairs (i, k) for which the (r + 1)-block B, (i, k) has a good pedestal but also contains a bad
r-block, lies stochastically below an independent percolation system in which each site (i, k) is open with
probability p,11. As stated this is not correct. We need to restrict ourselves to certain subclasses of pairs
(i, k). To state our claim precisely we define

Y (i, k) = I[By41(i, k) intersects [—t, ] x [0, 1],

has a good pedestal and contains a bad r-block],
and let Z(i,k) be a a system of independent random variables with
P{Z(i,k) =1} =1—- P{Z(i,k) =0} = pry1.

Let a = (a(1),...,a(d),b) be a (d+ 1)-vector with each a(s) € {0,1,...,11}, 1 < s <d, and b € {0,1}. Our
claim is that for fixed a, b, the system of Y (i, k) with i(s) = a(s) mod 12 for 1 < s <d, k=b mod 2, lies
stochastically below the system of Z(i, k), for the same pairs (i, k). Here (i, k) is further restricted to pairs
(i, k) for which B, 1 (i, k) intersects [—t,¢]? x [0,¢]. We prove this claim by means of Lemma 7. Indeed, let us
write (i,k) = (a,b) (i=a)ifi(s) =a(s) mod 12 for 1 <s < dand k =b mod 2 (respectively, i(s) = a(s)
mod 12 for 1 < s < d). For fixed a € {0,1,...,11}¢ and b € {0,1}, and for (i, k) = (a,b), let us define

L'(i, k) = o-field generated by Y (j,¢) with 0 < ¢ < k — 2 and
(G,0)=(G,k)=(ab), or L =k,j=i=aandj
precedes i in the lexicographical ordering of Z<, (5.44)

and
LG, k) =L'(1,k) VK1 (i, k).

Thus Y (j, k) appears in the right hand side of (5.44) only if j(s) < i(s) — 12 for some 1 < s < d. Moreover,
Y (j,¢) depends only on the N4(y,m) with (y,m) € B, ;(j,¢) UV,11(j,£). Then

Kri1(i, k) € L(, k) C Hrga (i, k),
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so that Lemma 7 shows
P{Y(4,k)=1L(G4k)} = P{Y(i,k) = 1K, 41(1, k) } < pry1. (5.45)

Note that Lemma 7 only states the last inequality on the event {V,;1(i, k) is good}. But on the complemen-
tary event {V,41(i, k) is bad}, Y (i, k) = 0 by definition, so that the inequality in (5.45) always holds. Now
successively determine the Y (i, k) with (i, k) = (a,b) in the ordering in which (i’, k") precedes (i, k") when
kK <Kk’ —1or k' = k" and i’ precedes i’ in the lexicographical ordering of Z?. Then (5.45) says that at
each stage the conditional probability that Y (i, k) = 1 given the Y’s which have been determined already, is
at most pry1. Thus the Y (i, k) with (i,k) = (a,b) can be successively coupled with the Z(i, k) for the same
indices, such that Y (i, k) < Z(i, k). This proves our claim.

Now the left hand side of (5.43) equals the probability that for some path @ = (zo,...,2¢) C [~t,]?
there are at least wt[p.41]"/ @Y /A, 11 (r 4 1)-blocks B,y (i, k) which intersect 7 and with Y (i, k) = 1. By
partitioning the possible pairs (i, k) into 2 - (12)¢ equivalence classes, we see that this last probability is at
most

Z Pa{3 7 = (xo,...,z¢) such that there are at least
a,b

t
2*1(12)*%?“[5“1]1/(%1) (r + 1)-blocks B,41(i, k) which

intersect 7 and with Y(i,k) = 1, and (i, k) = (a,b)}
< Z P{3 7= (xo,...,x¢) such that there are at least

a,b

[pre] @) (4 1)-blocks B, (i, k)which

t

271(12) "%k
(12) n 5
intersect 7 and with Z(i, k) =1, and (i,k) = (a,b)}. (5.46)

Thus, we merely have to estimate each of the summands in the right hand side here for the independent
system of Z(i, k).
To this end, choose an integer v such that

[ﬁT+1]_1/(d+1) <v< 2[/7r+1]_1/(d+1) (5'47)

and form the blocks

d
D(j,q) := (H[;j(S)AT+17§(j(5) + 1)Ar+1)> X [qUAr 11, (g + 1)VA11).

s=1

(Note that (5.7)and (5.8) guarantee that p,+; < 1, so that v is well defined.) Each of these block is a disjoint

union of 74! (r + 1)-blocks. We claim that a space-time path 7 = ((z0,0), ..., (z4,t)) intersects at most
Y= zd( t o4 1) (5.48)
. DAH»l .

such blocks. To see this, note that during the time interval [(UA, 1, (¢ + 1)UVA,41) the space-time path
intersects at most 2¢ blocks D(j,¢) (which must have ¢ = £). Indeed, if 7 intersects D(j, q), at some time,
then it takes more than DA, ;1 steps to get to any block D(j, q) with |j(s) — j/(s)] > 1 and this cannot be
done during [(DA, 11, (¢ + 1)UA,41). Thus, T can only intersect pairs D(j, q), D(j’, q) with |j(s) — j(s')| <
1,1 <s<d. This establislles our claim. B N

We should now replace A by |A|, but for brevity we continue to write A instead of |A] in the remainder of
this proof. If the blocks intersecting 7@ are D(jo,0),...,D(j5_,, A—1), then we must have |jo1(s) —je(s)| < 1
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for0 << X — 2,1 < s < d. In addition we must have |jo(s)] < t/(F#A;+1) + 1 for 1 < s < d. Therefore,
there are at most _ ~
M exp [Ks )] (5.49)

A — 1) as 7 varies over all paths in [~t,¢]? (Kg = Kg(d)).

A — 1) and let 7 be any space-time path contained in

possibilities for the choice of D(jo,0),...,D(§5_;,

Now let us fix such a choice for D(jo,0),...,D([5_;,

A—1
U PG 9). (5.50)
q=0

Note that if B,4i1(i, k) intersects 7, then B,1i(i, k) is contained in the union in (5.50). Therefore, the
probability in the right hand side of (5.46) is at most

Z P{the union (5.50) contains at least

D(jo,0),...,D( A—1)

X 1

t

271(12) %
(12) A

with Z(i,k) = 1}. (5.51)

[Praa]V/ @) (r 4+ 1)-blocks B4y (i, k)

The next, and almost last, step is to estimate the probability which appears as summand in (5.51).
This, however, is easy. Indeed, the union in (5.50) contains exactly Av%*+! (r + 1)-blocks Byy1(i, k) with
i+l corresponding variables Z(i, k) which can take on the values 0 or 1, and which are independent
with P{Z(i,k) = 1} = pr41. Thus the number of these Z’s which equal 1 has a binomial distribution
with parameters AD?t! (for the number of trials) and p,., (for the success probability). Therefore, if

T = T(X’ﬁd+17ﬁr+1) is a random variable with this binomial distribution, then each of the summands in

(5.51) is bounded by
t

P{T > 27} (12) "k [pra ]/ VY. (5.52)
A7"-',—1
But B - N
B{T} = o151 € [\, 2471 (by (5.47)).
Also,
N = od t a4, [Prga] /4D
A=2 (’ch“““) ) = 2% i (Y (547)
3.2d 1 _3)p
=t exp [~ s 7enaCY ] (by (5.33)).

2(d+ 1)

Since C{43/0r < [logt]*=3/(d) for r < R —1 (see (5.15) for R), we see that
0

X and E{T} — oo as t — oo, uniformly in r < R — 1. (5.53)
Similarly
4a+1 t
B{T} < = <27'271(12) Yk [pr41] /@D,
VArt1 A7‘—i—1

provided k > some ko which depends on d only (see (5.47)) and ¢ > some ty. By standard exponential
bounds (e.g. Bernstein’s inequality, Chow and Teicher (1988), Exercise 4.3.14) the probability in (5.52) is,
for kK > kg and t > ¢, at most

1]1/ (d+1)]_

t
Kgexp [ - Klol‘iA [Pr+

r+1



36 HARRY KESTEN AND VLADAS SIDORAVICIUS

This bounds each summand in (5.51), and the number of summands is no more than the expression (5.49).
Therefore, the right hand side of (5.46) is bounded by

~ ~ t
2(12)\)% exp [Ks A Ky exp[— Kok
A7“+1

< 2Kg(120) Y exp [Ksh — K19r27471A] (see (5.48))

[ D)

1 (d—3)r
< —tC - Cy ¢ },
_exp{ 4nexp[ 2(d+1)’YrMA 0 ]
provided kg is raised, if necessary, to 2972 Kg /Ko, and k > kg and t > some t. |

Proof of Theorem 2-Discrete. We want to apply (5.42) successively for r = R—1,R—2,...,1. (5.43) shows
that if we take k = kg, then

[Pra 1] @) for some 1 <7 < R—1}

t
Pa{¥, 11 > Ko x

r+1
<R§ex | —tc e 5.54
< p 1Ko exp | s g 1) aC ]}. (5.54)
r=1

Now note that v, < g for all r, and that
—3)r _ 3
Oy < flog ]

for r < R — 1. Therefore, there exists some ¢; such that the right hand side of (5.54) is for ¢ > ¢; at most
exp[—+/t]. Since this is summable over ¢, the Borel-Cantelli lemma shows that almost surely for all large ¢

[Praa]V/ @) forall 1 <r < R—1, (5.55)

t
\I/TSHOA 1
T+

and we may restrict ourselves to sample points and values of ¢ for which (5.55) is valid. By (5.16) we may
further assume that

&, =0 forall r > R. (5.56)

For such a sample point and ¢ we have from (5.42) that for any 1 <r < R —1,

(pr S Cg(d+1)q)r+1 + Cg(d+1)\yr+1
t
Ar—i—l

t - t
< Cg(dJrl) [p7_+1]1/(d+1) + 032(d+1)’€0 [p7‘+2}1/(d+1) + Cé2(d+1)¢)r+2
A7‘+1 Ar+2

< Cg(dH)I‘Eo [ﬁr+1]1/(d+1) + Cg(d+1)q’r+1

IN

Ko

R—r ] "

Z ng(d+1)l€0 X [ﬁr+j}1/(d+1) + Cg(R—r)(d-&-l)@R
j=1 r+j

=

— tro ng(d+1)—6(r+j)30g(r+j)

1

1 (d=3)(r+i—1)
exp [ - m%ﬂ‘—l#AC@ e ]

J
< KiitroCo ™ exp [ — K120 (5.57)
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Finally we use Lemma 5. By (5.17) and (5.57) we have for any sample point for which (5.55) and (5.56)
are valid, that

Ep{number of B-particles alive at time ¢ with associated path m|F4}

t
< UB {H B (i — Iz‘—l)} exp { — 0+ Bty paCy
=1

R-1
+8 Z Cg(d+6)+d%+1MAK11tHng(dH) exp [ — K12Cg/4] }

r=1
Now note that 7,11 < 79, so that
R-1
d d d 4
Z CS( ot %+1MAK1115/<JOC§( 1) exp [ — K1206/ ] <tKis
r=1

for some constant K73. Thus

Ep{number of B-particles alive at time ¢ with associated path 7|F}
t
< pB [H qB(x; — mifl)} exp [ — 6 + tBy1paCy + tBK 3] (5.58)
i=1

for large t.

To conclude the proof we observe that the last estimate holds as long as the path 7 is contained in [, ¢]%.
We can therefore sum over all such paths which end at 0 at time ¢ to obtain for any A-configuration which
satisfies (5.55) and (5.56) that

Ep{number of B-particles alive at 0 time ¢ whose associated
path lies in [—t,t]%|Fa}
< ppexp [ —t6 4+ tBy1paCy + tBK13)]. (5.59)

for large t. However, the associated path of any particle which is at 0 at time ¢ cannot have left [—t,¢]?
during [0, t], for then the path would not be able to come back to 0 by time ¢. Thus (5.59) actually says that

Ep{number of B-particles alive at 0 at time |F4}
< ppexp [ — 6 4+ tBy1paCH + tBK13)].

If we take 6y = 28v1uaCg + 28K13 then (5.3) holds for all § > §y. (5.4) follows from (5.3) as in the proof
of (1.7) at the end of Section 4. |

6. Proof of Theorem 2 in continuous time.

In this section we shall prove Theorem 2 as stated in the Introduction. We shall do this by imitating the
steps for Theorem 2-Discrete. There is now an added complication, due to the fact that the A-particles can
move over a large distance in a fixed time interval, instead of having bounded displacements as in Section
5. This will be dealt with in Lemma 10 by a new estimate on the number of blocks which contain particles
which had a large displacement. (Roughly speaking we show that there are few (r + 1) blocks which contain
particles which moved over a distance of order A,y in A4 time units.) We shall use most of the quantities
of Section 5, but decorate them with a superscript ¢ to indicate that they refer to the continuous time model.

As in the previous sections N4(x,v) and Np(x,v) denote the number of A-particles and B-particles at
(z,v) (v does not have to be an integer now).
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A path m = (zo,71,...,Tm,) is now a sequence of vertices of Z¢ with Tjy1 — 25 = +e;,1 < < d It
no longer corresponds to a unique space-time path 7. A space-time path T is now specified by giving the
successive positions z; and jumptimes s;. For s; < s3... we shall sometimes denote this path by 7({s;, z;}).
We make the convention that sg = 0. In addition we are here only discussing space-time paths over the time
interval [0, ¢], so we tacitly take s, < t. 7T({s;,2;}) is then the path which is at postion z; during [s;, $;+1)
for i < m and at position z,, during [s,,,t]. If it is important that the path has exactly m jumptimes,
then we shall write @({s;, ®;}i<m). Throughout, we shall also assume that the positions of our paths are
contained in

C(Ciytlogt) = [~Citlogt, Cytlogt]?

with C the constant of Lemma 4. We shall be particularly interested in the following class of paths with
exactly £ jumps:

E(K,t) = {%({Si,wi}ogigg) with0 < sy < - <sg<tanduzx; € C(Cltlogt)}. (61)

For a particle p alive at time ¢ we abbreviate “the piece till ¢ of the path associated to p” to “the associated
path of p” (see the definition just after (2.5)). This path is a space-time path.
Analogously to Section 5 we fix 7o such that

7o [][1—279/%) > 2 and M{%e*’%% [T -2 e+ 1} > 3d + 6. (6.2)
j=1

j=1
Then we fix an integer Cy > 2, so large that for all » > 1,

Cg(rlog Cp)?

—Cy" 4 (1 L

Yo~ (-6 < 5o, (63

and
Xr+1(C5,Cs) < 1, (6.4)

where Cy is the constant of Lemma 12 below, and x,41 is given in Lemma 10 below. Note that Cs does not
depend on Cy. Also Cy, Cg, which are fixed as in the last statement of Lemma 10, do depend on 7o (which
is fixed now), but not on Cp, so that we can indeed fulfill (6.3) and (6.4) by taking Cy large. -, is defined
as in (5.10). As in Section 5, (6.2) together with Cy > 2, implies (5.8) and

MA{%e—DA%H [hﬁ} —e+1}>3d+6. (6.5)
j=1 0
As before we take
A'r = CgT»
d
B(i, k) := [Jli(s)Ar, (i(s) + D)A) x [kA,, (k + 1)A,),
d
B.(i,k) == []I(i(s) = 3)A,, (i(s) + DA,) x [(k — DA, (k+ 1)A,),
d

B (i, k) = []1Gi(s) — DA (i(s) + 2)A,) x [kA, = A1, (k +1)A,),

s=1
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and finally the pedestal of B,.(i, k) is defined as

Next we define as before

and for any time v, even one that is not an integer,

Us(w,0) = > Na(y,v).

yEQr(J;)

The definitions (5.11) and (5.12) of a good block and a good pedestal are as before, but now v is not restricted
to the integers: The r-block B, (i, k) is called good if

US (2, ) < 4ppuaCZ" for all (z,v) for which O,(z) x {v} C B,(i, k). (6.6)
A bad r-block is one that is not good. The pedestal V. (i, k) is called good if
US(2,v) < YppaCyr for all (z,v) for which Q,(z) x {v} C V,(i, k). (6.7)

For a space-time path 7({s;,x;}) we define

@5 (7) = number of bad r-blocks which intersect the space-time path 7. (6.8)
Further
2= swp (7). (6.9)
RES(Lt)

We call an r-block B,.(i, k) contaminated if there are A-particles at some space-time point (z, v) in B (i, k)
which have also visited some point (y,v’) with y ¢ ngl[(z(s) —3)A,, (i(s)+4)A,) and (k—1)A, < v <.
This last definition can also be phrased in terms of the following quanities: if (x,v) € B, (i, k), then define

we(x,v,1, k) ;== (number of A-particles at (x,v) which were in
d
[11Gi(s) = 3)Ar, (i(s) + 4)A,) during the whole
s=1

interval [(k — 1)A,,v).

Then B,(i, k) is contaminated if and only if w¢(x,v,i,k) < Na(z,v) for some (z,v) € B} (i, k).
In analogy with Uf(z, k) we define

Wiz, v,i, k) = Z wy (Y, v,1, k).
yGQr(I)

Note the subscript r + 1 on the wy, ; here. This is not a typographical error. We want the sum over a cube
of edgelength Cf of the number of particles which have stayed inside a cube of edgelength 7A,. 4 for a while.
A partial analogue of a bad r-block is an r-block B,.(j, ¢) which has W¢(x,v,1,k) > v.uaCg" for some (z,v)
for which Q,(z) x {v} C B,(j,q), and where B,y1(i, k) is the unique (r 4 1)-block containing B,(j,q). We
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shall call such an r-block inferior. Note that WS (z,v) < US(x,v) and hence an inferior block is also a bad
block.
We can now define two new quantities, which together take the place of ¥ in the last section:

v41(0) = sup (number of good (r + 1)-blocks B,41(i, k)
TEZ(L,t)

which are also contaminated and intersect 7)

and
v41(0) = sup (number of good (r + 1)-blocks B,11(i, k) which
RES(L,t)

contain some inferior r-block and which intersect 7).

We can now imitate many of the steps from the last section. Lemma 5 is replaced by the following lemma.

Lemma 9. Let R = R(t) be such that
Cf > Nlogt]V/* > cF 1. (6.10)

Then, for all large t,
1
PA{®5(£) > 0 for anyr > R and any £ > 0} < 2 (6.11)

Moreover, for any A-configuration with ®¢(£) =0 for all v > R(t), it holds for any path w({s;,z;}) € 2((, 1)

Ep{number of particles alive at t whose associated path has jumptimes

in dsy,dss,...,dsy and positions x1,xa,...,x¢ after the jumps|Fa}

=1
R—1
X exp { — (§+ Dp)t + Bty1paCi + 585 mluAcg(d*ﬁ“d@i(e)}dsl ..dsy. (6.12)
r=1

Proof. ®¢(¢) > 0 for some ¢ can occur only if there is some bad r-block B,.(i, k) which intersects C(Ctlogt) x
[0,#]. In turn, this requires that US(x,v) > v,uaC{" for some (z,v) for which Q,(z) x {v} C B,.(i,k). In
particular, (z,v) must have z within distance 4C§" of C(Cytlogt) and v € [-A,,t + A,.). Thus

PA{®5(¢) > 0 for some r > R and ¢ > 0}

< Z PaA{US(x,v) > vuaCd" for some (z,v) with z within
r>R

distance 4CS" from C(Citlogt) and — A, <v <t+ A, }. (6.13)

Now let k < v < (k+ 1) for some integer k. The probability that an A-particle at a site y at time v is
still at y at time (k + 1) is at least e~P4. Therefore, if

Uf(lE,’U) = Z NA(:%”) > ’VT,U'ACgTa
y€Q(x)

then there is a conditional probability of at least some K7 > 0, that there are at least

1
3¢ P paCy’
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particles in Q,(x) at time (k + 1) (compare (2.30) and the lines following it). We conclude that the r-th
summand in the right hand side of (6.13) is for 8y = 1, t large, and r > R at most

Z 1
Z L Ky
—A<k<t+A, z within distance

408" from C(C1tlogt)

1
X PA{ Z NA(Z/; (k + 1)) > ge_DA'Yr,uACgT}
y€Qr(x)

1
§‘Kb(t+nAT)Hlogt4—ngdexpf—ﬁoiefDAyruACgr%—uACﬁr@ﬁo——lﬂ
< Kstlogt 4+ C8"|4 1 exp[—(3d 4 6)CI"] (see (6.5))

Ky -
< = exp[—C{']
(compare (5.19)). Summing over r > R now yields the desired (6.11).

With regard to (6.12), let 7 € Z(¢,t) have jumptimes s;, and positions z; after the jumps for 1 < i < (.
Observe that as in (2.16)

Ep{number of particles alive at ¢ whose associated path has jumptimes

in dsy,dss, ..., ds, and positions x1,xs,. .., 2, after the jumps|F4}
¢
= UB exp[ (5+D3)t+ﬁJ {S“.’lﬁl z<Z H DBq l'ifl)]dsl ...dsy. (614)
=1

Here, as in (2.15),
({Szaxz}z<f / NA xz 1,U du+/ NA xf, (615)

To estimate this we define the set of times when the appropriate N4 lies in the interval (fyr,uACO s Yr+1MA C’d(rﬂ)]

U{u € [sim1,50) 1 YpaCy" < Na(wioy,u) < ypapaCy 3

U{u € [s,8] : 4paClr < Na(we,u) < yppapaCy™ 1.

Then, analogously to the estimates for (5.20),

J({si,wi}i<e) < ty1paCy + Z%HMACS(TH)MTL (6.16)

r=1

where |A,| denotes the Lebesgue measure of A,. (The first term in the right hand side comes from the
contributions of times w when the appropriate N4 is < vlyACg.) Now if ’YT/J,ACgT < Na(zi—1,u) <
%HMACS(TH), then there is some z € [0, C§)? such that Q,(z;_1 — z) x {u} is contained in some B, (i, m),
which contains (z;-1,u) and which is bad (compare the lines following (5.21)). Therefore, (2;_1,u) belongs
to one of the bad r-cubes which intersect 7. There are at most ®¢(¢) such cubes and any space-time path
spends at most A, units of time in a given bad r-block. This shows that

|Ar] <A@ (0) = CFr (L),

(6.12) now follows from (6.14)-(6.16) and the assumption ®¢(¢) = 0 for r > R. ]
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Our next task is to estimate the distribution of Q¢ (¢). This estimate is new and has no analogue in
the discrete model of Section 5. Indeed, in that model it is not possible for a particle which is outside
Hle[(i(s) —3)Ar41, (i(s) +4)A,41) at some time v’ € [(k—1)A, 41, (k+1)A41) to reach B,41(i, k) during
[v/, (k 4+ 1)A,41). Thus there are no (r + 1)-boxes in the discrete model which can be called contaminated.
Here we shall not immediately estimate the distribution of the full Q¢ ; (¢) but only of +1(£, a,b), which is
defined just as 5, ;(£), except that it only counts good blocks B¢, (i, k) which intersect 7, are contaminated
and have (i,k) = (a,b), as defined in the lines before (5.45). Since Qf_,(¢) is bounded by the finite sum
2ap y1(ab), it will be easy to obtain a bound for the distribution of Q7 (¢) from the bounds for
Q¢ 1(¢,a,b). For the time being let (a,b) be fixed.

To produce an estimate for Qf_ ,(¢,a,b) we use a time discretization for the paths of the A-particles.
Instead of letting each A-particle perform a translated copy of the random walk {S, }, we let each A-particle
perform a random walk which can only jump at the times k/n, k € Z, and at each such time it moves an
amount y which has the distribution

") — P2 ify=0
qi(y) =
4 Da ity =+e, 1<i<d

Here n is a positive integer, which we shall later let go to infinity. Let {S}},>0 be a random walk with
this transition probability. It is clear that {S7}o<u<: converges weakly (as n — oo) in the Skorokhod
space D(Z%,0,1]) to {Sy}o<u<t. Consequently, the path of any given A-particle with the discretized motion
converges weakly to the path under the true continuous time random walk. We have similar convergence for
the paths of any finite number of independent A-particles.

We now use a special construction for the paths of the A-particles in the present discretized model with
transition probabilities ¢7;. For the sake of definiteness we take b = 0; as we point out below, only a trivial
modification is needed for the case b = 1. For each (z,s) in space-time, with x € Z% s € (1/n)Z, and for
each integer ¢ > 0 we let {S]!(x, s, q)}u>0 be an independent copy of the random walk {S]},>0. All these
random walks are independent of each other. In addition we attach to each A-particle o in the system a
uniform [0, 1] random variable U(c). All these uniform random variables will be independent of each other
and of the random walks. Their only use will be to order some particles in some definite order (but the order
itself has no significance; any order would do). Finally, let

d
Wrpa ( H Argr, (i(s) +4)Arpa — 1],

where 0 denotes the topological boundary. Notice that the path of any particle which is outside Hg 1(i(s) —
A 41, (i(s)+4)A,41) at some time v' € [(k—1)A, 41, (k+1)A,4+1) which also visits Br+1( k) at some time

v > v’, must contain a piece (z¢, Zeq1,...,2¢) which crosses from Wy 1(i) to 8]_[5:1[( (s) = 1)A,41, (i(s) +
2)A, 41 — 1]. More specifically, there must be a piece (x¢, Zey1, ..., 2¢) which satisfies

ze €Wra (i), ¢ € aH VA 41, (i(s) +2)Ariy — 1]

and x, € H —3)Arp1+1,(i(s) + 4) A, 41 — 2] for £ < Kk < (, (6.17)

and which is traversed during [v/,v] C [(k—1)A, 41, (k+1)A,41). Moreover, v' and v can be taken as integer
multiples of 1/n, because particles in the discretized sytem only move at such times. (This is a path from

Wry1(i) to 6]_[?:1[(2’(8) —1)Ar41, (i(s) +2)A,41 — 1] in the “interior” of W,41(i). Note that W,11(i) is the
surface of a cube in space which contains 8]_[?:1[(1'( ) — DA 41, (i(s) + 2)Ary1 — 1] in its interior. In turn,
the latter is the surface of a cube which contains ngl[ (8)Ari1, (i(s) + 1)A,41) in its interior.)
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The last observation is the motivation for the following construction. Assume that the paths of all A-
particles till time (k — 1)A,; with k even have already been constructed in some way. In the case k = 0
this simply means that we begin with a mean 4 Poisson system of A-particles at time —A,.;1. (The only
change which is needed for the case b = 1 is that we work with odd k’s and start with a Poisson system
at time —2A,.;; in that case.) At each point (z,(k — 1)A,4+1) (in space-time) order all particles o present
so that their associated uniform variables U(c) are increasing. To the ¢-th particle in this order associate
the path {z + S/(z, (k — 1)A,11,¢) }u>o0. This particle then moves to = + S7(z, (k — 1)A,41,¢) at time
(k—1)A,41 + 1/n. The index associated with this particle is then taken to be (z,(k — 1)A,11,¢,1). The
last coordinate 1 here indicates that one step was taken since the last choice of an associated random walk.
Assume we have constructed the paths of all particles up to and including time v € [(k—1)A 41, (k+1)A41)
(with v a multiple of 1/n) and that each particle has an index. To construct the paths 1/n time units further,
we look for each y € Z¢ at all particles at (y,v). If y does not belong to

U Wr+1(j)’ (618)

and a particle at (y,v) has index (z,v’,q, g), then this particle moves to y + 57, ;(2,v’,¢) and its new index
is (z,v',¢,9 + 1). In other words it moves one step further in the random walk it is presently asociated
with, and the last component of its index increases by 1, to indicate the number of steps the particle has
taken according to its present associated random walk. (The first two components z,v" indicate at which
space-time point the particle started using this random walk and the third component specifies which of the
random walks from the point (z,v’) the particle is using.) If on the other hand, y lies in the union (6.18),
then all particles at this point are again ranked according to increasing values of their uniform random
variables and the particle with rank ¢’ will move to y + ST (y, v,q¢’') at time v 4+ 1/n. Its index will then be
(y,v,¢',1). We continue this procedure till all positions at time (k+ 1)A,; have been determined. We then
start anew with k replaced by k+ 1. That is, we order all particles at one site (z, (k+1)A, 1) and move the
g-th particle at that site to z 4+ ST (x, (k 4+ 1)A,11),¢q) and give it the index (z, (k+1)A,4+1,¢,1), and so on.

Basically, the above procedure switches each particle to a new random walk every time the particle visits
the set (6.18). It is clear that in the above construction all the A-particles perform independent random
walks with transition probability ¢’. Thus this gives us a construction of the discretized A-system.

Lemma 10. For 0 < Cs5,Cg < o0 let
Xr+1(Cs,Cs) = Cs exp[~CoCo ).
Also define
Y (i, k) =IBr41(i, k) is good, but also contaminated,
and intersects [—Citlogt, Citlogt]? x [0,1],
and let Z(i, k) be a system of independent random variables with
PAZ(i,k) = 1} = 1= P{Z(, k) = 0} = x41(C5, C). (6.19

Then one can fix 0 < Cy,Cg < 00, with Cs,Cg depending on d, vo,ua and D4 only (but not on Cy or r),
such that for fized (a,b), the collection

{Y(i,k) :(i, k) such that (i,k) = (a,b) and B,11(i, k)
intersects [—Citlogt, Citlogt]? x [0,t]} (6.20)
lies stochastically below the collection
{Z(i,k) :(i, k) such that (i,k) = (a,b) and B,11(i, k)
intersects [~Cytlogt, Citlogt]? x [0,]}. (6.21)
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Proof. We shall prove the analogue of the claim of the lemma for the discretized system with bounds which
are uniform in n. More precisely, let the A-particles move according to copies of (translates of) {SI'}, and
let N7%(x,u) be the number of A-particles at (x,u) in this system. We then say that B, (i, k) is good (at
level n) if

Z NZ(y,v) < 4ppuaCZ" for all (,v) for which Q,(z) x {v} C B,41(i, k). (6.22)

yEQr ()

This is of course simply the previous definition (6.6) with N4 replaced by N7%. Similarly, the definition of
a contaminated block needs no change, except that the A-particles are now assumed to move according to
{S7'}. Finally,

Y"(i, k) =I|Br4+1(i, k) is good, but also contaminated at level n,

and intersects [—Ctlogt, Ctlogt]? x [0,]|,

One can now check that Y (i, k) converges weakly to Y (i, k) as n — oo. This would be a simple conse-
quence of the continuous mapping theorem (see Billingsley (1968), Theorem 5.2) if there were only finitely
many A-particles in the system, because Y (i, k) would be an almost surely continuous function of the paths
of these A-particles. But we have already seen that only finitely many A-particles enter a bounded region
in space-time (either as a special case of (2.26) or by the proof of (2.35)). This same proof can be used to
show that

P{in the discretized system in which particles move according to {5, }
there is some particle which visits [-Cytlogt — 4C§(T+1), Citlogt+ 4Cg(r+1)]
and the complement of [—M, M]? during [—t,t]}

tends to 0, uniformly in n, as M — oo. From this one sees that one can remove all particles outside
[~M, M]? from the system with only a small probability that Y (i, k) or Y"(i, k) are changed if M is large.
Thus Y (i, k) and Y"(i, k) can be approximated in probability by functions of only finitely many A-particles,
so that indeed Y (i, k) converges weakly to Y (i, k). The same argument shows that the joint distribution
of the family of Y (i, k) in (6.20) is the limit of the joint distribution of the corresponding family of Y™ (i, k).
We leave the tedious details to the reader. The result of this weak convergence is that it suffices to prove
the lemma for the Y instead of Y, as long as the estimates are uniform in n.

We now prove the lemma with Y in the place of Y. For the sake of definiteness let b = 0. We construct
the discretized A-system as described before the lemma by means of the random walks {S”(x, s, ¢)}. Assume
that some B,41(i, k) with (i, k) = (a,b) is contaminated. As pointed out for (6.17) this implies that the path
of some A-particle must contain a piece which satisfies (6.17). If this piece starts at zz € W,41(i) at time
v, then our construction is such that the piece (xg,...,z¢) has to consist of the first { — ¢ — 1 positions of
xe + S (xe, v, q) for some ¢, because the z’s in this piece do not lie in the union (6.18). That implies that
there is some © € W,+1(i), some ¢, and some v € [(k — 1)A, 41, (k + 1)A,41) for which

ST (z,v,q) #0 and max ||S;(x,v,q)|| > 2A,41. (6.23)
u<2A,11

As pointed out for (6.17) we can restrict v to the integer multiples of 1/n here. Now (z,v) € W,41(i) x {v}

is contained in gr+1(i,k). If B,41(i, k) is good at level n, then N%(z,v) < ’YTHNACS(TH) < K5C’g(r+1)

(K5 = vopa will do). In this case (6.23) must occur with a ¢ < K5Cg(r+1)

K5C’g(r+1) particles at (x,v). It follows that
{BT+1(i7 k) is good, but also contaminated, at level n}
C & k)
- U (S1(.0.0) 20, max [SE(@. 0.0 > 28,51}, (6.24)
TEW,41(i), nveZ =s5rt

vE[(k=1)App1,(k+1)Ary1)
g<K5Clr+h

, because there are at most



BRANCHING RANDOM WALK WITH CATALYSTS 45

In other words,
{Y"(i,k) =1} Cc &1 (1, k). (6.25)

Now the sets W,.41(1) x [(k — 1)A,41, (k+1)A,11) for different (i, k) = (a,b) are disjoint, and therefore the
corresponding events £ (i, k) are independent. Moreover, £, (i, k) is defined in (6.24) as a union over at

most
Wrir ()EKCET T2, n < KeAZ, GO0 = KO p

events of the form (6.23). Thus, once again by Bernstein’s inequality,

P{E (k) < KenC™" T P{ST #£0, max [|Sy]| > 24,11}
us r41
r41) 1 .
< K7ncgd( +1)g exp [_KSAmH} < Csexp [_CGCg( +1)]

for suitable C'5, Cs We can therefore extend our probability space such that on it are defined random variables
Z™(i, k) which satisfy (6.19) and such that the collection (6.21) is independent when Z is replaced by Z™
in (6.19) and (6.21), and in addition are such that Y™ (i, k) < Z"(i,k) (we take Z"(i, k) as the indicator
function of a suitable set containing £, (i, k)). It follows that for every positive increasing function f of all
its arguments,

Ef(Y"(i,k) < Ef(Z"(1, k) (6.26)

where (i, k) ranges over the pairs appearing in (6.19), (6.21). Actually the right hand side does not depend
onn. If Z(i, k) is an independent collection of random variables as in (6.21) and satisfying (6.19) then the
right hand side of (6.26) equals Ef(Z(i, k)). By letting n — oo we obtain that

Ef(Y(4, k) < Ef(Z3i,k)). (6.27)

In fact Theorem 11 of Strassen (1965) gives that (6.27) implies the existence of a coupling of the families in
(6.20) and (6.21) such that Y'(i,k) < Z(i, k). Since we shall only need (6.27) we skip the details. [ |

For the remainder we fix C'5, Cg such that the properties stated in Lemma 10 hold. The discretized system
will not be used anymore in the sequel.

Lemma 11. There exist a constant C; = C7(d) and constants kg, to (independent of r,£) such that for
1<r<R(t), k>ko, t >ty and any £ >0

Pa{Q8,1(0) > k(t + £) exp[—Cy/?]} < exp [ — Crr(t + £) exp[-C5?]]. (6.28)

Proof. As we already mentioned, we merely prove that (6.28) holds with Q¢ (¢, a,b) instead of Qf,(¢).
The estimate (6.28) as stated then follows by combining these estimates for all possible choices of (a, b) and
adjusting the constants.

The present proof is an imitation of the proof of (5.43). Analogously to (5.47), we fix v such that

[Xrg1] YD < b < 9[xpgq] /@D

(note that x,+1 <1, by (6.4)). We now define

d

DGoq) = [ [vi() A, v(i(s) + DA1) X [qrrga, (g + 1A, 1). (6.29)
s=1

It is still true that each D°(j, ¢) is the disjoint union of v4*1 (r 4 1)-blocks. However, the argument following
(5.48) to show that at most A such blocks intersect a space-time path 7 breaks down. Instead of this estimate,

we now show that for ¢ > 0 at most
t+/

VAT+1

A(0) = 3d( + 2) (6.30)
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blocks D°(j, q) can intersect a space-time path 7 € Z(¢,t) with jumptimes s; < --- < s, < t and positions
x1,...,24 (see (6.1) for =). To derive this bound, fix 7 € 2(¢,t), and let o, be the number of boxes D°(j, q)
which intersect 7. Such a box can intersect 7 only if 0 < ¢ < ¢t/(vA,11). If there are o such boxes with
a given ¢ which intersect 7, then the piece of 7 from time gvA,;; through time (¢ + 1)vA,+1 — 1 must
connect o disjoint cubes of edgelength vA, ;. This requires at least (|37%| — 1)vA,,1 jumps of 7 during
[qvA;41, (¢ + 1)nvA,4q). Since T € E(¢, t) this requires

Z [3_d0q = 2] <l/(vA41).
0<g<t/(vArga)
Consequently, the total number of boxes D¢(j, ¢) which intersect 7 is at most
>ooooo=3 > 3% -2+2
0<q<t/(vAri1) 0<q<t/(vAri1)

S Sdg/(VAr_i_l) + 3d Z 2
0<q<t/(vArt1)
<34 4t)/(vAr 1) + 392
This proves the bound (6.30).

From here on the proof of (6.28) is essentially the same as that of (5.43) from (5.48) on, so we shall be
brief. Asin (5.46) and (5.51) we have

Pa{Q,(f,a,b) > 271 (12) Uk (t + €) exp[-Cy ]}

A-1
< Z P{ U D(jq,q) contains at least
D(jo,0),., Dir—1,A—1) =0
271(12)~k(t + 0) exp[—Cg/z] (r 4 1)-blocks By1(i, k) with Z(i, k) = 1}. (6.31)

Here (D(jo,0),...,D(ja—1, A — 1)) runs over the possible collections of blocks D¢ which intersect a space-
time path @ € E(¢,t). For some constant K¢ which depends on d only, there are at most

[2Ctlogt + 1]% exp[Ko\]

collections of this form. If we fix such a collection D¢(jo,0), ..., D(jn—1, A — 1), then the probability that

A—1

U D(iq,q)

q=0

contains at least 271(12) "¢k (¢t +) exp[—Cg/Q] (r4+1)-blocks B,41(i, k) with (i, k) = (a,b) and with Z(i, k) =
1, is bounded by

P{T > 271(12) %k (t + ) exp[—C}/?, (6.32)
where T' has a binomial distribution corresponding to Av¢*! trials with success probability x,,i. By Bern-
stein’s inequality there exists some constant Cy = C7(d) such that for any A > 2ET it holds

P{T > \} < exp[—C74(12)4)]. (6.33)
We now fix kg > 1 such that for all » > 1

4Ky3¢

ko exp[—Ch/%] > [16 - (36)" + 1 D]/ 44D

4Kg¢3? .
= [16- (36)" + 07973]0;/“*” exp [ - %CS( ], (6.34)
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Then, for k > ko, and 1 <r < R(t) — 1,
271(12) " Uk(t + £) exp[—C/?] > 4\ > 204 x4y = 2E{T}

for all £ > 0, provided ¢t > some ¢; (independent of » > 1,¢ > 0). Thus, by (6.33), the probability in (6.32)
is, at most
exp [ — 207k (t + £) exp[-Cy/?]]. (6.35)

This is also a bound for each of the summands in the right hand side of (6.31). It follows that the left hand
side of (6.28) is for t > some t5 (independent of » > 1, £ > 0) bounded by

2-12%(2Ctlogt + 1)% exp [ Ko\ — 2C75(t + £) exp[—C’g/Q]]

<exp|— Crr(t+ 1) exp[ng/Q]]. ]

We must next estimate the tail of the distribution of ©f_;(¢). This will replace the estimate for ¥, in
(5.43). First we note the following analogue of Lemma 6.

Lemma 12. There exists a constant Cs, which is independent of Cy, such that if V,11(i, k) is good, and
(Arp1 — Ay) Su<2A,4q, then forr >1

Z NA(Zv (k - 1)AT+1)P{Z +5, € Qv(y)}
z:(z,(k=1)Ar1)EVrya1(ik)
Cs(rlog Cy)®
< Yrgp11aCi |1+ % (6.36)
0

forr>1,y ez

Proof. The proof proceeds exactly as in Lemma 6 with {g”u} replaced by {S,} till we come to (5.26), which
needs to be proven for nonintegral v as well now. To prove this inequality in this generality, note that just
as in (5.27)

d )
PSu:’U —PSu:w Si/ v —wllle EeiG-SudQ
[PLS. =} = PLS. =} S g | o= wlllol|Ee

d
—w|[|0]|[+(0)| do .
= 2nd /ee gt [[o —wll|6]]|¥ ()] (6.37)

with
Y(0) = Ee51 < exp|—Ki0]|6]?] for 6(i) € [-m, @], 1 <i < d.
In the last inequality in (6.37) we used that S, is the sum of the independent variables S; — Sg, Sy —

Sty 058 = Sluj—1,Su — S|u)- The rest is as in Lemma 6.
|

We need a replacement for the o-field H,41(i, k). We define this as follows:

v41(i, k) :=o-field generated by the paths of all particles through
time (k — 1)A, 41 plus the paths till time (k + 1)A, 41
of all particles which are not in V.11 (i, k) at time (k — 1)A,11.

Krt1(i, k) is defined exactly as in (5.32). Note that all the Na(z, (k — 1)A,41) with (z, (k — 1)A,11) €
Vrg1(i, k) are K41 (i, k)-measurable, and that K,41(i, k) C Hs, (i, k). Lemma 7 needs essentially no change;
we only need to replace “bad” by “inferior” and to replace the o-fields.
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Lemma 13. Let

Cg(d+1)(’l“+1)+d7‘ %)’r’] )

1 d—
Pr+1 = exp [_ 577‘/’1/,40(()

Then there exists a constant Co = Co(Da,Yolra) such that for 1 <r < R(t) — 1, on the event {V,1(i, k) is
good},

Py{B,41(i, k) contains some inferior B.(j, q)|H5 (1, k)}

= Ps{B,11(i, k) contains some inferior B,.(j, q¢)|Kry1(i, k)}

< Cyprar. (6.39)

Proof. Whether an r-block B,(j, q) which is contained in B, (i, k) is inferior or not, depends only on the
we,(z,v,i,k) with (z,v) € B,(j,q). All such (z,v) lie in B, (i,k). Once all paths up to and including
time (k — 1)A,1; are given, any such wy,(z,v,i, k) depends only on the paths of particles which stay in
ngl[(i(s) —3)A41, (i(s) + 4)A,41) during the whole interval [(k — 1)A,41,v). Clearly this excludes the

particles which are outside V.11 (i, k) at time (k — 1)A,;1. Therefore, the paths of the latter particles after

time (k—1)A,41 do not influence the w¢, (x,v,i, k) with (z,v) in ZFS’VT_‘_l(i7 k). Also the paths of any particles
through time (k —1)A, 41 do not influence the distribution of the wy_ (x,v,i, k) with (z,v) in gjﬂ(i, k) (as
long as the N%(x, (k — 1)A,41) with (x, (k — 1)A,11) € Vy41(i, k) are fixed). Therefore the two conditional
probabilities in (6.38) are the same.

The fact that the two conditional probabilities in (6.38) are bounded by Cop,+1 is proven almost exactly
as in Lemma 7. Very much as in (5.36) the conditional probabilities in (6.38) are bounded by the probability
that

WE(x,v,1, k) > uaCd" for some (z,v) for which Q,(y) x {v} C g:r+1(i, k). (6.39)

Here v necessarily satisfies
1
iATJrl é AT+1 — AT S U:=v— (k - 1)Ar+1 S 2Ar+1. (640)

We claim that we may restrict ourselves to v’s which are an integer multiple of K1;Cj 4" for some small
constant K17 > 0, at a cost of a factor 2 in the probability. By this we mean that the probability of the
event in (6.39) is at most twice the probability of this event with the added requirement that v is a multiple
of K1,Cy . This follows from an argument like the one following (6.13). In fact, if W¢(y, 7,1, k) > v, puaCg"
at some stopping time 7 € [mK;;Cy I (m4+ 1)K 11Cy 9] then the conditional probability that also

Wey, (m+ 1) K11Cy ¥ 4, k) > v puaCE"
is at least

dr
[PA{a given particle stands still for KllCO_dT time units}]%“AC0 1

= exp[~DaK11Cy ¥ (v, 14CE" + 1)] >

)

N =

provided K11 = K11(Da,vopa) > 0 is taken small enough. This proves our claim.
It follows that the conditional probabilities in (6.38) are bounded by twice the sum over at most
2A,«t1d +1]3A ) < K12Cg(r+1)(d+1)+dr
KHCO "

terms of the form

PA{WE(y,v,i,k) > vppaCI|Kry1(i, k) }. (6.41)
This last probability is estimated as in (5.38) and the following lines. We merely have to replace p(y — 2z, u)
there by

p(y —z,u) :=P{z+ S, € O, (y)},

to use Lemma 12 in place of Lemma 6, and to take into account that the requirement (5.37) is replaced by
(6.40). [

Finally we come to the version of Lemma 8 which we need for the continuous model.
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Lemma 14. For { >0, r > 1 and any path T € E({,t) it holds
O3(®) < GV () + G T Ag L (0 + G TVOr L (0) (6.42)

and
®e(0) < O de ., (0) + eV, (0) + S TVec,  (0). (6.43)

Moreover, there exist some constants Chg, ko, such that for k > kg, t sufficiently large, and £ > 0,1 < r <
R(t) — 1,

t+4
Pa{O%41(0) 2 h—[pria ]/}
r+1

< exp [— (t+ 0)Crorexp [ — %;LAC’(()W%)T]]. (6.44)

_
2(d+1)
Proof. The proof of (6.42) is again easy. Let 7 be a path in Z(¢,t). Let B,.(j,¢) be a bad rblock which
intersects 7, and let B,(j,q) C Br4+1(i, k). Then are several possibilities. First it may be that B,;1(i, k) is
bad. There are at most ®¢_ ;(¢) such B,.41(i, k) (note that they have to intersect 7), and such (r + 1)-blocks

contain at most C’g(dH) r-blocks. These are counted by the first term in the right hand side of (6.42).
The next possibility is that B,11(i, k) is good, but that B,1i(i, k) is contaminated. There are at most
Q%1 (€) good (r 4 1)-blocks which are also contaminated and intersect 7. Each contains at most Cg (A1)
blocks. These are counted by the second term in the right hand side of (6.42). The last possibility is that
B,11(i, k) is good, and that B,y1(i, k) is not contaminated. In particular, wg,(z,v,i,k) = Na(z,v) for
all (z,v) € gjﬂ(hk). A fortiori, this must hold for all (z,v) for which Q,(z) x {v} C B,(j,q). But then
We(z,v,1,k) = Up(z,v) for such (z, U) Since we assumed that B, (j,q) is bad, there exists such an (z,v)
with We(x,v,1,k) = U,(z,v) > v-uaC&". Thus B,(j,q) is in fact inferior, and hence B,,1(i, k) is taken into
account in ©F;(¢). Therefore B,.(j,q) is counted in the last term on the right of (6.42). This proves (6.42)
and (6.43) follows by taking the sup over @ € (¢, t).

The proof of (6.44) is essentially the same as that of (5.43) or (6.28). We merely have to take into account
that the number of distinct boxes D(j,q) (defined as in (6.29)) which can intersect 7 is bounded only by
(6.30). We leave the details to the reader. [ |

We next combine our estimates in the same way as we did in the proof of Theorem2-Discrete.

Lemma 15. There exist some tg and constants K3, K14 such that for all t > tg,

Pa{®5(8) > Kyako(t+£) exp[—KlgCg/4] for somer >1,£>0} < t% (6.45)
In addition, there exists a constant C11 such that for t > tg
R-1
PA{t%MACg + Z 'yr+1uAC5(d+6)+d<I>ﬁ(€) > Cr1(t + £) for some £ > 0} < t% (6.46)
r=1

Proof. Let v = lim, o Y. Then by (6.28) and (6.44), for 1 <r < R and t > ¢
P{OS, 1 (6) > ro(t + £) exp[—Cy/?] or

c dr/(d+1 1 (d—3)r
C1(0) = Ko(t+0)Cy /( )exp[—myu/;(]o for some £ > 0}
< Z exp [ — Crro(t + £) exp[— C’r/m
£>0
1 (d—2)r
Zexp (t 4+ £)Croko exp [ ——ouaCy * }
2ol i) |
1
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provided we choose t large enough (g can be taken independent of r € [1, R — 1], but depends on Cj).
Summing this over r < R — 1 < [dlog Cp] ™! loglogt, we see that outside a set of probability O(t~2loglogt),
none of the events in (6.47) with 1 < r < R occur. In view of (6.11) this shows that outside a set of
probability < 2¢~2 none of the events in (6.47) occur, and in addition ®¢(¢) = 0 for all r > R and all £ > 0.

Now consider a sample point for which none of the events in (6.47) occur and for which ®¢(¢) = 0 for
r > R,¢ > 0. Tt suffices for (6.45) to show that for such a sample point the event in the left hand side of
(6.45) does not occur. But this follows as in (5.57). Indeed at such a sample point we have, by virtue of
(6.43),

2(0) < Co VDL (0) + O Vot 4 0) exp[-C )
dr/(d 1 d—2)r
+ G expl- g 1>WAC§ o]
< GV (0) + ot + £) exp[—K1sCy ]
R—r—1

<< Ro(t40) Z ng(d+1) EXP[—KBC(ST—H)/AI]

7=0
S K14I€0(t + Z) exp[—K1303/4].

Thus (6.45) holds for suitable K.
Finally, (6.46) now obvious. u

Proof of Theorem 2. It is now easy to complete the proof of Theorem 2. By the Borel-Cantelli lemma the
event in the left hand side of (6.46) almost surely occurs for only finitely many integers ¢t. Moreover, ®¢(¢)
is nondecreasing in ¢. By (6.46) and (6.12) we therefore have almost surely [P4] for all large ¢ that

Ep{number of B-particles at 0 alive at time ¢
whose associated path lies in C(Cytlogt) x [0,t]}
(D5t
< Z wB 0
£>0
= pupexp[(—d — Dp + 26C11 + Dpe*?“ ).

exp[—(8 + D)t + 28C1: (t + 0)]

Now take dg = 3[28C11 + Dpe?’“11]. Then this last inequality and (2.38) show that for § > g, we have
almost surely [P4] for all large ¢

Ep{number of B-particles at 0 alive at time ¢} < e™°/2,

As at the end of Section 4, this implies that almost surely for all large ¢, there are no B-particles alive at 0
at time t. |
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